arXiv:1606.08690v3 [math.NT] 24 Aug 2017

On the number of prime factors of Mersenne
numbers

Abilio Lemos and Ady Cambraia Junior
Departamento de Matematica
Universidade Federal de Vicosa

Vicosa-MG 36570-900
Brazil
abiliolemos@ufv.com.br
ady.cambraia@ufv.br

August 28, 2017

Abstract

Let (My)n>0 be the Mersenne sequence defined by M,, = 2" — 1. Let w(n) be the
number of distinct prime divisors of n. In this short note, we present a description of
the Mersenne numbers satisfying w(M,,) < 3. Moreover, we prove that the inequality,
for € > 0, w(M,,) > 2(1=9)lgloen _ 3 15lds almost all positive integer n.
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1 Introduction

Let (M,)n>o be the Mersenne sequence (sequence A000225 in the OEIS) given by M, =
0,My = 1,My = 3, M3y = 7,My; = 15 and M, = 2" — 1, for n > 0. A simple calculation
shows that if M, is a prime number, then n is a prime number. When M, is a prime
number, it is called Mersenne prime. Throughout history, many researchers sought to find
Mersenne primes. Some tools are very important for the search for Mersenne primes, mainly
the Lucas-Lehmer test. There are papers (see for example [1, 3, 11]) that seek to describe
the prime factors of M,,, where M, is a composite number and n is a prime number.

Besides, some papers seek to describe prime divisors of Mersenne number M,,, where n
cannot be a prime number (see for example [4, 6, 8, 9, 10]). In this paper, we propose to
investigate the function w(n), which refers to the number of distinct prime divisors of n,
applied to M,,.
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2 Preliminary results

If n is a positive integer, write w(n) for the number of distinct prime divisors of n. Some
well known facts are presented below as lemmas.
The first Lemma is the well-know Theorem XXIITI of [2], obtained by Carmichael.

Lemma 1. If n # 1,2,6, then M, has a prime divisor which does not divide any M,, for
0 <m < n. Such prime s called a primitive divisor of M,,.

We also need the following results:
d= ng(m7 n) = ng(Mma Mn) = Md (1>
Proposition 2. If1 < m < n, gcd(m,n) =1 and mn # 6, then w(M,,) > w(M,,)+w(M,).

Proof. As ged(m,n) = 1, it follows that ged(M,,, M,,) = 1 by (1). Now, according to
Lemma 1, we have a prime number p such that p divides M,,,, and p does not divide M,,M,,.
Therefore, the proof of proposition is completed. O

Mihailescu [7] proved the following result.

Lemma 3. The only solution of the equation x™ — y"™ = 1, with m,n > 1 and x,y > 0 is
r=3m=2y=2,n=3.

For x = 2, the Lemma 3 ensures that there is no m > 1, such that 2™ — 1 = y™ with
n > 1.

Lemma 4. Let p,q be prime numbers. Then,
(1) My (Mpg/Mp), if 20 =11 4.
(1) My 1 (Mys [My).
Proof. (i) We noticed that M, = (2¢ — 1)(327_; 2*). Thus, if (2¢ — 1)|(32¢_ 2¥), then

q—1
(20 — 1)‘ (Z 2k 4 9P 1) = optl(gram2ml o optl )
k=0

ie, (22 —1)|((g—2)2P~' + 1), where (¢ — 2)2P~! + 1 is the rest of the euclidean division of
opa—2p—1 4 opa=3p—1 4 ... 4 9pa—(a=2p=1 4 op—1 L 1 by 2P — 1 ie.,

(2P =1 ((¢g—2)2"""+1+ (2P — 1)) =2""'q,

i.e., 2P — 1|q. Therefore, the proof of (i) is completed.
(i7) We noticed that M, = (20 — 1)(320- " 27). Thus, if (27 — 1)|(320 2%7), then

21
(2p—1)} > otrqor 1| =20t (2p3—2p—1+---+2p—1+1),
k=0
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ie., (22 — 1) ((p* —2)2P71 + 1), where (p*> — 2)2P~! + 1 is the rest of the euclidean division
of 20°=2p=1 L op*=3p=1 4 ... 4 op’=(0*=2p=1 L op=1 L ] by 9% — 1 ie.,

(2= DIH(p* = 2)27" + 1+ (2" - 1)) = 2"71p?,

i.e., 2 — 1|p?>. But, for p =2 or p =3, 2° — 1 ¢ p* and for p > 5, we have 2 — 1 > p*
Therefore, the proof of (ii) is completed. O

Remark 5. It is known that all divisors of M, have the form ¢ = 2I{p+1, where p, ¢ are prime
numbers and [ =0 or — p (mod 4).

