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Abstract

In the aim to understand the generalization of Stirling numbers occurring in the bosonic normal
ordering problem, several combinatorial models have been proposed. In particular, Blasiak et
al. defined combinatorial objects allowing to interpret the number of Sy s(k) appearing in the
identity (af)™a®"--(a")™at = (a)® ZSr,S(k)(aT)kak, where a is assumed to be non-negative.
These objects are used to define a combinatorial Hopf algebra which specializes to the enveloping
algebra of the Heisenberg Lie algebra. Here, we propose a new variant of this construction which
admits a realization with variables. This means that we construct our algebra from a free algebra
C(A) using quotient and shifted product. The combinatorial objects (B-diagrams) are slightly
different from those proposed by Blasiak et al., but give also a combinatorial interpretation of the
generalized Stirling numbers together with a combinatorial Hopf algebra related to Heisenberg
Lie algebra. The main difference comes from the fact that the B-diagrams have the same number
of inputs and outputs. After studying the combinatorics and the enumeration of B-diagrams, we
propose two constructions of algebras called Fusion algebra F, defined using formal variable and
another algebra B constructed directly from the B-diagrams. We show the connection between
these two algebras and that B can be endowed with a Hopf structure. We recognize two already
known combinatorial Hopf subalgebras of B : WSym the algebra of word symmetric functions
indexed by set partitions and BWSym the algebra of biword symmetric functions indexed by set
partitions into lists.

1 Introduction

In Quantum Field Theory, the concept of field allows the creation and the annihilation of particles in
any point of the space. Like any quantum systems, a quantum field has an Hamiltonian H and the
associated Hilbert space H is generated by the eigenvectors of H. In the bra-cket notation, the Hilbert
space is generated by the vectors |n) assumed to be orthogonal ({m|n) = d,,.,). This representation is
usually called Fock space; the vector |n) means that there are n particles in the system. The creation
and annihilation operators, denoted respectively by a' and a are non-Hermitian operators acting on
the Fock space by

a'ln) = vn +1jn+1) and aln) = v/nn - 1). (1)

These operators generate the Heisenberg algebra abstractly defined as the free algebra generated by
the elements a, a' and quotiented by the relation

[a,aT] =1. (2)

The normal ordering problem consists in computing (z|F(a',a)|z) where F(a',a) is an operator of the
Heisenberg algebra, |2) is an eigenstate of the annihilation operator a (a|z) = z|2)), and (z|a’ = (z]2*.
The strategy consists in sorting the letters on each terms of F((a',a) in such a way that all the letters
a' are in the left and all the letters a are in the right by using as many times as necessary the relation

@.
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In a seminal paper, J. Katriel [13] pioneered the study of the combinatorial aspects of the normal
ordering problem. He established the normal-ordered expression of (afa)™ in terms of Stirling numbers
of second kind enumerating partitions of a set of n elements into k non empty subsets

(afa)" = Zn;S(n,i)(aT)iai. 3)

The investigation of the normal ordered expression of ((a')"a®)"™ naturally gives rise to generalized
Stirling numbers S, s(n, k) and Bell polynomials [6] [7]. The interpretations of some special cases are
well known and related to combinatorial numbers [111[§]. For instance, for r = 2 and s = 1, the number

Sa21(n, k) = (Zj)’g—: is the number partitions of {1,...,n} into k lists (also called Lah numbers). More
generally, Blasiak et al. [I8] studied the bosonic normal ordering problem,
(CLT)T”GS"~~~((LT)T1 asl = (aT)an Z Sr,s(k)(aT)kak, (4)
k>s1
with r=(ry,...,7,),s=(81,...,8,) and o, = Y0y (1 — 84)-

They gave also a combinatorial interpretation of the sequence Sy s(k) in terms of graphs-like com-
binatorial objects called bugs. In a further work, Blasiak et al. [9] constructed a combinatorial
Hopf algebras based on bugs to explain the computations. The aim of our paper is to investigate a
variant of their construction. Our version allows a realization with variables which projects on the
Heisenberg-Weyl algebra and the connections with some other combinatorial Hopf algebras appear
clearly. Readers interested by the topic of combinatorial interpretations of the normal ordering should
also refer to [l 14} [15] [16], [17].

Our paper is organized as follow. In section 2 we introduce the combinatorial structure of B-
diagrams and we give, in section [B] an algebraic structure based on these objects. Also, we describe
a second algebra named Fusion algebra which specializes to the Heisenberg-Weyl algebra. We show
that the B-diagram algebra is isomorphic to a subalgebra of F which allows us to describe the normal
ordering problem in terms of B-diagram. We study the Hopf structure of B-diagrams in section 4] and
we identify, in section Bl two already known subalgebras : WSym and BWSym.

2 B-diagrams

2.1 Definition and first examples

Let us first introduce notation. Let #FE denote the cardinal of the set F, [a,b] := {a,a+1,...,b—1,b}
for any pairs of integers a <b, E = E' v E” when F = E' U E"[n] and E’' n E"[n] = @, where E"[n]
means that we add n = #E’ to each integer occurring in E”. For example, if we set E = {1,2,3}, thus
E[2] = {3,4,5).

Definition 1 A B-diagram is a 5-tuple G = (n,\, E', E*, E) such that

1. neN,
2. X=[A1,..., A\n] with \; e N\ {0} for each i,
3. EVEYc 1A+ + A\,

4. Ec{(a,b):aeE'be EY v(a) <v(b)} where v:[l, A\ +-+\,] — [1,n] is defined by v(k) =i
ifkeAi+-+Xic + 1A+ + N,

5. for each a € E' and b e E*, the sets {(a,c) : (a,c) € E} and {(c,b) : (¢,b) € E} contain at most

one element.



Graphically, a B-diagram can be represented as a graph with n vertices. The vertex ¢ has exactly \;
inner (resp. outer) half-edges labelled by [A1 + -+ Ai—1 + 1, A1 + -+ \;]. The inner (resp. outer) half
edges which does not belong to E' (resp. E') are denoted by x. An element of E is represented by
an edge relying an outer half edge a of a vertex 7 to an inner half edge b of a vertex j with i < j.

Example 2 For instance, the B-diagram G = (3,[3,1,2],[1,5],[1,6],{(1,6),(2,4),(4,5)}) is repre-
sented in Figure [l

Figure 1: The B-diagram (3,[3,1,2],[1,5], [1,6],{(1,6), (2,4), (4,5)})

Also consider G’ = (4,[1,3,2,2],{1,3,4,6},{1,3,6,7},{(1,6),(3,7)}) which is represented in Figure
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Figure 2: The B-diagram (4,[1,3,2,2],{1,3,4,6},{1,3,6,7},{(1,6),(3,7)})

Let G = (n,\, E'", E*, E), we define some tools in order to manipulate more easily the B-diagrams

1. the number of vertices is |G| :=n,
we write w(G) := A1 + -+ + Ay, for the number of half-edge,

Let 7(G) := #E, be the number of edges,

- W

the number of non used outer (resp. inner) half edges is h!'(G) = w(G) - #e'(E) (resp. h*(G) :=
w(G) - #e'(E)) where €'(a,b) = a (resp. e‘(a,b) =b),

5. the set of non used outer (resp. inner) non cut half edges is H}(G) = E'\e!'(E) (resp. H}(G) =
E'\e'(R)),



6. the number of non used outer (resp. inner) non cut half edges is hTf(G) = #H}(G) (resp.
hy(G) = #HH(G)),

