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TWO TRIPLE BINOMIAL SUM SUPERCONGRUENCES
TEWODROS AMDEBERHAN AND ROBERTO TAURASO

ABSTRACT. In a recent article, Apagodu and Zeilberger discuss some applications of an
algorithm for finding and proving congruence identities (modulo primes) of indefinite
sums of many combinatorial sequence. At the end, they propose some supercongruences
as conjectures. Here we prove one of them, including a new companion enumerating
abelian squares, and we leave some remarks for the others.

1. INTRODUCTION

In recent literature, a variety of supercongruences have been conjectured by several people,
such as Beukers [2], van Hamme [5], Rodriguez-Villegas [15], Zudilin [16], Chan et al. [3],
and lots more by Z.-W. Sun [11], [I2]. Some of these conjectures are proved using a
variety of methods, including the Gaussian hypergeometric series, the Wilf-Zeilberger
method and p-adic analysis.

In a more recent and illuminating article, Apagodu and Zeilberger [1] discuss applications
of constant term extraction for finding and proving congruence identities (modulo primes)
of indefinite sums of many combinatorial sequence. At the end of their paper, they propose
some supercongruences for multiple sums as conjectures. In this paper, we prove one of
them, including a new companion, and we leave some remarks for the others. To be
specific, we confirm the following supercongruence that appears as Conjecture 6’ in [IJ.

Theorem 1. Let p > 2 be a prime, and let r, s, t be any positive integers, then

Wi%”’i(mﬁmﬁmg)zgi Siti(mﬁmﬁmg) )
m1=0 ma=0 m3=0 M, M, M3 g m1=0 ma=0ms3=0 i, M, M3

The paper is organized as follows. The preliminary sections, Section 2 and Section 3,
target a host of results which are relevant for our present purpose. In Section 4, we
supply the proof for one of our main results - Theorem [II The penultimate section,
Section 5, recalls the notion of abelian squares [9] and subsequently provides congruences

for a triple sum of squares of multinomial terms. The final section, Section 6, concludes
with a few remarks.
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2. PRELIMINARY RESULTS ON HARMONIC SUMS

For r > 0, let s = (s1,...,s,) € (Z*)" and let x € R. We define the multiple sum

. x if s; <O,
Ha(siz) = 3 Hk\ with xi_{lifsi>0.

1<k < <kr<n =1

The number I(s) := r is called the depth (or length) and [s| := }"_, |s;| is the weight of
the multiple sum. By convention, these sums are zero if n < r. H,(s;1) is the ordinary
multiple harmonic sum and in that case we will simply write H,(s). We denote the
ordinary harmonic sum H,(1) by H,. Some known harmonic-sum evaluations include:

zn:(Z)Hk:Q” (Hn—§;$> , 2)

k=0

zn:"QH—Q”(zH—H) (3)
L k — n n 2n) -

k=0

These identities (2)) and (3]) are found in [8, (39)] and [4, (3.125)], respectively.

Let T'(n, k) = (—=1)"7*(}) ("Zk) Then, we have

The identity () is found in [4, (3.150)] and the identity (B]) in [7, Theorem 2].

Lemma 1. The following holds:

> T(n,k)Hy, = 3H, — Hy.po). (6)
k=0
Proof. Let F(n,k) = %( . )(":k)n and 0g(n) be the indicator function of E C Z.
We first show that
n—1
F(n —0oda(n), (7)
k=0
We follow the Wilf-Zeilberger method. Define W (n, k) = 2(—=1)""*1(,")) (Zirlf) and then

(routinely) check that F'(n+ 2,k) — F(n,k) = W(n, k —|— 1) W (n, k). Summing over all
integers k and telescoping, we get S 10 F(n+2,k) = S_7-) F(n, k). For initial conditions,
compute at n = 1 and n = 2. This settles the argument on this parity result ().



