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BINARY CODES AND PERIOD-2 ORBITS OF SEQUENTIAL DYNAMICAL
SYSTEMS

COLIN DEFANT

ABSTRACT. Let [K,, f, 7] be the (global) SDS map of a sequential dynamical system (SDS) defined
over the complete graph K, using the update order m € S,, in which all vertex functions are equal
to the same function f: F5 — F5. Let 1, denote the maximum number of periodic orbits of period
2 that an SDS map of the form [K,, f,n] can have. We show that 7, is equal to the maximum
number of codewords in a binary code of length n — 1 with minimum distance at least 3. This
result is significant because it represents the first interpretation of this fascinating coding-theoretic
sequence other than its original definition.
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1. INTRODUCTION

Suppose we wish to model a finite system in which objects have various states and update their
states in discrete time steps. Moreover, assume that the state to which an object updates depends
only on the current state of that object along with the states of other nearby or connected objects.
We can capture such a system’s behavior with a graph dynamical system. A graph dynamical
system contains a graph representing the connections between objects, a set of states that the
objects can adopt, a collection of functions that model how each individual object updates its state
in reaction to its neighbor’s states, and a rule determining the scheme by which the objects update
their states.

In a series of papers published between 1999 and 2001, Barrett, Mortveit, and Reidys introduced
the notion of a sequential dynamical system (SDS), a graph dynamical system in which vertices
update their states sequentially [9] [6, [7]. Subsequently, several researchers have worked to develop
a general theory of SDS (see, for example, [3| 4, 5, 10, 11} 12} 13 [19]). The article [I0] is interesting
because it shows how SDS, originally proposed as models of computer simulation, are now being
studied in relation with Hecke-Kiselman monoids in algebraic combinatorics. We draw most of our
terminology and background information concerning SDS from [16], a valuable reference for anyone
interested in exploring this field.

In the theory of SDS, the primary focus of many research articles is to count or otherwise
characterize periodic orbits in the phase spaces of sequential dynamical systems [11, 2, [4} [8] 2T}, 22}, 23].
For example, the recent paper [I] studies which periodic orbits can coexist in certain SDS and
when certain SDS must necessarily have unique fixed points. In particular, that article shows that
analogues of Sharkovsky’s theorem from continuous dynamics completely fail to hold for many
families of SDS. It is common to analyze the dynamics of sequential dynamical systems defined
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using classical Boolean functions such and OR, AND, NOR, and NAND (see, for example, [?, ?]).
The article [23] focuses more generally on SDS defined using so-called “bi-theshold” functions.
By contrast, we will consider SDS defined using a completely arbitrary update function f. As we
describe later, this function will be the vertex function for every vertex in the graph (this is possible
because we will only consider base graphs that are complete). We now proceed to clarify some of
these remarks by establishing some notation and definitions.

If v is a vertex of a graph Y, we let d(v) denote the degree of v. We often work in the finite field
Fy = {0,1}. In doing so, we let T = 14 2 for any « € Fy. For any vector & = (1,2, ...,2;) € F,
let inv(¥) = (Z1,72,...,%%). Furthermore, id will denote the identity permutation 123---n (the
length n of the permutation id will always be clear from context).

An SDS is built from the following parts:

e An undirected simple graph Y with vertices v1,vo, ..., Up.
e A set of states A. We will typically use the set of states A =Fo = {0, 1}.
o A collection of vertex functions { fu, }1_,. Each vertex v; of Y is endowed with its own vertex
function f,,: AUVl 5 A,
e A permutation m € S,,. The permutation 7 is known as the update order.
Let g(v) denote the state of a vertex v. Suppose a vertex v; has neighbors v;,, vj,, . . where
J1<J2 < <Js << Jst1 <Jst2 < 0 < Ji(w) We let

©> Yaw)

X(Ul> - (q('Ujl), Q<Uj2)ﬂ R Q(Ujs)7 Q(Ui)ﬂ q<vj5+1)’ q<Uj5+2)’ s 7q(vjd(vi)))'

For example, if the vertex vs has neighbors vy, vg, and vg, we let X (v3) = (q(v1), q(v3), q(v4), q(vg)).
The vector (g(v1),q(ve),...,q(vy,)), which lists all of the states of the vertices of Y in the order
corresponding to the order of the vertex indices, is known as the system state of the SDS. Note
that if Y is a complete graph and v; is any vertex of Y, then X (v;) is equal to the system state of
the SDS.