7. the number of non used cut half edges is h.(G) = h'(G) - h}(G) +hH(G) - hlf(G),

8. the set of half edges associated to a vertex i is ﬁ(z) =+ Ao+ LA+ + A

9. the set of outer (resp. inner) non cut half edges associated to a vertex i, fl}(z) = ETnA ++
Nic1 + 1,21 + -+ \] (resp. I?I}.(i) =B A A A Am LA+ e+ ],

10. we will also use the map v of Definition [T} this map will be denoted vg in case of ambiguity.
Example 3 Consider the B-diagram G = (n,\, E', E*, E) represented in Figure [l We have |G| = 3,
w(G) = 6, and 7(G) = 3. We also have h'(G) = 3, h}(G) =2, W (G) = h;(G) =3, and h.(G) =1
since H}(G) = {3,5} and Hy(G) = {1,2,3}. Furthermore H(1) = H}(1) = H;(1) = {1,2,3}, H(2) =

HL(2) = H}(2) = {4}, H(3) = H}(3) = {5,6}, and H}(3) = {5}. Finally, v(1) = v(2) = v(3) = 1,
v(4) =2, and v(5) = v(6) = 3.

A special example B-diagram is given by the empty diagram ¢ = (0,[],@,@,@). This is the only
diagram of weight 0.

Definition 4 Let G = (n,\,E'",E*, E) be a B-diagram. A sub B-diagram of G is completely char-
acterized by a sequence 1 < iy < - < i, <n. More precisely, we define the B-diagram Gliy,... iy] =
(n,, A,, E,T, E,l7 E,) by
LN =X, ]
2. E"=¢ (ET N U?:/l ﬁ(lg)) and E" = ¢ (El N U}il ﬁ(lg)) where ¢ is the only increasing bijection
sending U?;l H(ip) to [, +-+ X ]
5. B' = ¢ (B0 UL, Bl ie) x Hi(ic) )

Let I = [i1,...,in] be a sequence of vertices of G, we let Cql = [1,n] \ {i1,...,in'} denote the
complement of I in G.

Example 5 Let G be the B-diagram of Figure [l We have H(1) = fl;(l) = fl#(l) = {1,2,3},
H(2) = H}(2) = H}(2) = {4}, H(3) = H{(3) = {5,6}, and H}(3) = {5}. Set i1 = 1 and iy = 3.
Following Definition [ we have

1. N =[3,2],

2. ¢ sends respectively 1,2,3,5,6 to 1,2,3,4,5. Hence, E"" = ¢({1,2,3,5}) = {1,2,3,4} and E" =
¢({1,2,3,5,6}) ={1,2,3,4,5},

3. E'=¢({(1,6)}) = {(1,5)}.

We deduce that G[1,3] = (2,[3,2],[1,4],[1,5], {(1,5)}) (see Figure ).
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Figure 3: The sub B-diagram G[1,3] of G = (3,[3,1,2],[1,5],[1,6],{(1,6),(2,4),(4,5)})

2.2 Connections and compositions
Definition 6 A B-diagram G = (n,\,E', E*, E) is connected if and only if for each 1 <i < j <n,
there exists a sequence of edges (a1,b1),...,(ax,br) € E satisfying

1 i€ {u(ar),v(b)} and j € {o(ar), v(be)},

2. for each 1 <l <k one has v(ag) € {v(as+1),v(bes1)} or v(be) € {v(aps1),v(bes1)}.

A connected component of a B-diagram G is a sequence i1 < -+ < i,y such that G[iy,... i, ] is a
connected sub B-diagram which is maximal in the sense that if we add any vertex 7 in the sequence

i1 < - < i, then we obtain a sequence i} < --- <i;,, , such that G[i],...,i],,,] is not connected. Let
Connected(G) denote the set of the connected components of G.

Example 7 The B-diagram in Figure [I] is connected whilst the B-diagram in Figure 2] has two con-
nected components [1,3] and [2,4].

A sequence 1 <4y < ...,iy < nis isolated in G if for each (a,b) € E implies that v(a) and v(b) are
both in {i1,...,4, } or both in Cg{i1,...,in }.

Claim 8 The following assertions are equivalent

1. I is isolated in G
2. Cg I is isolated in G
3. There exist ji < - < jél,...,jf < < jgp such that I = {j11,~~~,j,i1,...,jf,~~~,j,€p} and each
sequence [jt,. .. ,jf;’z] is a connected component of G.
Remark 9 e A B-diagram G and the empty diagram € are both isolated in G.

o If I is a connected component of G then it is isolated in G.

Let Iso(G) denote the set isolated sequences in G and set Split(G) = {(I,Cg ) : I € Iso(G)}.

Definition 10 Let G = (n,\,E',EY,E) and G' = (n',\',E"",E", E") be two B-diagrams. For any
k > 0, any strictly increasing sequence ay < --- < ap in H}(G) and any k-tuple of distinct integers



bi,...y by
bi,...,bg in H#(G’), we define the composition ¥ by
X a1,...,0k
GI
b17%§1bk _ G”
A1,..,Qk ,

where G'' is the 5 tuple (n+n',[A1,..., A, AL, ..., AL ], B B E") with

1. B =B {i+w(G):ie BN} and E™ = E" U {i+w(G) :ie E"},
2. E"=EBu{(an,be+w(G)):1<l<k}u{(a+w(G),b+w(@)): (a,b) e E'}.

We easily check that the definition of composition is coherent with the structure of B-diagram

Claim 11 Let G = (n,\,E',E',E) and G' = (n/, N, E"", E"*|E") be two B-diagrams. For any k > 0,

any strictly increasing sequence aj < --- < ap in H}(G) and any k-tuple of distinct integers by, ..., bg
GI
in H#(G'), the 5-tuple YK s B-diagram.
X ai,...,ak
G

4,6
7
X

X 00

1]
0 X

o]
/\]

X
-
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=

Figure 4: An example of composition



Note that the special case where k = 0 corresponds to a simple juxtaposition of the B-diagrams (see

G//
Figure [B for an example). We set G'|G"” := ¥ . The operation | endows the set of the B-diagrams
GI

B with a structure of monoid whose unity is €.

Definition 13 A B-diagram G is indivisible if G = G'|G" implies G' = G or G" = G. Let G denote
the set of indivisible B-diagrams.

It is easy to check that the indivisible diagrams are algebraically independent. It follows

Proposition 14 The monoid (B,|) is freely generated by G: B ~ G*.
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Figure 5: An example of composition when &k =0

We can give an alternative recursive definition for the B-diagrams using the compositions.

Lemma 15 Let G = (n,)\,ET,El,E)f)e a B-diagram. Either G = € or there exists a B-diagram
V= (1, [p],Ei,E}),Ev)l a B-diagram G = (n—-1,\, E'", E*, E) and two sequences 1 < ay <---<ap <p
and 1< by,..., by <w(@) distinct satisfying

o
bl,...,bk
G= W
A7 yeeny ap
\%
Let us set
G/
bi,..b
GwuG =1 % iay<--<ape H(G)b,...,bx € HL(G') distinct and k>0 . (5)
A1 yeeny ap



2.3 Enumeration

Let d, 4 denote the number of B-diagram G such that w(G) = p and hTf(G) = ¢ (see in Figure[d the
first values of dj, 4 or the sequence A265199 in [23]).