Now we prove, by induction on n, that

J

5
E T(n,k) :HQn—éHn‘I“HLn/QJ. (8)
k=0

n—1 1
;2j+1

The case n = 1 checks —1 = —1. Assume the statement holds for n — 1. Define G(n, k) =
2(=1)"* (") (ZHf) and verify that T(n kE)y—Tn—1,k)=Gn—1,k+1)—-G(n—1,k),
also the summation >>7_  T(n, k) = >23_ T(n—1,k)+G(n—1,j+1). Based on (@), the

induction assumption and the identity () from above, we gather

n—1 7 n—1 J n—1 s .
T(n,k T(n—1k )" n—1\[n+
Yy = He ke LA () ()
i=0 k=0 </ a=0 k=0 *J = J J
5H,_, T(n—1,k)  28,0(n)
= Hyy, o — H B
2n—2 5 T Hln-n/2 +k20 o — 1 -
5Hn—1 1 25Odd(n)
= Hopo — Hi _
2n—2 T Hln-y2) T 5o -
5 25even(n)

5!
= Ha, — éHn_'_HL(n—l)/QJ + = Ha, — éHn+HLn/2J-

By induction, the claim () holds true.

To prove (@): employ Hy, = Zf 1 2j T +5 Hk twice, Abel’s summation by parts, equations

@) and @), again > 7, ﬁ = H,, — 3H,, and then equation (§). The outcome is

k

ZTnksz_ZTnk22]_1+ ZTnkH

1 —~ 1
T(n,k)ZQj_l —;QjHI;T(n,kHH

k=0 j=1

3

1 D

= 3Hn — HLn/QJ.

The proof is now complete. 0
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Let ¢,(2) = (2>~ —1)/p and p > 3 a prime. These are known (see [14, Sections 1 and 7]):
(

H, 1=,0, 9)
H, 1(2)=,0, (10)
H, 1(1,1)=,0, (11)
Hy1(~1:2) =, —2,(2) | (12)
Hp1(—1;1/2) =, q,(2) , (13)
H, 1(-2,-1)=,0, (14)
Hyoi(<22) =, —g2(2) | (15)
Hy1(1,-1;-1) =, ¢5(2) (16)
H, (1,-1;2)=,0, (17)
H, 1(-1,1;1/2)=,0. (18)
3. MORE PRELIMINARY RESULTS
In the next section we will need the following results.
Lemma 2. Let p > 2 be a prime, then we have
p—1 k—1 :
1 27
o > == 0, (19)
- j=1
and X
p— k k—1
2 1
T2 =, —2¢2(2). (20)
k=1 " j=1
Proof. By (I8)),
p—1 1 k—1 97 p—1 2716 k—1 2]?7] p—1 k-1 9—j
—k; J— Ep R — = —
k=1 2 j=1 J k=1 k j=1 k J k=1 j=1 k(k ‘7)
p—2 4_; p—1 P—2 H_; p—j—1
277 1 1 277 1
:Z— Z (kf—g): — E_Hp—l(_lahl/z)
PR e} J -1 4 =
e e R |
= — —— —H, 1(—1,1;1/2) =, —2H, 1(—1,1;1/2) =, 0.
- oo P

T
1
T
L
T
1

-

T
L

Hp71<_1§ 2) : Hp71<_1§ 1/2> = Hp71<2> + Tk



Lemma 3. Let p > 2 be a prime, then

bS]
—_

I 21
L2 (@) =p —2¢,(2). (21)

k=2 m=

=

Proof. We have that

p—1 1 p—1 (_1>m_]<; p—1 1p717k (_1)771 p—2 1 k—1 (_1)m
72 m - 72 Etmy AT Ftm
k=2 k m=k (k) k=2 k m=0 ( m ) k=1 <p k> m=0 (p m )
=P 72 -1\ Tok —
k=1 k m=0 ( ) k=1 2 j=1 J
p—1 k—1 s
Y o, ,(~1;2)
=N Ny, () -
k Z j + Hp 1( ) (p _ 1)2p—1

where we have used the congruences (I2), (I9),

(P - D o= (5

j=k—m

and the identity

ka|b?

