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Abstract

In this paper, we mainly study the stability of iterated polynomials and linear
transformations preserving the strong g-log-convexity of polynomials

Let [T}, k]n,k>0 be a triangular array of nonnegative numbers. We give two cri-
terions for the linear transformation

yn(@) =D Torwr(q)
k=0

preserving the strong g-log-convexity (resp. log-convexity). As applications, we
derive that some linear transformations (for instance, the Stirling transformations
of two kinds, the Jacobi-Stirling transformation of the second kind, the Legendre-
Stirling transformation of the second kind, the central factorial transformations,
the Catalan transformations of Aigner and Shaprio, the Motzkin transformation,
the Bell transformation, and so on) preserve the strong g-log-convexity (resp. log-
convexity) in a unified manner. In particular, we confirm a conjecture of Lin and
Zeng and extend some results of Chen et al. and Zhu for strong g-log-convexity of
polynomials.

The stability property of iterated polynomials implies the g-log-convexity. By
applying the method of interlacing of zeros, we also present two criterions for the
stability of the iterated Sturm sequences and g¢-log-convexity of polynomials. As
consequences, we get the stabilities of iterated Eulerian polynomials of Types A
and B, and their g-analogs. In addition, we also prove that the generating func-
tions of alternating runs, the longest alternating subsequence and up-down runs of
permutations form a ¢-log-convex sequence, respectively.
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1 Introduction

The main objective of this paper is twofold: one is to study the linear transformations
preserving the strong g-log-convexity of the sequences of polynomials and another is to
research one strong property of g-log-convexity called the stability of polynomials.

The Jacobi-Stirling numbers JS¥(2) of the second kind, which were introduced in [23],
are the coefficients of the integral composite powers of the Jacobi differential operator

1
(1 — (1 + 1)

laslyl(t) = (1= (1 + 0"y @)

with fixed real parameters o, 3 > —1. They also satisfy the following recurrence relation:

[

1, JSk(z) =0, ifk¢g{1,...,n},
ISiZi(2) + k(k+2)IS;_1(2), nk>1,

where z = a+ 4+ 1. Actually, these numbers are a generalization of the Legendre-Stirling
numbers of the second kind: it suffices to choose a = g = 0. Recently, the Jacobi-Stirling
numbers and Legendre-Stirling numbers have generated a significant amount of interest
from some researchers in combinatorics, see Andrews et al. [4, 5, 6], Egge [21], Everitt
et al. [22, 23], Gelineau and Zeng [26], Mongelli [39], Lin and Zeng [31] and Zhu [52] for
details. In [31], Lin and Zeng proposed the next conjecture.

Conjecture 1.1. [31] The Jacobi-Stirling transformation

Yp = Z JSﬁ(z)xk
k=0

preserves the log-convexity for z =0, 1.

Recall some notation and definitions. Let {a,},>0 be a sequence of nonnegative real
numbers. It is called log-convez (resp. log-concave) if for all k > 1, ay_jaj.1 > a; (resp.
ar_1ar11 < ai), which is equivalent to that a, 1am+1 > anay (TeSp. ap_10ms1 < anay)
for all 1 < n < m. The log-concave sequences arise often in combinatorics, algebra,
geometry, analysis, probability and statistics and have been extensively investigated, see
survey articles Stanley [46] and Brenti [12] for details. On the other hand, the theory of
log-convexity was recently developed by Liu and Wang [33] and Zhu [51].

For two polynomials with real coefficients f(q) and g(q), denote f(q) >, g(q) if the
difference f(q) — g (¢) has only nonnegative coefficients. For a polynomial sequence
{fn(q) }n>0, it is called g-log-concave first suggested by Stanley if

Fol@)? = fas1(@) fa1(q) =4 0

for n > 1 and is called strongly q-log-concave introduced by Sagan if

fr1(@) frn-1(q) — fn(q) fm(q) 240

for any m > n > 1. Obviously, the strong g¢-log-concavity of polynomials implies the
g-log-concavity. However, the converse does not hold. The ¢-log-concavity of polynomials
have been extensively studied, see Butler [15], Leroux [30], and Sagan [41] for instance.
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For the polynomial sequence {f,(q)}n>0, it is called g-log-convez introduced by Liu
and Wang if

fn+1(q)fn—1(q) - fn(Q)z Zq 0
for n > 1 and is called strongly q-log-convex defined by Chen et al. if

frs1(@) frn-1(q) — fu(q) fm(q) 240

for any n > m > 1. Clearly, strong g-log-convexity of polynomials implies the ¢-log-
convexity. However, the converse does not hold.

The operator theory often is used to study the log-concavity or log-convexity. For ex-
ample, the log-convexity and log-concavity are preserved under the binomial convolution
respectively, see Davenport and Pélya [20] and Wang and Yeh [50]. Bréndén [9] stud-
ied some linear transformations preserving the Pdlya frequency property of sequences.
Liu and Wang [33] also studied the linear transformation preserving the log-convexity.
However, there are fewer results about the linear transformation preserving the strong
g-log-convexity. This is our motivation of this paper.