From each vertex function f,,, define the local update function L,,: A™ — A™ by

Lvi(xl,xg, v ,l’n) = (:Ul,xg, v ,xi_l,fw(X(vi)),xi_H, . ,xn).

Combining these local update functions with the update order m# = w(1)m(2)---m(n) (we have
written the permutation 7 as a word), we obtain the SDS map F': A" — A" given by

F=1L ol ..o

Uz (n) VUr(n—1) © VUr(1)"

We will find it useful to introduce an “intermediate” SDS map G;: A™ — A" for each i €
{1,2,...,n}, which we define by

G;=1L oL oL

V(i) Vriio1) © 779 Loy

Thus, F' = G,,. We use the convention that Gy denotes the identity map from A™ to A"™. The
vector G;(¥) represents the system state of the SDS obtained by starting with a system state Z and
updating only the first ¢ vertices in the update order m. Once the system updates all n vertices
(known as a system update), the new system state is F'(Z).

Given any SDS on a graph Y with vertex functions {f,,}7~; and update order 7, we denote its
SDS map F' by the triple [Y, {f,, }I_y,7]. If all of the vertex functions f,, are equal to the same
function f, we will simply write [Y, f, ] for the corresponding SDS map (this situation can only
occur if the base graph is regular).
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FIGURE 1. A system update of the SDS of Example Block A shows the inital state of the
SDS. Blocks B, C, and D show the intermediate steps of the system update. Block E shows the
system state obtained after completing the system update.

Example 1.1. Consider the graph Y shown in block A of Figure We define an SDS over Y
using the update order m = 2413 and the vertex functions f,, given by

fo(T1, 22,23, 24) = T123 + T2 + 24,

Joo (w1, 22) = 122 + 1,
Jos (21, T2, 23) = 21 + 22 + 23,
and
fui(w1, 2, 23) = 172 + 73.

The initial system state of this SDS is (0,0,0, 1), as shown by the blue labels in block A of Figure
Because (1) = 2, we first update the vertex vy using the vertex function f,,. We have

fvz(X(UQ>) - fv2(Q(Ul)7Q(U2>) - fv2(070) =1,

so the vertex vy updates to the new state 1. This intermediate update is shown in block B of Figure
[ Another way to understand the transition from block A to block B in the figure is to see that
we have changed the system state of the SDS by applying the local update function L,,. Indeed,
L,,(0,0,0,1) = (0,1,0,1). In a similar fashion, we next update vertices vy, v1, and vs. Letting
F = [Y,{fs;}}1, 7], we find that F(0,0,0,1) = (0,1,1,1), as shown in block E of the figure. In
other words, through a sequence of local updates, the system update transformed the system state
(0,0,0,1) into the new system state (0,1,1,1).

The SDS map F tells us how the states of the vertices of the graph Y change when we update
the graph in a sequential manner. A useful tool for visualizing how F' acts on the system’s states
is the phase space of the SDS. The phase space, denoted I'(F'), is the directed graph with vertex
set V(I'(F)) = A™ and edge set

E(I(F)) = {(Z,7)) € A" x A™: jj = F(2)}.

In other words, we draw a directed edge from ¥ to F(¥) for each ¥ € A™. As an example, the phase
space of the SDS given in Example is shown in Figure [2| Notice that the phase space shown in
Figure 2/ has a single 2-cycle (formed from the vertices 0111 and 0101). In general, a phase space of
an SDS can have many cycles of various lengths. This leads us to some interesting questions. For
example, when is it possible to have a phase space composed entirely of 2-cycles? Can we find an
upper bound on the number of 2-cycles that can appear in the phase spaces of certain SDS? If we
can show, for instance, that certain SDS defined over a graph with n vertices cannot have phase
spaces consisting entirely of 2-cycles, then it will follow that the very natural function inv: Fy — F3
cannot be the SDS map of any of those SDS.

In this paper, we study the number of 2-cycles that can appear in the phase spaces of SDS
defined over a complete graph K, in which all vertex functions are the same. More formally, we
give the following definition.
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FIGURE 2. The phase space of the SDS described in Example Note that we have omitted
parentheses and commas from the vectors in order to improve the aesthetics of the image. For
example, the vector (1,0,1,1) is written as 1011.

