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TELESCOPING METHOD AND CONGRUENCES FOR
DOUBLE SUMS

YAN-PING MU AND ZHI-WEI SUN

ABSTRACT. In recent years, Z.-W. Sun proposed several conjectures on
congruences for finite sums with terms involving combinatorial sequences
such as central trinomial coefficients, Domb numbers and Franel num-
bers. These sums are double summations of hypergeometric terms. By
the telescoping method, we transform such a double summation into a
single sum. With this new approach, we confirm several open conjectures
of Sun.

1. INTRODUCTION

For a sequence of integers ag, ay, as, ..., it is interesting to see whether

the arithmetic mean
ao%—al—k---+-an_1

n
is integral for any n € Z* = {1,2,3,...}. It is easy to see that

n—1 n—1

1 . 1

- » 2k +1)(-1)F = (-1)"" € Z and = Y 2k+1)=1€L
k=0 k=0

For the sequence of Apéry numbers

k 2 2 k 2 2
BN (k+1 k+1\" (2l
Ay = = = 1,2,...
k ;(l)(l) ZZ(QZ)(Z) (keN=1{0,12. }).
Z.-W. Sun [I7] proved the congruence S 1—)(2k + 1)A;, = 0 (mod n), and
conjectured that ZZ;&(%' +1)(=1)*A4; = 0 (mod n), which was confirmed

by V.J. Guo and J. Zeng [5]. For the sequence of Franel numbers

fi ::i (?)3 (k=0,1,2,..))

=0
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(for which J. Franel [2] found a recurrence), Z.-W. Sun [19] conjectured that
n—1

> 3k +2)(—1)*fi, = 0 (mod 2n?),

k=0

which was confirmed by Guo [3]. However, some such conjectural congru-
ences still remain open. For example, Sun [20, Conjecture 5.1] conjectured
that

n—1

2(5143 +4)Dy, = 0 (mod 4n),
k=0
where Dy, Dy, Ds, ... are the Domb numbers defined by

£ Q)LL) we

For various combinatorial interpretations of the Domb numbers, see L.B.
Richmond and J. Shallit [I2], and N.J.A Sloane [13].

In this paper we study some conjectures of Sun [21], 23] on congruences

for sums of the form
1k

Sp=Y_Y F(k1) (ne€Z"), (1.1)

=0 =0

3
|

ol

where F'(k,l) is a bivariate hypergeometric term of k£ and [. To confirm

such conjectures, we try to search for two hypergeometric terms Gi(k,[)
and Go(k, 1) such that

F(k,l) = Ap(Gi(k, 1) + A(Ga(k, 1)), (1.2)
where
Gi(k,1) = Ry(k,)F(k,1) and Ga(k,1) = Ro(k,1)F(k,1)
with Ry(k,l) and Rs(k,[) being rational functions, and
Ap(Gi(k, 1) = Gi(k+1,1)—G1(k, 1) and Ay(Gao(k, 1)) = Go(k, I+1)—Ga(k, ).

Though the denominator of the rational function Ry (k,[) or Rs(k,[) might
be zero for some 0 < I < k < n — 1, the functions G1(k, 1) and Go(k,[) we
obtain are essentially well defined for 0 < I < k < n—1 and hence (C2)) can
be verified directly. Once we have Gy (k,1) and Ga(k,[) in hand, the sum S,
can be transformed to a single sum

—
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We can use the Maple package DoubleSum given by Chen-Hou-Mu [I] or
the Mathematica package HolonomicFunctions given by C. Koutschan [§]
to compute Gy(k,l) and Gy(k,l). Usually, the two hypergeometric terms
G1(k,1) and Gy(k,[) obtained directly by these two packages are not opti-
mal. We will remove some factors from the denominators of the resulting
Ry and Ry, and use the package DoubleSum or the package MultiSum [9] to
compute a suitable pair (Gy(k,[), Ga(k,1)). Once we get the simplification
([T3)) for S, it would be be convenient to deduce Sun’s conjectural congru-
ences for 9,. Using this powerful method, we confirm several sophisticated

open conjectures of Sun.

