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ABSTRACT. We characterize of the g-Bernstein functions in terms of g-Laplace
transform. Moreover, we present several results of g-completely monotonic, g-log
completely monotonic and ¢g-Bernstein functions.

KEYWORDS: ¢-completely monotonic function; ¢g-Bernstein function; g-infinitely di-
visible function

2000 MATHEMATICS SUBJECT CLASSIFICATION: 05A30

1. INTRODUCTION

In last decades, the g-calculus has been received a lot of attentions. The field
has expanded explosively due to the fact that applications of basic hypergeometric
series to the diverse different branches of mathematics and applied mathematics are
constantly being covered (for example, see [11] and references therein).

Recall [6L9-11] some notation and definitions concerning g-calculus. The obser-
vation limg_,;- % = x plays as a basic step for the theory of g-analogues, where

€T

x,q € C. We define [x] = 11_qu, is called the ¢ number of x, which it is introduced by

Heine. Clearly, lim,_,;- [z] = z. Throughout this paper we assume that ¢ satisfies
0 < g < 1. The g-Pochhammer symbol is given by [z]; = H?;é [z + j] with [z]o = 1.
The g-factorial of n is given by [1],, = [1][2] - [n] = [n]! and the ¢-Gauss binomial

coefficients are defined by [Z]q = m For the exponential function has given

n

two analogues (see [9,[11]) as ey(z) = 3,5 [%]L, and Ey(z) = 3,5 q(g)ﬁ, where
the series converges for |z| < 1—iq and z € C respectively. Clearly, E,(x) = e;/4()
and we define Ej = (FE,(1))*. The g-derivative (for example, see [6,0-H11]) of an
arbitrary function f(x) is defined by

flgz) = f(z)

Dy(f()) = =,

where x # 0. Obviously, if the function f is differentiable then lim, ;- Dy(f(z)) =
4 f(x). Clearly, Dy(eq(az)) = aeq(ax) and Dy(Ey(azx)) = aEy(agz) for |az| < l%q
and a,r € C respectively. By simple induction on n, we obtain Dy (e,(az)) =
a"eq(az) and Dy (E,(ar)) = a”q(g)Eq(aq"x) for n > 0.

In [8] it has been introduced the definition of g-completely monotonic func-
tion. A positive function f is said to be g-completely monotonic (respectively,
q-log-completely monotonic), if it an infinitely ¢-differentiable function such that
(=1)"Dyf(z) = 0 for n > 0 (respectively, (—1)"DyLog,f(z) > 0 for n. > 1)
and z € R, where we define Log,(f(z)) = logg, (f(z)). When ¢ — 17, we ob-
tain the classical case: a positive function f is said to be completely monotonic
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(respectively, log-completely monotonic), if it an infinitely differentiable function
such that (—1)"(f(2))™ > 0 for n > 0 (respectively, (—1)"(log f(2))™ > 0 for
n > 1) for and z € RT. For instance, let I' be the Euler gamma function de-
fined on R by I'(z) = fooo t*le~!dt and the digamma (or psi) function is given by
Y= % logl'(z) = % Then It is well known that 1)’ is strictly completely mono-
tonic on RT, see [1 Page 260]. The g-gamma function has the following integral
representation, I'g( fo t=1F,(—qx)d,z, and the g-analogue of the psi function
is defined for 0 < q < 1 as the logarlthmic derivative of the g-gamma function, that
is, q(z) = % logTy(z) (see [3]). It is well known that 1 () is strictly completely
monotonic on R, see last section for further properties of the g-gamma and g-psi
functions.

In [I6], Kim investigated some properties on the weighted g¢-Bernstein polyno-
mials. Moreover, he derived some new identities between the weighted g-Bernstein
polynomials and the twisted g-Bernoulli numbers (also, see [7,[17]). Here, we in-
terest on a general concept, namely, g-Bernstein function. A positive function f

n [0,400) is said to be g-Bernstein function if it is infinity g¢-differentiable and
(=) 'DI'f(z) > 0 for n > 1. Clearly, a function f non-negative and infin-
itely g-differentiable on [0,400) is g-Bernstein function if and only if Dy(f(z)) is
g-completely monotonic function.

