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A FAST COMPUTATION OF DENSITY OF
EXPONENTIALLY S-NUMBERS

VLADIMIR SHEVELEV

ABSTRACT. The author [4] proved that, for every set S of positive inte-
gers containing 1 (finite or infinite) there exists the density h = h(E(S))
of the set F(S) of numbers whose prime factorizations contain exponents
only from S, and gave an explicit formula for A(E(S)). In this paper we
give an equivalent polynomial formula for log h(E(S)) which allows to
get a fast calculation of h(E(S)).

1. INTRODUCTION

Let G be the set of all finite or infinite increasing sequences of positive
integers beginning with 1. For a sequence S = {s(n)},n > 1, from G, a
positive number N is called an exponentially S-number (N € E(S)), if all
exponents in its prime power factorization are in S. The author [4] proved
that, for every sequence S € G, the sequence of exponentially S-numbers
has a density h = h(E(S)) € [%,1]. More exactly, the following theorem
was proved in [4]:

Theorem 1. For every sequence S € G the sequence of exponentially S-
numbers has a density h = h(E(S)) such that

(1) Z 1 = h(E(S))z + O(v/zlog ze 1@1)
i<z, ZGE( )
with ¢ = 4 = 7.443083... and
(2) hE(S)) H<1+Z —uz—1)>7
1>2

where the product is over all primes, u(n) is the characteristic function of
sequence S : u(n) =1, if n € S and u(n) = 0 otherwise.

In case when S is the sequence of square-free numbers (see Toth [6]) Arias
de Reyna [5,A262276], using the Wrench method of fast calculation [7], did
the calculation of h with a very high degree of accuracy. In this paper,
using Wrench’s method for formula (2)), we find a general representation of
h(E(S)) based on a special polynomial over partitions of n which allows to
get a fast calculation of h(E(S)) for every S € G. Note also that Wrench’s
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method was successfully realized in a special case by Arias de Reyna, Brent
and van de Lune in [2].
Everywhere below we write {h(E(S))}, understanding {h(E(S5))}|sec-

2. A COMPUTING IDEA IN WRENCH’S STYLE

Consider function given by power series

(3) —1+Z ) —u(i — 1)) ZL’G(O,%].
Since u(n) —u(n —1) > —1, then Fg(x) > 1 — 1”% > 0. By (@), we have
(1) WE®S) = [ Fs (;) .
and
(5) log h(E Zlog Fg(x)],—z.
Let
£
(6) log Fs(z) = Z Zi x'.

log Fs(z) < 22%, z € (0, %] Thus the series (f]) is absolutely convergent.
Now, according to (B - (6]), we have

Since |u(n) — u(n — 1)| < 1, then by @), Fs(z) < 1+ £ and 0 <

(7) log h(E

n=2

where P(n) = ZP# is the prime zeta function. The series () is fast

convergent and very suitable for the calculation of h(E(S)).

3. A RECURSION FOR COEFFICIENTS

Denoting
(8) vy, =u(n) —u(n—1), n>2,
by @) and (@), we have
9) Fs(x) =1+ Z v,
n>2
£

(10) log(1 + Zvn:v") = Z L

n>2 i>2

Lemma 1. Coefficients {fr(Ls)} satisfy the recurrence
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n—2

(11) fn+1 = (n+1)vp — Zvn—ifi(—fi’ n > 1

i=1
Proof. Differentiating (I0]), we have
D s MURT" -y £9)

)
Fs(x) ] T+
Hence,
vana: 1+Zvn Z (S)l’j).
n>2 n>2 j>=1

Equating the coefficients of ™ in both sides, we get

(n+ Dvpr = n+1 + Z Un—j ]+1
and the lemma follows. O
Corollary 1. All {f,gs)} are integers.

Proof. For n=1,2 3, by the recurrence (1), we have
£ = 200, 15 = 3y, £1¥) = dvg — 2%

now the corollary follows by induction. U

4. EXPLICIT POLYNOMIAL FORMULA

To apply (I0) we need a fast way to generate the coefficients fi(s). Since,
for 2 € (0, 3], Y- ,50 taz™ < £ < 4, then

(12) log(1 + Z o) = 3 _Tm_(z e

n>2 m>1 n>2

Expanding these powers, we get a great sum of terms of type
(13) t)\hsl(U)\ll’)\l)sl...t)\T’ST(UATSI,’AT)ST, s; > 1, A > 2.
When we collect all the terms with a fixed sum of exponents of x, say, n,

we get a sum of terms (I3]) with A1s; + ... + A\,.s,, = n, i.e., we have s; parts
A; in partition of n. Therefore, the considered expansion has the form

log(1 + ZWE") = Z Z t v(, Z f"

n>2 n>2 o€, n>2

where 3, is the set of the partitions {¢} of n with parts \; > 2 and t,, v,
are functions of partitions o defined by (I3]) such that with every partition
o of n we associate the monomial
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(14) Vy = Hvi (Ms1+ ..+ A8 =n, A > 2).
i=1
So
(15 = 3 tove
gEY,

Substituting (I5) in equation (1), we get

Z tovy, = (n+1) Un+1—ZUn ; Z Uy =

0EYXn41 0EY 41

(16) (n 4 1oy — Zv] oot

CES i1
Note that, using (I6]), one can proved that all coefficients t, are integer
numbers. Let partition o = (b, ...,b,11) € ¥,11 contains by elements 2, ...,
bny1 elements n + 1 such that 2bs + ...+ (n + 1)b,y1 = n+1, b; > 0. In
particular, evidently, b,.1 = 0 or 1 and in the latter case all other b; = 0.

ba bni1 n-+1

We shall write v, = v?..0,% and t, = t(v)... n+1) According to (16),
the coefficient of the monomial v9.. vgv}@ L1 equals n+ 1, i. e., for partition
of n + 1 with only part we have t(o0) = n + 1. We agree that 0° = 1.