Definition 1.1. For a positive integer n, let (F2)F2 be the set of all functions g: F3 — Fa. For each
g € (F2)F2 and 7 € S, let n(g,7) denote the number of 2-cycles in the phase space I'([Kp, g, 7]).
Define
My = max (g, id).
g€(F2)™2
Remark 1.1. Our decision to use the identity update order id in the definition of 7, in Definition
1.1]stems from a desire for convenience, but we lose no generality in making such a decision because
we are working over complete graphs. In other words,
N, = max 1(g,id) = max n(g, ).

gE(F2)"2 ge(F2)2
ﬂ'ESTL

In the next section, we reformulate the problem of determining 7, in terms of finding the clique
number of a certain graph. We then show that 1,11 = A(n, 3), where A(n, 3) denotes the maximum
number of codewords in a binary code of length n with minimum distance at least 3. The sequence
A(n, 3), which is sequence A005864 in Sloane’s Online Encyclopedia of Integer Sequences [17], has
been a fascinating and mysterious subject of inquiry in coding theory [14] [I5] 18, 20]. Our result
is noteworthy because, to the best of our knowledge, it provides the only known interpretation of
this sequence other than its original definition.

2. SEARCHING FOR 7,

If X isaset and F: X — X is a function, we say an element ¥ of X is a periodic point of period
2 of F if F?(#) = ¥ and F(Z) # Z. Typically, we use the field Fo as our set of states. However, in
the following lemma, we may use any set of states A so long as |A| > 2.

Lemma 2.1. Let n > 2 be an integer. Let f: A™ — A be a function, and let 1 = w(1)w(2)---7(n) €
Sp be a permutation. Suppose & = (x1,x2,...,Ty) is a periodic point of period 2 of the SDS map
F = [K,, f,n]. Write F(Z¥) = Z= (z1,22,...,2n)-

For each k € {1,2,...,n}, we have xy, # z. In particular, if A =TFy, then F(¥) = inv(Z).
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Proof. For any j € {1,2,...,n}, recall that G;_1(Z) is the system state that results from starting
with the initial system state & and then updating the vertices vr(1), Vr(2), .-, Vr(j—1) (in this or-
der). When we update the state of the vertex Un(j), the state to which vy ;) updates is given by
f(Gj-1(%)). On the other hand, the state to which vy(;) updates must be z the state of vy
in the system state 2. It follows that f(G;-1(Z)) = zx(j)- Note that

f(Gn() = f(F(2) = f(2) = f(Go(?)) = zr(1)-
for any j € {1,2,...,n} and that f(G,(2)) =

m(j)> )

These same arguments show that f(G;-1(2)) = 7
Z7r(1) .

)

Ifi € {1,2,...,n — 1}, then the preceding paragraph tells us that

f(Giea (D)) = 2n(a), f(Giz1(2)) = (i),
(1) HGi(@)) = zxit1), H(Gi(2)) = Tr(ivy)-
We also have
F(Gr-1(T)) = 2x(n), f(Gn-1(2)) = Tr(n)s
(2) f(Gr()) = 21, f(Gn(2)) = 1.

Notice that if zr;) = 2, then updating the vertex v.(; doesn’t “change” anything; that is,
Gi—1(%) = G4(Z) and G;—1(2) = G;(Z). With the help of the equations in (1f) and , this shows that
if () = 2x() for some i € {1,2,...,n}, then T (41 (mod n)) = Zr(i+1 (mod n))- AS a consequence,
we see that if x;(;) = 2;(;) for some i € {1,2,...,n}, then ¥ = Z= F(¥). However, we are assuming
that 7 is a periodic point of F' of period 2, so F(¥) # ¥ by definition. Thus, z(;) # zx(; for all
i€ {1,2,...,n}, which proves the lemma.

Let w = wywy . . . wi be a finite word over the alphabet Fy. We say that a vector (z1,x2,...,2z,) €
F% contains the subsequence w if there exist i1,12,...,4, € {1,2,...,n} such that i; <iy <--- < i
and z;; = w; for all j € {1,2,...,k} (this is sometimes expressed by saying that w is a “scattered
subword” of (z1,x9,...,2,)). For example, the vector (x1,x2,x3,x4,25) = (1,0,1,1,0) contains
the subsequence 100 because x; = 1, 9 = 0, and x5 = 0. However, the vector (1,0,1,1,0) does
not contain the subsequence 001. This leads us to the following definition.