From lemma [I5] we find the induction

i=1 j_.O k oéél(i)(q _ ]; ’ é) (;)(li)dp_i’q_mé’ (6)

with the special cases dgo =1 and dj, , =0 if p,g <0 and (p,q) # (0,0). Indeed, we obtain a diagram
with p half edges and ¢ non used outer non cut half edges by branching ¢ inner half edges of an
elementary B-diagram with ¢ half edges, j <7 non used inner non cut half edges, and k <4 non used
outer non cut half edges to a B-diagram with p — ¢ half edges and ¢ — k + £ non used outer non cut

half edges. The number of ways to do that is Z!(Z)(q_lfé)(;)(,i). Indeed, the factor ¢! is the number

of permutation of the inner half edges of the elementary B-diagram, the factor (%) corresponds to the

choice of ¢ half edges in the set of the j possible non cut half edges, the coefficients (472”5) is the

number of ways to choose ¢ outer half edges in the second B-diagram, and the factors (;)(;) is the

number of ways to select j inner half edges and k outer half edges in ¢ half edges. The number «;, of

dpg| O 1 2 3 4 5 6
0| 1
e 2
2 | 10 18 8
3 | 62 | 154 | 124 32
4 | 462 | 1426 | 1596 | 760 | 128
5 | 3982 | 14506 | 20380 | 13680 | 4336 | 512
6 | 38646 | 161042 | 269284 | 229448 | 104032 | 23520 | 2048

Figure 6: First values of dy, 4.

B-diagrams having exactly p half edges is given by

The first values (see sequence A266093 in [23]) are

1,4,36,372,4372, 57396, 828020, 12962164, 218098356, . . .

Example 16 Let usillustrate this enumeration by counting the B-diagrams of weight 3. A B-diagram
of weight 3 is

1. either an elementary diagram of weight 3 (25 possibilities),

2. or it is composed by an elementary diagram of weight 2 and another elementary diagram of
weight 1. The two diagrams can be juxtaposed (27 possibilities) or branched 2° possibilities.

3. or it is composed by three elementary diagrams of weight 1. The three diagrams can be juxta-
posed (25 possibilities), or two of the three diagrams are connected (3 x 2% possibilities), or the
three diagrams are connected (2% possibilities).

Hence, we obtain 26 + 27 + 26 + 26 + 3 x 24 4 22 = 372 as predicted by (7).



3 Algebraic aspects of B-diagrams

3.1 Fusion algebra

We consider the alphabets

. A(X = {a«”)(%) IkEN,il,...,ik,jl,...,jk eN~ {0}},

J1 Jk

U A)X = {a)(”)(%) ZkEN,il,...,ik,jl,...,jk eN~ {O}},

J1 Jk

. AX< = {a(il ).“(ik)(:kEN,il,...7ik,j1,...,jk e N~ {O}},

Jj1 Ik

e and AX) = {a(ll)(%)) :kEN,il,...,ik,jl,...,jk e N~ {0}}

Jj1 Ik
For simplicity, we also set A( ) = A U Ay, Ay (= Ay UA, Aex = A U Ay, Ao = Ay (U Ay, and
A= A( ) @] A) (-

Definition 17 Let Jr be the ideal of C{A), the free associative algebra generated by A, generated by
the polynomials

1. [e,f] =ef —fe for any e e Ay and f € A,
2. ef —fe for any e, f € Axs and any e, f € Aoy,
3. UeqVan(2)sXaBsY — UdeaVa)32q (X80T — UleagVXangey for any u,v,x,y € A* (the free monoid

generated by A), o = (”)(“C ), B8 = (ll})(;;’::) (with k, k" € N and i1,...,9k, J1,---,Jk;

J1 Jk J1

Wy tps G- dr €NN{O}), and o, 0 € {(,)}.
We call fusion algebra the quotient F := C{A)/ 7,..

Remark that A y is in the center of 7 and that the subalgebra of F generated by Ax, (resp. Aex) is
commutative.
Using the rule Bl of Definition [[7, we show by induction the following result

Lemma 18

a)a1 .. .a>anaa1( . a%l(awl e a),@ma51< . a,@m( =

min{n,m} . .
P 11y,
. )@y, Biy - B, Ba, Q
k=0 1<iq<<ip<n J1s--5Jk

1<51 .. dpsm distinct

i1, in
jl7"'7jk

(8)

)aail,@il( c@ay, By (]

where P (;12) =g,y 28, [T £ i1, ik}aye, and

QI ) = Mg 28 Tiirin) By (-

Proof. We proceed by induction on m. If m = 0 then the result is obvious. Otherwise applying
successively many times the rule [3 of Definition [I7 and hence the rule 2] one obtains

aml e a)anam( . aan(a)ﬁl .. .ammaﬁl( e aﬁm( = a)ﬁl Ha>ai H aai( H a)ﬁj H aﬁj(aﬁ1<

m

2aspn [[29a, [Tao,([ 125, [T 25, @000
j= j=

n
+
i=1 j#i j#i
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Hence, applying the induction hypothesis to each term

[ T2y, [TaaiITas [Tas.and [Tay,; [Taa, [ 125 [ 1262080 (10)
J=1 7=1 7j=2 7j=2 J#i VE) 7j=2 7j=2

for 1 <4 < n, and again the rule 2l of Definition [[7 for writing each factor in the suitable order, we find
the result. O

Whilst Formula (8) seems rather technical, it is easy to understand. Indeed, it means that each of
the letters a,,(,...,2q,( can be paired or not with any of the letters ayg ,...,a)s,.

Example 19 Let us illustrate Formula () on the following example

Bar Doz a1 (Baz(2)B12)B2381(2B2( = 2)B12)B22)an B)az 3B1(3B2(Bavs (Baa(
)8, ) an A)as f1 B2 (R (Bar 1 T 2)22) a1 B)az f12B2(ar (B B1{ )
T2)61 A)an A)ag f2281( Bz (B faf T 2) 61 2)ar Bz f2 361 (Bar (Baz Ba(
Ta)o B1 Bz f2@a1B1(Bazfa( T Ao 1 3o B2 a2 f1(Bar fa

Now, we define F as the subspace of F generated by the elements under the form

Aeicr; -+ - Qepaydaror - - - Aagops

with e;,0; € {(,)}, for any 1 <i <k and ke N.
Proposition 20 F is a subalgebra of F.

Proof. It suffices to prove that is stable for the product. Let u = @e,a; - -- Qeparasor - - - Bage, and
V = aeaq 360, 3alo] - Bal o Let 41,...,4¢ be the indices such that ¢; = --- = o;, =) and
{J1s- s dk-e} = {1,...,k} N {i1,...,ie}. In the same way, let if,...,i; be the indices such that e; =
o=ey =(and {ji,....jp_p} ={1,... . K"} n{d},... i} }. From the relations I and (2 of Definition 7}
one has

_ /v
UV = e, ay - Begpai, Bay Aoy WY Bagoy v Bay oy Bag,) - Ba, ) (11)
V4 11 o e
s I _ ! _
with u’ = as; o, coBey, L, Bay (g, and v’ = am;i ...a>aj;cq’ aa;ioj,l . ”aaj;'a_e/oj;'a_y'
Hence, one has only to prove that u'v’ € F which is a direct consequence of Equality (g]). |

Example 21 We consider the element w1 = a)(})a)(;) a(})(a(;)), Wo = a)(?) a)(g)a(2)<a(§)) € f and

1

w = wiwo. First from the point (Il) of Definition [I7] a(1y) is in the center of the algebra F. Hence,
2

TEAHM)HE)EENN G EDEEN2E)
Now we use the point (B and compute

v X y
u — — —_—

YOS TTEM) A0 ADAIG) AR ARGNRR)
RO VHG EOERGOE TEHOG) VRO
T OAMHGHO 2O EGOEGNEE) TG HGHE 2DENEN2G))

We use again the point [B]) on the first terms of the last sum and find

DHEHOHEDEENZE) TADE) DG ) 2HEGHEDE)
)G EOOEENEE)

Finally, using the point () of Definition [T, we show w € F. Indeed,

DEE) THHOE)HE DD 2DEGGN2G)

) G2
{ )

: 2))2(
) NG EHIEG)?