The second author [I8] [19] established several supercongruences on sums
of Franel numbers. Our first theorem confirms a conjecture of him involving

Franel numbers.

Theorem 1.1 ([23, Conjecture 4.1(i)]). For any integer n > 1, we have

n—1

> (9% + 5k)(—=1)F fi = 0 (mod n?(n — 1)). (1.4)

Moreover, for any odd prime p we have

[y

bS]

(9K + 5k)(—=1)" fir, = 3p°(p — 1) — 16p°q,(2) (mod p*), (1.5)

B
Il

where q,(2) denotes the Fermat quotient (2°~1 —1)/p.

In [23] Sun introduced the polynomials
n 2
n 2k\ 4
n = = U, 1, 2, A
w@) =3 (1) () =012,

and obtained some related congruences. Such polynomials are interesting
since it is closely related to the Apéry polynomials

Anfa) = Z BIGUES z ("5 (1) e,

in fact, Sun [23] (2.8)] showed that

=3 () (") et
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Theorem 1.2 ([23, Conjecture 4.1(ii)]). For any n € Z*, the number
1

n2

n—1

> (8K + 12k + 5)gi(—1)

is an odd integer. Moreover, for any prime p we have
p—1

> (8K* + 12k + 5)g(—1) = 3p” (mod p°). (1.6)

k=0

Remark. Guo, Mao and Pan [4] called ¢, (z) (n € N) Sun polynomials, and
they used the Zeilberger algorithm (cf. [10, pp. 101-119]) to prove that

n—1

> (8K* + 12k + 5)gi(—1) = 0 (mod n) for all n € Z,
k=0
which is the first progress on |23, Conjecture 4.1(ii)].

Theorem 1.3 ([23, Conjecture 4.3]). For k =0,1,2,... define

Fy = Xk: (?)3(—8)l.

1=0
Then, for any positive integer n, the number

n—1
1
= (6 +5)(—1)"F,
=0
s an odd integer.

For n € N, the central trinomial coefficient T,, denotes the coefficient of 2"
in the expansion of (x?+x+1)". T,, has many combinatorial interpretations,
for example, T), counts the number of permutations of n symbols, each —1, 0,
or 1, which sum to 0. For b, ¢ € Z, Sun [21] defined T,,(b, ¢) as the coefficient
of 2™ in the expansion of (22 + bz + ¢)", and called those T},(b,c) (n € N)

generalized central trinomial coefficients.

Theorem 1.4 ([2I, Conjecture 5.2]). Let b,c € Z. For any n € Z*, we

have .
Z(8ck + 4c + b) T (b, )% (b — 2¢)*™~ 18 = 0 (mod n). (1.7)
k=0
If p is an odd prime not dividing b(b — 2¢), then
p—1
T(b,*)? b’ — 4c? ;
;(8ck+4c+b)m = p(b+ 2¢) . (mod p?),  (1.8)

where (=) denotes the Legendre symbol.

)
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In the case b = ¢ = 1, Theorem 1.4 yields the following consequence.

Corollary 1.5 (|21, Conjecture 1.1(i)]). For any positive integer n, we have

—_

Y (8k 4+ 5)T¢ =0 (mod n), (1.9)

e
i

If p 1s a prime, then

hS]
—

(8k + 5)T¢ = 3p (g) (mod p?). (1.10)

B
Il

Our next theorem confirms a conjecture of Sun involving the Domb num-

bers.

Theorem 1.6 ([I5, Conjecture 5.15(ii)]). For any integer n > 1, the num-
ber

n—1
1
n= o e k* + k) D161
a 2n3(n_1);(3 + k)Dy16

is an integer. Moreover, a, is odd if and only if n is a power of two. Also,
for any prime p > 3 we have the supercongruence

Dy = —4p*q,(2) (mod p°). (1.11)

Our last theorem is about some conjectures of the second author posed
in a preprint form larXiv:1407.0967v6 of [23].