Definition 2.1. Let w be a finite word over the alphabet Fy. Define D,,(w) to be the set of vectors
Z € IFy such that & contains the subsequence w.

Definition 2.2. Let n > 2 be an integer. Let
Fy = {(x1,%2,...,3,) € F}: 21 = 0}.
Define I;Tn to be the undirected simple graph with vertex set
V(ﬁn) = @721
and edge set R ~
E(H,) = {{Z,7} CFy: &+ € D,(101)}.

The following two lemmas link the graphs ﬁn to our study of 2-cycles in the phase spaces of
SDS defined over complete graphs.

Lemma 2.2. Let n > 2 be an integer, and let C = {¥1,Z2,..., T} be a clique of order k of ﬁn
There ezists a map f: Fy — Fo such that each &; € C is in a 2-cycle of I'([Ky, f,id]). Moreover,
no two distinct Z;, Z; are contained in the same 2-cycle of I'([Kp, f,id]).
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Proof. For each i € {1,2,...,k}, let & = (a;1,a:2,...,an), where a;; = 0 by the definition of H,.
Define the map f: F§ — Fo as follows:

e If there are some %, ¢ such that
A = (@1, @iy - - - Wity Qi(e41)5 Qi(e42)5 - - - Vin),
then let f(d) = @;51)-
e If there are some %, ¢ such that
a = (@1, i, - - - Aits Ti(g11)s Tie12)s - - - » Tin )5

then let f(d) = a;(r41)-
e Otherwise, let f(a) = 0.

We first need to show that f is well-defined. To do so, we show that for any i,j € {1,2,...,k}
and any ¢,m € {0,1,...,n — 1} with i # j or £ # m, we have

(3) (TZL .. 7@7 a’i(f+l)7 LI 7ai7’b) 7& (@7 s 7%7 aj(m+1)7 ceey ajn)7
(4) (Tﬂ, ey Qg Ai(041)s - - - ,am) #* (ajl, ooy Qgmy Qg (meg 1)y - - - ,%7),
and

(5) (ai€> sy il g(p41)s - - 7@) 7& (ajla <o Gims Aj(me1)s - - 7%7)

This will show that we have not accidentally defined f(&) = 0 and f(&) = 1 for the same vector
@. Applying the function inv to each side of yields , and applying inv to each side of
yields (we are using the injectivity of inv). This shows that and are equivalent, so we
only need to prove and to show that f is well-defined.

Choose such i, 7, ¢, m, and assume without loss of generality that £ < m. First, suppose ¢ = j.
Because we are assuming either i £ j or £ # m, this implies that £ < m. The two vectors in
cannot be the same because their m'™ coordinates are different. Similarly, the two vectors in
cannot be the same because their /™" coordinates are different. This proves and in the case
in which ¢ = j.

We now assume ¢ # j. Because Z; and Z; are adjacent in ﬁn, the vector &; 4+ & contains the
subsequence 101. This implies that there exist ri,79,r3 € {2,3,...,n} such that r; < ro < r3,
Qiry F Qjryy Qipy = Qjry, AN Qjry # Qjry. If 71 < £, then the two vectors in differ in their rﬁh
coordinates. If r3 > m + 1, then the two vectors in differ in their rgh coordinates. If £ < rq
and r3 < m, then £ + 1 < ry < m, so the two vectors in differ in their rgh coordinates. This
proves in all cases. We next prove . Note that a;1 = aj1 = 0. Since m > ¢ > 0, the first
coordinate of the vector on the right-hand side of is 0. If £ > 1, then the first coordinate of
the vector on the left-hand side of is 1. This shows that holds whenever £ > 1, so assume
£=0. If ro > m+1, then the two vectors in differ in their rgh coordinates. Hence, we may also
assume 7y < m. Since £ = 0, the r%h coordinate of the vector on the left-hand side of is @iy, .
Since 11 < 19 < m, the rﬁh coordinate of the vector on the right-hand side of is ajr,. Because
airy 7 Gjr, , the two vectors in differ in their r{" coordinates. This proves (), showing that f is
indeed well-defined.

Let F = [K,, f,id]. We now show that for each i € {1,2,...,k}, the vector Z; is in a 2-cycle of
['(F). Choose some i € {1,2,...,k}. It follows from the definition of f that foreach ¢ € {1,2,...,n}

Go(@i) = (@1, - - -, @it Qie1)s - - -, Gin)
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and

G@(IHV(CEl)) = GZ@TI»@» cee a@) = (aﬂ) ey Qg ai(f-{-l)? cee aTm)
In particular, F(%;) = inv(#;) # Z; and F?(Z;) = F(inv(Z;)) = Z;. In other words, Z; is in a 2-cycle
of I'(F).