)
(
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To each element b € A we define |b| := max{i;: 1 < ¢ <k} and w(n) :=max{jy: 1<l <k} foranybe A
with b = (i) (1) orb= A1) (11)o (e,0€{(,)}). Also we set, for any word w in A, |w|=w(w) =0
j J1

J J J
if w is the ernlpty vlvord, [w| = m;X{|u|, [b|} and w(w) = max{w(u),w(b)} for w=ub with b € A.
We define on C(A) the shifted product as the only associative product satisfying, for each u,v e A*,
u*xvs= uv[|u|,w(u)], where a.(iv1 )(Ik)[m, n] = a.( i1+n )( i tn ), a( i1 )(% )o[m, n] = a( i1+n )( ip+n )o

J1 Ik Jjit+m Jp+m J1 Jk Jjit+m Jgtm

(e,0€{(,}}), and w[n,m] =u[n,m]o[n,m] if ue A* and b € A.

Claim 22 1. Let P € Jp. For any @ € C{A) we have P« Q,Q ~ P € Jr. In consequence, the
operation x is well defined on F.

2. IfP,QeF then PxQeF

These properties implies that we can endow the space F with the associative product . Let F denote
this algebra.

Example 23 Consider the element w = 2)(1)a)(1) (1)@ (1)) *3)(1)3)(1)](1) (L)) One has

T A G EOEGNHE) HE) EENRE)
T OAMAGANE A AOEGNEEEE) THMHG HG)HE EOENTENTEN
THOHOEOHGOHEO EOEEEN2E)

3.2 The algebra of B-diagrams

We consider the algebra B consisting in the space formally generated by the B-diagrams and endowed
with the product » defined by

G/
, i b1,...,bx
G+«G'= Y G"= > *. (12)
G"eG¥% G’ aj<-<apeHN(G) 1,50k
by,..ns b eHV(G'), distinct G
For simplicity, for any 1 <ay <+ <ap <w(G) and 1 <by,..., b, <w(G") distinct, we set
G/
G’ b1,...,bk
blw;,bk _ ¥ ifa1<~~-<akeHT(G) and bl,...,bkEHl(G,)
alyéqak - alaévak
0 otherwise
With this notation we have
Gl
b1,...,b
GG = 3 B (13)
1<a) <<ap<w(G) .-k
1<by,..., b <w(G’), distinct G

We set By, = span{G : w(G) = k}. Note that B splits into the direct sum B = @, Bj; and the dimension
of each space Bj is finite.
Straightforwardly from the definition, we check

Claim 24 (B,x) is a graded algebra with finite dimensional graded component. The unit of this
algebra is the empty B-diagram e.

Example 25 See figures [T and B for two examples of product.
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We remark that the product is triangular in the sense that all the B-diagrams different from G” = G|G’
which appear in the product G * G’ have strictly less connected components than G”. Hence, since
B = C[B] and B is isomorphic to the free monoid generated by G* (see Proposition(d))), we obtain
the following result.

Proposition 26 The algebra B is free on the indivisible B-diagrams. In other words, it is isomprphic
to B := C(G).
3.3 From B-diagrams algebra to Fusion algebra

The aim of this section is to prove that the algebra B is isomorphic to a subalgebra of F.

Definition 27 A path in a B-Diagram G = (n,\,E',EY,E) is an increasing sequence of integers
1< iy < <ig <w(G) such that (i1,i2), (iz,ds), ..., (ik-1,ix) € E, iy € Hi(G) and i, € H)(G). Let
Paths(G) denote the set of the paths in G.

Let p = (i1,...,ix) € Path(G). For simplicity, we define

o pt=i1 and p' =iy,

.o ._{ Z if iy e 1 andop:{ ( ifiveH)

P otherwise ) otherwise
* seqg(p) = (vci(fl))"' (vci(,jk))
Remark 28 It is easy to check that
1. bl = #{p e Paths(G) : o, = (},
2. I = #{p e Paths(G) : ¢, =)},
3. he = #{p € Paths(G) : ¢, =)} + #{p € Paths(G) : o, = (}.
Example 29 Consider the B-diagram G of Figure[Il One has

Paths(G) = {(1,6),(2,4,5),(3)}.

Suppose that p = (1,6), one has

o, =), op =), and squ(p):(i)(g).

We have b, =2 = #{(2.4,5), (3)}, h% = 3= #{(1,6),(2.4,5),(3)}, and he =1 = #{(1,6)}.

For any B-diagram G we define

W(G@) =[] aesecact  I] 2seam)oo, € F. (14)
pePaths(G) pePaths(G)

Clearly, a B-diagram G is completely characterized by the values of seq(p), e, and ¢, associated to
each of its paths p. So w is into. Furthermore, w sends the empty B-diagram ¢ to the unit 1 of F.

Example 30 If we consider the B-diagram G = (1,6) in Figure[ll one has

W(G) =2 GG A 2OENEGCIEN2(G))
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Definition 31 Let Fp denote the subalgebra of F generated by the elements w(G) where G is a
B-diagram.

Lemma 32 The set {w(G): G is a B-diagram} is a basis of the space Fy.

Proof. One has to prove that for any Gi,...,G, distinct, Y a;w(G;) = 0 implies oy = =+ = a, = 0.
We proceed as follows: first we consider the partially commutative free algebra C(A,68) = C(A)/
where J; is the ideal generated by the polynomials of the points [l and 2] of Definition 7l Notice that
C(A,0) = C[M(.A,0)] is the algebra of the free partially commutative monoid M(A,0) = A*/-, where
=g is the congruence generated by uefv = ufev for each u,ve A*, (e€ A¢) and f € A) or e, f € A, or
e, f € A,. Hence, we define 7 the ideal of C(A, ) generated by the polynomials

U2en V2 (2)3XA[0Y — UBeaVa) 380 (X2F0Y — Ulea VXA [0Y (15)

for any u,v,x,y € M(A4,0), a = (”)(Z’“), B = (l;)(lgf’) (with k, k" e N and 41, ...,0%, J1,---,Jk,

J1 Jk J1 Tyt
Wyeeyigrs J1-- s Jrs € NN {0}), and e, 0 € {(,)}. Observe that F = C[M(A,0)]/7,. We define W(G) =
2 seq (p) 3seq(p)ao, € C(A,0). Let W be the subspace generated by the monomials
pePaths(G) pePaths(G)
W(G). Remarking that the map W is into, our statement is equivalent to Wn Jo=0. Let P e Wn Js.
We have
P

Q (ua.avaa<a>3xagoy - ua.avaﬁaa(xagoy - ua.agvxaagoy) R
dai ] @eyseqg, (P)

% pePaths(G;) pePaths(G;)

Aseq(p)a, op

Since UaeqVaq(2)gXagoy Can not be written under the form [1;2e0; [T 2450, this is not possible
unless P =0 (because of the factor a,(ays ). |

The behaviour of the paths with respect to the composition is summarized as follows:

Paths iﬁri ={p e Paths(G) : p' ¢ {a1,...,ax}} U {P'[w(G)]: p’ e Paths(G") : p* ¢ {b1,..., bk} }

u {pp'[w(G)] : p € Paths(G),p’ € Paths(G"),p' € {ay,...,ar},p* € {b1,... ,bk}}
(16)
where pp’ denotes the sequence obtained by catening p and p’ and p[n] is the sequence obtained from
p by adding n to each element.