Given a triangular array [1), x|, x>0 of nonnegative real numbers and a sequence of
polynomials {x,,(¢)}n>0, define the polynomials

(@) = Y Turr(q)

for n > 0. If we take x4(q) = ¢, then it was demonstrated that the corresponding
sequence ¥, (q) has the ¢g-log-convexity or strong g-log-convexity for many famous triangles
[T k)n.k>0, including the Stirling triangle of the second kind, the Jacobi-Stirling triangle of
the second kind, the Legendre-Stirling triangle of the second kind, the Eulerian triangles
of Types A and B, the Narayana triangles of Types A and B, and so on, see Chen, et al.,
[16, 17, 18], Liu and Wang [33], Liu and Zhu [34], and Zhu [51, 52] for instance. Thus
it is natural to consider the strong g-log-convexity of the linear transformation y,(q) by
that of z,(¢). On the other hand, note that a log-convex sequence is one special case of
the strongly ¢-log-convex sequence since the real number sequence {a, },>o is log-convex
if and only if a, 10,11 > ana,, for all 1 < n < m. So it is easy to see that the linear
transformation preserving the strong ¢-log-convexity also preserves the log-convexity.
Let [T}, k]n k>0 be an array of nonnegative numbers satisfying the recurrence relation:

Tx = (aogn + a1k® + agk + az)T,,—1 x + (bon + bik® + bok + b3) Ty 1 (1.1)

with T}, , = O unless 0 < k < n and Ty = 1. Note that all ay, a1, by, b; are nonnegative by
the necessary condition for the nonnegativity of [T}, k]nk>0. For as, by > 0 and a; = by =0,
or ag = by = 0 and ag, bg > 0, then the criterions for the strong g-log-convexity of the
row generating functions were gave by Chen et al. [18] and Zhu [52], respectively. An
extensive result can be presented as follows.

Theorem 1.2. Assume that the nonnegative triangle [T, i|n x>0 Satisfies the recurrence
(1.1) with ay + az > 0 and by + by > 0. If {x,(q) }n>0 is strongly q-log-convezx, then
50 15 Yn(q) = Dop—o Tunxi(q). In particular, if {x,}n>0 is log-convez, then so is y, =
ZZ:O Tn,kxk-



In the following, we will also present another criterion for the linear transformation
preserving the strong g¢-log-convexity.

Theorem 1.3. Let [T, ]nr>0 be an array of nonnegative numbers satisfying the recurrence
relation:
Tk = fe Tocak—1+ 9 D1k + A D1 ki1 (1.2)

with T, = 0 unless 0 < k <n and Tyo = 1. Assume that nonnegative sequences { fi} k>0,
{9k tr>0 and {hi}r>0 are increasing, respectively. If grgri1 > hifri1, then the linear
transformation

Un(q) =D Trar(q)

preserves the strong q-log-convezity, therefore preserves the log-convexity.
By Theorem 1.3, the next is immediate.

Proposition 1.4. Let [T}, ]nk>0 satisfy the recurrence relation (1.2). Assume that T, (q) =
Sor_o Tnig® is the row generating functions. If nonnegative sequences { fitr>0, {9k x>0
and {hi}r>o0 are increasing respectively, and grgr+1 > hifri1 for k > 0, then generating
functions T,,(q) form a strongly q-log-convez sequence.

Twenty five years ago Gian-Carlo Rota said “The one contribution of mine that I hope
will be remembered has consisted in just pointing out that all sorts of problems of com-
binatorics can be viewed as problems of the locations of zeros of certain polynomials...”,
see the end of the introduction of [8]. In fact, polynomials with only real zeros play an
important role in attacking log-concavity of sequences. One classical result is that if the
polynomial Y  a;x" with nonnegative coefficients has only real zeros, then the sequence
ag, a1, ..., a, is log-concave. In addition, many log-concave sequences arising in combi-
natorics have the stronger property, see Liu and Wang [32] and Wang and Yeh [49] for
instance. Using the algebraical method, Liu and Wang [33] found that many polynomials
with real zeros have g-log-convexity. Thus at the end of their paper, they proposed the
problem to research this relation between the g-log-convexity and real zeros. This is our
another motivation.

One of the classical problems of the theory of equations is to find relations between the
zeroes and coefficients of a polynomial. A real polynomial is (Hurwitz) stable if all of its
zeros lie in the open left half of the complex plane. A well-known necessary condition for a
real polynomial with positive leading coefficient to be stable is that all its coefficients are
positive. Polynomial stability problems of various types arise in a number of problems in
mathematics and engineering. We refer to [38, Chapter 9] for deep surveys on the stability
theory. Clearly, the stability property of iterated polynomials implies the g-log-convexity.
Thus it is natural to consider the following stronger problem.

Problem 1.5. Given a sequence {f,(q)}n>0 of polynomials with only real zeros, under
which conditions can we obtain that f1(q)fa_1(q) — f3(q) is stable forn >1 ¢

We say a polynomial is a generalized stable polynomial if all of its zeros excluding 0
lie in the open left half of the complex plane. The following result gives an answer to
Problem 1.5.



Theorem 1.6. Let { f,(q) }n>0 be a sequence of polynomials with nonnegative coefficients,
where deg(f.(q)) = deg(fn-1(q)) + 1 for n > 1. Assume that the sequence {f.(q)}n>0
satisfies the recurrence relation

fulq) = [an + ag + (b1n + ba)q + (c1n + 2)¢%] fa-1(q) + q(as + bsq + c3¢®) f_1(q),

where ay, by, c1, a1 + as, by + b, ¢y + ¢35 are all nonnegative. If { f,.(q) }n>0 is a generalized
Sturm sequence, then it is q-log-convez. Furthermore, assume that {aqy,by,c1} # {0}. If
c1+c3=0, a; +2a3 >0 and by > bz, then f,i1(q)fa1(q) — f2(q) is a generalized stable
polynomial forn > 1.

The generalized Sturm sequences arise often in combinatorics. In addition, the fol-
lowing result given by Liu and Wang [32] provides an approach to the generalized Sturm
sequences.

