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Abstract

This paper analyzes over 30 types of g-series and the asymptotic behavior of their expansions.
A method is described for deriving further asymptotic formulas using convolutions of generating
functions with subexponential growth. All variables in the article are integers.

Theorem 1 (asymptotics of convolution of generating functions with subexponential growth)
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We approximate the exponent with the Maclaurin series (see [2], p. 683 about this method)

v v 1 1 1 1 2
1 1 1-p_p-1 -1_1-
= = 1 1 \1P A-ppr, Py (T P41 22
nr, nr, 1 I T2 2
1 2 -p -
7 T ——x| +n T —+x ~ np<r1 + 1, ) | 1- 2 [
1-p 1-p 1-p 1-p
r + T, n + T, \ /


http://mathworld.wolfram.com/MaclaurinSeries.html
http://oeis.org/A001524/a001524.pdf

and near x = 0 we have
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QED.

In program Mathematica we create a functions:

convsubexp[vl , rl , bl , v2_, r2 , b2 , p ]:= vl * v2 *Sqrt[2*Pi] *
(r1~(1/(1-p)) + r2~(1/(1-p)))~ (bl + b2 - (3-p)/2) * E~(n*p * (rl”(1/(1-p)) +
r2~(1/(1-p)))~(1-p)) / (Sqrtl[(1-p)*p]l * rl”~((bl-1/2)/(1-p)) * r2”((b2-1/2)/(1-
pP)) * n*(bl + b2 + p/2 - 1));

convsubexpfun[funl , fun2 ] := (el = PowerExpand[Exponent[funl, E]]; e2 =
PowerExpand[Exponent[fun2, E]]; enl = Exponent[funl, n]; en2 = Exponent[fun2,
n]; eel = Exponent[el, n]; ee2 = Exponent[e2, n];
FullSimplify[convsubexp[funl/n*“enl/Exp[Coefficient[el, n”eel]*n”*eel],
Coefficient[el, n*eel], -enl, fun2/n”“en2/Exp[Coefficient[e2, n“ee2]*n”*ee2],
Coefficient[e2, n”“ee2], -en2, eel]l, n > 0]);

Special cases:

p=1/2
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Corollary: Self-convolution of generating function with subexponential growth
Letr >0,0<p<1
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Theorem 2 (asymptotics of powers of the generating function with subexponential growth)
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We apply Theorem 1
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In program Mathematica:

powerself[v_, r , b , h , p 1:= v*h * h*(1/2 - h + b*h - p/2 + h*p/2) *
(2*Pi/ ((1-p) *p*r) )~ ((h-1)/2) * E*(h*(1-p) * r * n*p) / n*(b*h - (h-1)*(2-
p)/2);

powerselfun[fun , h ] := (el = PowerExpand[Exponent[fun, E]]; enl =
Exponent[fun, n]; eel = Exponent[el, n]; FullSimplify[powerself[fun/n”enl/
Exp[Coefficient[el, n”eel]*n”eel], Coefficient[el, n”eel], -enl, h, eel], n >
01);

Special cases:
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A very useful is the following theorem, which solve the equation
fun0 convolution funl = fun2
for the given functions funl and fun2. All functions fun0, funl and fun2 are subexponential.

Theorem 3
The solution of the equation
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In program Mathematica:

convsolveO[vl_, rl , bl , v2_, r2 , b2_, p_]:= v2 * Sqrt[(1l-p)*p] * r2”((1-
2*b2) /(2% (1-p))) * (r27(1/(1-p)) - rl~(1/(1-p)))"~(1/2 - p/2 - bl + b2) / (vl *
Sqrt[2*Pi] * rl~((1-2*bl)/(2*(1-p)))) * Exp[(r2~(1/(1-p)) - rl~(1/(1-p)))"(1-
P) * n*pl / n*(1 - p/2 - bl + b2);

convsolve[funl , fun2 ] := (el = PowerExpand[Exponent[funl, E]]; e2 =
PowerExpand[Exponent[fun2, E]]; enl = Exponent[funl, n]; en2 = Exponent[fun2,
n]; eel = Exponent[el, n]; ee2 = Exponent[e2, n];
FullSimplify[convsolveO[funl/n*“enl/Exp[Coefficient[el, n”“eel]*n”eel],
Coefficient[el, n”eel], -enl, fun2/n”“en2/Exp[Coefficient[e2, n“ee2]*n”“ee2],
Coefficient[e2, n”“ee2], -en2, eel], n > 0]);
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Introduction to an asymptotics of g-series

There are several classic results:
Hardy + Ramanujan (1917), see [3], A000041, number of partitions of n
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Following results can be found using Theorem 2 (or with the Meinardus method, see [9])
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More general results and Mathematica functions
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The following formula found by Ingham (1941), see [5] (cited in [9], p. 394 or in [6], p. 1)
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where I is the Gamma function.