Example 33 Examine Figure @ Let G denote the lower B-diagram in the left hand sides of the
equality and by G’ . We have

Paths(G) = {(1,6),(2),(3,7),(4),(5),(8)} and Paths(G") = {(1,6),(2,4,5),(3)}

Hence

Paths| % |={(2),(3,7),(5), (3)} U {(10,12,13)} U {(1,6,9,14), (4,11)})
Theorem 34 The algebras B and Fy are isomorphic and an explicit isomorphism sends each B-
diagram G to w(Q).

Proof. First let us prove that w can be extended as a morphism of algebra. In other words, we first
extend w as linear map and we prove that w(G x G') = w(G) » w(G'). Observe that from ([I2), we
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obtain
GI
, J1see0dk
w(G+G) = > vl % | (17)
i1<m<ikeH}(G’) Mtk
G1aeees jkeH;(G’), distinct G
G/
But if G = _1 %4 _k , Equality (6] implies
V1y.eeylk
G
(*) (x*) (%xx)
144
w(G") = Tleeseannm) [1 2o, sea00 ) T 2eyseqqnop)
() (o) ) (18)
X Haseqcu(p)op H aseqcu(p’)op/ H asquu(pp’)op/
(*) ()
where the products || are over the paths p € Paths(G) such that p' ¢ {i1,...,ix}, the products []

(*%%)
are over the paths p’ € Paths(G") such that p™ ¢ {ji1,...,jx}, and the products [] are over the pairs

of paths p € Paths(G) and p’ € Paths(G’) with p' = i), and p”* = jj, for some 1< h < k.

Now, we examine w(G) » w(G’). One has

( H e, 5¢q5 (p) H Aseqq (p)op) * ( H a-pzscqcx (p) H ascqcz(p’)op/)
p’ePaths(G’)

w(G) xw(G")

pePaths(G) pePaths(G) p’ePaths(G’)
= H Qepseqq(p) H (a<squ, (p) [|G|= W(G)]) (ux u')
pePaths(G) p’ePaths(G')
op=) opr=(
< T1 awaoen  I1 (3scawne, [GLw(@)])
pePzths}(G) p/epachs((c;’)
P p'=

P

where

u= J] acscaee [l @eaceyandu'= I apeqwe) I ascaw@re, (19)

pePaths(G) pePaths(G) p/ePaths(G') p/ePaths(G’)
op=( op=( ’pr=) 'pl:)
Hence we apply equality [8) to uxu’. Observing that the pairs of sequences i1 < -+ < iy and j1,. .., jk
G/
Jiy--dk
in (8) are in a one to one correspondence with the B-diagrams % , we obtain
U100tk
G
(%)’ (%)
A
uxu'=3 H Beyseacr () 1] Aeeagnio@n [T 2epseacm v
y (20)
() (x#)’ (xxx)’
x [T aseacuo) I 2seacnwiw@me, I1 2seacnriwi@ne,
G/
Jiy--dk
where the sum is over the B-diagram G = %  with iy <---<iy € H}(G) and ji,...,Jk € H#(G)
U105k X
G

)

distinct, the products [] are over the paths p € Paths(G) such that p' ¢ {i1,...,ix} and o, = (, the

(x%)’
products [] are over the paths p’ € Paths(G”) such that p'* ¢ {j1,...,jx} and e, =), and the products
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(%)’

[I are over the pairs of paths p € Paths(G) and p’ € Paths(G') with p' =i, and p* = jj, for some
1<h<k.
Notice that for a given G” the paths which do not appear in the product

o (5’ (20’
P(G") = H(?-pseqcu(p) (I_I),a<seqcu(p'[w(c)]) I_(I vt G/ (@) (21)

* [T aseagno) I 2seaniw@o, 1 2seagnoplw(@e,

are exactly the paths p of G such that o, =) and the paths p’[w(G)] where p’ € Paths(G') and e, = {.
Hence, comparing (21]) to ([IJ)), one obtains

W@ = T avwacm T (AgeawmlIGLw(@)]) PG

pEPa;hs(G) p’ePaths(G')
pl=) opr =
’ (22)
T awason T1 (Bseac e, [IGL@(@)]).
pePz;};s)(G) p’eP.athzs((G')
So ([[9) becomes
w(G) *w(G") =3 w(G")
G//
G/
NARTEREY)
where the sum is over the B-diagram G" = ‘1 ¥ lk with 49 <+ < iy € H}(G) and ji,...,Jk € H#(G)
L1yl ’
G
distinct. In other words,
w(G) »w(G') =w(G*G).
Lemma [32] allows us to conclude. o

Example 35 Compare the computation in Figure [7] with Example

o 4 4
P x § x
[ |
2 2 2 4 P «
L L R I > 3 4
i.0 e, .,
| *\ I \\+ 2 + 2
1 2 1 2 1 2 3 4 ‘lx 1\)(
[ [
1 2 1 2

Figure 7: An example of computation in B

Also compare Figure B to

*2
(a>(i)a>(;)a(})<a(é <) TAHMHG)HE) I 2DEGHEG)EG)H
TG R)E)EGEE)CT DG 2G)RG)G)EE)
TG )EGEE THHHG)IC)HG)2O N GEEN
FAMN)HG)ERN)EEGCH TG C)E)EEG)G)

As a consequence, one has

Corollary 36 The algebra B is associative.
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3 4 SA‘L 3 4 34‘1
[ [ [ [
3 3 1z ¢t 3 @ 3 3
A /
\\*\\:\\ \\+ + + +
L L re e 13 3 3 3
[ [ [ [
1‘34‘1 "34‘1 12 1 2 1 2 1 2
3 4 3 4
+ +><
1 2 1 2
11 11
[ [
1 2 1 2

Figure 8: A second example of computation in B

Alternatively, this result can be shown in a combinatorial way. First, we extend bi-linearly the

. b1,...,bk
composition * . Hence, we observe
A1,..,Qk
G’ G' «Gq"
B1s-:Bp 1 b1,..,bx
* * G = Z * , (23)
Qal,...,0p a1,...,0k
G G

where the sum is over the sequences 1 < a3 < - < a < w(G) and the sequences of distinct elements
1<by,... by <w(G") +w(G") such that there exists 1 < iy < -+ <4, such that a;, = a1, b, = b, ...,

CLl'p = ap, bip = f))p.