Proposition 1.7. Let {P,(z)} be a sequence of polynomials with nonnegative coefficients
and deg P, = deg P,_1 + 1. Suppose that

P,(z) = (ant + bp) Po_1(x) + x(chr + dp) P _1(2)
where a,, b, € R and ¢, < 0,d,, > 0. Then {P,(z)} forms a generalized Sturm sequence.

It is well-known that many classical combinatorial sequences of polynomials arising
in certain triangular arrays, e.g., Pascal triangle, Stirling triangle, Eulerian triangle and
so on, satisfy the following recurrence relation (1.3). Let {7, x}o<k<n be an array of
nonnegative numbers satisfying the recurrence relation

Tok = (a1n + ask + a3) Ty + (bin + bak + b3) 151 1 (1.3)

with 7}, = 0 unless 0 < k < n. Let its row generating function T,,(q) = Y ;_, T,xq". By
the recurrence relation (1.3), we have

T,.(q) = ain + az + (bin + by + b3)q] Tr—1(q) + (as + b2q)qT,,_1(q).

By Proposition 1.7, we know that generating functions 7),(¢) form a generalized Sturm
sequence. Thus, the next result follows from Theorem 1.6.

Proposition 1.8. Let {7}, ;. }nr>0 be the nonnegative array as above (1.3) and the row gen-

erating function T,(q) = Y p_o Tuxd®. If az >0 > by, then {T,11(q)Tn-1(q) — T2(q) }n>1
s a sequence of the generalized stable polynomials.

The remainder of this paper is structured as follows. In Section 2, we will present the
proofs of Theorems 1.2 and 1.3. In Section 3, we give the proof of Theorem 1.6. In Section
4, we apply Theorems 1.2 and 1.3 to some famous triangular arrays in a unified manner,
including Stirling triangles of two kinds, the Jacobi-Stirling triangle of the second kind,
the Legendre-Stirling triangle of the second kind, the central factorial numbers triangle,
the Catalan triangles of Aigner and Shaprio, the Motzkin triangle, the Bell triangle, and
so on. In particular, we solve the Conjecture 1.1. Finally, we also apply Proposition 1.8 to
Eulerian polynomials of Types A and B, and their g-analogs. Using Theorem 1.6, we also
obtain the g¢-log-convexities of the generating functions of alternating runs, the longest
alternating subsequence and up-down runs of permutations, respectively.
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2 Proof of Theorems 1.2 and 1.3

Recall that a matrix M = (m;;); ;>0 of nonnegative numbers is said to be r-order totally
positive (TP, for short) if its all minors of order at most r are nonnegative. It is called
totally positive (TP for short) if its all minors of order are nonnegative. Total positivity of
matrices has been extensively studied and is very useful, see Karlin [27] for more details.

The following result for log-concavity is a classical result, which can be applied to
many combinatorial triangular arrays.

Lemma 2.1. [29] Assume that a nonnegative triangular array [A(n, k)|, k>0 satisfies the
recurrence

A(n, k) = f(n,k)A(n — 1,k — 1) + g(n, k)A(n — 1,k — 1).

If2f(n,k) > f(n,k+1)+ f(n,k—1) and 2g(n, k) > g(n,k+1)+g(n,k—1) forn > k > 1,
then
A%(n, k) > A(n,k+1)A(n, k — 1)

form >k >0.
The next result for TP, is very important in our proof.

Lemma 2.2. Let [T, k]nr>0 be an array of nonnegative numbers satisfying the recurrence
Tk = laon + f(k)]Tn-1x + [bon + g(k)|Th-161 (2.1)

with T, = 0 unless 0 < k < n. If both f(k) and g(k) are nonnegative and increasing in
]{Z, then [Tn,k]n,kzo 18 TP2

Proof. For j > i, by recurrence (2.1), we have
Tn—l—l,an,i - Tn+1,iTn,j
[(aon + f(5)) T + (bon + g(3)) T j—1] Tni — [(aon + f (i) T + (bor + 9(i)) Tim1] T

[f(G) = F@O T T + [bon + g(@)] [T j1Ti — TniTh )
0

(AVARVS

by Lemma 2.1 and the monotonicity of f(k) and g(k). Thus we have
L1510 — Thy1,iln; =0

for 5 > 4. It follows that
Lo, 10

Tn+2,an+1,i

Tn—l—l,iTn,ja

Tn+2,iTn+1,j>

AVARAVARLY,

Tn+3,an+2,i Tn+3,iTn+2,j7

Tm,ij—l,i Tm,iTm—l,ju

which imply that
Tm,an,i Z Tm,iTn,j

for any m > n and j > i, that is to say that [T}, x|n x>0 is TPy. This completes the
proof. O



The next lemma plays an important role in our proof.
Lemma 2.3. [/8] Given four sequences {a;}_,, {bi}iy, {ci}y and {d;}’, then we

have
Z a;C; Z bzdz - Z aidi Z bici = Z (aibj — ajbi)(cidj — dei)~
1=0 =0 1=0 =0

0<i<j<n
Proof of Theorem 1.2: In the following proof, we simply write . for x(q).
In order to prove the strong g-log-convexity of {y,(q)},>0, it suffices to show for n > m
that
Yt 1(@)Ym=1(0) = Yn(Q)ym(q) =4 0.
Assume that f(k) = a1k? + azk and g(k) = bik* + bok. Since all ay, by, ay + as, by + by are
nonnegative, both f(k) and ¢g(k) are nonnegative and increasing in k. So it follows from
Lemma 2.2 that the matrix [T}, x|nx>0 is TPo. In addition, for j > i, we also have