Theorem 1.7. (i) For any integer n > 1, we have

—_

3

(12k* + 25k3 + 21k% + 6k)(—=1)* f, = 0 (mod 4n*(n —1)).  (1.12)
0

B
Il

If p is an odd prime, then

—_

.
(12k* 4 25k% + 21,2 + 6k)(—1)* f, = —4p® (mod p?). (1.13)
0

B
Il

(ii) For any n € Z* we have

3
—

(12> 4 34k* + 30k + 9)gr = 0 (mod 3n?), (1.14)
0

B
Il
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where g, == gr(1) = Zf:o (];)2(2;) If p is an odd prime, then

-1
pZ(12k3 + 34k + 30k + 9)g), = 371’2 (1 +3 (%’)) (mod pt).  (1.15)
k=0

(iii) For any n € Z* we have

—1
D (18K + 45k* + 46k + 24k + Tk + 1)(—1)¥ A, = 0 (mod n*). (1.16)
k=0

Also, for any prime p > 3 we have

p—1
> (18K® + 45k* + 46k + 24k + Tk + 1)(—1)* A, = —2p* + 3p® (mod p).
k=0

(1.17)
Remark. The second author even conjectured that
p—1
> (18K® + 45k* + 46k* + 24k + Tk + 1)(—1)F A,
k=0 (1.18)

12
=— 2" +3p" + (6p = 8)p"Hy 1 — —p"By 5 (mod p™*)

for any prime p > 5, where H,, denotes the n-th harmonic number > 7, 1/k,

and By, By, Bo, ... are the Bernoulli numbers.

2. PROOF OF THEOREM [I.1]

In this section, we illustrate in detail how to prove Theorem [II] by the
telescoping method.

Proof of Theorem [l By an identity of V. Strehl [14], for any & € N we

have
S0

Therefore, for any integer n > 1, the left hand side of the congruence (.4
can be written as

where

F(k, 1) = (9K + 5k)(—1)k(’;)2 @l)
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By the command GetDen(F, k, 1) of the package DoubleSum, we obtain
the estimated denominators of Ry (k,l) and Ra(k,1):

di(k, ) = k(9K +5) I+ 1) (=2l +k —1)(—20l — 2+ k),
da(k, 1) = k(9% +5)(k — [ +1)*.

We remove the factor k(—2] —2+k) from d;(k,[), and the factor (k—1+1)?
from dy(k, 1), and then use the command

SolveR(F, n, k, 1, (9k+5)(1+1)(-21+k-1), k(9k+5), 0, "s")

to obtain the rational functions
(k —1)*(3k + 41 — 3)

Balk, 1) = Ok +5) (1 + 1)(=20 + k— 1)
and
(=2 k) Bk —1—2)
Rk, 1) = k(9% + 5)
Therefore
F(k> l) = Ak(Gl(ka l)) + AI(G2(k’ l))>
where
Gy(k, 1) = (=1)F "k (3k + 41 — ?))HL1 Gl) <k ; 1) (k _ll - z)’
Golk. 1) = (—1)F=2(21 — k)(3k — 1 — 2) (’;) (2]5)

Noting that
G1(l,1) = Ga(k, k+ 1) = Go(k,0) =0,

we get

e (00T

—(—1)"'3n%(n — 1) ni ﬁ 2;) <n , 1) (n _ll - z)

+ (=1)" M (n nzjlgL(%)(z—l)(n—ll—l)'

Since C; = (¥)/(I + 1) is the I-th Catalan number which is an integer, we
derive immediately that S, is divisible by n?(n — 1).
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Now let p be an odd prime. By the above,

p—1
3p—3+4l [p—1\ (2 I
2
S=v" . I+ 1 < z)(z)Q—1—J‘ (2:2)
=(p—

2(14+1)
I+1

(AT

(DI +1) <2(l + 1)) <2(p —1-1)— p)

Forl=(p+1)/2,...,p—2, we clearly have p | ( ) and hence

220 +1) [+1 p—1—1
(=DM 20+ D)\ 2(p— (1 +1))
~ 2020+1) ( [+ 1 )( p—(1+1) )