In program Mathematica we create a function

partminus[s_, t_]:= Gamma[t/s] * Pi*(t/s-1) * 2~ (-3/2-t/(2*s)) * 3~ (-t/(2*s))
* sA(-1/2+t/(2*s)) * n*(-(s+t)/(2*s)) * E~(Pi*Sqgrt[2*n/(3*s)]);
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Meinardus (1954), see [10], p.301

partplus[s_, t_]:= E~(Pi*Sqrt[n/(3*s)]) / (2*(1 + t/s) * (3*s)~(1/4) *
n*(3/4));

Convolution (applied Theorem 1)
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partratio[s_, t ]:= Gamma[t/s] * s*(t/(2*s) - 1/2) * Pi*(t/s - 1) *
E~(Pi*Sqrt[n/s]) / (2~(2*t/s + 1) * n~(t/(2*s) + 1/2));
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https://en.wikipedia.org/wiki/Gamma_function
http://gdz.sub.uni-goettingen.de/dms/load/img/?PPN=GDZPPN002384744

Convolutions
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convminus[s_, t_, c_, d_]:=

Gamma[t/s] * Gamma[d/c] * s~ ((2*t/s - 2*d/c -
1)/4) * c*((2*d/c - 2*t/s - 1)/4) * (s+c)*((2*t/s + 2*d/c - 1)/4) * Pi~(t/s +
d/c - 2) * E~(Pi*Sqrt[2*(1/s + 1/c)*n/3]) / (2~ ((2*t/s + 2*d/c + 7)/4) *

37 ((2*t/s + 2*d/c - 1)/4) * n*((1 + 2*t/s + 2*d/c)/4));
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convplus[s_, t , ¢, d_]:= 2~(-1/2 - t/s - d/c) * (s+c)~(1/4) *
E* (Pi*Sqrt[(1/s+1/c)*n/3]) / (3*~(1/4) * s~ (1/4) * c~(1/4) * n~(3/4));
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convratio[s_, t , c¢_, d_]:= 2*(-d/c - (s+t)/s) * c*(-1/2 + d/(2*c)) * (c +
2*g)~(d/ (2*c)) * E~(Sqrt[(2/c + 1/s)*n/3]*Pi) * Pi*(-1 + d/c) * Gamma[d/c] /
(3~(d/ (2*c)) * s~ (d/(2*c)) * n~((c+d)/(2*c)));
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Powers (applied Theorem 2)
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powerminus[s , t , m_]:= Gamma[t/s]”m * 2~ (-(m+5)/4 - m*t/(2*s)) * 3*((m-1)/4
- m*t/(2*s)) * m*(-(m-1)/4 + m*t/(2*s)) * s*(-(m+l)/4 + m*t/(2*s)) * Pi*(-m +
m*t/s) * n*((m-3)/4 - m*t/(2*s)) * E~(Pi*Sqrt[2*m*n/ (3*s)]);
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powerplus[s , t , m_]:= 24((m-3)/2 - m*t/s) * m*(1/4) * E~(Pi*Sqrt[m*n/(3*s)])
/ ((3*s)*~(1/4) * 1'1"(3/4)),
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powerratio[s , t_, m_]:= Gamma[t/s]”m * 24(m/2 - 3/2 - 2*t*m/s) * s*(-m/4 -
1/4 + t*m/ (2*s)) T E"(Pl*Sqrt[m*n/s]) * m*(1/4 - m/4 + t*m/(2*s)) * Pi”*(t*m/s
- m) * n*(m/4 - 3/4 - t*m/(2*s));
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Special case: s =2,t =1,m >0
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http://oeis.org/A080054
http://oeis.org/A007096
http://oeis.org/A261647
http://oeis.org/A014969
http://oeis.org/A261648
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Various formulas
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A000700 (m=2), A003105 (m=3), A070048 (m=4), A096938 (m=5), A261770 (m=6), A097793 (M=7), ...
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convplusdenom[m_]:= E*(Pi*Sqrt[(m-1)*n/(3*m)]) * (m-1)~(1/4) / (2~(3/2) *
3~4(1/4) * m~(1/4) * n~(3/4));
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The coefficient of [g™] in the expansion of product inside is (after the formula by Meinardus with
s =mand t = j) asymptotic to
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Now we have a constant (relative to n)
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and (m — 1)-fold convolution of

Note that multiple convolution is applied correctly, because GCD(m, 1,2,3,...,m—1) = 1.
We now set
v=1/Bm)Y*,r=1/3m),b=3/4,h=m—1

and apply the Theorem 2.
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Applied Theorem 2
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http://oeis.org/A000700
http://oeis.org/A003105
http://oeis.org/A070048
http://oeis.org/A096938
http://oeis.org/A261770
http://oeis.org/A097793

T 1
Hﬁ m>0
1 1(1+q")
A081362 (m=1), A022597 (m=2), A022598 (m=3), A022599 (Mm=4), ...