In this paper, we show several results on g-completely monotonic functions, g-
log-completely monotonic and g-Bernstein functions. Then we define g-analog of
probability measures (for definitions, see next section) on [0, +00) converges vaguely
to a measure function v (see [22]). Using this definition, we present a characterization
of the ¢g-Bernstein functions in terms of g-Laplace transform. In last section, we
present applications for our results.

2. MAIN RESULTS

We start by citing [18, Proposition 2.7]:
(*) If f is a positive increasing (decreasing) function for x € [0, +00), then f is
g-increasing (g-decreasing) function, namely, Dy(f(x)) > 0 (Dq(f(z)) < 0).

Theorem 2.1. If f is a log-completely monotonic function, then f is q-log-compl-
etely monotonic function.

Proof. Let f(q) = > 0 n],). Obviously, lim,_,o+ f(¢q) = 2 and lim,_,,- f(q) = e.
By the fact that f(g) is an increasing function on ¢ we have 2 < E, < e for all
€ (0,1).
We have to prove that if (—1)"(Log,(f(z)))™ > 0 then

(=1)" Dy (Logy(f(x))) = 0,
for all n > 1. We proceed the proof by induction on n. For n = 1 it holds, because if
—(Logqf(z)) > 0 or (Logqf(z)) < 0 then by (*) it follows that —Dgy(Log,(f(z))) >
0 or Dy(Loge(f(x))) < 0. We assume the claim holds for all n = 1,2, ...k, that is,
if (—1)"(Logy(f(x)))™ > 0 then (=1)"Dg(Logy(f(z))) = 0, for all n = 1,2,... k.
We will prove that it holds for n = k + 1, that is, if (—1)**!(log(f(z)))*+1) >
0 then (—1)**1DF1(Log,(f(z))) > 0. Indeed, if (Logy(f(z)))*+Y > 0 then
(Logy(f(x)))*) is an increasing function, so D(’;(Logq(f(x))) > 0 and then by using
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(*), we obtain that Dq(D’;(Logq(f(x)))) > 0. Similarly, the case (Log,(f(x)))*+Y <
0. U

To present our next result, we recall that the g-analogue of the partial Bell poly-
nomials are given by (see [4}[21])

Bn,k,q(xly T2, ... 7$n—k+l) =

k
Z [n]! Hj:l Lb;
k k :
bibot-Abp=n,b;>1 szl[bl + o4 byl szl[bj — 1]

The g-analogue of Fad di Bruno’s formula is given by (see [24])

Dy g(h(x)) = Z Dl;(g(ﬂf)) o h(2) By ,q(Rty 05 Py by > Pibg br+bos - - -)s
=1

for all n > 1, where h; j = h; j(x) = Dfl(h(qun)). Thus, for n > 1,
(1)

n ) TTE, Dy (h(gh+ -+ )
D"g(h(z :EjD’f x)) o h(x J .
qg( ( )) k=1 q(g( )) ( )b1+"'+g;n7 bi>1 H?:l[bl +---+ b]] H?:l[bj - 1]'

Theorem 2.2. Let f(x) be any q-log-completely monotonic function. Then f is a
q-completely monotonic function.

Proof. By applying (I)) with g(z) = E and h(z) = Logy(f(x)), we obtain
Dgg(h(z))

> ]! TTE_, Dy (Logy f (g ++bi-12))
k k :
bi1+ba+---+b=n,b;>1 szl[bl +oeot bj] szl[bj o 1]'

=Y Dyi(g(x)) o h=)
k=1

which implies
(=1)"Dgg(h(z))

n b “ee .
—N"DEEYo I [n]!H§:1 Dy’ (Logy f (¢"+ - Fhi-11))
=Y Dy(Ey) o Logy(f(x)) ; ; -

k=1 bttty bzt LLj=1[010 -+ b1 [T (b — 1]!
Since f is a g-log-completely monotonic function, we have

(—1)% DY (Logy f(¢" " T¥—12)) > 0,

k x
for any b; > 0, and ¢ (Fy) _ (log E,)* - EZ > 0, by Theorem 2.8 see [I8] we have

dzk
k(px
d;éf}j) > 0, then Dg(E;)oLoqq(f(x)) > 0. Hence, (—1)"D7 f(z) = (=1)"D}'g(h(z)) >
0, for all n > 0, which completes the proof. O

Theorem 2.3. Let f: RT — R*. Then, f is a q-Bernstein function if and only if
Eq_tf, t > 0 is a g-completely monotonic function.