(=1'p
=571 (mod s

with the help of [15, Lemma 2.1]. Therefore

&E Z 3p—3+4l (p—1\(=1)p

7 11 I )21
(p—1)/2<l<p—1

3p—3+4(p—1)/2( p—1 \> 3p—3+4(p-1)/2(p—1)
b+ 1)/2 (@—1)/2) " p (p_1 )

41— 3 10(p—1) )
= > - (1= pHgp-1)2)
1) 2Ty (+1)(20+1) p+1

Tp—1)(2p—1 2
+ o1 (p—l) (mod p?)

by noting that

(7o) T (1) =1t o

i=1

Clearly,

(p—1)/2 1 1
H, = (E + ﬂ) =0 (mod p)

k=1

and
1

2p—1\ T Py _ _ 2
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Thus, we deduce that
S 7 10
=Y (e
(p—1)/2<i<p—1
—10(p — 1)* (1 = 2pHp—1)2) — 7(p — 1)(2p + 1)
p—3)/2
E7p(H_1—H ~ ——)
+10(2p — 1)(1 — 2pHp_1y2) + 7(p + 1)
Hip1)/ 1
=—TpH,_ 12 — 14p — 10 P —
Pii(p—1)/2 p p( 9 -1
+ 10(2]3 -1+ 2pH(p_1)/2) + 7(]9 + 1)
=8pH(,_1)/2 — 24p + 27p — 3 (mod p?).

(p—1)/2 D (p—1)/2 p(p—1 (p—1)/2 P
_ L = o — — 2p—1 -1 d 2
ok ok <2k:— 1) ; <2k) (mod p7),

H-1y2 = —2¢,(2) (mod p). (2.3)

So, we finally obtain the congruence

S,
Jr = 80(=26,(2)) +3p — 3 (mod p?)
which gives (LH). This concludes our proof of Theorem [Tl |

3. PROOFS OF THEOREMS AND I3

In this section, we prove Theorems and The method is similar to
the one used in Section 2. We will give related R;(k,[) and Ry(k, 1) directly.

Proof of Theorem[L2. Let
2
F(k,l) = (8k* + 12k + 5) (l;) (2;) (—1)!

be the summand and

3
—

k
Z F(k with n € Z*.
0 (=0

B
Il
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We find that
(k —1)?(2k + 51 + 3) 12

d Ro(kyl) = —————7—.
sk oar PRk = e
Thus we derive that

S, = gRl(n, DF(n,1) = n? nz_l(zn + 504 3)(=1)' (” , 1)21% (211)

=0

Ry(k,l) =

Noting that C; = (%l)/(l +1) € Z, we have

n—1 2
S,=n?) (-1 (n ; 1) (2/) =n? (mod 2n?)
0

=

since(zll) = 2(2ll__11) for [ =1,2,3,.... Therefore, S,/n?is an odd integer.

It is straightforward to check that Sy = —20 = 3 x 22 (mod 2%). So (LG)
holds for p = 2. Now let p be an odd prime. Since

—1
(pl )E(—l)l (mod p) foralll=0,1,...,p—1,

we have
S, 2. (D20 =, (2 =
=2 060+3) ) = (='(] —2) (-1)'C; (mod p).
=0 =0 =0
Clearly,

and

=1

by [16, Lemma 2.1]. We thus derive that
S, = 3p* (mod p*),

completing the proof of Theorem |

Proof of Theorem 1.3. For n € Z* let

—_

—
3

k
Sp =Y (6k+5)(-1)}F=> Y F(k,1I)

0 0 1=0

3

B
Il
=
Il
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with F(k,1) = (6k + 5)(—1)%(¥)°(=8)". We find that
4 (12K — 30kl + 2112 — 32k + 461 + 25)(k — 1)?