1 [~
N

for which the reader may refer to [4, (2.4)]. O

Lemma 4. Suppose i and j are non-negative integers and p > 2 is a prime. Then, for
0 <r <p, we have

() (D) leermrg).

and
L p—1+4(i+j)p i+ i+j+1
B = 3 14+ (Gi+j+1 2 202(2) ) .
ST = () (g e (T )

(23)
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Proof. We have that

. . . . . r—1 .
(t+5)p\ _ (G+5)p\_Jp ij—k
r4p p 2p+r 2p+k
_<H§maw”ﬁ—”
=3 T
P 1 wp+r k:11+2—

k.
= (”‘QM (1 Zfs (1 — jpH, 1) (1 — ipH, )

7 T

o (R )

Congruence (22)) follows as soon as we note that

(p) . p(%)r_l (1—pH,_,).

where in the last step we applied (22]). By () and (I6), we get

) e oI

=1 r=1 r=l

2
pq;(2)
:_g(Hp—1(17_1§_1)+Hp—1(1’1)) =y

In a similar vain, (I0) and (I4]) imply

1

i(‘ﬁ;@ﬁ%wﬁ%lewmmm 0.

l



Moreover, we have the identity

p—1 1 l
[ r
=1 =1
Finally, we obtain

S (7T o () (2T ) )

T

m=0
which is equivalent to (23)). O
Lemma 5. Let i, j be non-negative integers and p > 2 a prime. Then, for0 < m < k < p,
we have
k+(i+7)p i+7\ [k o 4 .
= 1 H;, — jHy_,, —1H,,)), 24
(MY < () () st i = it i), @)
and

S (M) (1) <1+pz+yi ;) @)

£
S ORIEHE S AL IO oI (39 [Ih!

Then we apply [22) modulo p? so that

A B G L SRR S TR RS wI ([ |

() Jama=a() # () (020

= (") ()00l ) gt~ i)

1

From (24]), by summing over m we obtain

i (ktn<i¥)p) _. (wlry) <2k +p(i + ) <2ka—i (Z)H’”» ,

m=0 m=0

Congruence (25]) follows after applying the identity from (2)). O
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4. PROOF OF THEOREM [I]
Let LHS and RHS be the left-hand side and the right-hand side of ([Il). We have that
rp—1 sp—1 my -+ m tp—1 My -+ Mo +m
LHS — 1 2 1 2 3
> (M) (e
m1=0 ma2=0 m3=0
rp—1 sp—1
my+mg\ (Mmy + mg +1tp 1
— > > (M) |
=0 ra—0 mi + Mo mi + meo +
rp—1 m+sp—1
kN (k+1tp\ 1
— ¢ -
> () ()

m=0 k=m

_, Zl L prlmipd (k; + (i +j)p) (k t (it —l—t)p) 1
P2, . m + ip k+(i+i)p Jk+(G+jp+1

Aot %lp1<k+@+j))<k+@+j+tm) 1
iy =P m + ip k+(Gi+i)p Jk+tGtjptl

. tp <(i+j+t+1)p)§<(i+j+l)p)
Ui+ Dp 1IN\ i+ p )= mtip )

p1m1<k:+(2+j+1))(k:+(i+j+t+1)p) 1
- m +ip k+(@+j+1)p Jk+1+0G+j+1)p

m=0 k=

In a similar way

r—1 s—1 . .
t+g\[(t+g+¢ 1
RHS =t —_—.
S () )

Wolstenholme’s theorem (“p ) 3 ( ) and ("1p+"°) = ("1) (Zg) deliver

kip+ko/ TP \kp

. . 2 . . pfl _ . .
Bo—. ti+j+1)p <Z+j+t+1)z<p 1+(2+])p) 1
=1

TP G4+ Dp+1\ i+ +1 m—1+ip Jm+ip

ittt i\ L p—1)\1
=stp?(i +j+1 E —
p 7+ )< i+j+1 )( i )m (m—l)m

=1
i1+j+t
=3 2tp (z+]+t+1)< Z‘;t )qp(2),




because of the fact that

p—1 p—1
p—13\1 1 P 2P —2
—:—g = 2q,(2).
<m—1)m p 4= <m) p %(2)