90 + Dwixjn — g(i + Dainr; 24 900+ 1)[ziwj — 2] 24 0 (2.2)

since {x,,(q) }n>0 is strongly ¢-log-convex. Thus if we view 15,1k, 1)k, x5 and f(k)xy as
ay, bi, ¢, and di in Lemma 2.3, respectively, then we obtain that

n m—1 n m—1
Z F(k)T, ks, Z L1 pTr — Z T, 1Ty Z F(k) 1 ki
k=0 =0 k=0 k=0

= ) fR)Tupwr Y Torpwr — > Tupre Y f (k) Dot st
k=0 k=0 k=0 k=0
= Z [f(]) - f(i)](Tm—l,iTn,j - Tm—l,an,i)SL’iSCj

0<i<j<n

>, 0 (2.3)

since f(k) is increasing and the matrix [T, k], k>0 is TP2. Similarly by Lemma 2.3,
it follows from (2.2), 2-order positivity of [T}, k]nk>0 and the strong g-log-convexity of
{z1(q) }n>0 that we have

n m—1 n m—1
Z gk + )T, pxia Z To—1 5Tk — Z T T, Z g(k 4+ 1) Th—1 kTt
k=0 k=0 k=0 k=0

= Z gk + )T, pxia Z To—15xTk — Z T kT, Z g(k+ 1) Th—1 kTt
k=0 k=0 k=0 k=0

= Y DTy = Ty Tl 90 + D — g6+ 1zisay]

0<i<j<n
>, 0 (2.4)
and
n m—1 n m—1
Z[bon + b3]T, kTt Z T kT — Z T i, Z(bom + b3) 11 kTt
k=0 k=0 k=0 k=0
= Z (bom + b3) [Tm—l,iTn,j - Tm—1,an,i] [SL’inH - $i+1$j]
0<i<j<n
>, 0. (2.5)



Thus, for n > m, by the recurrence relation (1.1), we have

Yn+1(@)Ym-1(0) — Yn(@)ym(q)

n n+1 m—1
— [Z(aon —+ f(]{?) + as + CLO)Tn’kQEk + Z(bon + g(k:) + bg + bO)Tn,k—lxk Z Tm—l,kxk
k=0 k=1 k=0

n
— E T kT
p

m—1 m
Z apm —+ f —|— ag)Tm_kak + Z(bom + g(k) + bg)Tm_l’k_liL’k]

k=0 k=1
= Z[aon‘i‘f( + ag nkl’kZTm 1k$k—ZTnkaZaom+f To—1 kx| +
L k=0
n+1 m—1
Z(bon + g(k:) + b3 -+ b(])Tn k—1Tk Z Tm 1,kTk — ZT” Lk Z b(]m -+ g(k) + bg)Tm_Lk_lSL’k]
| k=1 k=0 k=0 k=1
= Z nkaZTm 1ka—ZTnk$ka g lkxk]
L k=0
m—1 m—1
+a0(n — m+1 ZTnkxk ZTm 1,kLk +b0(n — m+1 ZTnkxk+1 ZTm 1,kTk
k=0 k=0 k=0 k=0
[ n m—1 m—1
+ Z(bom + b3) T kTt Z L1 1Tk — Z T kT, Z bom + b3) 151 kxk-i-l]
L k=0 k=0 k=0 k=0
[ n m—1 m—1
+ gk + )T, pxrsa Z To—15xTk — Z T kT Z g(k+ 1)1, 1 kxk+1]
L k=0 k=0 k=0 k=0
m—1
= Y UG) = FONTmeriTng — Tre1 jTni)wiz; + ag(n — m+ 1) ZTn 6k Y Ttk
0<i<j<n k=0 k=0
m—1
+bo(n —m +1 ZTn KTkt 1 Z L1 1Tk
k=0 k=0
+ Z (bom + b3) [Tm—l,iTn,j - Tm—1,an,i] [$i$j+1 - $i+1$j]
0<i<j<n
+ D [Tn1iToy = To1 3Tl 90 + Dawjin — g(i+ D]
0<i<j<n
>, 0
by (2.6), (2.4) and (2.5). This completes the proof. O

In what follows we will prove Theorem 1.3. The following lemma has been proved in
[51, Theorem 1].

Lemma 2.4. Let [T, k]n k>0 be an array of nonnegative numbers satisfying the recurrence
relation:

Tk = frTo—ip—1+ gr D1 + P Trm1 i
with T,, ), = 0 unless 0 < k <n and Tyo = 1. Assume that nonnegative sequences { fi } k>0,

{9k tr>0 and {hy}r>o0 satisfy grgr+1 > hifri1, then the lower triangle matric [T, k]n x>0 s
TP,.



Proof of Theorem 1.3: In the following proof, we simply write zj, for zx(q).
In order to prove the strong g-log-convexity of {y,(q) }n>o, it suffices to show for n > m
that

Yn+1(Q)Ym-1(2) = Yn(@)ym(q) 24 0.
Thus, by the recurrence relation (1.2), we have

Yns1(D)Ym-1(0) = Yn(@)ym(q)

> ATwsorwr+ Y g Topwn + Y Ty pati
k=0 k=0 k=0

m—1
E L1, kTk
k=0

— Z Ty kTk [Z e lom—1 17k + Z Ik Lom—1 kT + Z hkTm—l,kHSCk]
p k=0 k=0 k=0

n+1 n n—1 m—1
= E [T p—1xr + E 9k Lo kT + E I T k1T L1 1Tk
k=1 p k=0 k=0
n m m—1 m—2
— E Tk Tk E e lom—1 17k + E Ik Lom—1 kT + E T —1 k1%
k=0 k=1 p k=0