Ri(k,1) = —=
1k ) =—3 (6k + 5)(1+1)3
and 1 12k% — 12kl + 1212 + 10k + 4l +5
- + 1217 + 10k + 41 +
Ro(k,1) = = - .
2k ) = 3 6k +5

We thus derive that

S— Rlnl RQkO )
Z Z

n—1 3
= —= Z 12n —30nl + 211% — 32n + 461 + 25) (l _7: 1) (—S)l(—l)"
=0

n—1

——Z (12k% + 10k + 5)(—1)*.
k=0

The second summation can be easily evaluated directly or by Maple:
n—1
1 n n n
-3 > (12K + 10k + 5)(—1)* = —5(=1)"+2(-1) n?.
k=0

Note that (I + 1)( n("l_l) =0 (mod n). So we have

H—l)

(211 + 25)(1 + 1)(121) (—-8)!

n

</ n\* n
—8) - =
P (l+1)( ) 3
n—1 3 n 3
4
=— —Zl+1 —%n n +n
s 3 — \J

w

Wl DN
OM3
h
+
3
h
/—\
. 3
N———

w
|
Wl k= o
3
3
=)
VRS
<
N———
w
+
3

=-— ann n =n (mod 2n).

This proves the desired result.

4. PROOF OF THEOREM 1.4

Proof of Theorem 1.4. By [21, Lemma 4.1}, for any k& € N we have

(b, 2)? = zk: (k‘;l l) Gl) LR — a2t

=0

11
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Let

2 2
F(k‘, l) = (8ck‘ +4c+ b) (k;; l) ( ll) C2l(b2 _ 462)k—l(b o 26)2(n—1—k)

be the summand and

n—1 k n—1
Sh —ZZFkl :Z 80k+4c+ka(b c) (b_2c>2(n—1—k)
k=0 =0 k=0

for any n € Z™.

If b = —2¢, then Tk(b A)? = (2:)202"C for all k € N, and hence

(8ck + 4c + b)T(b, *)2(b — 2¢)*"—17H)

1

k=0
n—1 2
2
=Y 2c(4k + 1)(:) P (—4c)? 1R
k=0
n—1 2k\ 2 2
2n — 1
=2¢16"1 Ak 1( ) = 2cn?
cl6 §(+)16k cn(n)
=0 (mod n?).

(The identity S~ (4k+1) (%) 2/16k = (2"n_1)27L2/16”_1 can be easily proved
by induction.)

Below we assume that b+ 2¢ # 0. We find the rational functions
(k —1)(—=b* + 8¢ + 1b* + 8lc* — 2kbe + 20%1? — 4kbcl)

k1) =—
Ri(k,1) (b+2¢)(8ck +4c+0b)(I+1)
and 2
4bl
Bolkol) = — g ae v
It follows that
2
Z F(n,l) + Ri(n,n —1)F(n,n—1)

1=0
n—2
=—nY (=" + 8¢+ Ib” + 8lc* — 2nbc + 26°1” — 4nbcl)
=0

A (b4 2¢)" (b — 2¢)" T2 (n ; 1) (n ?_ l) Ci

2n —1
—n*(2nb — 3b — 40)02”_2< " )C’n_l
n
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This implies that n | S,, since C; = (*)/(1+1) € Z for all | € N.

Now assume that p be is odd prime not dividing b(b—2¢). For any [ € N,
we clearly have

(YT L I )

So, by our simplified expression for S, we get

p—2
Sp=—p Y (2" =" +8) (b+2c) " (b—2¢)P 3 (~1) (21) (mod p?).

l
1=0

By Fermat’s little theorem, (b — 2¢)P~! = 1 (mod p). Note also that

((—iz)l N <_ll/2> = <(p _ll)/Q) (mod p) foralll=0,1,...,p—1.
Therefore,
% ;(&k +dc+ b)%
5 S oy S (07 0)
_ _op.P p—1 _z:: bb+_2;36(p 1)/2 <(pl__3i /2)
x (b + 2¢)®=3/2-(=1) < % )H

(p—1)/2 !
b — 8c? (p—1)/2 4c*
b+ 2¢)P—1)/2 b+ 2¢)P—1)/2-1
T e 0 2 z p—2c) 02

=0

4b%c? b+ 2c 4c? (p=3)/2
= b+ 2
(b—2c)2< P )(b—%* " )
b2 — 8¢ [b+2c 4c? (p=1)/2
2
* b—2c ( D )(b—20+b+ C)

4c? b? — 8¢? b+ 2c p2 o\ b2
:<b—20+ b—20)< P )(b—Qc)

—(b+ 2¢) (b2 ;4‘32) (mod p).