Finally, choose some distinct i,j € {1,2,...,k}. It is easy to see that the vectors Z; and Z; are
in distinct 2-cycles of I'(F"). Since Z; # &}, the only way the vectors Z; and Z; could be in the same
2-cycle of I'(F) is if F'(Z;) = Z;. We have just shown that F(&;) = inv(&;), so Z; could only be in
the same 2-cycle as 7; if £; = inv(%;). However, this is impossible because #; and &; have the same
first coordinate (namely, 0). O

Lemma 2.3. Let n > 2 be an integer, and let £ and i be distinct nonadjacent vertices of f[n Let
f:Fy — Fy be a function. If T is in a 2-cycle of the phase space I'([Ky, f,1d]), then ¥ is not in a
2-cycle of T'([Kn, f,1d]).

Proof. Suppose, by way of contradiction, that & and ¥ are both in 2-cycles of I'([K,, f,id]). Let
F = [K,, f,id]. Let & = (a1,a2,...,ay,) and § = (b1,be,...,b,). Because T # ¥, we may let r be
the smallest element of {1,...,n} such that a, # b,. Similarly, we may let s be the largest element
of {1,...,n} such that as # bs. Note that r > 2 because a; = b = 0. Because # and ¥ are not
adjacent in f[n, the vector ¥ + ¢ = (a1 + b1,...,a, + b,) does not contain the subsequence 101.

This implies that
b {1, ifr<i<s:
0, otherwise.
In other words, ¥ = (a1,...,Gr—1,Gr,..., 05,0541, --,0n). For the sake of convenience, let a,+1 =

aj.

Because we are assuming that each of the vectors Z and ¥ is in a 2-cycle of I'(F'), we know from

Lemma [2.1] that F(Z) = inv(Z) and F(¥) = inv(¥). Hence, for each £ € {1,...,n},

Go(Z) = (@1, ..., G0, Qpq1, .., 0p)
and

Go(i) = (b1, ..., by, bgy1,...,by).
It follows that

F@T, . Tty an) = F(G(F)) = T,

but also

flag, ..., a5, as11...,an) = f(bi,...,bp—1,bp,...,bn) = F(Gr_1(%)) = by = ay.

Therefore, a, = @551. Similarly, we have

fl@ay,....ar—1,ap...,ay) = f(Gr—1(Z)) = a,

and

far, ..t ar .. an) = f(br, .. bs,bsy1, ... bn) = F(Gs(¥)) = bsp1 = Tsr1-
This implies that @, = a5;+1 = a,, which is a contradiction. O

—

We are now in a position to prove one of our crucial theorems. Let w(G) denote the clique
number of a graph G. That is, G contains a clique of order w(G) but does not contains a clique of
order w(G) + 1.
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Theorem 2.1. For any integer n > 2, we have

Np = w(f[n)

~

Proof. Choose an integer n > 2, and let k = w(H,,). Let C = {Z1, %2, ..., T} be a clique of order
k of H,. By Lemma there exists a map f: Fy — Fa such that any distinct vectors @;, ¥; € C
are in distinct 2-cycles of I'([K,,, f,id]). In particular, I'([K,, f,id]) contains at least k 2-cycles. In
the notation of Definition f € (F9)¥2 and n(f,id) > k. Thus,

ge(F2)"2

We now show that 7, < k. By Definition there exists a function g € (F2)"2 such that
1(g,id) = 1. In other words, there are n,, 2-cycles in the phase space I'([K,,, g,1d]). It follows from
Lemma [2.1| that each 2-cycle of T'([K,, g,id]) contains exactly one vector whose first coordinate is
0. In the notation of Definition each of the n, 2-cycles of I'([K,, g,id]) contains exactly one

vector that is a vertex of .FAIn. Let Zy,#,...,%,, be these vertices of H,. Choose some distinct
i,j € {1,2,...,m,}. Because each of the vectors &;, Z; is in a 2-cycle of I'([Ky, g,id]), it follows

from Lemmathat Z; and Z; must be adjacent in H,,. Because i and j were arbitrary, this shows
that {&1,Z9,...,2,,} is a clique of H,. Consequently, n, < k. O

Given an integer n > 2, we may define a map 6, : @21 N Fg‘l by
On(z1,22,..., 1) = (22,23, ..., ).

