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ON THE ARITHMETIC AND GEOMETRIC MEANS OF THE PRIME NUMBERS

CHRISTIAN AXLER

ABSTRACT. In this paper we establish explicit upper and lower bounds for the ratio of the arithmetic
and geometric means of the prime numbers, which improve the current best estimates. Further, we prove
several conjectures related to this ration stated by Hassani. In order to do this, we use explicit estimates
for the prime counting function, Chebyshev’s ¥-function and the sum of the first n prime numbers.

1. INTRODUCTION

Let a,, be the arithmetic mean and g,, be the geometric mean of the first n positive integers, respectively.
Stirling’s approximation for n! implies that

In his paper [12], Hassani studied the arithmetic and geometric means of the prime numbers, i.e.

1
Anzﬁ;pk; Gn:(plpn)l/n

Here, as usual, py denotes the kth prime number. By setting

Hpn 1 n
D(n) =logpn — %, R(n) =~ > k- %,

k<n
where Chebyshev’s ¥-function is defined by
I(z) = logp,
p<z
Hassani [12 p. 1595] derived the identity
A, 2R
(1.1) 1ogG— = D(n) + log (14—%) —log2

for the ratio of A, and G,,, which plays an important role in this paper. First, we establish asymptotic
formulae for the quantities D(n), G, and A,, which help us to find the following asymptotic formula for
the ratio of A,, and G,,. Here, let r, = (¢ —1)!(1 — 1/2%) and the positive integers ki, ..., ks, where s is a
positive integer, are defined by the recurrence formula

ks + kg1 4+ 2kso+...+ (s =1k =s- sl
Theorem 1.1 (See Theorem 2.8)). For each positive integer m, we have

m i—1 m

A 1 1 k; 1
=+ Y —— =g+t rekios || cex J +0 <7> :
Gn (2 2 log" py, < - 2 )) b Z log” pn, log™ " pn

=1 s=1 j=1

One of Hassani’s results [12] p. 1602] is that

A, e 1
Gn §+O<1ogn)’

which implies that the ration of A4,, and G, also tends to e/2 for n — co. Setting m = 2 in Theorem [T}
we get the following more accurate asymptotic formula.

Corollary 1.2 (See Corollary 29). We have

A, e N e n e Lo ( )
Gn 2 d4logpn  log’p, log®pn /)
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Using explicit estimates for the n-th prime number p,, and the prime counting function (), which is
defined for every x > 0 by
m(x) = Z 1,

p<z
where p runs over primes not exceeding z, Hassani [12], Theorem 1.1] found that the ratio of A, and G,
fulfills the inequalities

e 14951 A, e 9514
(1.2) - - <
2 logn G, 2 logn

for every n > 2. The proof of the inequalities (2] consists of three steps. First, Hassani gave some
explicit estimates for the quanities D(n) and log(1 + 2R(n)/p,) and then he used (ILIl). We follow this
method to improve the inequalities given in (2] by showing the following both results in the direction
of Corollary L2

Theorem 1.3 (See Corollary [[2)). For every n > 47, we have
A, e e 2e

> — 4+ + .
Gn 2 4logp, 5 log;2 Pn

Theorem 1.4 (See Theorem [T4]). For every positive integer n, we have
A, < e e n Te
G, 2 4logp, 4log’p,’

In particular, we prove several conjectures concerning D(n), G, and the ratio of A, and G,, stated by
Hassani [12] in 2013. For instance, we use Theorem [[L3] to show that the ratio of 4,, and G,, is always
greater than e/2.

2. SEVERAL ASYMPTOTIC FORMULAE

In this section, we give some asymptotic formulae for the quantities D(n), G,, Ay, the ratio of A,
and G,, and finally for log(1 + 2R(n)/p,). Here, an asymptotic formula for the prime counting function
plays an important role.

2.1. Two asymptotic formulae for D(n). In order to find the first asymptotic formula for D(n), we
introduce the following definition.

Definition. Let m be a positive integer. The positive integers ki, ...,k are defined by the recurrence
formula
(2.1) Em + Ukt + 2o+ ...+ (m— Dk =m-ml.

In particular, k1 =1, ks = 3, ks = 13 and k4 = 71.
Then, we obtain the following result.

Proposition 2.1. Let r be a non-negative integer. Then

k k v 1
Dn) =14 ——+—2— 4. .+ +0<7>.