. mt/4 mn
n~ (=1 27/4 31/4 1y3/4 exp\m 6

powerplusdenom[m ]:= (-1)“n * E~(Pi*Sqrt[m*n/6]) * m*(1/4) / (2~(7/4) *
34(1/4) * n*(3/4));

Proof: From the Euler identity follows

ﬁ — 1_[ 1_[ (1- Zkl 1_) - 1_[(1 2k-1) = 1_[(1 g2k+1)

k=1 k=1 k=1

n(1+( q)") =] Ja+an”
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In our notation is then asymptotics of the coefficient of [¢"]
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http://oeis.org/A081362
http://oeis.org/A022597
http://oeis.org/A022598
http://oeis.org/A022599
http://mathworld.wolfram.com/EulerIdentity.html

=11+ g™k
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A081360 (m=2), A109389 (m=3), A261734 (m=4), A133563 (m=5), A261736 (m=6), A113297 (m=7), A261735 (M=8), ...
If m is even then

N (m + 2)/* (m+2)n
" 4 (6 m)t/4 n3/4 ep\ T 6m
If m is odd then
(m—1)Y/* (m—1n
n JE—
~ D 23/2 (6 m)1/4 n3/4 Py 6m

convplusnumer[m ]:= If[EvenQ[m], (-1)%n * E~ (Pi*Sqrt[ (m+2) *n/ (6*m)]) *
(m+2)~(1/4) / (4 * (6*m)~(1/4) * n~(3/4)), (-1)~n * E~(Pi*Sqrt[(m-1)*n/(6*m)])
* (m-1)~(1/4) / (2~(3/2) * (6*m)~(1/4) * n~(3/4))];

Proof: If m is even then from the Euler identity follows
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if m is odd then
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q

k=0
o0

1 — g@k+1)m 1 (2k+2)m (1 + q(2k+1)m) _ 1 (2k+1)m 1 (2k+2)m
(( q )*( +q ))* (1_q(2k+1)m)_ ( tq )*( *tq )
k=0 k=0

k=0

Simplify[PowerExpand[convsolve[powerratio[2m, m, 1],
convsubexpfun[powerplus[2, 1, 1], convplus[2m, 2m, 2m, m]]]]]

o)
m

2+/2 n3/4

a, ~ (=)™ =
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http://oeis.org/A081360
http://oeis.org/A109389
http://oeis.org/A261734
http://oeis.org/A133563
http://oeis.org/A261736
http://oeis.org/A113297
http://oeis.org/A261735
http://mathworld.wolfram.com/EulerIdentity.html

s
il
I
Q _
=~
3
\Y
—_

k=1

A000009 (m=2), A000726 (m=3), A001935 (m=4), A035959 (m=5), A219601 (m=6), A035985 (M=7), A261775
(m=8), A104502 (m=9), A261776 (m=10)

The following formula found by Hagis (1971), see [7].!

(m—1)1/* 2n(m—1)
an ~ 25/4 31/4 1,3/4 3/4 exp\ 3m

hagis[m_]:= E*(Pi*Sqrt[2*n* (m-1)/(3*m)]) * (m-1)~(1/4) / (2 * 6~(1/4) *
m* (3/4) * n*(3/4));

b 1— qu
1_[<1—qk> m>1h=>1
2h(m — 1n
1/4 (1 _ 111/4 ’
h'/* (m —1)Y* exp (n 3m )

1, h
25/4 31/4 ;ma * 7 n3/4

Applied Theorem 2

d @m+Dk

1-¢q
[ [ w2

k=1
A262346 (m=1), A262364 (M=2)

(4m + 1)V/* (4m+1)n
ap ~ (=" P\ [ amT D)
27/4 31/4 (2m + 1)3/4 n3/4 6(2m+1)
Proof:

We transform the sequence into sequence with nonnegative coefficients using the following
identity. If s is odd then

1_[(1 — (—q)*) = 1_[(1 + @25 x (1 — g25%)
k=1 k=1

Fors = 2m + 1 we have

12[ 1- (- q)(2m+1)k 1_[ (1+ q@m+D=(2k= 1)) «(1- q(2m+1)k) (14 q(2m+1)k)

11 1-gq (1-¢"*1+4q")

! Note that in [8], p.32 is the formula by Hagis cited incorrectly (must be s - s — 1 and 24 — 24 n).
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http://oeis.org/A000009
http://oeis.org/A000726
http://oeis.org/A001935
http://oeis.org/A035959
http://oeis.org/A219601
http://oeis.org/A035985
http://oeis.org/A261775
http://oeis.org/A104502
http://oeis.org/A261776
http://www.ams.org/journals/tran/1971-155-02/S0002-9947-1971-0272735-1/
http://oeis.org/A262346
http://oeis.org/A262364
http://arxiv.org/abs/1306.5415

3}

_ q(2m+1)k) (1 + q(2m+1)k) 14+ q _ q(2m+1)k)

1 = (1
1 4 g@m+1)+(2k-1)) ( 14 g@m+)+Qk-1)), = T 7
u( 1 A ey (1445 L1 q@msDi k| _1l( a A R

and the solution (for m > 0) follows from

Simplify[PowerExpand[convsolve[convplusdenom[2*m+1] , convsubexpfun[partplus[4*m+2,
2*m+1], hagis[2*m+1]]]]]