This concludes the proof of Theorem 1.4. |
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5. PROOF OF THEOREM

Lemma 5.1. Let n be a positive integer. Then (2"7:1) s odd if and only if

n s a power of 2.

Proof. Write n = 2* +r with a € N and r € {0,...,2° — 1}. By Lucas’
theorem (cf. [7]), if » = 0 then

<2n;71) = <2a+_§f-_]J) = <2a6_1)::].0nod2%

if » > 0 then
_ a+1 _ _
2n—1\ _ (2774 (2r — 1) _ 2r—1\ _ 0 (mod 2)
n 20 + 7 20 +r
So, the desired result follows. |

Proof of Theorem[LG Fix an integer n > 1. Let

Fk,1) = (3K + k)167~1~* (’;)2 (2;) (235_—11))

be the summand and

n—1 k n—1
=> Y F(k,1) =) (3k*+ k)D16" ",
k=0 [=0 k=0
We find that
8k 1) PGBk —2043)(2k—-20+1)
Bk D) = g and Ralki D) = (3k2 + k) (k — 1 +1)?

We thus derive that

S, = nim(n, F(n,1
B %32 (7:11) <n - 1) <2z . 1) <2n;izl— 1)
— 23 (n— 1) jz:;G(n, ) <2l . 1) (2” ;fll_ 1),
where

R ¥

_{1 i =1,
=D - =20 (5)) ifr<i<n
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Thus a, = S,/(2n*(n — 1)) is an integer.

Now we consider the parity of a,,. Foreach [ = 1,...,n — 1, by Lemma

B1
20— 1\ [2n -2l —1
[ n—I
is odd if and only if [ = 2% and n — | = 2! for some s,t € N.

If n is not of the form 2% + 2! with s,¢ € N, then

and hence a,, is even.

Suppose that n = 25 + 2! with s < t. As G(n,l) = G(n,n — () for all
[=1,...,n—1, we see that

a, = G(n,2°) +G(n,2" =2G(n,2°) =0 (mod 2).

Now assume that n = 2°*! for some s € N. Then, by Lemma 5.1 we have

n—1

) 2

a, = G(n,n/2) = (n—1)G(n,n/2) = (

as desired.

Finally, we show the congruence (L1 for any prime p > 3. Recall that
s ()T
S8 ()0
2 &= l p—1\1 p—1 )
By [15, Lemma 2.1],
l<2l) (2(1? - l)) _ {—21? (mod p?) f1<I< (p—1)/2,

1)\ p—1 ) 2 (modp?) if(p+1)/2<i<p—1.

Clearly, (*;') = (=1)! (mod p). Thus

5, (p=1)/2 p—1
_p —2p 2p
sn(y e 5

=iz P

-+ ) = 2p4H(p_1)/2 (mod ps).
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So we have
1223k 4k S S,
— D = - =2H d
2 P De = i = ot = 2Hian mod )

Combining this with (23], we finally obtain the desired (LII). This con-
cludes the proof of Theorem [L.6l |

6. PROOF OF THEOREM [L.7]
Proof of Theorem[L1(i). Fix an integer n > 1. Let

F(k,1) = (12k* + 25k + 21k + 6k) (= 1) <llc) ’ <2z>

be the summand and

n—1 k n—1
S OF(k 1) = (12K + 25k + 21k + 6k)(—1)" fi.
k=0 [=0 k=0
We find that
—1 _1\2 2 4 N . _
Ry(h.1) = — k= Dk — (3K — 4kl - 3k — 81 - 6)

(123 + 25k2 + 21k + 6)(—20 + k — 1)(—2] — 2 + k)

and

(k — D)I(kl — 2k + 21)
12k3 + 25k2 + 21k + 6

Ry(k,l) =

Thus we derive that

Sy = "i Ri(n,1)F(n,l)

n—1 2
—1 21
1)n=1,3 2 4 n .
=(—=1)""n E (—3n" 4 3n+ nl+6+8l)( ] )(n—Q)

=0
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Note that
i 3n2+3n+4nl+6+81)<nl_1)2<n2_l2)
B Y(2)
)
B2 (5)

" | 1)2 <n2_l 2) (mod 4(n — 1))
2

20— 1
( ) for any [ € Z™.