B 1Og DPn 10g2 Pn o 1Ogr Pn 10gr+1 DPn

Proof. The proof of the required asymptotic formula for D(n) consists of two steps. First, we find an
asymptotic formula for log z. Panaitopol [16] showed that

T x
(2.2) m(x) = - - -~ +O< 3 )
1Og1‘71710glm710ggmi"'7logrilm log t
Hence,
X kl k/’g kr ( X )
2.3 logx = +1+ + ot ——+ O ————— ).
(2:3) & m(x) log x 10g2 x log" x m(x) logT"'2 T
Further, (Z2) implies that
(2.4) lim @)
z—oo x/logx
which is known as the Prime Number Theorem. So, we can simplify the error term in [2.3]) and get
k k k, 1
(2.5) logx:i+1+ L 3 +.o+— +O< —) )
m(x) logz  log*z log" x log" ™z
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The next step is to find an asymptotic formula for Chebyshev’s ¥-function. A well-known result concering

this function is that ¥(z) = 2+ O (x eXp(—clogl/10 )) where ¢ is an absolute positive constant (see, for

example, Briidern [7, p. 41]). Since exp(—clog!/ ! z) = O(1/log® z) for every positive integer s, we get

x
2.6 Vo) =2 +0( —— |-
26) @)=+ 0 (=
From (2.4) follows that

n
2.7 lim —— =1
2.7) n—oo p,/ log py,

and combined with (26, we get

Y pn n 1
(2:8) () Zp—JFO(T)-
n n log Pn
Together with ([Z3]) and the definition of D(n) we conclude the proof. O

To prove a second asymptotic formula for the quantity D(n), we first note two useful results of Cipolla
[9] from 1902 concerning asymptotic formulae for the nth prime number p, and logp,. Here, lc(P)
denotes the leading coefficient of a polynomial P.

Lemma 2.2 (Cipolla, [9]). Let m be a positive integer. Then there exist uniquely determined polynomials
Q1,...,Qm € Zx] with deg(Qr) =k and lc(Qr) = (k — 1), so that

_1)k+1Qk(loglogn)> Lo (n(loglogn)m+1)

k!log® n log™ " n

Pn="n <logn +loglogn — 1 + Z

k=1

The polynomials Qy can be computed explicitly. In particular, Q1(x) =z — 2, Q2(z) = 22 — 6z + 11 and
Qs(x) = 223 — 2122 + 842 — 131.

Lemma 2.3 (Cipolla, [9]). Let m be a positive integer. Then there exist uniquely determined polynomials
R, ..., Ry, € Zlx] with deg(Rk) = k and le(Ry) = (k — 1), so that

" (—1)F*1 Ry, (loglog n) <(1og log n)m“)
log p,, = logn + loglogn + + O .
gpn = logn + loglog ; Hlog" og" T 1

The polynomials Ry, can be computed explicitly. In particular, Ri(z) = v — 1, Rao(x) = 2% —4x + 5 and
R3(w) = 22% — 1522 + 422 — 47.

Now, we give another asymptotic formula for the quantity D(n).
Proposition 2.4. Let r be a positive integer and let Ty(x) = Ri(x) — Qk(z) for 1 < k < r. Then,
deg(Ty) =k —1, le(Ty) = k! and

T

1) 173, (log log n) (log log n)’”)
=14+ +0 .
Z k'log n ( logT‘|r1 n

In particular, T1(x) = 1, Ta(x) = 22 — 6 and T3(x) = 622 — 42z + 84.

Proof. Let 1 < k < r. Since deg(Qr) = deg(Rr) = k and le(Qr) = le(Rg) = (k — 1), we have
deg(Ty) < k — 1. Following Cipolla [9] p. 144], we write

k
Qr(x) = (k — 1)la® —ap 1271 + Z(—l)ja;ﬁjxk*j

Jj=2

and
k
Ri(x) = (k—l)!xk—bkﬁlzkfquZ )by, ok,
Jj=2

where a; j,b;; € Z. Then

k
Tk(:c) (bklfakl k1+z bk]—akj) kij.
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By Cipolla [9] p. 150], we have —(bx,1 — ak,1) = k! # 0. Hence, deg(Tx) = k — 1 and lc(Tx) = k!. By the
definition of D(n) and (Z.8]), we get

Dn 1
D(n) = logp, — W + O <710gr+1p ) .