[n+1

m—1 n m
= E Jiln k-1 E To—1 kT — E T k) E e Tm—1 k—17k
k=1 k=0 k=0 =1
[ n m—1 n m—1
E gkl ik Tk E To—1 k%) — E T kT E Ik Lm—1 xTk

[n—1 m—1 n m—2
E hiTh g1, E L1 1Tk — E T kT E L1 1%k
[ n

m—1 n m—1
= E Jr1 Dok Trt1 E L1 1Tk — E T 1Tk, E Jre1Tm—1 kTrs1
k=0 k=0 k=0

L k=0

[ n m—1 n m—1
E gkl ik Tk E To—1 k%) — E T kT E Ik Lm—1 k%K

[ n m—1 n m—1
E P11 kTr—1 E To—1 kTp — E T kTk E Pie—1 L1k Th—1
k=1 k=0 k=0 k=1

_|_

_|_

+

_|_

[ n n n n
= E Jr1Tn kTrt1 § Ton—1kTk — § Tk Tk § frr1 Tt ks | +
| k=0 k=0 =0 =0
[ n n n n
E gkl k Tk E To—1 kT — E T kg E Ik Lm—1 Tk | +
[ n n n n
E hie—1Ty, k-1 g Tt ki — g T 5%k g 1T —1 =1 | +
= k=1 =1 =1

Z hi—1 (Lo Ton—10 — TnoTim—1k) SL’k-ﬁo] .

LEk=1



By Lemma 2.4, it is clear that > ;| hx—1 (TnxTm—-10 — TnoTm-1k) Th—1T0 >4 0.
On the other hand, similar to the proof of Theorem 1.2, by Lemma 2.3, we have the
following;:

n n n n
E Jr1Tn kTrt1 § L1k Tk — § Tk Tr § Jr1Tom—1 kTht1
=0 =0 =0 =0

= E [Tm—l,iTn,j - Tm—l,an,i] [fj+1$i$€j+1 - fi+1xi+1$j]

0<i<j<n
Zq 07

n n n n
E gk L Tk E To—1 Tk — E T kT E Ik Lm—1,5xTk
p k=0 k=0 k=0

= Z 195 = 9il(Tm—1,iTn; — Tin-1,;Tni)TiT;

0<i<j<n
>, 0
and
n n n n
E hk—lTn,kZEk—1E L1 kT — g Tn,kZEkE P11 k-1
k=1 k=1 k=1 k=1
= E [Tm—l,iTn,j - Tm—1,an,i] [hj—lxixj+1 - hz‘—1$z‘+1$j]
1<i<j<n
>, 0.

Hence for any n > m, we have

Yn+1(Q)Ym-1(q) = Yn(@Q)ym(q) =4 0.

This completes the proof. O

3 Proof of Theorem 1.6

Following Wagner [47], a real polynomial is said to be standard if either it is identically
zero or its leading coefficient is positive. Suppose that f,g € RZ. Let {r;} and {s;} be
all zeros of f and g in nondecreasing order respectively. We say that g interlaces f if
deg f =degg+1=mn and

Tn < Spo1 <o -<sp <rg <51 <7y (3.1)

By g = f we denote “g interlaces f”. For notational convenience, let a < bx + ¢ for any
real constants a,b,c and f < 0,0 < f for all real polynomial f with only real zeros.

Let { P,(x) }n>0 be a sequence of standard polynomials. Recall that {P,(x)} is a Sturm
sequence if deg P, = n and P,_1(r)P,11(r) < 0 whenever P,(r) = 0 and n > 1. We say
that {P,(z)} is a generalized Sturm sequence if P, € RZ and Py < P < --- < P,_; =<
P, < ---. For example, if P is a standard polynomial with only real zeros and deg P = n,
then P, pP(=1 P’ P form a generalized Sturm sequence by Rolle’s theorem.

In order to simplify our proof, we need the following lemma.
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Lemma 3.1. [24, Lemma 1.20] Let both f(x) and g(x) be standard real polynomials with
only real zeros. Assume that deg(f(x)) = n and all real zeros of f(x) are s1,...,s,. If
deg(g) = n — 1 and we write

g(x) = Z cif(x)

)
T — S;
i=1 g

then g(x) interlaces f(x) if and only if all ¢; are positive.

Proof of Theorem 1.6:
Since

fal@) = [an 4 az + (bin + b2)q + (e1n + ¢2)¢%] fa-1(q) + q(as + bsq + c34%) fr_1(q),

it follows that

Fa1(0) fao1(q) — f2(q)

= {lain +as+ay + (bin + by + b1)qg + (cin + o + 1)@ fu(q) + qlas + bsq + c3¢*) f1(q)}

fae1(q) = {[arn + az + (bin + ba)q + (crn + €2)¢%) fa-1(q) + q(as + bsq + c3¢°) 1,1 (q)} fulq)

= (a1 +biq+ a1@®) fu(@) fa-1(q) + qlas + bsq + c3¢®) [ (@) fa1(@) = Ful(@) f1_1(q)]