Note that for m = 0 we have

ﬁ 1— q(2m+1)k 3 © 1— qk 3 ﬁ 1
— g2k - — g2k — k
1=q k=1 1-q k=1 I+q

oo )

27/4 31/4 3/4

and

an ~ (_1)71 *

[oe]

H(l—q")*(1+qk)m m>2

k=1
exp (n /M)

A085140 (Mm=3), A261998 (m=4)
m+1

272 \n

a, ~

Proof:

1_[(1— DRCETDLE (”") H(qu)m“

convsolve[powerratio[l, 1, 1], powerplus[l, 1, mt+l]]

1
m>1
1_[ (14491 —qm
k=1
A002513 (m=2), A029863 (m=3), A262380 (m=4)
m+1
2m—-1) 4 2m—-1n
an ~ m+1 mt3 CXP\ T [T

2m+137 2 4
Proof:
Direct convolution method is not possible, because the sequence with the generating function [z~ (1+q j

is alternating. For the correct asymptotics we solve an equation of type fun0 * funl = fun2 with the known
asymptotics funl and fun2 for the non-alternating sequences (applied Theorem 3).

1 * (1+q")_1—[
1 1A+ A =g9m L 1(1-¢9 111 -qgm

convsolve[powerratio[l, 1, 1], powerminus[l, 1, m+1]]
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http://oeis.org/A261998
http://oeis.org/A002513
http://oeis.org/A029863
http://oeis.org/A262380

More examples

The ideal case is if all terms in the numerator are (1 + g% *) and all terms is the denominator are

(1 —q%*) and GCD(c;,d;) = 1 for all these coefficients. Lot of sequences can be transformed
into such form.

A100823
= (1+q) T+ (L4 g% D)« (L+ g% )« (1 + %)
g(l—qk)*uw%)*(uq%)‘g (1= q%) * (1 — g3 x (1 - g*F2)

FullSimplify[convsubexpfun|[convsubexpfun[convplus[5, 1, 5, 4], convplus[5, 2,
5, 3]], convsubexpfun[convminus[3, 1, 3, 2], partminus[6, 6]]]]

oo 8

12/5n

a, ~

Al147785

ﬁ (1 _ qlsk)
1 1A =g« (1 —q%)

We solve an equation

1—[ (1-q"") LT _rra=datn (1+4
— g3k — g5k _ gk — gk _ o3k _ 5k
110 =) *1—-¢>) 111-¢* 11 A-q9 @Q-¢)*A-q)

convsolve[partratio[l,1],convsubexpfun[convsubexpfun[hagis[15] ,partplus[1l,1]],

convminus[3,3,5,5]1]]
T (l4n
;e (375
Uy~ e 5

12n
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http://oeis.org/A100823
http://oeis.org/A147785

Plane partitions and k in the exponent

A000219 - number of planar partitions of n (MacMahon 1912)
ﬁ :
_ gk
1 1(1-q")

/3 1

7/36 1/3 (I 2 —

7(3)7/36 exp (3 (33 (3) " + 12)
A*211/361/3n- n25/36

Wright (1931)?, see [13]

a, ~

where {(3) = A002117 is the Riemann Zeta function and A = A074962 is the Glaisher-Kinkelin constant

In the Mathematica
Zeta[3]~(7/36) * E~(3*Zeta[3]~(1/3) * (n/2)*~(2/3) + 1/12) / (Glaisher *
Sqrt[3*Pi] * 24 (11/36) * n”(25/36))

A026007 - number of partitions of n into distinct parts, where n different parts of size n are
available

(0]

l_[(l +q" )k

k=1

((3)1/6 exp <(%)4/3 Z(3)1/3 n2/3>

23/4 31/3 \/E n2/3

a, ~

Zeta[3]"(1/6) * E~((3/2)"(4/3) * Zeta[3]"(1/3) * n"(2/3)) / (2~(3/4) * 37(1/3)
* Sqrt[Pi] * n*(2/3))

A156616 (convolution of A000219 and A026007 - applied Theorem 1)

exp (l +3%27%3 (7 ((3))1/3 n2/3>

An ~ A * 27/9\[3 7 n25/36 12

E~(1/12 + 3 * 2~(-4/3) * (7*Zeta[3])”(1/3) * n~(2/3)) * (7*Zeta[3])"(7/36) /
(Glaisher * 2~(7/9) * Sqrt[3*Pi] * n”~(25/36))