Let m = r + 1. Then we substitute the asymptotic formulae given in Lemma and Lemma to

obtain
r+l k+1
-1 T (log1 1
D(n)=1+ ( ) : k(kog Ogn)+0( — )
et k!'log" n log" ™" py
Since deg(T,41) = and 1/log" ™ p,, = O(1/log" ™' n), we conclude the proof. O

Remark. Proposition 2.4l implies that

1 loglogn — 3 loglogn)? — 7loglogn + 14 loglogn)?
(29  Dm) =1+ _ loglog: ;. (loglogn) loglog +O((gg))
logn log” n log= n

1og4 n
which precises Hassani’s [12] asymptotic formula for D(n). He found that

D(n)1+0< ! >

logn

2.2. An asymptotic formula for G,,. Next, we derive an asymptotic formula for G,,, the geometric
mean of the prime numbers. Using the definition of G,, and D(n), we obtain the identity

_ Pn
(2.10) Gn = =50

Proposition 2] implies that lim,, ., D(n) = 1. Hence,
(2.11) Go~ B (0> ),
e

which was conjectured by Vrba [I7] in 2010 and was already proved by Sdndor and Verroken [20, Theorem
2.1] in 2011. Using (2.10) and Proposition2.1] we get the following refinement of (2.11)). Here, the positive
intergers ki, ..., k, are defined by the recurrence formula (21]).

Proposition 2.5. Let r be a positive integer. Then,

(2.12) Gn = Pn +0 (%) .
exp(1+ LSRN - B —. ) log"™" pn

logpn ' logZpn, log" pr,

Proof. We use (2.10), Proposition 2] and the fact that exp(c/z) = 1+ O(1/x) for every ¢ € R to get

n 1
S S —)
exp (1+ . . 2 ) log" ™" pn

log pr. log? py, log” pn

which completes the proof. g
Remark. The asymptotic formula (2I2) was independently found by Kourbatov [13, Remark (ii)] in 2016.
Remark. The asymptotic relation (2.7) and Proposition 2.8 imply that

(2.13) Gy = p;" +O(n),

which was already obtained by Hassani [12 p. 1602] in 2013.

2.3. Two asymptotic formulae for A,. We start with the following proposition concerning an as-
ymptotic formula for A, the arithmetic mean of the prime numbers.

Proposition 2.6. For each positive integer m, we have
m—1
1 »; »;
Ap =pn— E=—D'1—-—= 7"—1—0(7" .
n Pn ;( ) ( 2k) nlogkpn nlogmpn

Proof. See [3, Theorem 2. O

Another asymptotic formula for A, is given as follows.
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Proposition 2.7. Let m be a positive integer. Then there exist unique monic polynomials Ls € Q|x],
where 1 < s < m and deg(Ls) = s, such that

n 3 & (—1)*TL (loglogn) n(loglogn)™+1
A, =21 loglogn — = o(Mosoen)
5 (ogn—f— oglogn 2-1—; sTog* 1 + log”™

In particular, Ly(x) = —5/2 and La(z) = 2® — Tx + 29/2.
Proof. See [5, Theorem 1.1]. The polynomials L, can be computed explicitly by Theorem 2.7 of [5]. O

2.4. An asymptotic formula for the ratio of A, and G,,. Now, we use (ZI0)), Proposition 2] and
Proposition 2G| to prove our first main result Theorem [[LT] concerning an asymptotic formula for the ratio
of A, and G,,. Here we define r; for every 1 <i <m + 1 by

(2.14) ri = (i —1)! (1 - 2l> :

Theorem 2.8. For each positive integer m, we have

m i—1 m

A 1 1 kj 1
—t=el|=-+ . —rig1+ i+ Y reki—s - ex / +O0(—— .
Gn <2 2 log’ pn ( o 2 )) P ; log’ pn (IOgm“pn)

i=1 s=1

Proof. Form (2I0), Proposition 2] and Proposition 2.6 follow that

A = T Pn ) < 1 >
o (1o o —2 ) fexp |1 —
G ( Z nlog’ p, <n log™ ™2 p,, P Z log Dn log™ " p,

=1

Since p,, ~ nlogp, for n — oo, we get

An B m+1 TiDn o 1 m k/’j o 1
(215) G_ = e 1-— Z 7 —|— logm+1 - exXp Z 7 + m .

n — nlog p,

Using (Z3) with z = p, and r =m — 1, we get

n k km— 1
b =logp, —1— L 71 +0 .
m—1 m
n log pn log DPn log™ pn,

Applying this asymptotic formula to [2IH), we get

A m—+1 ” m—1 k 1 m L.
2 _el1- = logp, —1— = +O<m7) - exp J
o (- (- Ea) o (o)) = (S