Proof. Let f be any g-Bernstein function on RT, and we define g(z) = Eq_xt, t>0,
to be a g-completely monotonic function. By [I8, Proposition 2.12 | we have that

gof=FE; s a g-completely monotonic function. Conversely, suppose that Eg tf

is a g-completely monotonic, then 1 — E, s a g-Bernstein function. Now, we find

—tf

that f = lim;_,g+ ZquEq is a g-Bernstein function. O
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Theorem 2.4. Let g be any q-completely monotonic function. Then, go f is a
q-completely monotonic if and only if Eq_f s a q-log-completely monotonic.

Proof. Let g be any g-completely monotonic function and suppose that g o f is
a g-completely monotonic function. Now, we define g(x) = E %, since the func-

tion g(z) = E;? is a g-completely monotonic, then go f = Eg Tis a g-completely
monotonic. Conversely, suppose that E, Tis a g-log-completely monotonic func-
tion, which implies that Logq(Eq_f) = —f, in other words (—1)"D2‘(Logq(Eq_f)) =
(—1)"‘1Dg‘f > 0, then we have f is a ¢-Bernstein function, since go f > 0, by using
g-analogue of Fad di Bruno’s formula (or [18] Proposition 2.12 ]), we have that go f
is a g-completely monotonic function .

O

Theorem 2.5. Let f,g be any q-Bernstein functions. Then go f is a q-Bernstein
function.

Proof. Suppose that f, g are g-Bernstein functions. For any h, g-completely mono-
tonic function, we use [I8, Proposition 2.12] to get that h o f is a g-completely
monotonic function, and then ho (go f) = (hog) o f is a g-completely monotonic
function. Now, since ho(go f) is a g-completely monotonic function, by [I8, Propo-
sition 2.12 | we have that g o f is a g-Bernstein function. U

Theorem 2.6. (i) Let f(x) > 0 be any q-completely monotonic function on RT
and let a > 0. Then f(z) — f(x + a) is a q-completely monotonic function on R*.
(ii) Let f(z) > 0 and let f(z) — f(x + a) be a q-completely monotonic function on
R* for each a in some right-hand neighborhood of 0. Then f(x) is a q-completely
monotonic function on RT.

Proof. (i) Let f(z) be a g-completely monotonic on R* and let a > 0, by [I8]
Theorem 1.2] we have f(x) = [;° E,(—xt)dq(p(t)), where pu(t) is a positive measure
on RT. Hence,

(=1)"Dg(f(z) = f(z +a))

= (2) > —q"xt) — —d"(zx+a n )
o) [ (Bt~ By + 0) " ule) 2 0

(i) Let f(z) > 0 and let f(x) — f(x + a) be a g-completely monotonic on R* for
each a in some right-hand neighborhood of 0. Since D, (h(0)) = h'(0), we have that

—(Dgf(z)) = lim, o+ W is a g-completely monotonic on R*. Then, we
have f(x) is a g-completely monotonic on R¥. (]

For our next step, we define R, + = {¢" | n € Z} and

Las®aeos®) = {11 [~ EA-ATO)0(0) < |
where p(t) is any positive measure. We consider the ¢-Wiener algebra

.Aq)\ = {f € Lq’)\(Rq, —l—) ‘ ,Cq)\(f) S Lq7)\(Rq, +)}

Let ./\/l;r be the set of positives and bounded measures on R, ;. The g-convolution
semigroup (see [8]) of probability measures is a family (7;)¢~¢ of probability measures
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in M such that
(2) Loa(m) € Agn,  Tp%gTg = Tys, for x,t>0.

We define the g-convolution product of two measures v, u € Mf{ is given by

/Ooo J(@) (1% l/)dqt:/ooo /OOO Ft+ s)u(dyt)(dys).

Theorem 2.7. Let (put)i=0 be a g-convolution semigroup of probability measures on
Ry, +. Then there exists a q-Bernstein function f such that the g-Laplace transform
of wy is given by Lypy = Eq_tf, for all t > 0. Conversely, if f is a q-Bernstein
function, there exists a q-convolution semigroup of probability measures (fu)i=0 on
Ry + such that Lqp = Eq_tf, for allt > 0.