O

3 N
—_

n—1

=(n—1)(n—-2)»

=0

n—1

' (
(n;l) <n2—l1) - (?:12)

I n—-1\n-2
Therefore
(=1)"1S, = n¥(n — 1)(n — 2) ni (" ; 1)2 <n2_l 2) (mod 4n*(n — 1)).

=0

We claim that 4 | (n—2)o,, where o, = S~} ("?1)2 (,%,). This is trivial
if n =2 (mod 4). If n is odd, then

g(n_1)<l—12)nl_l X2l<il:;) =0 (mod 4).

When 4 | n, we have
Y/n—1\ /2041
. [ n—1 n—2
- (2141 [+1 /20— 1 I
d 2).
> () (L) =2 () (L) e

By Lemma 5.1 (211_1) with [ € Z* is odd if and only if [ is a power of 2. If
[ is a power of 2 with n/2 < [ < n, then

(nl—l) :ﬁ@:il) =0 (mod 2).

n

On

,_.o
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If n is a power of 2, then

("2 5)+ (") =2 =0 tmod .

Therefore, when 4 | n we also have 4 | (n — 2)o,, since o, is even. So the
claim always holds and hence 4n3(n — 1) | S,, as desired.

Let p be an odd prime. From the above we see that

. p—1\2/ 2
Sp:p3Z(—3p2+3p+4pl+6+81)< l )<p—2)

o3 2\ s 2042\ plp—1)
=2p (4l+3)< )—219;(4”3)( » )(2l+1)(2l+2)

p—2

—1 1 —1
o 4xp2 +3)(p+ )p(p )

p Jplp+1)

oo o ()

=2p*(—1 — 1) = —4p® (mod p*).
This proves (LI3). |

Lemma 6.1. We have

i(%‘ — 2n) (Z) (2:) =0 foralln eN.

k=0

Remark. This is a known result, see, e.g., [10, p. 132].

Lemma 6.2. We have 3 | ng, for alln € N.

Proof. 1t is easy to see that 3 | ng, for n =0, 1.

Let n € N with ng, = (n+ 1)gy,s1 = 0 (mod 3). By the Zeilberger
algorithm (cf. [I0, pp. 101-119]),

9(n +1)%g, — (100> + 30n + 23)gni1 + (1 + 2)°gpi2 = 0.
Since

(10n* + 301 + 23) g1 = (n — 1)(n + 1)gny1 = 0 (mod 3),
we must have (n + 2)?g,.2 = 0 (mod 3) and hence 3 | (n + 2)gn12.

So far we have proved the desired result by induction. |
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Proof of Theorem[L1(ii). Fix n € Z*. Let

2
F(k, 1) = (12K + 34k + 30k + 9) <I;) Gl)

be the summand and

n—1 k n—1
So=3_ Y F(k1) = (12k° + 34k> + 30k + 9)gs
k=0 (=0 k=0

We find the rational functions
k(k —1)(k —1)*(3k* — 4kl — 3k — 8] — 6)
(12k3 4 25k2 + 21k + 6) (=2l + k — 1)(—20 — 2+ k)

Rl(kv l) =

and
I(k—1)(kl — 2k +21)

12k3 + 25k% + 21k + 6

Ry (k1) =
Thus we derive that

n—1
Sh, :ZRl(n, DF(n,l
1=0

1 n—1\2 1 /2
—n2Y (=2 =504 10n — 312 + 16nl IR0 Y R —
n;( 5+On3+6n+3n)(l) (z)

n anu ) (” , 1)1% (2;)
zn2n§ (—BL+2)(1+1) +n(l +1) +n*(+1)) <nl_1>2%<21l)
n2nz (n +n—3[—2)< z 1)2<2ll) (mod 3n?).