= 22 [0+ b+ ) B gt b+ o) (f};ég))/] |

Note that { f,,(q) }n>0 is a generalized Sturm sequence. Thus, if we assume that the all non-
positive zeros of f,(q) are ordered as ry > 1y > ... > 1, then f,_1(q) = fu(¢) >y p—
by Lemma 3.1, where s; > 0 for 1 < i < n. Hence,

frs1 (@) faa(q) = f2(q)
fnz(q) {(al o+ Clqz) fn_l(Q) - Q(a3 + bsq + 03612) (fn—l(q)) }

fulq) fn(q)
= fXq) |(ay + big + c1d?) Z ; ir + q(as + bsq + c3¢°) Z ((1_877”)2]

n

) si[(a1 4+ biq+ c1¢?)(q — i) + qlas + bsq + c3¢%)]
fn(Q) ; (q — Ti)2

n 2
= ) sil(er+c3) + (b +bs — c1ri)g® + (a1 + as — biry)g — arr] <;"<q> ) :

1=1

which is a polynomial with nonnegative coefficients since

(c1 +¢3)q° + (by + b3 — e1m3) @ + (a1 + a3 — byri)q — arry, =

— 14

are all polynomials with nonnegative coefficients for 1 < ¢ < n. Thus {f.(¢)}n>0 is
g-log-convex.
In the following, we proceed to demonstrate the second part that

Jor1(@) fa-a(a) — f2(q)

11
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is a generalized stable polynomial for each n > 1. Note that

Fas1(@) fa—1(a) = f2(q)
— (q) Z s; (a1 + big + c1q )((Qq—_ij))j q(as + bsq + c3q )]

Thus we only need to show that

z": si[(by + b3 — e1m3)@? + (a1 + a3 — byri)q — ai7;)
— (q— ;)2

(3.3)

has no zeros in the right half plane since ¢; + ¢35 = 0. Let ¢ = = + yi, where i is the
imaginary number unit. Then, for x > 0 and » < 0, it follows from a; 4+ 2a3 > 0 and
b; > b3 that we have

2 2R (b1 + b3 — c17)q® + (a1 + az — byr)g — ayr
o= = Pe e )
- ) — P Re (b1 + b3 — 1) (z + yi)? + (a1 + ag — byr)(x + yi) — ayr
= [t - yPhe " )
= (B—oar)(@* —9*)?+ (B —cir)z*(r® — 2zr) + (A — abyr — ayr)(x — 1) +

y? {42°B + A — (2B + by)ar — (a1 + 2a3)r + (by — b3)r® — ar[(2z — r)* — 2a2r]}
> 0,

where A = a; + az and B = b; + b3. Thus,

Re (Zn: e [(br + b2)g* + (a1 + az — biry)g — alrk]) >0

(@ —me)?

k=1

with the equality if and only if ¢ = 0 since not all of aq, b1, ¢; is equal to 0. This completes
the proof. 0

4 Applications

In this section, we give some applications of the main results.

4.1 Stirling transformations of two kinds

The Bell polynomial is the generating function B,(¢) = > ,_, Smqu of the Stirling num-
bers of the second kind, where the Stirling numbers of the second kind satisfy the recur-
rence

Snt1,k = kSn gk + Sn k-1

Let ¢, 1 be the signless Stirling number of the first kind, i.e., the number of permutations
of [n] which contain exactly k& permutation cycles. Similarly, singless Stirling numbers of
the first kind ¢, ;, satisfy the recurrence

Cnk = (n - 1)Cn—1,k + Cpn—1k—1-

12



The g-log-convexity and strong g-log-convexity of {B,(q)},>0 have been proved, see
Liu and Wang [33], Chen et al. [18] and Zhu [51, 52] for instance. Liu and Wang [33]
also proved that both the Stirling transformation of two kinds preserve the log-convexity,
respectively. By Theorem 1.2, we can extend above results to the strong ¢-log-convexity
as follows.

Proposition 4.1. The linear transformation y,,(q) = > ;_o Snx®x(q) preserves the strong
q-log-convexity.

Proposition 4.2. The linear transformation y,,(q) = > p_o CnxZr(q) preserves the strong
q-log-convexity.

4.2 Jacobi-Stirling transformation of the second kind

Note that the Jacobi-Stirling numbers JS¥(2) of the second kind satisfy the following
recurrence relation:

L

1, JSE(x)=0, ifkg{l,...,n}
ISNT1(2) + k(k+2) IS5 1 (2), nk>1,

(4.1)

where z = a + 4+ 1. Lin and Zeng [31] and Zhu [52] independently proved the strong
g-log-convexity of the row generating functions of Jacobi-Stirling numbers. By Theorem
1.2, we have the following generalization, which in particular confirms Conjecture 1.1.

Proposition 4.3. The Jacobi-Stirling transformation
2(q) = Y JSE(2)an(q)
k=0

preserves the strong q-log-convezity for z > 0. In particular, the Jacobi-Stirling transfor-
mation

Zn = Z JSE ()
k=0
preserves the log-convexity for z > 0.

Remark 4.4. If z = 1, then JS¥(1) are the Legendre-Stirling numbers of the second kind.

4.3 Central factorial transformations

The central factorial numbers of the second kind T'(n, k) are defined in Riordan’s book
40, p. 213-217] by

xnng(n,k)xﬁ(wg—i). (4.2)

Therefore, if we denote the central factorial numbers of even indices by U(n, k) = T'(2n, 2k),
then
Un,k)=Un —1,k—1)+Kk*U(n —1,k).

13



For the central factorial numbers of odd indices, set V(n, k) = 4"*T'(2n + 1,2k + 1). By
the definition, we have the following recurrence relation:

Vink)=V(n—1,k—1)+ 2k +1)V(n—1,k).

Zhu [52] proved that the row generating functions of U(n, k) and V(n, k) form a strongly
g-log-convex sequence, respectively. These can be extended to the following in view of
Theorem 1.2.