Denote by ¥/ the set of partitions of n + 1 with parts > 2 and < n.
Then, by (I6), we have

n

(17) Z tavaz—z ; Z toUs.

—1
O’GE’n+1 j=2 UGEZHLl j
For every partition (by,...,bn41) € X, we have b,41 = 0 and b, = 0 (the
latter since all parts > 2). Then (I7)) leads to the formula:

b2 bnlOO _ bzlbg, bnlOO
t(vy’ v, T vpv, ) = =t s T v U, ) —

(18) t(vgzv§3 L. UZ" 11v2v2+1) . t(vg%?..vz 0 1v°v2+1).

Using (I8, we find an explicit formula for £

Lemma 2. Let, forn >3, (by,...,b,—1,0,0) € X7 . Then

(_1)3,171—1 (Bn—l B 1>'
by!...b, 1!

(19) t(0f oy s ) (n+1),
where B,,_1 = by + ... + b,_1.

Proof. Let n = 3. We saw that f\*) = 4v; — 202. So, t(v??) = —2 with
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by = 2 and, by (), we also obtain #(v52) = —2. Let the lemma holds
for t(vs?..v." "), n > 3, where all ¢; < b; such that not all equalities hold.

n—1

Then, by the relaion (I8]) and the induction supposition, we have

bo bn—1\ __ _ (_1\Bn-1—2 (Bn—l - 2)' .
el ) = ()P e 1= 2)
(By_1—2)! (By1—1)! -
T S LA At o s AU e
By —2)!
(—1)3"1—1%(192(7@ +1—-2)+b3(n+1-3)+ ..+
2t Op—1!

Bp_1—1 (Bn—l _ 2>'

ba(n+1—(n—1)) = (-1) (Bus(n+1)-
by!...b,_q!
(2b2 + 3bs + ... + (n — 1)bn_1)
and, since 2by + 3b3 + ... + (n — 1)b,_1 = n + 1, the lemma follows. O

Corollary 2. Let, forn >3, (by,...,bpy1) € Xpy1. Then

(Bn—l - 1)'

(200 o) = @) + ()T 4 ),

where By,1 = by + ... + b,_1.
Proof. The statement follows from Lemma [2] and addition of the coefficient
n + 1 of v,41 in equation ([I6]) in case when 0(b,+11) = 1. O

Now, using (), (1)), Corollary 2 and the initial values of the coefficients
2(5) = 209, és) = 3vs, and changing n by n — 1, we get a suitable formula
to compute log h(E(S5)).

Theorem 2. We have

(21)  logh(E(S)) = P(2)v2 + P(3)vs + > P(n)(vy + M(vs, ..., vy_2)),

where P(n) is the prime zeta function, M is the polynomial defined as

1 (Bpa = 1)! b
M(Ug, ...,Un_g) = Z (—I)Bn 2 lm 32“"Un—227
2ba+...4+(n—2)bp—_2=n
where B,_o =by+ ... +b,_9, b; >0, 1=2,...n—2, n>4.
In particular, for n = 4,5,6, ..., we have
v3 vi v
M(Ug) = —?, M(Ug,’l)g) = —Uq03, M(’Ug, V3, U4) — —UVUyq — E + 3,

For example, in case n = 6 the diophantine equation 2b, + 3b3 +4b4 = 6 has
3 solutions
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a) bg = 1,b3 :O,b4 =1 with B4 = 2;
b) bg :O,bg :2,b4:OW1th B4 :2,
C) b2 = 3,63 = 0,b4 = (0 with B4 = 3.

Besides, using ([IIl), for M, = M, (vs, ..., v,_2) we have the recursion

1

n

n—2

> jvn-j(v; + M), n>4

Jj=2

(22) My =0, M3 =0,M, =

which, possibly, more suitable for fast calculations by Theorem [2

5. EXAMPLES

1) As we already mentioned, in case when S is the sequence of square-free
numbers, Arias de Reyna [5,A262276] obtained

. 2 _ . _ 1 2
h=T1 (1 # 3 ;(Z ) ) — 0.95502301586190237688...
p

1>4

By the results of [I], the coefficients £ (I5) in this case (see A262400 [5])
have very interesting congruence properties.

2) The case of S = 2" was essentially considered by the author [3]. He
found that h = 0.872497... The author asked Arias de Reyna to get more
digits. Using Theorem [2 he obtained

h = 0.87249717935391281355...

3) Among the other several calculations by Arias de Reyna, we give the
following one. Let S be 1 and the primes (A008578 [5]). Then

h = 0.94671933735527801046...
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