2 Unfortunately, in many papers is the formula by Wright (see [13]) cited incorrectly! For correct version (with
V3 7 in the denominator) see [14]. Also in the paper by Almkvist (see [16], p.344), is Wright's formula incomplete,
in the denominator should be /3 7, not +/zr. In the paper by Steven Finch (see [15]) was this error already corrected.
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http://oeis.org/A000219
http://oeis.org/A002117
https://en.wikipedia.org/wiki/Riemann_zeta_function
http://oeis.org/A074962
https://en.wikipedia.org/wiki/Glaisher–Kinkelin_constant
http://oeis.org/A026007
http://oeis.org/A156616
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http://oeis.org/A026007
http://arxiv.org/abs/math.CO/0601253
https://projecteuclid.org/euclid.em/1047674152
http://www.people.fas.harvard.edu/~sfinch/csolve/prt.pdf

Powers (applied Theorem 2)

1
— m>0
| [e=e
1 1(1-q")
A000219 (m=1), A161870 (m=2), A255610 (m=3), A255611 (m=4), A255612 (m=5), A255613 (m=6), A255614
(m=7), A193427 (m=8)

(m ((3))36 % exp (12 3 (m 5(3)) >

22/3
a, ~

m, 2
6

1
Am 23 36 31/2 12 n36 73

where {(3) = A002117 is the Riemann Zeta function and A = A074962 is the Glaisher-Kinkelin constant

powerkminus[m ]:= 24(m/36 - 1/3) * E~(m/12 + 3 * 2~(-2/3) * m*(1/3) *
Zeta[3]~(1/3) * n~(2/3)) * (m*Zeta[3])~(m/36 + 1/6) / (Glaisher”m * Sqrt[3*Pi]
* n*(m/36 + 2/3));

o

l_[(l + gk)mk m>0

k=1

A026007 (m=1), A026011 (m=2), A027346 (m=3), A027906 (m=4)

24/3

(m+{3)"° ex (3‘”3 (m @) /)

a, ~

2%"'%31/3 \/ﬁnz/3
powerkplus[m_]:= 2~ (-2/3 - m/12) * E~((3/2)~(4/3) * m~(1/3) * Zeta[3]"(1/3) *
n*(2/3)) * m*(1/6) * Zeta[3]~(1/6) / (3~(1/3) * Sqrt[Pi] * n*(2/3));

ﬁ<1+q> 0

k=1

A156616 (m=1), A261386 (m=2), A261389 (m=3)

24/3

a, ~

32
(7m i@y p( L3me@)™ /3>

2, m
Am239\/_7-[ n3 t36

powerkratio[m ]:= E*(m/12 + 3/2 * (7*m*Zeta[3]1/2)7~(1/3) * n*(2/3)) * m*(1/6 +
m/36) * (7*Zeta[3])~(1/6 + m/36) / (Glaisher”m * 2*~(2/3 + m/9) * Sqrt[3*Pi] *
n*(2/3 + m/36));
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http://oeis.org/A161870
http://oeis.org/A255610
http://oeis.org/A255611
http://oeis.org/A255612
http://oeis.org/A255613
http://oeis.org/A255614
http://oeis.org/A193427
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http://oeis.org/A074962
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http://oeis.org/A026007
http://oeis.org/A026011
http://oeis.org/A027346
http://oeis.org/A027906
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http://oeis.org/A261386
http://oeis.org/A261389

A255528
ﬁ 1
kYk
1 1(1+4")

A * ((3)5/36 exp (3 ((3)1/3 2—5/3 n2/3 _ 1_12)
27/9 mn23/36

ap, ~ (=" =

where ¢(3) = A002117 is the Riemann Zeta function and A = A074962 is the Glaisher-Kinkelin constant

(-1)*n * Glaisher * Zeta[3]*(5/36) * E~(3*Zeta[3]~(1/3)*n~(2/3) / 2~(5/3) -
1/12) / (2~(7/9) * Sqrt[3*Pi] * n”~(23/36))

Proof:
There is an unsigned sequence:

[oe] (oo} (oo} [oe]

Qm = 1_[(1 + q2h1)2k-1 4 lj(l — g2k = 1_[(1 + q2h1)2k-1 1_[(1 + g 1—[(1 .

k=1 k=1 k=1 k=1

1_[(1 + qzk—l)zk—l * 1_[(1 + qzk)zk — 1_[(1 + qk)k
k=1 k=1 k=1

Applied Theorem 3 and Theorem 1.

ExpandAll [convsolve [powerkminus[1l], convsubexpfun[2*convsolve[ (powerkplus[2]
/. n -> n/2), powerkplus[l]], powerkplus[1l]]]]
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Meinardus method, case of one simple pole

T 1
I_I“t?—zﬁﬁﬁ m >0
1 1(1-q")

A000219 (m=1), A023871 (m=2), A023872 (m=3), A023873 (m=4), A023874 (m=5), A023875 (m=6), A023876
(m=7), A023877 (m=8), A023878 (m=9), A144048

1-2 {(-m) (m

(F(m +2){(m+ 2)) Zm+4 exp

M4 2 (Nm +2) {m + 2))"¥ mme2 + (’(—m)>

an ~ m+3-2 {(-m)

J2rm(m+2) n 2zm+4

powerkexpminus[m_]:= (Gamma [m+2] *Zeta[m+2] )~ ((1-2*Zeta[-m]) / (2*m+4)) * E~((m+2)/(m+l) *
(Gamma [m+2] *Zeta[m+2]) ~ (1/ (m+2)) * n*((m+l)/(m+2)) + Zeta'[-m]) / (SQrt[2*Pi*(m+2)] *
n* ((m+3-2*Zeta[-m])/ (2*m+4))) ;

Proof: We use the Meinardus method, for details see [9], [10], [11], [12].