Proposition 4.5. The linear transformation y,(q) = Y p_,U(n, k)xx(q) preserves the
strong q-log-convezity. In particular, y, = > ;_, U(n, k)zy preserves the log-convezity.

Proposition 4.6. The linear transformation y,(q) = > p_o V(n,k)xx(q) preserves the
strong q-log-convezity. In particular, y, = > _, V(n, k) preserves the log-convezity.

4.4 Ramanujan transformation

Let 7,1, be the number of rooted labeled trees on n vertices with k& improper edges. Shor
[43] proved that r, ; satisfies the following recurrence relation:

Tpe=M—1)rp_1p+n+k—2)r 151

where g =1,n>1, k <n-—1, and r,; = 0 otherwise. It was proved by that the row
generating functions of [r, x|, k>0 are the famous Ramanujan polynomials 7,(y), which
are defined by the recurrence relation

ri(y) =1, rar = n(1+y)raly) + 7' (y).
The first values of the polynomials r,(y) are
ra(y) = 1+y, r3(y) =2+ 4y + 3y, ra(y) = 6+ 18y + 255> + 15°.

Chen et al. [18] proved that r,(y) forms a strongly g-log-convex sequence, which can be
extended to the following by Theorem 1.2.

Proposition 4.7. If {z,(q)}n>0 is strongly q-log-convez, then the linear transformation
Yn(q) = Do Tnsr(q) is q-log-convexity. In particular, y, = > ,_, o Xy preserves the
log-convexity.

4.5 Associated Lah transformation

The associated Lah numbers defined by

Ly(n, k) = (n!/k!)

Mw
/—\
\_/
VR
3
+
S
|
—_
N———

z:l
satisfy the recurrence
Ln(n k)= (mk+n—1)L,,(n—1,k)+mL,,(n—1,k—1).

Let L,(q) = >.i_o Lm(n,k)g*, which has only real zeros, see Wang and Yeh [49] for
instance. By virtue of Theorem 1.2 and Proposition 1.8, we have the following two results,
respectively.
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Proposition 4.8. The linear transformation z,(q) = > ;_q Lm(n, k)xx(q) preserves the
strong q-log-convezity. In particular, z, = Y, _ Lm(n, k)zy preserves the log-convezity.

Proposition 4.9. L, 1(q)L,_1(q) — L2(q) is a stable polynomial for each n > 1.

4.6 Catalan transformations of two kinds

Aigner [2] defined the Catalan triangle

C = [Cn,k]n,kzo =

TN =
© W =
S
—_

where Cp1 = Chpm1 +2Ch, + Ch iy and Cry19 = Cpo + Cp 1. The numbers in the
Oth column are the Catalan numbers C,,. Shaprio [42] also introduced another Catalan
triangle of

= Ot DN =
=~

C' = [C) iJnk=0 =

where C),,, = C} . +2C; , +C, ., for k> 0. The numbers in the Oth column are

also the Catalan numbers C,. By Theorem 1.3, the next is immediate.

Proposition 4.10. The Catalan transformations of two kinds y,(q) = > p_y Cnxtr(q)
and yn(q) = > __o Crx7r(q) preserve the strong q-log-convexity, respectively. In particu-
lar, they preserve the log-convexity, respectively.

4.7 The Motzkin transformation
The Motzkin triangle [1, 2] is

=~ N —
T DN =

M = [Mn,k]n,kzo =

w
—_

where M, 41 = My, x—1 + M, + My 1 and M, 119 = M, o+ M, 1. The numbers in the
Oth column are the Motzkin numbers M,,. Using Theorem 1.3, we immediately have the
following.

Proposition 4.11. The Motzkin transformation z,(q) = Y ,_o M xxi(q) preserves the
strong q-log-convexity. In particular, it preserves the log-convexity.
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4.8 The Bell transformation
The Bell triangle [3] is

B = [Bn,k]n,kzo =

Ot N =
—_

where Byi1x = Bug—1+ (1 +k)Buy + (1 + k) Bug+1 and By = Bno + Bni. The
numbers in the 0th column are the Bell numbers. The next is immediate from Theorem
1.3.

Proposition 4.12. The Bell transformation y,(q) = Y _, Bnxtr(q) preserves the strong
q-log-convexity. In particular, it preserves the log-convezity.

4.9 FEulerian polynomials of Types A and B

Let 7 = ajay - - - a, be a permutation of [n]. An element i € [n — 1] is called a descent of
7 if a; > a;1. The Eulerian number A,, ; is defined as the number of permutations of [n]
having & — 1 descents, which satisfies the recurrence

An,k = ]{IAn_l,k + (n —k + 1)An—1,k—1-

Let A,(q) = > 1_y Anxq" be the classical Eulerian polynomial.

For Coxeter groups of type B,, let E, ; be the Eulerian numbers of type B,, counting
the elements of B,, with k& B-descents. Then the Eulerian numbers of type B,, satisfy the
recurrence

En,k = (2]{7 + 1)En_1,k + (272, — 2k + 1>En—1,k—1- (43)

Assume that E,(q) = Y__, Enxg" be the Eulerian polynomial of type B,. It is known
that A,,(q) and E,(q) forms a strong ¢-log-convex sequence, respectively, see [52, 34]. By
Theorem 1.6, the following is immediate.

Proposition 4.13. Both A, 1(q)A._1(q) — A%(q) and E,1(q)E._1(q) — E%(q) are gen-

eralized stable polynomials in q for n > 1.