3 Mersenne numbers with w(M,) <3
Theorem 6. The only solutions of the equation
w(M,) =1

are given by n, where n is a prime number for which M, is a prime number of the form
2lp+ 1, where I =0 or —p (mod4).

Proof. The case n = 2 is obvious. The equation implied in M,, = ¢, with m > 1. However,
according to Lemma 3, M, # ¢™, with m > 2. Thus, if there is a unique prime number ¢
that divides M, then M,, = ¢, and ¢ = 2lp + 1, where [ = 0 or — p (mod 4), according to
Remark 5. O

Proposition 7. Let p1,po,...,ps be distinct prime numbers and n a positive integer such
that n # 2,6. If pi* ---pS*|n, where the als are positive integers and > ;  o; = t, then
w(M,) >t+1.

Proof. According to Lemma 1, we have

W(Mei) > w(Mai-1) > - > w(M,) > 1,

® @

for each i € {1,...,s}. Therefore, w(M,o) > a;. Now, according to Proposition 2, we have

W(My) > w(Mpei) > a;=t.
i=1
Therefore, w(M,,) >t + 1.
U

To facilitate the proof of the next two theorems, we present two specific cases of Propo-
sition 7.

Proposition 8. Let n # 6 and



(i) p3|n, where py is a prime number or

(ii) pipa|n or 2pi|n, where py, py are distinct odd prime numbers.
Then, w(M,) > 3.

Proof. For p}|n, we apply the first part of the proof Proposition 7, with s = 1 and a; = 3.
For pi1ps|n and 2p;|n, we apply the Proposition 7, with s = 2 and oy = g = 1.
U

Proposition 9. Let

(i) pi|n, where py is a prime number or
(i) p1paps|n, where py, pa, p3 are distinct prime numbers or

(iii) pip3|n, where py,py are distinct prime numbers.
Then, w(M,) > 3.
Proof. For p{|n, we apply the first part of the proof Proposition 7, with s = 1 and a; = 4.

For pipaps|n, we apply the Proposition 7, with s = 3 and a; = ay = az = 1. For pp3|n, we
apply the Proposition 7, with s =2, a; =1 and ay = 2. O

Theorem 10. The only solutions of the equation
w(M,) =2
are given by n = 4,6 or n = p; or n = p}, for some odd prime number p;. Furthermore,
(i) if n = pi, then M, = M, q¢", t € N.

(i1) if n = py, then M,, = p*q", where p, q are distinct odd prime numbers and s,t € N with
ged(s,t) = 1. Moreover, p,q satisfy p = 2lip1 + 1, q = 2lopy + 1, where Iy, Iy are distinct
positive integers and l; =0 or —p (mod4).

Proof. This first part is an immediate consequence of Proposition 8.

(i) If w(M,) = 2, with n = p?, then on one hand M, = p*q’, with ¢, s € N. On the other
hand, by Lemma 1 w(M,2) > w(M,,) > 1, i.e., My, = p, by Lemma 3. Thus, according to
Lemma 4, M,, = M,,¢" = pq", with t € N.

(1) If w(M,) = 2, with n = py, then M,, = p°¢’, with t,s € N. However, according to
Lemma 3, we have ged(s,t) = 1. The remainder of the conclusion is a direct consequence of
Remark 5.

]

Theorem 11. The only solutions of the equation
w(M,) =3

are given byn =8 orn =1p; orn=2p; orn = pips or n=pi orn = ps, for some distinct
odd prime numbers p; < ps. Furthermore,



(i) if n = 2py, then M, = 3My k", r € N, if p1 # 3 and k is a prime number.

(it) if n = pipa, then M, = M, (M,,)'k" and ged(t,r) =1, with t,r € N, and k is a prime
number.

(ii) if n = p3, then M, = M, q'k" or M, = p*q'k", with M,, = p°q" and (s,t) = 1, and
p,q, k are prime numbers.

(iv) if n = p}, then M,, = M, ¢'k" and ged(t,r) = 1, with t,r € N, and and q,k are prime
numbers.

(v) if n = py, then M, = p*¢'k" and p = 2l1p1 + 1,q = 2lapy + 1,k = 2l3p; + 1, where
l1,la, 13 are distinct positive integers and l; = 0 or — p (mod4), and ged(s,t,r) = 1,
with s,t,r € N.