From (3] we obtain,

G/ G/ * G//
B8 bi,...,by
(G+xG')+G" = 3 TG = 3 ST =G (GTGT.
lga]<<ap<w(G) 1., 0p 1€a) <<ap<w(G) .0k
1281 ,...,Bp<w (G )distinct G 1<b1,... b <w(G')+w (G ) distinct G

3.4 Application to the boson normal ordering

The Heisenberg-Weyl algebra is defined as the quotient HW = C({a,a'})/7,,,, Where Jxw is the
ideal generated by aa’ —afa - 1. The algebra HW is classically related to the boson normal ordering
problem. We consider a slightly different algebra H which is obtained by adding a central element e
to HW. We will see that e has a natural combinatorial interpretation. Indeed, let us define the map
p:A— {a,al,e} sending each element of Ay to af, each element of A, to a, and each element of
Ay to e. The map p can be extended as linear maps P:F— M p:F— H, and py : Fy — H.
We also define the linear map pp : B — H by

pB(G) _ (aT)#{PGPathS(G):‘p:)} a#{szaths(G):op=(}e#{pePaths(G):op=(}+#{pEPaths(G):op=)}' (24)
Equivalently, from Remark 28 one has

1
ps(G) = (a)"7 (D (D ehe(@), (25)
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Example 37 If G is the B-diagram of Figure [T, one has
p(G) = (aT)3 a’e.
From (24)) it is easy to check that pp factorizes through F3,. More precisely

P =Py oW (26)

Furthermore, one has
Proposition 38 The maps P, p, p3, and ps(G) are morphisms of algebras.

Proof. The fact that P, p, and py are morphisms is straightforward from their definitions. The map
pg(G) is a morphism of algebras because it is the composition of two morphisms of algebras (see
Formula (26])). |

We easily check the product formula

7

( N\ _.n_q 1\ s t_min{n)r}~ q\(r Tm+r7i n+s—i_q+t
al) "a"el (af) a% = > il ) (a") a ™. (27)

i=0 ?

This formula has the following combinatorial interpretation. Consider two B-diagrams G and G’,
1 Vot

there are i!(hf(ic))(hf(ic )) ways to compose G with G’ and obtain a B-diagram G’ such that hif(G”) =

W (G) +h(G') =i, WY (G") = W (G) + A} (G') =i, and he(G") = he(G) + he(G).

Example 39 Compare Figure 8 to

(aT)2 a’. (aT)2 a% = (aT)4 at+ 4(aT)3 a®+2 (aT)2 a’.

The relationships between the algebras defined in this section are summarized in Figure [0l where the
dashed arrow indicates that we replace the product in F by a shifted product.

F=C(A)/ 7 =C(A,0)/ 7

HW

Figure 9: The different algebras related to the B-diagrams
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4 Cogebraic aspects of B-diagrams

4.1 The Hopf algebras of B-diagrams

We define the linear map A : B — B ® B by setting

AG)= > Gl]eG[CI] (28)

Ielso(G)
Equivalently, from claim [§] one has
A(G) = > G[UI]@G[CUI]. (29)
ZcConnected(G) IeT G IeT

For simplicity we set

| G if I elso(@G)
G(I) = { 0 otherwise
With this notation, one has
A(G) = Z G(I)® G{J). (30)
1wJ=[1,|G]]

We also define € : B — C as the projection to By. Obviously, A is a coassociative, cocomutative
product and € is its counity. So,

Proposition 40 (B, A, ¢) is a connected graded co-commutative cogebra.

Proof. Since dim By = 1, we have only to check that A is graded. That is A(Bx) c @, ;- Bi ® Bj.
This is straightforward from the definition of A. O

Since B is a connected cogebra and an algebra with finite graded dimension, if it is a bigebra then
it is a Hopf algebra. Hence, one has only to prove that A is a morphism of algebra.

Let us prove that for each pair (G,G") of B-diagrams one has A(G x G') = A(G) » A(G'). We start
from the equality
AG+G) = > GG (I)®G+G'{J).
TwJ=[1,|G|+|G"|]
Each I appearing in the sum splits into two sets (In[1,|G]]) w (I n[|G|+1,|G|+|G"|]). Also, it is the
case for the set J. Hence,

AG*G') = 3 (G GWIUT) @ (Gx G TuJ).
O 7

Applying ([[3), we obtain

G’ G’
b1,...,bk b1,...,bk
A(G*G') = > > * (Iul'ye * (JulJ').
1€aq <<ag<w(G) TwJ=[1,/G|] 1550k 1550k
1<by ... b <w(G)distinet I’wJ/=[|G[+1,|G|+|G’|] G G

Observe that the elements of I and J define two complementary subdiagrams of G and the elements
of I and J' define two complementary subdiagrams of G’. Hence,

G'(I') G'(J")
I’ g’ g’

A(G * G') = Z Z [b17~~;bk] ® [b7 ,.;,bk]
TwJ=[1,|G[] 1<ag <<ap<w(G) [a1,... ap]? [a1,...,an]’

I'J'=[1,|G'|] 1<by,...,bp<w(G)distinct G(I) G(J)
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where the sequence [a1,...,ax]! (resp. [ai,...,ax]”, [bl,...,bk]ﬂ and [bl,...,bk]']') denotes the
image of subsequence of [aq,...,ax] (resp. [a1,...,ar], [b1,...,bk] and [b1,...,bg]) in G[I] (resp.
G[J], G[I'] and G[J']). In other words, each sequence 1 < aj < -+ < a, < w(G) (resp. by,...,by) splits
into two subsequences one corresponding to half edges in G[I] (resp. G[I']) and the second to half
edges in G[J] (resp. G[J']). Hence, we deduce

G'(I') G'(J")
, bi,....by di,....ds
A(G * G ) = Z Z Z * ® *
wJ=[1, <aq<-<ap<w <cp<...,<csw a1,---,a1 C1r--5Ct
I'Iu.}lf=[[[[11,‘\c;c;‘;]|]] 1<b1,lm,;lgmcé’(ff)c):(;)i)snnct 1sd11,...,ldtSw(G’(J’()C):(ji)s)tinct G(]) G(J)
Finally, one computes
AG*G) = Y (G *G{I') e (G{J) = G'(J'))
TwJ=[1,|G[]
IMwJ’=[1,|G"|]
:( G(I)@G(J)) *( G’(I’)@G’(J’))
TwJ=[1,|G] I'J'=[1,|G"[]

= A(G) » AG).

This shows that B is a graded bialgebra with finite dimensional graded component. Hence,

Theorem 41 (B,*,A) is a graded Hopf algebra.

4.2 Primitive elements

It is classical and easy to show that the primitive elements endowed with the bracket product [P, Q] =
PxQ-Q+P form a Lie algebra. The Cartier-Quillen-Milnor-Moore Theorem (see e.g., [21]) assures that
each graded, connected, and cocommutative Hopf algebra is isomorphic to the universal enveloping
of the Lie algebra of its primitive elements. Obviously, it is the case for B. More precisely, B is a
Hopf algebra which is graded by the number of half edges of the B-diagrams and the dimensions of
its graded components are finite. Since B is free on the indivisible B-diagrams, the dimensions of
the graded components of the space Prim(B) of the primitive elements are necessarily the same than
those of the free Lie algebra £(G) generated by the indivisible elements.

Now, let us recall a few facts about the Eulerian idempotent. The convolution product is classically
defined on Hom(B,B) by f*g=po(f ®g)oA where u denotes the linear map from B ® B to B
sending P ® Q to P « ). The Eulerian idempotent is defined by (see e.g., [22])

(_1)k+1

1 = log, (Id) = Y. (1d- €)™ (31)

k>0
where ¢ denotes the unity of the convolution algebra, that is the projection on the space generated
by the empty B-diagram . Remarking that (Id - &)** sends to 0 any B-diagram that can be written
as G1|-|Gy with each G; # ¢, m; maps each B-diagram to a finite linear combination of B-diagrams
which is known to belong in Prim(B).