4.10 Q-Eulerian polynomials
Given a finite Coxeter group W, define the Eulerian polynomials of W by

P(W,z) = a™®,

TeW

where dy () is the number of W-descents of m. We refer the reader to Bjérner and Brenti
[7] for relevant definitions.
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For Coxeter groups of type A,, it is known that P(A,,z) = A, (z)/z, where A, (z) is
the classical Eulerian polynomial. Foata and Schiitzenberger [25] introduced a g-analog
of the classical Eulerian polynomials, defined by

An(wiq) = Y aoe g™,

7T€Sn

where exc (7) and ¢(7) denote the numbers of excedances and cycles in 7 respectively.
It is clear that A, (z;1) = A,(z) is precisely the classical Eulerian polynomial. Brenti
showed that g-Eulerian polynomials satisfy the recurrence relation

0
An(w;q) = (n + ¢ = DA (239) + 2(1 = 2) 5 A (3.9),

with Ag(z;q) = x, see [14, Proposition 7.2].
For Coxeter groups of type B, Brenti [13] defined a g-analogues of P(B,,x), which
reduces to A, (z) when ¢ = 0 and to P(B,,q) when ¢ = 1, by

By(w;q) = Y ¢"@atr™
TEB,
where N(7m) = [{i € [n] : w(i) < 0}|. He showed that {B,(z;q)} satisfies the recurrence

relation

Bu(z;q) = {14+ [(1+¢n — 1z} B,_1(x;q9) + (1 + ¢)z(1 — x)(%Bn_l(:c; q),

with By(z;q) = 1, see [13, Theorem 3.4 (i)]. Thus the following result follows from
Proposition 1.8.

Proposition 4.14. Both A, 1(x;q)A,_1(x;q¢)—A%(x;q) and By, 11 (x5 q) Bu_1(z;¢)—B2(x; q)
are generalized stable polynomials in x for any fived ¢ > 0.

4.11 Alternating runs

Let S, denote the symmetric group of all permutations of [n|, where [n] = {1,2,...,n}.
Let m = m(1)m(2)---7(n) € S,. We say that 7 changes direction at position 7 if either
m(i—1)<m(i)>n(i+1),orm(i—1) > m(i) < w(i+1). We say that 7 has k alternating
runs if there are k£ — 1 indices ¢ such that 7 changes direction at these positions. Let
R(n, k) denote the number of permutations in S, having k alternating runs. Then

R(n,k)=kR(n—1,k)+2R(n—1,k—1)+ (n —k)R(n — 1,k — 2) (4.4)

forn, k > 1, where R(1,0) = 1 and R(1, k) = 0 for k > 1, see Béna [10] for a combinatorial
proof. Let R,(z) = 3.’ R(n, k)z*. Then the recurrence (4.4) induces

Ryi2(z) = x(nx 4+ 2)Rop () + 2(1 — 2*) R, (2)

with Ry(z) =1 and Ry(z) = 2z. The polynomial R, (x) is closely related to the classical
Eulerian polynomial A, (x):

1+a\"" ., 1—w 1—z
R = (7)o
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see Knuth [28]. The polynomials R,(z) have only real non-positive zeros and R, (x) <
R,11(z), see Ma and Wang [37]. Thus it follows from Theorem 1.6 that the next result is
immediate.

Proposition 4.15. The generating functions of alternating runs R,(q) form a q-log-
conver sequence.

4.12 The longest alternating subsequence and up-down runs of
permutations

Let # = n(1)7w(2)---7w(n) € S,. An alternating subsequence of 7 is a subsequence
m(i1) - - - w(ix) satisfying

m(iy) > mw(ia) < (i) > - - - 7w(ig).
Denote by as (m) the length of the longest alternating subsequence of 7. Let
ag(n) = #{m € S, : as(n) = k},
and let ¢, (z) = >_,_, ar(n)x*. Define
T(z,2) = Ztn(x)%.
n>0
Remarkably, Stanley [45, Theorem 2.3] obtained the following closed-form formula:

1+ p+2zeP? + (1 — p)e?*

T, 2) = (1_I)1+p—:)52—|—(1—p—z2)62f’z’

where p = 1 — 22.

For n > 2, Béna [10, Section 1.3.2] obtained the following identity:
1
th(x) = 5(1 + )Ry (x).

Ma [35] also proved that the polynomials ¢, (z) satisfy the recurrence relation
tnp1 () = z(na + Dty (2) + 2 (1 — 2%) t (),

with initial conditions to(x) = 1 and t;(x) = x.

On the other hand, ax(n) is also the number of permutations in S,, with & up-down
runs. The up-down runs of a permutation 7w are the alternating runs of 7 endowed with a
0 in the front, see [44, A186370]. The up-down runs of a permutation are closely related to
interior peaks and left peaks. Based on the interior peaks and left peaks, Ma [36] defined
polynomials M, (x), which satisfy the recurrence relation

M1 (z) = (1 + na*) M, (z) + z(1 — 2*) M/ (),

with initial conditions M;(z) = 1+ z and My(x) = 1 + 2x + 2%, see [36, Section 2]. In
addition, M,,(z) has only real non-positive zeros and M, (x) = M,1(z), see Ma [36]. So,
we have the following result by Theorem 1.6.

Proposition 4.16. Both {t,(q)}»>0 and {M,(q)}n>0 are g-log-convez sequences.
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Remarks

This work was submitted in 2015 and has been reported on the Fifth Conference on
Theory of Combinatorial Numbers (Sep. 18-20, 2015, Dalian University of Technology,
Dalian) and the Workshop on unimodality properties of Combinatorial sequences (Nov.
27-29, 2015, Nankai University, Tianjin), Institute of Mathematics of Academia Sinica,
Taipei (Jan 19, 2016).
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