Finally, we note that for k < m < p:

Fipy 1 k m—(k+1) ey
( )—m H]+p jHl (p—3j) = T AR

g

and

<k+(z’+j+1)p) _(kt+p+(+4)p)---(+(i+5)p) <k+p—m+(i+y‘)p)
m —+ ip (m+ip)--- (1 +1ip) ip

= (i+j+1)<k:’;p> <k_m+p.+(i+j)p)

p

P (i
= g ()

Furthermore,
(k+(i+j+t+1)p): (i+j+t—|—1)
k+(@+i+Dp ) P\ i+j+1 )

and thus we obtain

+J

1m 1
o itj4+t+1\ [(i+7) «— m—(k+1)
CijEPStp2(1+]+1)( o 1 )( ‘7) —m
L+ g+ =0 k=1 )(kJrl)
2 p—1 _
P4+t — 1 —1)m- (kD)
_pstp(l+]+t+1)< J ) e ey
%]t k=1 m=k+1 (k+1)
L p—1 m—Fk
i+t = 1 (-1
=5 1p (z+]+t+1)< i3 ¢ )Zﬁ o
k=2 m=k k
_l’_
)

=5 —2tp (z+j+t+1)<

) J

where in the last step we used (2I). Therefore B;; + C;; =3 0 and it suffices to show that

; LN Jid
Aijzpaf@;?)(”ﬁ ) (26)
1+ 7+ 1 1 149
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Now, by (23],

p—1 kK k
B 1 (i+j+t+1) p—1+( z—i—j)p)
P2 _i+j+t+1< (i+7+1) )Z( m + ip

k=p—1m=0 m=0

R b A W (e A DRI (RO
Pyt i+1\ i+ i

= <Z I H) <# (@) + & ;j) pzqﬁ@))

1,7,1 t+7+1
because
op—1(i+j+1) 1+ pg,(2))i+i+! 1 1+
( . ). _ | , p( ) = —— +pqp(2)+< )pz(ﬁ(?)-
1+j+1 1+j+1 t+7+1 2

Moreover by (24]) and (25),

Ppii" —p3p2(k+1 k2++1§)) (iﬁ;‘rt)(Hp(Hj)H’“)

k=0 m=0 k=0

Zk(ztj) (1 +p(z’+j)§::1$>

=P (Z It t) <Hp_1(—1; 2) = pli + j)Hy 1(~2;2)

AN

+p(i 4+ J)Hpa (1, =1;2) + p(i + 7)

k:
. 1+7+1 ()
=3 — —
g JUT
where in the last step we used G]Z]), (I3), ([T7), and (20). Hence
ittt
=t -

and the proof of (20) follows. Therefore, Theorem [Il has been validated.

5. SUPERCONGRUENCE FOR SUM OF ABELIAN SQUARES

In this section, we consider a supercongruence for a triple sum of squared multinomial
terms, which one can regard as a close companion to Theorem [I and these appear in the
following context (see [9] for details). An abelian square is a nonempty string of length
2n where the last n symbols form a permutation of the first n symbols. If fy(n) denotes



11

the number of abelian squares of length 2n over an alphabet with k letters, we have [9]
2
ny+mne+ -+ ng
-5, (L)
Ny, Noy ..., N
ni+--+ng=n

We are ready to state and prove our second main result, namely the congruence that we
promised for the abelian squares which is very much in the spirit of Section 4.

Remark 2. We remark that the congruence (28) implies that the number of abelian
squares over an alphabet with 3 letters whose lengths are positive and less than 2p, is
divisible by p? (see entry A174123 in OEIS, Online Encyclopedia of Integer Sequences).