Example 42 Examine the following example

6 6 4 6
i P x P x § x
| | | | | | | |
5 6 5 6 3 4 5 6

B= N -5 -5 +C
- 2 2

2 4 2 4 2 6 2 4

:\l X :\3 X \1 X % X \1 X \? X } X :\; X
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where C' is a linear combination of connected B-diagrams. Setting A=A-1Id ®c-e®1d, we observe
the three B-diagrams occurring in the above formula have the same image by A

4 4
X 1 X

3 4 3 4

XN
=
X N

=]
-]
1=]
=]

Hence, 71 (B) is primitive.

A fast examination of w1 (G), where G is a indivisible B-diagram, shows that 7 (G) = G +---, where ---
means a linear combination of B-diagrams which are non indivisible or have less connected components
than G. Since, the indivisible B-diagrams are algebraically independent, this shows that Prim(1)
contains a subalgebra which is isomorphic to £(G). Hence, the dimensions of the graded components
of Prim(B) being the same than those of £L(G), we deduce the following result.

Theorem 43 The Lie algebra of the primitive elements of B is isomorphic to the free Lie algebra

generated by the indivisible B-diagrams. Indeed, Prim(B) is freely generated as a Lie algebra by
{m1(G): G eG}.

5 Two subalgebras

5.1 Word symmetric functions

In this section, we investigate a combinatorial Hopf algebra whose bases are indexed by set partitions.
A set partitions is a partition of [1,n] for a given n € N. Let m £ n denote the fact that 7 is a set
partition of [[1,n] and define mw ' := wu {{i1 +n,...,ig +n} : {i1,...,ix} € 7" for 7 En. The set of
set partitions is endowed with the partial order < of refinement defined by 7 < 7’ if the sets of 7’ are
the union of sets of w. Finally, we say that a set partition 7 is indivisible if m = 7’ w " where 7’ and
7'" are set partitions implies either 7’ =7 or 7’ = 7.

The algebra of word symmetric functions was introduced by Wolf [24] as a noncommutative analogue
of the algebra of symmetric functions. The Hopf structure of this algebra was described in [4] [2]
(see also [3] for the polynomial realization with finite alphabets). In order to avoid confusion with
some other analogues of symmetric functions (see e.g. [12]), we denote this algebra by WSym which
is described (as an abstract bigebra) as the space spanned by the elements M., where 7 is a set
partitions, and endowed with the product

MM, = > M, (32)

mur’ <7’ <{{1,...,n},{n+1,...,n'+1}}

if T =n and 7’ En’/, and the coproduct

A(Mz) = Y, Mgace) ® Mgas), (33)

T=ew f

with std(e) = {{#(i1),...,0(ix)} : {i1,...,ix} € e} where ¢ is the unique increasing bijection from
Uaee @ t0 [1, Y pee #a]. The following result is well known and is an easy consequence of (32).

Proposition 44 The algebra WSym is freely generated as an algebra by

{M, : 7 is an indivisible set partition}.
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To each set partition 7 = n, we associate a B-diagram b, = (n,[1,...,1],[1,n], [1,n], Ex) where E; is
the set of the pairs (,5) such that i, j € e € 7, and j = {min(¢) € e : i < £}. Graphically, the components
of 7 corresponds to the connected sub B-diagrams of b,.

Example 45 Consider in Figure [[0] the graphical representation of

b{{1,3},{2},{4,7,8},{5,6}} = (87 [17 1,1,1,1,1, 1]7 [[178ﬂ7 [[178ﬂ7 {(173)7 (47 7)7 (778)7 (576)})

=

—co
-~ — o

w

EN|

= — w
s —

2
1

r 2 4

B
e} =

{1,3} {2} {4,7,8y {5,6}

Figure 10: Graphical representation of by(1 3y f2},{4,7,8),{5,6}}

Obviously, the space B} generated by the elements b, is stable by product and A sends B} to Bi ® Bi.
So, Bj is a sub Hopf algebra of B. More precisely, one checks

bﬂ' * b7T’ = Z bﬂ'”v (34)

mur/<w”<{{1,...,n},{n+1,...,n"+1}}

if reEnand 7 En/, and
A(bﬂ') = Z bstd(e) ® bstd(f)' (35)

T=ewf

Remarking that 7 is indivisible if and only if the B-diagram b, is indivisible, we deduce that B1 is the
free subalgebra of B generated by the set {b, : 7 is an indivisible set partition}. Hence, comparing
B4) to (32) and B3) to (B3J), Proposition @l implies the following result.

Theorem 46 The subalgebra B} generated by {b, : ® is an indivisible set partition} is a Hopf algebra
isomorphic to WSym.

Example 47 For instance, compare

Mgy Mgy g2y = Mysyeyaneyy + Mgy a0 + Myasay 2y 060 M8y .(2.50.043)
+Myg1,3,5), 023 04y T Mq13,43,02,50 + Mig1,3,5), 02,43

to the product pictured in Figure [TTl.

5.2 Bi-words symmetric functions

In this section, we consider the Hopf algebra BWSym of set partitions into lists defined in [10, [1]. A
set partition into lists is a set of lists IT = {[éf,...,i; ],...,[if,. .. ,ifk]} satisfying k > 0, ¢; < 1 for
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-

fo — o { e
at
[=]
(]

; 4 5
| | |
3 3 3 4 3 3 5 3 5 3 4
3] 3] B BB B Bl Bl
3 3 3 3 4 3 3 5 3 5 3 4

| | | | | | | | | | | |
b2 t 2 -t 3 ¢ % t 2 % b2 8 toz 4 bz ¢ P2 Pz
0 1E) 4 13 E3 ) 3 Y B3 E Y EX Y R Y ) EY R Y Y R Y
1 2 1 2 1 2 4 5 1 2 5 1 2 5 1 2 4 1 2 4 1 2 1 2
Figure 11: An example of product in B{

each 1 < j <k, the integers i%,...,z}l,...,i’f,...,ié?k are distinct, and [1,n] = {Zi t1<j<k, 1<t <dy}
for a certain n € N; we let II £ n denote this property. As for the set partitions we define IIwII' =
TMu{[i1+n,...,9, +n]: [i1,...,ix] € I’} for T £ n and we will say that II is indivisible if IT = IT' v IT"
for some set partitions in lists II',II" implies either ITI' = IT or II"” = II.

The underlying space of BWSym is freely generated by the set {®': II = n,n > 0}. Whence endowed
with the product

ol - pliell (36)
and the coproduct
A((I)H) — Z (I)std(E) ® (I)std(F)7 (37)
M=EwF

with std(E) = {[#(i1),...,0(ik)] : [i1,--.,9k] € e} where ¢ is the unique increasing bijection from
Ular,...apleE01; 50} to [1, X1a,, ap]eEpﬂ, BWSym is a Hopf algebra.

We need the following property which is straightforward from (B6).

ceey

Proposition 48 BWSym is freely generated as an algebra by the set {®L: 11 is indivisible}.

Let B? be the subspace of B generated by the set G7 of B-diagrams under the form
(n,[2,...,2],[1,2n],{1,3,5,...,2n -1}, E).

Remarking that G? is exactly the set of the B-diagrams whose each vertex has two outer non cut half
edges, one inner non cut half edge and one inner cut half edge, the space B is stable for the product
» and A sends B? to B ® B. In other words, B is a sub Hopf algebra of B.