IET 1
— ok\b(k)
1 1A —-q")

b(k) = k™
We have a Dirichlet series

[0e]

d(s) = b(k) « k™5 = k™S = Zeta(s —m)

d(0) = Zeta(—m)
d'(0) = Zeta'(—m)

In program Mathematica (parameter r is a simple pole)

meinardusminus[r_]:= (Exp[dd0] * (2*Pi*(r+l))~(-1/2) * (Residue[d[s], {s, r}]
* Gammal[r+l] * Zeta[r+1])~((1 - 2*d0)/(2*(r+l))) * n~((2*d0 - 2 -
r)/(2*(r+l))) * Exp[n~(r/(r+l1))*(1 + 1/r)* (Residue[d[s], {s, r}]*Gamma[r+l] *
Zeta[r+1])~(1/(x+1))]1);

b[k_] := k"m;
Clear[d]; d[s ]:

_]1:= d[s] = Sum[b[k]*k*(-s), {k, 1, Infinity}];
d0o =d[s] /. s >0

1
; dd0 = FunctionExpand[ (D[d[s], s]) /. s -> 0]; d[s]

Zetal[-m + s]

The function d(s) has a simple pole s = m + 1 and we get the result from

meinardusminus [m+1]
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https://oeis.org/A023875
https://oeis.org/A023876
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H(l + gl)k™ m>0
k=1

A026007 (m=1), A027998 (m=2), A248882 (m=3), A248883 (m=4), A248884 (m=5)

{(—m) -m—1 ﬁ m+2 -m-1 ﬁ ml
2 (1-2 )T(m+2) {(m+2)) exp | T (1-2 )T(m + 2) {(m + 2))™*2 nm+2
an ~ m+3
V2n(m + 2) n2m+a
powerkexpplus[m_]:= 2% (Zeta[-m]) * ((1-2*(-m-1)) * Gamma[m+2] * Zeta[m+2])*(1/(2*m+4))

* EA((m+2)/ (m+l) * ((1-24(-m-1)) * Gamma[m+2] * Zeta[m+2])*(1/(m+2)) * n*((m+1l)/(m+2)))
/ (SQrt[2*Pi* (m+2)] * n*((m+3)/(2*m+4)));

Proof:
We use the Meinardus method, for details see [9], [10], [11], [12].
1_[(1 + k)P ®
k=1
b(k) = k™

We have a Dirichlet series

d(s) = b(k)« k™5 = k™S = Zeta(s —m)
d(0) = Zeta(—m)

In program Mathematica (parameter r is a simple pole)

meinardusplus[r_]:= (27d0* (2*Pi* (r+l))~(-1/2)* (Residue[d[s], {s, r}] *
Gamma [r+l]* (1 - 2~ (-r))*Zeta[r+1])*(1/(2*(x+l))) * n*(-(2+r)/(2*(r+l))) *
Exp[n*(r/(x+1l))*(1 + 1/r)* (Residue[d[s], {s, r}]*Gamma[r+1l]*(1 - 2*~(-r)) *
Zeta[r+1]1)~(1/(x+1))1);

b[k_] := k"m;

Clear[d]; d[s_] := d[s] = Sum[b[k]*k”*(-s), {k, 1, Infinity}];
d0 = d[s] /. s -> 0; d[s]

Zetal[-m + s]

The function d(s) has a simple pole s = m + 1 and we get the result from

meinardusplus[m+1]
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Convolution (applied Theorem 1)

ﬁ<1+q) =0

=1

A156616 (m=1), A206622 (m=2), A206623 (m=3), A206624 (m=4)

1-2J(-m) 1

(@ -vroms 2 G552) ™ e 22k (@ - v ron s 2) SGER) ™ 4 em)
Gn ™~ Jm+2)mn

powerkexpratio[m ]:= ((2%(m+2)-1) * Gamma[m+2] * Zeta[m+2] / (24 (2*m+3) * n))~((1-
2*Zeta[-m])/ (2*m+4)) * E~A((m+2)/(m+l) * ((2*(m+2)-1) * n*(m+l) * Gamma[m+2] * Zeta[m+2]
/ 2~ (m+1l))~(1/(m+2)) + Zeta'[-m]) / Sqrt[(m+2)*Pi*n];

If m is even and m > 2, then can be simplified as:

1 1
((Zmz ~DIm+2) cz(zr?ng_i)fmﬂ exp <m—+ i ((2'"+2 — )™ T (m +2) ((anflz)y” +(=D™2T(m +1) gz(ﬂfnln))

m+1
Jm+2)mn

a, ~

powerkexpratioeven[m ]:= ((2*(m+2)-1) * Gamma[m+2] * Zeta[m+2] / (2*(2*m+3) *
n))*(1/(2*m+4)) * E~((m+2)/(m+1l) * ((2*(m+2)-1) * n*(m+l) * Gamma[m+2] * Zeta[m+2] /
224 (m+1))*~(1/ (m+2)) + (-1)~(m/2) * Gamma[m+l] * Zeta[m+l] / (2*(m+l) * Pi’m)) /
Sqgrt[ (m+2) *Pi*n] ;
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Meinardus method, case of more poles

= 1
1_[ _ Ak ymk+c m >0
1 1 (1-q")

L. m c? cm?nl/3 3 (m ((3))1/3 n?/3
(mi@®3)) exp (ﬁ YO + 3275 (m ((3))1/3 22/3

Uy ~ c+l m ¢ 2

c,I_m ctl m _c_ 2
Am23%t37363/2 72 n36tet3

where {(3) = A002117 is the Riemann Zeta function and A = A074962 is the Glaisher-Kinkelin constant

Proof:
b(k) =mk +c
We have a Dirichlet series

d(s) = Z b(k) * k™5 = Z(mk +¢)xk™S = mx*Zeta(s — 1) + ¢ * Zeta(s)
k=1 k=1

| have created a program in the Mathematica.

b[k_] := m*k + c;
Clear[d]; d[s_] := d[s] = Sum[b[k]*k"(-s), {k, 1, Infinity}];
d0 = d[s] /. s -> 0; dd0 = FunctionExpand[(D[d[s], s]) /. s -> 0]; d[s]

m Zetal[-1 + s] + c Zetal[s]

Following program has one parameter r = number of poles of d(s) , r = 2. The poles must be a
numbers 1, 2, ..., r. This is case of equidistant simple poles (see [11], p.21).

meinarduspolesminus[r_]:= (If[r == 1, Print["number of poles must be greater than 1"];
Return[0];];

h = r*Residue[d[s], {s, r}] * Gamma[r] * Zeta[r+l]; Clear[ps]; ps[0] = 1;

Do[ps[t] = ps[t] /. Flatten[Solvel[

Coefficient[h*Sum[ps[j]*z*j, {j, O, t}]1*(r+l) - Sum[If[i == 0, dO,

i*Residue[d[s], {s, i}] * Gamma[i] * Zeta[i+1l]] * h*((r-i)/(r+l)) * z~(r-i)*
sum[ps[jl*z*j, {j, O, t}]1~(r-i), {i, 0, r}], z*t] == 0, ps[tl]], {t, 1, r+l1}];

dn = Expand[h*(1/(r+1))*Sum[ps[j]*z* (j+1), {j, O, r+1}] /. z->n*(-1/(r+1))];

mm = h*(-d0/(r+l)) * h*((2+r)/(2*(x+l)))/

Sqrt[2*Pi*Residue[d[s], {s, r}] * Gamma[r+2] * Zeta[r+l1l]]*

n*(-(2 + r - 2*d0)/(2*(r+l))) * Exp[n*dn +

Sum[If[j == 0, ddO, Residue[d[s], {s, j}] * Gamma[j] * Zeta[j+1]]*
Normal[Series[(dn)"(—j), {n, InfinitYI 1}11, {Jl 0, r}ll;

vv = ExpandAll[Simplify[mm, n > 0]]; ee = Exponent[vv, E];
vv/E*ee * E~Sum[If[Exponent[ee[[j]], n]<0, 0, ee[[jl]l], {j, 1, Length[ee]}] );

The function d(s) has a two poles s = 1 and s = 2 and we get the result from

meinarduspolesminus[2]
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H(l + g)mk+e m>0
k=1

1/6 c2 mt c 2 nl/3 34/3 (m ((3))1/3 n2/3
(m={@3))"" exp (— 1296 m {(3) + 2575 3455 (m c(g))l/s 2473

a, ~ pry

2
212+2%3 31/3 \ir n2/3

Proof:
b(k) =mk+c
We have a Dirichlet series

d(s) = Z b(k) k™= = Z(mk +¢)xk™S = mx*Zeta(s — 1) + ¢ * Zeta(s)
=1 =1

b[k_] := m*k + c;
Clear[d]; d[s_] := d[s] = Sum[b[k]*k"(-s), {k, 1, Infinity}];
d0 = d[s] /. s -> 0; dd0 = FunctionExpand[ (D[d[s], s]) /. s -> 0]; d[s]

m Zetal[-1 + s] + c Zetal[s]

Following program has one parameter r = number of poles of d(s), r > 2.
The poles must be anumbers 1, 2, ..., r.

meinarduspolesplus[r_]:= (If[r == 1, Print["number of poles must be greater than 1"];
Return[0];];

h = r*Residue[d[s], {s, r}] * Gamma[r] * (1-2*(-r)) * Zetal[r+l];