Hence
A m—+1 r m—+1 r m—+1 k/’ r m—+1 r 1
n 3 3 174 m—174%
—=e|1l- - + - + .+ + 0 ( )
(- e S S S e o (L
Nk 1
X exp Z - + 0] <m7+1) .
o log’ p,, log

Separating the terms in the first brace, which are O(1/log™ ! p,,), we get

A i 74 ULRE N k r 1
|1 E _? E ‘ E o o —
Gn © ( —~ log'" 2 logi pn | Fp T T g, T \log™ g,
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An index offset in the first brace gives

A m 1 i—1 1 m k.
“T=ell—r + . —rip1 + 1 + rski—s | + O | ———5— - ex J
G ( 1 ; ( o Z ) <logerl pn>> P Z

— log’ pn = “— log’ p,
1
+O0 | ——7— .
(1Ogm+1 pn)
We conclude by using the facts that r1 = 1/2 and that exp(c/x) =1+ O(1/x) for every ¢ € R. O

Setting m = 2 in Theorem [2.§] we get the following asymptotic formula for the ratio of A,, and G,,.
Corollary 2.9. We have

A, e L e Ly ( 1 )
Gn 2 4logpn  log’p, logpn/
Proof. We set m = 2 in Theorem 2.8 to get

A, T —T kiri +7r9 — 1 2 k; 1
—e<17’1+ 1= kam 22 3>.exp Z J +O< 3 )
Gn log pp, log” py, o log” py, log” pn,

By (ZI4), we have r; = 1/2, ro = 3/4 and r3 = 7/4. Together with k; = 1, we get

A 1 1 1 2k 1
2.16 e - - - ex J +O< >
(2.16) G, ( 2 4dlogp,  2log’p, ) P Z log’ pn, log® pr,

Jj=1

Since exp(1/x) = 1+ 1/x + 1/(2!2?) + O(1/2?), we obtain

2
k; 1 7 1
or(Eat) st )

= log’ pn 2log” pn log” pn

since k; = 1 and ko = 3. Applying this to (ZI6]), we obtain that

A, 1 1 1 1 7 1 1
e ——— ) (14 +—— 40— +0(——),
Gn 2 4logpn 2log”p, logp,  2log” p, log” pr, log® p,

which completes the proof. U

2.5. An asymptotic formula for the quantity log(1 + 2R(n)/p,). Finally, in the next proposition
we derive an asymptotic formula for log(1 + 2R(n)/py,) for n — occ.

Proposition 2.10. We have

(2.17) log (1 + 2Rin)) ~ —21(1%” (n — o0).

Proof. We have R(n) ~ —n/4 by [5] and p, ~ nlogn for n — oo. Hence,

2 1
log | 1+ M ~log|1l— .
Pn 2logn

Since log(1 + ¢/x) ~ ¢/x for © — oo and every ¢ € R, the proposition is proved. O

At the end of Section 6, we give a more accurate asymptotic formula for the quantity log(14+2R(n)/py).

3. NEW ESTIMATES FOR THE QUANTITY D(n)

After giving two asymptotic formulae for the quantity D(n) in Subsection 2.1, we are interested in
finding some explicit estimates for D(n). We start with the following one.
Proposition 3.1. For every n > 126, we have
1 2.3

3.1 D(n) > 1+ :
(3.1) (n) ozon | TogZpn
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Proof. The proof consists of two steps. First, we give a lower bound for log p,,. In [4, Corollary 3.5] it is
shown that the inequality
x

1 265
log = log? x

()

>

logx — 1 —
holds for every = > 38168363 = pasasessa. Setting x = p,, we get that the inequality

1 2.65
logpn ~ log®pn
is fulfilled for every n > 2328664. Next, the present author [6l Proposition 2.4] found that ¥(x) <
x + 0.352/log® z for every & > 1. Together with the definition od D(n) and [B2), we get

1 2.65 0.35p,,
logpn  log® pn - nlog® pn
for every n > 2328664. By Rosser and Schoenfeld [I8, Corollary 1], we have n(x) > x/logz for every
x > 17. Hence,

(3.2) l0g pr, > % F1+

(3.3) D(n)>1+

(34) P < nlogpy
for every n > 7. Applying this inequality to (B3]), we get that the inequality ([BJ) holds for every
n > 2328664. A computer check shows that inequality (B also holds for every 126 < n < 2328663. O

In the direction of the asymptotic formula given in Proposition 21 we derive the following lower
bounds for D(n), which improve the inequality (3] for all sufficiently large values of n.