Let us describe a graded one-to-one correspondence between the set partitions into lists and the
B-diagrams of GI. First we associate to each permutation o € &,, a connected B-diagram m, =
(n,[2,...,2],[1,2n],{1,3,5,...,2n - 1}, E,) where (2i —1,2j - 1) € E, if and only if i < j and j =
min{k: a; < o1 (k) < 071 (i)} where o; = sup{o (k) : k <i,07 (k) <o (i)} and (2i,2j - 1) € E, if
and only if i < j and j = min{k:071(i) < 071 (k) < B;} where §3; = inf{o™ (k) : k <i,0c7 (k) > o71(d)}.

Example 49 Consider the permutation o = [5,2,4,1,3,7,6]. We have a3 = g = a5 = —00, ag = 4,
a1 =2, a6 =ar =5, f1=P3=P=+00, fa=[1=4, f5=2, and 7 = 7. Hence,

me =(7,[2,2,2,2,2,2,2],[1,14],{1,3,5,7,9,11,13},{(1,3),(2,5),(3,9), (4,7),(6,11), (11,13) }).

See Figure [[2] for a graphical representation.

Noticing that any connected B-diagram G in G satisfies that hTf(G) = |G| + 1, we construct n + 1
different B-diagrams by adding one vertex to G. A quick reasoning by induction on the number of
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Figure 12: The B-diagram m(s5 2 4,1,3,7,6]

vertices shows that the set of the connected B-diagram in G7 with n vertices is exactly the set of the
B-diagrams m, for o € G,, and the correspondence ¢ — m, is one to one.

We extend the construction to the set partitions into lists as follows. To each integer sequence
I =[i1,...,in] of n distinct integers, we associate the permutation std(I) obtained by replacing each
jr by k in I for each k where j; < -+ < j, and {j1,...,Jn} = {#1,...,9n}. To each set partition into
lists IT = {Ly,..., Ly}, we associate the unique B-diagram my in Gi with & connected components
obtained by replacing the integers ¢ in each mgq(r,) by Jjbin L; where Ly = [i},... ,ifh], Ji<o<
gh, and {if, ... if } = {j} < < j.,}. Hence, Gf = {mn : Il is a set partition into lists} and the
correspondence II — myy is one to one. Furthermore, by construction, II is indivisible if and only if
mq is indivisible.

We deduce from the above discussion that the algebra B} has the same graded dimension than
BWSym and that it is freely generated as a an algebra by the set

{mm:1I is an indivisible set partition into lists}.

Also, notice that ([I2)) allows us to interpret the product my * m in terms of set partitions in lists.

Let IT=[Ly,...,Ly] Enand II' = [L],..., L}, ] E n’ be two set partitions into lists. One has
mir * My = MMl + Z mry (38)
where the sum is over the set partitions in list II” = [LY,..., L}, ] E n +n’ such that each L is

1. either a list L;,
2. oralist [j1 +n,...,Je+n] with [j1,...,j¢] € IT',

. . . .1 .1 . . .2 ,2 . . -t
3. or a list [21,...,zp1,31+n,...,]g1+n,zp1+1,...,2p2,31+n,...,j€2+n,...,2pt_1+1,...,2pt,31+
1 . . . .
Ny g, + yip, + 1,00 yip,,, ] where £ > 1, py < pa <+ < pga, [i1,...,0p,,,] € 11, and for each
S *S "
L<s<t, [57,..., 0, ] eTl".

Example 50 For instance, compare

MUBALERETY([L2]y = TY[3,1],[20.[4,51) T T[3,1],[2,4,5]F T TH{[3,1],[4,5,.2]}
TM{[3,1,4,5],[21} T TY[3,4,5,1],[2]) T TT{[4,5,3,1],[2]}

to the product pictured in Figure
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Figure 13: An example of product in B?

We deduce the following result.
Theorem 51 The Hopf algebras BWSym and B? are isomorphic.

Proof. From the above discussion and Proposition @8, the algebras BWSym and B? are isomorphic.
An explicit isomorphism 7 sends ®!! to my for each nonsplitable set partition into lists IT. It remains
to prove that it is a morphism of cogebras. Remarking that the lists of a set partition into lists II
correspond to the connected components of my, we show that equality (29) implies

(men)(A@M) =(nen)(P"ee+e®d") =myee+e®mm = A(mn) (39)

for each nonsplitable partition IT. So since 7 ® 7 : BWSym ® BWSym — B? ® B? is a morphism of
algebras, the equality (n®n)(A(®M---®%)) = A(my, *---*mi, ) holds for any k-tuples (IIy, ..., IIx)
of nonsplitable set partitions into lists. This proves that 7 is a morphism of bigebra and implies our
statement. O

6 Conclusion

In this paper, we have described a combinatorial Hopf algebra which gives a diagrammatic represen-
tation of the calculations involved in the normal boson ordering. This algebra is rather closed to the
one proposed by Blasiak et al., but there are many differences which can be exploited to understand



25

soundly the combinatorial aspects of these computations. First, the underlying objects are slightly
different. Our objects are graphs with labeled vertices whilst those of Blasiak et al. are unlabeled;
furthermore our graph have vertices which have the same number of inner edges and outer edges and
each edge is either valid or stump. So our algebra is bigger. The algebra of Blasiak et al. specializes
to the enveloping algebra of the Heisenberg Lie algebra which is described in terms of quotient as
follows: U (L#) ~ C(a',a,e’)/ 7 where J' is the ideal generated by the three polynomials [af, a] e/,
[af,e’], and [a,e’]. The role of the letter e’ consists in collecting the statistic of the number of edges
denoted by |T'g| in [9] and by 7(G) in our paper. Consider the algebra H’ obtained by adding a central
element e to U (L3;). This algebra allows us to take into account both the statistics h.(G) and 7(G).

Indeed, it suffices to consider the morphism of algebra p}, sending each aL)(i1 )(k) to ale’ 1. each
Jj1 Ik

element of A, to a, and each element of A y to e. Remarking that ¥ cpans(q) (¢(seq(p)) - 1) = 7(G)
where £(s) denotes the length of the sequence s, we obtain

ph((G)) = (a1) 1 2O grm(@), (40)

Now, the multiplication formula reads

T\ _n v 1\ Ls t_ 1w min{nﬂ‘}- q\(r P\ pysi gt rotwi
(a ) a"e’e’. (a ) a®e’e = ) z!(.)( .)(a ) a e’e . (41)
i=0 [ZAY

Section [O] gave two examples of subalgebras which are related to combinatorial objects. These con-
struction can be generalized to a family of Hopf combinatorial algebras generated by colored partitions
[1]. Some combinatorial properties of these objects can be deduced from simple manipulations. For
instance, the number of set partitions into lists of n is equal to the number of set partitions of 2n such
that each part contains at most one even number and, in that case, this number is the minimum of
the part. This comes from the morphism B — Bi sending the element

to

together with the interpretations in terms of set partitions and set partitions into lists described in sec-
tion[Bl For instance, the explicit isomorphism sends {[4,5,3,1], [2]} to {{1,5,7},{2}, {3}, {4}, {6}, {8,9},{10}}.
This comes from the correspondence
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Applying this strategy to various subalgebras, we find interpretations of some generalizations of Bell
polynomials, like r-Bell [19] or (71, ...,7p)-Bell [20], in terms of B-diagrams. All these investigations
are relegated to a forthcoming paper.
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