By Lemma 6.1l

So we have

n—1 2
_ 9 9 B n—1 20 4 B 3
Sn =n ;(n +n 2n)< l ) (l) =n°(n—1)g,—1 (mod 3n°).

As 3| (n —1)g,_1 by Lemma 6.2, we obtain S,, = 0 (mod 3n?).

Now let p be an odd prime. Recall that

2
) p—1\? 1 /2
S, =p § — (3142) (I41)+p(312+161+10)+p* (1— 2l))< z ) T 1<z .
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Thus, with the help of Lemma [6.I], we have
p—1 2 p—1
o, p—1\?/20\ , 1 (2
— [+ 160+ 10)——
p;@l—l—?)( l ) <l)+p ;(3 +161+10)-
(2 — 2 .
_ 3 3
=2 Z(l)—l—p Z(3z+13<l) Z (mod p*).
1=0 1=0 =
By [L1, Theorem 1.2],
p—1 p—1
21 P 21 D
(l):<§) (mod p), 3ZZ<Z)E_2<§) (mod p),
1=0 =
and

Sai- p‘: (2;) > <z+ 1) =(5) - (;%1) =205 mod )

=0 = =0

Therefore, S, is congruent to

P (2 (3)-366)-)) - % (+2(2)

modulo p*. This proves (LI5).
Proof of Theorem[L(iii). Fix n € Z*. Let

k+1\? (2
F(k,l):(18k5+45k:4+46k3+24k:2+7k+1)(—1)’f< ;; ) (l)

be the summand and
k
D F(k 1) = (18K" + 45k* + 46k° + 24k + Tk + 1)(—1)" Ay

We find the rational functions

ke(k — 1)2(6k% + 2k — 612 — 71 — 1)

Ryi(k, 1) = —(% + 1)(9k* + 18k3 + 14k2 + 5k + 1)(1 + 1)

and
(31 +4)
9kt 4+ 18k3 + 14k2 + 5k +1°

Ry(k, 1) =
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Thus we derive that
n—1

Sy =Y Ri(n,1)F(n,1)

=0

n—1 2 2
+I1\" (20 +1)? (2
— (=1)" 62l —om 6l + T+ 1) =T
( )”g( A b +>(2z+1 [+1 \

_ (_1)%2((—6712 +6l+1)({+1)+ 4n2)lfl (n l— 1)2 (n ? 1)2

et (Y]

=0

e S ()T

Thus n* | S, if and only if

(6z+1)<”;1)2<”l“)2 =0 (mod n).

—_

n—

l

Il
=)

Note that
n—1 2 2
-1 l
> (61 +1) " e
l [
1=0
n—1 2 2 n—1 2 2
n—1 -n—1 n—1 -n—1
sy () () 2R () )
=0 =0
By Guo and Zeng [6], we have

ni <” | 1>2<_”l_ 1)2 =0 (mod n).

=0

As proved by Sun [22], we also have

Sen(" ) () 20w

1=0
Therefore, S,, = 0 (mod n?) as desired.
Let p > 3 be a prime. Recall that

-1 2 2
(—1)PS, ¥ ) Ap? \ (p—1\*(p+1
= — 1 .
= > [ —6p”+ 61+ + 7 z z

=0
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For each [ =0,...,p— 1, obviously

p—1\’(p+1\* p? =%\’
) U0 ) AU
IS

(1—p > - ) =1-—2p? Z (mod p*).

0<]<l 0<]<l
Thus
p—1 2
— 4p
pEZ(—6p2+6l+1+ )
pr [+1

1 4p?
2§ § 2

1 1
E—6p3+6xT+p+4p2 (Hp_1+5)

p—1

— 2p? Z <Z 6l+1)+4p) (mod p?).

=J

Combining this with Wolstenholme s classical congruences ([24])

1

- =0 (mod p),

H, ; =0 (mod p*) and Z

.

we finally obtain that

p3 —3p+p+4p — 2p?

=—6p° +3p* +2p+2p* x 3(p— 1) = 2p — 3p? (mod p?),
which proves (LI7).

The proof of Theorem [[.7] is now complete. |
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