Proposition 3.2. For every positive integer n, we have
3 2551

3.5 D(n) >1+ + —
(3:3) () logpn  log”p,  log®p,
and
3 13 11013803
(3.6) D) > 1+

+ + - :
logpn ~ log’p,  log’p,  log'py
Proof. We start with the proof of ). In [6, Proposition 2.5 and Theorem 1.2] it is shown that
|0(x) — x| < 1282x/log" x for every x > 2 and that the inequality

T

1 _ 3 4 1269
log x log? z log3 x

()

>
logx — 1 —
holds for every = > 2. Similar to the proof of Proposition Bl we get that the inequality (3.3]) is fulfilled
for every n > 7. A direct comuter check shows that the required inequality also holds for every 1 < n < 6.
Next we give the proof of B.8). In [6, Proposition 2.6 and Theorem 1.2], the present author found
that the inequalities |9(x) — x| < 5506937/ log” x and

xX
m(x) > logw —1_ L _ 3 13 5506806
g log log? « log3 z log* z

hold for every & > 2. Similar to the proof of Proposition Bl we get that the inequality ([3.6]) holds for
every n > 7. We use a computer to verify that the inequality ([B.6]) is valid for every 1 < n < 6 as well. O

Since k1 = 1 and ko = 3, Proposition 2.1l implies that there is a smallest positive integer Ny so that
3
+—
logpn  log” p,
for every n > Ny. In the following corollary, we make a first progress in finding this Njy.

Corollary 3.3. The inequality (B.7) holds at least for every 264 < n < w(10'%) = 234057667276344607
and every n > m(et1013803/13) 4 1

Proof. The inequality (B.8) implies the validity of 7)) for every n > 7w(e™013803/13) 4 1 So, it suffices
to prove that the inequality (3.7) holds for every 264 < n < 7(10'9). By [6, Corollary 3.5], we have

(3.8) m(x) - 1 3

logz ~ log?w

(3.7) D(n)>1+

>
logx — 1 —

for every pagssoro = 65405887 < x < 5.5 - 10% and every x > 5°06866/13 " Biithe [ Theorem 2] found
that ¥(z) < x for every 1 < o < 10'Y and together with (3.8), we get, similar to the proof of Proposition
Bl that the inequality (3.7) holds for every 3863019 < n < 7(10'%). Finally, we check the remaining
cases with a computer. [l
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Based on Corollary B3] we state the following conjecture.
Conjecture 3.4. The inequality B holds for every n > 264.

Hassani [12], Proposition 1.6] showed that the inequality

15

D 1-
(n) > 5logn

is valid for every n > 2. In view of ([2.8]), we improve this result as follows.
Proposition 3.5. For every n > 275, we have
1 loglogn — 2.14

logn log®n

(3.9) D(n) > 1+

In particular, for every 0 < o < 1 there exists a positive integer ng = ng(a) so that for every n > ng
@

Nl D 1 .
(3.10) (n)>1+ Togn

Proof. First, we consider the case n > m(10'%) = 234057667276344607. By [2, Korollar 2.7], we have
O loglogm N (loglogm)? — loglogm + 1

3.11
(3.11) logpm — logm  logZm log® m1og pm

for every m > 71, which implies that the weaker inequality

1 S 1 loglogm
log p,, — logm log®m

also holds for every m > 71. After combining BI1)) and BI2), we get

(3.12)

(3.13) 1 1 loglogm N (loglogm)? —loglogm + 1 ( I 1oglogm)

logp,, — logm log2 m log2 m logm 10g2 m
for every m > 71. Together with (B]) and (B12), we get

1 loglogn n (loglogn)? — loglogn + 1 _ (loglog n)? — (loglogn)? + loglogn

D(n) > 1+
(n) logn log®n log®n 1og4 n
1 logl 2
+23 (o - “EZER)
logn log®n
— )+ 0.16 N (loglogn)* — 5.61loglogn +1  (loglogn)® — 3.3(loglogn)* + 1oglogn,

log®n log®n log* n
where f(n) denotes the right-hand site of (89). Since
0.16 n (loglogz)? —5.6loglogx +1  (loglogz)® — 3.3(loglog x)? + loglog = 50

log? x log® log* «

for every x > 1.3 -10'7, the required inequality holds for every n > 7(10'%) > 1.3 - 1017,
Now, let 580752 < n < w(10'?). Similarly to the case n > 7(10'?), we combine [B.I12), (BI3) and
Corollary B3 to get