Theorem 3. Let p > 2 be a prime, and let r, s, t be any positive integers. Then

rp—1 sp—1 tp—1 2 r—1 s—1 t—1 2
ST () S S S (M)
2
p .
mq, Mo, M mi, Mo, M
m1=0 mo=0 m3=0 L 2 3 m1=0 mo=0 m3=0 L 2 3

Proof. We have that the LHS is
r— —1 -1 -1 . . . . .
zi pz: pz: pz: <m1 +mg 4+ ma + (11 + i +13)p)2<m1 +mg + (i +12)p>2
11=0 m1=0 mo=0 m3=0 3 + ng m2 + ZQp
If my +mo > p then 0 < my +my —p < mo < p and p divides (mﬁzzi(ii;”?)p). Hence
modulo p? we can assume that m; + ms < p. Using a similar argument for the other
binomial coefficient, we can assume that m; + mgy + mg < p. With these assumptions, by
using (24)), we obtain that the LHS is congruent modulo p? to
§§§<Z1+22+23)2 Z (m1+m2+m3)2
1=0i=015=0 \ 1 !2)13 mybmatma<p N VL 112,103

’ (1 + 2p((i1 +iz+ Z.3)HM1+m2+m3 - ’ilel - ,L.QHWQ - i3Hm3)) :
So, it suffices to show that (this is the case r = s =t = 1!)

s t—

-1 1
12=013=0

2

mi+me +m
> ( P 3) =, 1 (28)

m1+ma+ms<p iy, Ma, M

and
2
my + mg + M3 _

Z ( my, ma, M ) (Hm1+MQ+m3_Hm1) =p 0. (29)

mi+mo+m3z<p

Before proving (28)), we opt to rewrite the LHS and apply Vandermonde-Chu’s identity
followed by interchanging the order of summations so that

=SS (V) S () S @S

a=0 b=0 c=0 a=0 b=0 b= a=b
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Denote p’ = p;l. Next, we break this up into two separate claims:

CEEEE e w5 ()5

a=p
b#p'

As regards the first one,

Il
=
[ V]
’E\
H
N ~

because p divides (2(p 1= b) forb=0,...,p' — 1 and (p 1aa) =, (-Dbia(bia)-

Hence, it suffices to show that, for b=10,...,p  — 1,

) (71 0)

Replacing ¢ = p — 1 — b, this claim tantamount: for c=p' +1,...,p—1

¢ —1-a\* /2
(1) ()=
=0 C— a C

Since p divides (2;) forc=p'+1,...,p—1and

p—1—a _ c
=2 (1) 1—p(H.— H,)),
(i ENC I R L A)
it follows that

S0 () S )

a=0
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where we used the identity from (3]), p(zcc)H =,2 0 and ( ) pHoe =2 1.
As regards Sy, we have that (see [10, Lemma 2.5]), for a = 0,...,p/,

<p’ + a) = (1) (Z;/) (14 p(2Hz — H,)) -

G_l):<ﬂﬁﬂ)5ﬁ‘4y“lHﬂﬂ%a—fw»zﬁGJWa—pmn,

= 0 S0 () () 0k plor )

a
a=0
After using identity (), it suffices to show that

i(—qp'—a (7;) (p/ : a) (2Hso — Hy — Hy) =, 0. (30)

a=1
At this point, invoke the identities ([)), (B) and (). Then, (30) becomes
6Hy —2H|p /2 —2Hy — Hy = 3Hy — 2H |y )51 =, 0
which holds because it is known (see [0, congruences (41)-(44)]) that H, =, —2¢,(2) and
Hypa) =p —365(2).
We now turn to the congruence (29), which can be reformulated as follows

e a ANV S Y (PR

a=0 b=0 c=0 a=0 b=0 c=0

Applying the Vandermonde-Chu identity and swapping the order of summations, the
left-hand side of (BI]) equals to

o (2h L (26 &= [a)

LHS = = .

=22 ()0 -2 ()50 -
a=0 b=0 b=0 a=b

An analogous procedure allows to express the right-hand side of (31)) as

p—1 20 p—1 R

RHS = H, .