Proof. Suppose that (u:)i>0 be a g-convolution semigroup of probability measures
on R, 4. Set t > 0. Since Ly > 0, we define a function f; : [0,+00) — R by
ft(A) = —Logq Ly \(pe). By @) we have fiis(A) = fi(A) + fs(A), for all £, s > 0, that
is, t — fi(\) satisfies the Cauchy’s functional equation. By the continuous of f;, we
obtain that there is a unique solution f;(A) = t- f(\), where f(\) = f1(\). Therefore,
Logy(Ly (1)) = — fi(A), which implies that £, x(1) = Eq_t'f(A), in particular, Eq_tf
is a g-completely monotonic function for all ¢ > 0. By Theorem 2.3, f is ¢-Bernstein
function.

Conversely, suppose that f is a ¢-Bernstein function, by Theorem 2.3, we have
E, s a g-completely monotonic function. Therefore, for every t > 0 there exists
a measure j; on R, such that Ly = Ey i, (Note that by definition this family
is a g-convolution semigroup of probability measures (4)i>0 on Ry +.) O

In order to state our next results, we need the following definition. A g-completely
monotonic function f is said to be g-infinitely divisible if for every t > 0 the function
ft is again a g-completely monotonic function.

Theorem 2.8. Let g : RT — RT be any function. Then, g is a q-infinitely divisible
if and only if g = Eq_f where f is a g-Bernstein function.

Proof. Suppose that g is a g-infinitely divisible. Since ¢ is a g-completely monotonic
function, we obtain, by [I8, Theorem 1.4], that there exists a measure y; on [0, +00)
such that g"(\) = L4(ut,A). By Theorem 27, there exists ¢-Bernstein function f
such that L£,(ps, \) = Ey L, Hence, ¢' = E; t , which implies that g = E4 I,
Now, suppose that g = E4 7 Where f is a ¢g-Bernstein function. Then, by Theorem
2.3, we have, g' = By s a g-completely monotonic function, which completes the
proof. O

Theorem 2.9. Let g : RT — R™ be any function. Then, g is a g-infinitely divisible
if and only if g is a q-log completely monotonic.

Proof. Suppose that g is a g-infinitely divisible. So g is a g-completely monotonic.
By Theorem 2.8 there exits a ¢-Bernstein function f such that ¢ = E, ! , which
implies that Log,(g) = —f, in other words

(—1)" D} (Logyg) = (~1)" "Dy f > 0.
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Conversely, if g is a g-log completely monotonic function, then the function g is a
g-completely monotonic. By Theorem 2.8, there exits a ¢g-Bernstein function f such
that

gt = Eq—t- f
is a g-completely monotonic function, for all t > 0, as required. O

3. APPLICATIONS

In this section we present applications for our results. In order to do that, we recall
g-analogue of several known functions. Jackson (for example, see [3],[9}13]14117])
defined the g-analogue of the gamma function as

3) Iy(x) = %(1 Ctt0<q<,
and

(¢ Yq7Y
(4) Ty(z) = 2922 (g 1)i=2q() g > 1,

(@507 oo
where (a;¢)oc = [[;50(1 — aq’).

The g-analogue of the psi function is defined for 0 < ¢ < 1 as the logarithmic
derivative of the g-gamma function, namely, ¥y (z) = < log I'y(z). Askey [3] consid-

ered several properties of the g-gamma function. It is well known that I'y(x) — I'(x)
and ¢ (z) = Y(x) as ¢ — 17. For 0 < ¢ < 1 and = > 0, by (3) we obtain that
n—+x
q
(5) tq(x) = —log(1 — q) +log(q) ;} T = —log(1— ) +log() )

q n>1
and for ¢ > 1 and = > 0, by () we have that

qTL"E

g(z) = —log(g —1) +log(q) | o~ 5~ % %)

—nz
q

(6) -
= —log(g — 1) +1log(q) [z — 35— 2 m)

n>1

We set 1)1 = 1. A Stieltjes integral representation for 1,(z) with 0 < ¢ < 1 is given
n [12]. It is well-known that ¢ is strictly completely monotonic function on (0, co)
(see [1I, Page 260]). From (&) and (IB]) we conclude that 1y has the same property for

any ¢ > 0, namely, (—1)" (¢, (z )™ >0, for > 0 and n > 0. If g € (0,1), then by
(), we have that

(7) Y (@) = logh*! qz

n>1
If ¢ > 1, then by ([6]) we obtain that

—nx

o q
(8) wq—logq<1+nlogqr;7l_q_m>,
and for £ > 2
(9) O = (1)t loght g 30

n>1
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The polylogarithm is a special function that is defined by the infinite sum, or power

series:
22 .3

Lis(z Z S =it ot ? +-
Let « € R and 8 > 0 be real numbers, we define
"I (x + B)

N Foal) = (120 T aetha
where h(z) = — L2l )triosla) los1=07)

Now we ready to present applications of the previous results.