0.86 N (loglogn)? — 7Tloglogn +1  (loglogn)® — 4(loglogn)? + loglogn

D(n) > f(n) +
() > f(n) log®n log®n log* n

Since 0.86 log 2+ (log log #)? — 7loglog z > 0 for every x > 580752 and log z > (log log z')® —4(log log ) +
loglog z for every x > 3, we obtain that the inequality ([B.9) also holds for every 580752 < n < 7(10%?).
We verify the remaining cases with a computer. O

Remark. Hassani [12] Conjecture 1.7] conjectured that there exist a real number § with 0 < 8 < 5.25
and a positive integer ng, such that the inequality B.I0) is valid for every n > ng. The second part of
Proposition B3] proves this conjecture. The inequality (3.9]) implies

(3.14) D(n) > 1

for every n > 275. A computer check shows that the last inequality also holds for every 10 < n < 274.
Therefore, the inequality (BI4) holds for every n > 10, which was also conjectured by Hassani [12]
Conjecture 1.7].
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Next, we establish some explicit upper bounds for D(n). From Proposition 2] follows that for each
e > 0 there is a positive integer N = N (¢), such that

3+¢
log Pn 1Og2 Pn
for every n > N. In this regard, we show the following

D(n) <1+

Proposition 3.6. For every n > 704569, we have
1 4.18

3.15 D(n) <1+ —
(3.15) (n) ozrn T og o

and for every positive integer n, we have
3 2577
+ log pn + log”pn log®pn’
Proof. We start with the proof of [B.I5). First, we consider the case n > 66775686. In [4] Corollary 3.4]
it is shown that the inequality

(3.16) D(n) <1

m(z) < °
IOgSC —1- loéz B lgéggz
holds for every = > 9.25. It follows that
n 1 3.83
(3.17) logpn<p—+1+ —
n logpn  log” pn

Further, the present author [6, Proposition 2.4] found that ¥(z) > x — 0.35z/log”®z for every z >
1332492593 = pgerrsess. Together with the definition of D,, and the inequality (BI7) we obtain that

1 3.83 0.35py,
log pn, log2 Pn N 1og3 Dn '

Now we use ([B.4]) to get that the inequality (B.IH) holds for every n > 66775686. A computer check shows
that the inequality (318 holds for every 704569 < n < 66775685 as well.

Next, we establish the inequality (BI6). In the direction of ([2:2I), the present author [6l Theorem 1.1]
found that

D(n) <1+

1 3 1295
log x log? x log® x

for every 2 > 563. As already mentioned in the proof of Proposition32 we have [9(z)—z| < 12822/ log* z
for every x > 2. Now we argue as in the proof of Proposition For the remaining cases, we use a
computer. 0

Using estimates for the n-th prime number and Chebyshev’s ¢-function, Hassani [12, Proposition 1.6]

found that
21

4logn
for every n > 2. In view of (Z9), we give the following result, which leads to an improvement of the last
inequality.

D(n) <1

Proposition 3.7. For every positive integer n > 2, we have

1 logl — 4.56
D(n) <1+ _ eosn .

10g n ]og2 n
In particular, for every 8 > 1 there exists an positive interger n1 = ny1(B) so that for every n > ny

B

D(n) <1 .
(n) + logn

Proof. By |2, Korollar 2.21], we have
1 loglogn N (loglogn)? — loglogn + 1 n Ps(loglogn) Py(loglogn)

3.18
(3.18) logp, — logn log®n log? n1og pn, 2log®nlogp, 2log* nlogp,

for every n > 2, where Pg(z) = 32% — 62 + 5.2 and Py(z) = 2® — 622 + 11.4x — 4.2. Since Py(z) > 0 for
every z > 0.5, we get

1 < 1 loglogn (loglog n)? —loglogn + 1 n Ps(loglogn)

3.19
( ) logp, ~ logn log®n log®n 21og*n
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for every n > 6. Together with Proposition B.6l and the inequality 4.18/ log? pp, < 4.18 / log® n, we obtain
that the inequality

1 loglogn —4.18  (loglogn)? —loglogn+1  Ps(loglogn
(3.20) D(n) <1+ _ loglogn . (oglogn) Joglog L Bl glog )
logn log“n log” n 2log™ n
holds for every n > 704569. Notice that
(loglog x)? — loglogx + 1 N Ps(loglogz)  0.38
log® 21og* x log?
for every x > 56615486. Applying this inequality to (320), the claim follows for every n > 56615486.
Finally, we use a computer to check that the required inequality also holds for every 2 < n < 56615485. O