Because the first coordinate of each vector in @g is 0, it should be clear that 6,, is a vector space
isomorphism. Furthermore, if #,¢ € F3, then ¥ + ¢ € D,(101) if and only if 6,(Z) + 0,(y) €
D,,—1(101). This motivates the following definition.

Definition 2.3. Given an integer m > 2, define H,, to be the undirected simple graph with vertex
set

V<Hm) =Fy
and edge set
E(Hy) = {{Z 7} CFy: &+ § € Din(101)}.

It follows from the preceding paragraph that 6,1 is a graph isomorphism from the graph .FAInH
to the graph H,. Therefore, n,+1 = w(Hpy1) = w(Hy). In the following section, we relate the
graphs H,, to error-correcting binary codes.

3. BINARY CODES

In coding theory, a binary code of length n is a subset of 5. The elements of a code are
known as codewords. The Hamming distance between two codewords ¥ = (x1,x9,...,2,) and
¥ = (y1,Y2,---,Yn), which we shall denote by 0(Z, %), is simply the number of positions in which
the vectors Z and ¢ have different coordinates. That is,

0z, y) =i e {1,2,...,n}: i # yi}|.
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If C' is a nonempty binary code of length n, then the minimum distance of C, denoted A(C), is
the quantity

If a code C' consists of a single codeword, we convene to let A(C) = co.

Of particular interest in coding theory are binary codes with minimum distance at least 3. Such
codes are known as one-bit error-correcting codes because any error formed by flipping a single bit
(that is, changing a single coordinate) in a codeword can be detected and corrected (this is not
the case for binary codes with minimum distance less than 3). Let A(n,3) denote the maximum
number of codewords that can appear in a binary code of length n that has minimum distance at
least 3. An important problem in coding theory is the determination of the values of A(n,3). It
is known that A(n,3) = 2n~1&2(n+1) if 5 1 is a power of 2, but most values of A(n,3) are not
known.

Given an integer m > 2, define J,, to be the undirected simple graph with vertex set
V(Jm) =F5

and edge set
E(Jy) = {{Z,7} CFP: &+ § € Dy (111)}.
Observe that two vectors 7, ¢ € FJ* are adjacent in J,, if and only if the Hamming distance §(Z, 7/)

between & and ¥ is at least 3. Therefore, A(n,3) is equal to the clique number w(J,) of the graph
Jn. From this, we obtain the following theorem.

Theorem 3.1. For any positive integer n,

n+1 = A(TL, 3)‘

Therefore, in light of the

Proof. We saw at the end of the preceding section that 9,41 = w(H,).
= w(Jy). Consider the linear

preceding paragraph, we see that it suffices to show that w(H,)
transformation T': F§ — % given by

T(x1,22,...,2n) = (1,21 + 22,1 + X2 + 23,..., 21 + 22 + -+ + Tp).

The linear tranformation 7" is an endomorphism with a trivial kernel, so it is an isomorphism. Fur-
thermore, a vector Z' € F% contains the subsequence 111 if and only if T'(Z) contains the subsequence
101. This shows that 7" is in fact a graph isomorphism from J,, to Hy, so w(H,) = w(J,). O

As mentioned in the introduction, Theorem provides the first known interpretation of the
numbers A(n,3) outside of coding theory.

4. CONCLUDING REMARKS

We have defined 7,, to be the maximum number of 2-cycles that can appear in a phase space
of the form I'([K,, f,id]). One could easily generalize these numbers by defining 7,,(m) to be the
maximum number of m-cycles that can appear in such a phase space. One may show that 7, (1) = 2
for all positive integers n (the only possible fixed points of an SDS map [K,, f,id] are the all-0’s
and all-1’s vectors of length n). Is it possible to obtain general bounds for the numbers 7, (m)?
Could we perhaps relate the numbers 7, (m) to codes as we have done for the numbers 7,,(2)?
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There are, of course, many other natural ways to generalize the problems considered here. One
might wish to replace complete graphs with graphs that are, in some sense, “almost” complete
(such as complements of cycle graphs). We could also choose to ask similar questions about SDS
maps of the form [K,, f,id] defined using a set of states A with |A| > 3.
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