Theorem 3.1. Let 2o <1 < 8 and 0 < g < 1. Then the function fop54(z) is a
q-log-completely monotonic function on (0,00).

Proof. 1t is clear that
In fo pq4(z) = xlog(l — q) + h(z) + InTy(z + B) — (z + f — o) In[z],
which implies

!

[In fa,8,4(@)]

=log(1 — q) + h'(2) + ¢g(x + B) —

In[z] — g (B ;_Oé)qiog(Q) _ quxioig(cq)_

Since I (x) = %, we have that

¢ (8 — a)log(a)

[In fopq(@)] =log(1 —q) + (e + B) — Infa] -

1—g°
On the other hand, Lemma 2.3 (see [19]) gives
—q” log ¢\ (n) n 7 N
—4 954 —(— >
(11) ( e ) =1 O/t ey (t), >0,
Hence,
(=1)"[In fop,p(x)] "™
_ (1|, (n=1) _ (—q"log g\ (1) B —q*log g\ ()
= Vet - (o) () ]
tn—le—(z+p)t 7 o % L
2/71_6 dyq(t) — /t %e tdvq(t)+(ﬁ—a)/t e dryq(t)
¥ tn—2e—xt
(12) = /Qa,ﬁ(t)l_ie_td%(t),
0

where g, 5(t) =t + [(8 — a)t — 1][ePt — eB=1. Note that g, s(t) > 0 (see [5]). So,
by ([I2), we see that when n > 2

(=1)"[In fa,p5(x)]™ >0
on (0,00) for 2a < 1 < . Thus, by Theorem 2.I] we have
(=1)"Dy(Logg fa,pp(x)) >0
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on (0,00) for 2a <1< fand n > 2.
For n = 1, since [In f, g4(x)] is an increasing function, we have that

[In faﬁ,q(x)]l

< :vh—>n;o log(1 — q) + ¥¢(z + B) — In[z] — ¢* (B — a)log(q)

1—gqg*

= log(1 —¢q) <0,

which implies that D,(Logqfagp(x)) < 0.

Hence, for 2a <1 < B and n € N, (=1)"Dg(Logy(fa,sp(z))) > 0 in (0,00), as
required. O
Theorem 3.2. Let a;,b; € R such that 0 <a; £ ---Za,, 0<b by <. < b,
and Y% a; SN by for all k =1,2,...,n. Then the function G,

(13)  Gpgl@) = Go(m;a1,b1,+ ,an,by) =[]
i=1

Ly(x + a;)

Ty +by) (0<g<1)

is a q-completely monotonic on (0, 00).
Proof. First, we define

n

h(z) = E [log I'y(x 4 b;) —logI'y(x + a;)] .
i=1
Then, for k € Ny, we have

n

(“DF @)™ = (15D [P @+ b) = v @+ a)]
i=1
n 00 tk e xt Y i
- (_1)k;(_1)k+1/() e (e e )

o 1k —xt n ) )
— (_1)2k+1/0 115 _ee_t . Z <e—b2 _ e—az) d’yq(t).
i=1

1=

Alzer [2] showed that, if f is a decreasing and convex function on R, then

(14) > Fb) 2D flai).
i=1 i=1

Thus, since the function z — e™* (z > 0) is a decreasing and convex on R, we have

n

Z (e—ai _ e—bi) 2 0,

i=1
so that

(D} [E@]) P z0 (ke

Hence A’ is a completely monotonic function on (0,00), Using the fact that if A’
is a completely monotonic function on (0,00), then exp(—h) is also a completely
monotonic function on (0,00) (see [2]), by [I8, Theorem 2.8 | we have exp(—h) is
also a g-completely monotonic function on (0, cc0), which completes the proof. [

Remark 3.3. This is a corrected version of paper (see [20]).
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