4. NEW ESTIMATES FOR THE GEOMETRIC MEAN OF THE PRIME NUMBERS

In the following, we use the identity @I0); i.e. G, = p,/eP™, and the explicit estimates for D(n)
obtained in Section 3 to find new bounds for G,,, the geometric mean of the prime numbers in the
direction of (ZII)-(@2I3). First, we notice that BI4) and 2I0) imply G, < pn/e for every n > 10,
which was already proved by Panaitopol [14] in 1999. In the direction of Proposition 25 Kourbatov [13]
Theorem 2] used explicit estimates for the prime counting function 7(z) and Chebyshev’s ¥-function to
show that the inequality

< Dn
n 1 1.62
eXP(l + Tog pn + Tog? pn)

is fulfilled for every p,, > 32059; i.e. for every n > 3439. Actually, this inequality also holds for every
92 < n < 3438 as well. In the next proposition, we give a sharper estimate for G,,.

Proposition 4.1. If n > 126, then
Pn

< .
eXp(l + IOglpn + ]0g22.3pn)

Proof. The claim follows directly from (2I0) and Proposition [311 O

Proposition B.2] implies the following upper bounds for G,,, which improve the inequality obtained in
Proposition A1 for all sufficiently large values of n.

Proposition 4.2. For every positive integer n, we have

Pn
Gn < 1 3 2551
exp(l + ogpn | Tog?pn  log? pn>
and
Pn
Gn < 1 3 13 110138031 °
exp(1 + Togpn | Tog2p, | Tog®pn ~ logipn )
Proof. We apply the inequalities obtained in Proposition to the identity ([Z.10). a

Next, we use Corollary to get the following upper bound.

Proposition 4.3. For every 264 < n < m(10'9) = 234057667276344607 and every n > w(e!1013803/13) 1 1,
we have

Pn
(4.1) G, < .
exp(l 4+ —loglpn + loggpn)
Proof. We combine (ZI0) with Corollary 3.3l O

Remark. Under the assumption that Conjecture [3.4] is true, we get that the inequality (£1]) holds for
every n > 264.

After finding some upper bounds for G,, in the direction of ([2I2)), we establish now upper bounds for
G, in view of the asymptotic formula (ZI3]). In order to do this, we first notice the following result.

n 1
Gn<p—<1 >
e log py,

Proposition 4.4. Ifn > 47, then
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Proof. Using Proposition 1] and the inequality e* > 1 4+ z, which holds for every x € R, we get
n logp, + 2.3
Guete (1o o t2d
e log” pn, + logp, + 2.3

for every n > 126. Since 1.3logp, > 2.3 for every n > 4, we obtain the required inequality for every
n > 126. For the remaining cases of n we use a computer. ([

Using (B.17) and Proposition 4] we find the following upper bound for G, in the direction of [2.I3).
Corollary 4.5. Ifn > 31, then
N 1 1 3.83
G-t (1o - e - 22,
e e logpn  log”p,  log”py

In particular, for every 0 <y < 1/e there is a positive integer na = na(y) so that for every n > na

G, < — —yn.
e

Proof. We use B.17) and Proposition 4] to obtain that

1 1 3.83
G, <o _Pn <p—”ﬁ<1 -—— - )
e elogp, e e logpn  log”p,  log’py
for every n > 47. For every 31 < n < 46 we check the required inequality with a computer. (Il

Remark. The second part of Corollary 5] proves a conjecture stated by Hassani [12, Conjecture 4.3].

Next, we find new lower bounds for G,,. In the direction of Proposition 23] Kourbatov [13, Theorem
2] found that the inequality

> Pn
1 1.83
exp(l + log pr. + log? pn)

holds for every n > 3439 by using explicit estimates for the prime counting function 7(x) and Chebyshev’s
Y-function. In the next proposition, we give two sharper lower bounds for G,,.

Proposition 4.6. For every n > 704569, we have

Pn
(4.2) G = exp(l + 1og1pn + 1022118%),
and for every positive integer n, we have
> P :
exp(1 + loglpn + loggpn + 102g537;n)
Proof. We use (2I0) and Proposition to obtain the required inequalities. (]

In order to derive a lower bound for G, in the direction of (ZI3]), we first establish the following result.
Proposition 4.7. For every positive integer n, we have
1 5.14
e logpn  log”pn
Proof. First, we consider the case n > 64881104 = m(e2998) 4 1. Tt is easy to see that