Clear[ps]; ps[0] = 1; Do[ps[t] = ps[t] /. Flatten[Solvel

Coefficient[h*Sum[ps[j]l*z*j, {j, 0, t}]*(r+l) - Sum[If[i == 0, O,

i*Residue[d[s], {s, i}] * Gamma[i] * (1-2~(-i))*

Zeta[i+1]]1*h” ((x-1i)/(r+l)) * z~(r-i) *

Sum[ps[jl1*z*j, {j, O, t}1~(r-i), {i, O, r}], z*t] == 0, ps[tll], {t, 1, r+l}];

dn = Expand[h*(1/(r+l))*Sum[ps[j]1*z*(j+1), {j, O, r+1}] /. z->n*(-1/(x+1))];

mm = h”*((2+r)/(2*(xr+1)))/ Sqrt[2*Pi*Residue[d[s], {s, r}]*(1-2*~(-r))*
Gamma[r + 2] * Zeta[r+l]] * n*(-(2+r)/(2*(r+l))) * Exp[n*dn +

Sum[If[j == 0, dO*Log[2], Residue[d[s], {s, j}] * Gamma[j]* (1-2~(-3j))*
Zeta[j+1]] * Normal[Series[(dn)”*(-j), {n, Infinity, 1}11, {j, 0, r}ll;

vv = ExpandAll[Simplify[mm, n > 0]]; ee = Exponent[vv, E];
vv/E*ee * E~Sum[If[Exponent[ee[[j]], nl<0, 0, ee[[j]1]], {j, 1, Length[ee]}] );

The function d(s) has a two poles s = 1 and s = 2 and we get the result from

meinarduspolesplus[2]
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where {(3) = A002117 is the Riemann Zeta function and A = A074962 is the Glaisher-Kinkelin constant

Proof: We apply the following theorem.

Theorem 4 (modification of Theorem 1 for p = 2/3 and an additional term with exp(n'/3) )
Letr; >0,,>0

(o]
. exp(sy n'/3 +ry n?/3)
T S R (L
n=0
i 1/3 2/3
. exp(s, n*/3 + 1, n?/3)
g2(x) = Z Bnx Bn ~ vy * nbz
n=0
and
[ee]
90) = g:() * g2() = ) ™
n=0
Then
7
by+by— =
- 3v v (o +75) 276 . <(7"2251 —1£8)% 1S+ 135, nl/3 + (r3 + r3)1/3 n2/3>
n 3 3 3 3 3 3\1/3 1 2
r3b1— 5 r3b2—§ nb1+b2_§ A, (P +ry) (07 +15)

1 2

Proof is same as proof of Theorem 1.

Functions in the Mathematica are

convsubexpl323[vl_, sl _, rl , bl _, v2_, s2_, r2 , b2_]:= 3*vl*v2 * Sqrt[Pi] * ((rl”3 +
r2~43)~(bl + b2 - 7/6)/(x1*~(3*bl - 3/2) * r2~(3*b2 - 3/2) * n*(bl + b2 - 2/3))) *
E*((r222*sl - rl1”2*s2)~2 / (4*rl*r2*(rl”3 + r273)) + (n*(1/3)*(rl*sl + r2*s2)) / (rl*3
+ r2743)~(1/3) + n*(2/3)*(rl”*3 + r2~3)*~(1/3));

convsubexpl323fun[funl_, fun2 ] := (el = PowerExpand[Exponent[funl, E]]; e2 =
PowerExpand [Exponent[fun2, E]]; enl = Exponent[funl, n]; en2 = Exponent[fun2, n];
FullSimplify[convsubexpl323[funl/n*enl/Exp[Coefficient[el, n*(1/3)]1*n"(1/3)]
/Exp[Coefficient[el, n*(2/3)]*n~(2/3)], Coefficient[el, n*(1/3)], Coefficient[el,
n*~(2/3)], -enl, fun2/n“en2/Exp[Coefficient[e2, n*(1/3)]*n*(1/3)]/Exp[Coefficient[e2,
n”~(2/3)1*n~(2/3)], Coefficient[e2, n*(1/3)], Coefficient[e2, n*(2/3)], -en2], n > 0]);

The example is a sequence A261452 (m = 2,¢c = —1)
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Saddle point method

o)

1
1_[—(1 — qk)mk m>1

k=1

A034899 (m=2), A144067 (m=3), A144068 (m=4), A144069 (m=5), A144074

m" exp (2\/ﬁ - % + cm)
2\/E n3/4

a, ~

where

o

fm = Z](Tnf_;l—l)

j=2

For a method of proof see [30] or [29].

1_[(1 + glym” m>1
k=1

AL02866 (m=2), A256142 (m=3)
m™ exp (2\/5 - % - cm)
2\/m n3/4
~ i (-1))
VAV CTEES)

j=2

a, ~

where

k=1
A261519 (m=2), A261520 (m=3)
m™ exp(2v2n — 1+ ¢)
n I 23/4 n3/4

where
Z 2ji+1)(m4 -1
]=
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