Proof. This first part is an immediate consequence of the Proposition 9.

(i) If w(M,) = 3, with n = 2p;, then on one hand M, = p°¢'k", with ¢,s,7 € N. On
the other hand, according to Proposition 2, w(Map,) > w(M,,) + w(M2), i. e, M, = q,
according to Lemma 3. We noticed that M, = (2P* — 1)(2”* + 1) and ¢ does not divide
2P 4+ 1, because if ¢|(2P* 4+ 1), then ¢|27* +1 — (2"* — 1) = 2. This is a contradiction, since ¢
is odd prime. Thus, M,, = (M)*M,,w" = 3°gk". Moreover, according to Lemma 4, we have
s =1if p; # 2% — 1 = 3. Therefore, M,, = My M, w" = 3qk".

(1) If w(M,,) = 3, with n = pypy, then on one hand M, = p¢'k", with ¢,s,7 € N. On
the other hand, according to Proposition 2, w(M,,,,) > w(M,,)+w(M,,), i. e., M, = p and
M, = q, according to Lemma 3. Thus,
M, = (M,,)*(M,,)'k" = p*¢'k" and ged(s,t,r) = 1if s,t,7 > 1, according to Lemma 3.
However, if 2P — 14 po, then ¢ = 1 according to Lemma 4 and clearly, 2P> — 1 { p;, because
p1 < po, i.e., according to Lemma 4, again, we have s = 1. Thus, M, = M, M,,k" = pqk’.

(ii7) If w(M,,) = 3, with n = p?, then on one hand M, = p*¢'w", with ¢,s,7 € N. On the
other hand, according to Lemma 4, we have M, = p°¢’, with (s,t) =1 or M,, = p.

(iv) If w(M,) = 3, with n = p3, then on one hand M,, = p*¢'w", with ¢, s,r € N. On the
other hand, according to Lemma 1, w(M,3) > w(Myz) > w(M,,) > 1, i.e., My, = p, according
to Lemma 3. Thus, M, = M, ¢'k" = pq'k" according to Lemma 4 and, ged(t,r) = 1
according to Lemma 3.

(v) If n = py, then M, = p*¢'k", with t,s,7 € N. However, according to Lemma 3,
ged(s,t,r) = 1. The form of p, ¢ and k is given by Remark 5. O

We present some examples of solutions for Theorems 6, 10 and 11.
(i) w(M,) =1, where n is a prime number: My = 3, M3 =7, M5 = 31, M7; = 127, . ..

(ii) w(M,) = 2, where n is a prime number: M;; = 2047 = 23 x 89, My = 8388607 =
47 x 178481, ... and Mg = (My)*Ms3; with n = p?, where p is a prime number: M, =
15 = M2 X 5, Mg =511l = M3 X 73, M4g = M27 X 4432676798593, e



(iil) w(M,) = 3, where n is a prime number: Mg = 536870911 = 233 x 1103 x 2089, M3 =
8796093022207 = 431 x 9719 x 2099863, . . .; with n = 2p, where p is a prime number:
Mg = My x My x 11, My, = My x My x 43 ...; with n = p?, p is a prime number:
Mg = 255 = My x5 x 17, Moy = M3 x 73 x 262657, . . .; with n = pipe, where p; and ps
are prime numbers: M5 = My x My x 151, Moy = (M3)? x My x 337,...; with n = p?,
where p is a prime number: Mys = M5 x 601 x 1801, .. ..

4 Mersenne numbers rarely have few prime factors.

We observe, that by Proposition 7, we have w(M,) >t + 1, where ¢ is the number of prime
divisors of n, counting the multiplicity. Of course, this lower bound depends on n, but it is
necessary to obtain the factorization of n. The theorem below proved a lower bound that
depends directly on n. To prove this theorem, we need the following lemma.

Lemma 12 (Theorem 432, [5]). Let d(n) be the total number of divisors of n. If € a is

positive number, then
2(1—e)loglogn < d(n) < 2(1+e)loglogn

for almost all positive integer n.

Theorem 13. Let € be a positive number. The inequality
w(Mn) > 2(1—5)1oglogn —3

holds for almost all positive integer n.

Proof. According to Lemma 1, we know that if h|n and h # 1,2,6, then M, has a prime
primitive factor. This implies that

w(M,) >d(n)—3
Consequently, by Lemma 12, we have
w(Mn) > 2(1—5)1oglogn —3

for almost all positive integer n. O
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