Z ( b) Z (b) b
b=0 a=b

Therefore, our task boils down to proving

L(MEE) =5 0)Z0)
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In fact, since p divides (be) for p’ < b < p, it suffices to show, for 0 < b < p/, that

pz_i <Z)2<Ha — H, ) =, 0. (32)

a=b
The case b = 0 is trivial. Note that if p — 1 does not divide 1 then ZZ; a' =, 0 (see, for
instance [6, equation (16)]); Or, more directly, since S 7~ 105 0 and because the map

a + a' is an isomorphism of the group F,, we have Zz —,a" =, 0. On this basis and
starting the summation (harmlessly) at a = 1, we obtain

Z(b) (Ho— H,0) - Z()Z S s

a=b a=b j=0 a=1 j=0,j#a
p—1 2b—1 2b—1 p—1

b'ZZ 10‘”:2% -
i=1 a=1

a=1 i=

for some integers «;. Since 1 <i < 2p’ — 1 = p — 2, the proof follows. O

6. SOME FURTHER REMARKS

Let us consider the double-sum counterparts of those sums from the last two sections.
First of all, it is evident that

S8 ()= ()= SR ()

m1=0 mo=0 m1=0 mo=0
Moreover, the Supercongruence 5’ in [1] says that

rp—1 sp—1 r—1 s—1

Z Z my + Mo ( ) mi1 + mao
ma )

m1=0 mo=0 m1=0mo=0

As a matter of fact, as before, the LHS is

r—1 s—1 )
11 + 29 mi + Mo ) ) ) )
(1+2 Hppyimy — i1Hpm, — isH,,)) .
Z Z ( ) Z < my ) (14 2p((i1 + i2) Hpy+ 11 19 )

11=012=0 mi+mo<p

Now, by Vandermonde’s convolution,

Z mi + mo 2: pli k 2_p71 2K\ _ (]_9)
mi B mq - ]{Z B 3

mi1+ma<p

where in the last step we used [I3| congruence (1.9)]. Here, () is the Legendre symbol.
So, it suffices to show that

> (ml ’ m2>2 (Hoymy = Hiny) = 0 (33)

my
mi1+mo<p
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which can be proved as before. By [Il, Proposition 7’], if p > 3 is a prime and rq,...,7,
are positive integers, then

rip—1 rpp—1 mi+---+m, B r1—1 rn—1 mi—+---+m,
Z Z(ml,...,mn ):pzuiz(ml,...,mn )

m1=0 my=0 m1=0 my=0

What can be said of

IR0 31 RS ISP S G I

m1=0 mp=0

Apagodu and Zeilberger [1] succeeded to prove Theorem [T} by the constant term method,
modulo p, although our method yields modulo p3. Below, an intermediate congruence
(modulo p?) is established by allowing the two techniques to work in tandem. For nota-
tional simplicity, adopt the cyclic notation [].,.U(z,y,2) = U(x,y,2)U(z,z,y)U(y, 2, x).
Leaving out the initial steps, for which the reader is referred to [I], we commence with:

— <m1+m2+m3):CT( 1 H(x+y+2)p—:pp

o \ T, Mg, Mg xyz)P~1 " y+z
1
_ p 1 p—1
_CT(:EyZ)plclyc|<y+Z +E <)x (y + 2)"~ )

We proceed with this equation by identifying two separate contributors. For the first
. —1\ __ 1 —
piece, use (pj ) =p2 (=1)7 [1 — pH;] and Hy =, —2q,(2) (see [6, (41)]) so that
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For the second part, apply (£) =, (—=1)*12, (*-1) =, (~1)/ and (I2) to obtain

k> J

(]

1 -1 -1 — P\ _p—k k—1
CT —= [ |+ @ +2)7 ECRS)

(.TyZ) cyc k=1
1 p1 p—l o p—l . .pil P
et (X (7 ) (7)o X (1) e
Yy cyc \1,j=0 J k=1
~1 o
= 3 (00 0)
=\ i J\i+i+1)\ i
itj<p—1
p—1 . . p—2 k
1 i+ 1 k)
=23 _ =3 —_—
”QPZ.Z:O i+j+1( i ) pk_0k+1,:0(j
i+ ep—1 B !
p—2 ok
= pz k——H EPQ —3pqp(2)
k=0
Combining the two pieces, we arrive at y » fm%mg:o (mwl:zztn?’) =, 1.

1]

NS

=
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