21
(4.3) et<1+t+?
for every t < log(4/3). Hence, we obtain
1 n 4.18 <14 1 n 14.54  16.72  34.9448
xp [ = 4 ——2 -
GPAT T L2 x  3x? 33 3zt
for every x > 6. Now, if x > 20.98, then 16.72/(3x) + 34.9448/(32?) < 0.293 and we get
1 4.18 1 514
(4.4) exp(——l——2)<1—|———|——2
r r

for every x > 20.98. Since logp,, > 20.98, it follows from (€.2]) and the inequality ([d.4) that

n logp, +5.14
G > B2 (1 o )
e log” pn + logpy, + 5.14
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Since the right-hand side of the last inequality is greater then the right-hand side of the required inequality,
the corollary is proved for every n > 64881104. A computer check shows that the asserted inequality
holds for every 1 < n < 64881103 as well. ]

In view of (2I3), Hassani [12, Corollary 4.2] found that
G, > 23
e
for every positive integer n. The following corollary improves this inequality.

Corollary 4.8. If n > 3, then

n 4.14 6.14 7.79
Go> 222 s ).
e e logpn  log”p,  log” py

In particular, for every § > 1/e there is a positive integer ng = ng(0) so that for every n > ns,
G > —on.
e
Proof. First, we consider the case n > 2328664. We use ([3.2)) and the inequality obtained in Proposition
I to get that

pn M (1 1 1 2.65 >_ 5.14p,,

5.3 Gp>———[1- — — .
(5:3) e e logpn  logp, log®p, elog? pn

The inequality (3.2]) implies that
5.14p, 5.14n (1 1 1 )
elog’p, ~  elogp, logpn  log®pn/

We apply this inequality to (53] and obtain the required inequality. For every 3 < n < 2328663 we check
the required inequality with a computer. O

Remark. Corollary[4.5 and Corollary 4.8 yield a more accurate asymptotic formula for G,, than in [2.13)),

namely that
anzﬁ—ﬂro( " )
e e log pn

Remark. Panaitopol [14, Theorem, p. 34] and Séandor [19, Theorem 2.1] showed another kind of inequality
for G, namely that for every n > 2,

1—m(n)/n
G > phTm/n,

5. ESTIMATES FOR THE ARITHMETIC MEAN OF THE PRIME NUMBERS

Although we will not use them below, we note in this section, for the sake of completeness, the best
known estimates concerning the arithmetic mean of the prime numbers A,. In view of Proposition 2.0
it is shown in [3} Theorem 3 and Theorem 4] that the inequality

I =)
2nlogpn,  4nlog®p, 4nlog®p, n

An Spn_

holds for every n > 52703656, where

n 43.6p2 90.9p2 927.5p2  5620.5p2  39537.75p2
8 log;4 Pn 4 log;5 Pn 8 log;6 Pn 8 log;7 Pn 8 1og8 Pn

and that
P2 3pp Tp; Q(n)

2nlogp,  4nlog’p, 4nlog®p, n

An an*

for every positive integer n, where
Q(n) = 46.44p% 95.15]7% 962.?}7% 5809.751)31 5942;127721.
8log” p, 4log’p, 8log’p, 8log'p, 8log pn,
In the direction of Proposition 2.7 the present author [5, Theorem 1.5 and Theorem 1.6] found that
A < g < 3 loglogn —5/2 (loglogn)® — Tloglogn + 12.373>

logn + loglogn — = +
& 6708 2 logn 21og” n
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for every n > 355147, and that the inequality
P ( 3 loglogn —5/2 (loglogn)? — Tloglogn + 17.067>
n 5 - .

logn + loglogn — = +
& &708 2 logn 2]0g2n

holds for every n > 2.

6. NEW ESTIMATES FOR THE QUANTITY log(1 + 2R(n)/py,)

As already mentioned in the introduction, the quantity R(n) is defined by

1 Pn
Rin) =5 2 me =%
k<n

Following Hassani’s proof of (LZ), we next establish new estimates for the quantity log(1 + 2R(n)/p.).
Hassani [12] Corollary 1.5] proved that
2
< log <1 + —R(n)> < >

n 36logn’

where the left-hand side inequality holds for every n > 2, and the right-hand side inequality holds for every
n > 10. In Proposition [Z10, we gave a more suitable approximation for the quantity log(1 + 2R(n)/pn)
for n — oo. In the direction of this approximation, we improve now the inequalities (GI)). The first
proposition is about a lower bound for log(1 + 2R(n)/py)-

6.1 —
(6.1) 2logn

Proposition 6.1. For every positive integer n > 2, we have

2 1 loglogn — 2.2 loglogn)? — 4.5log] 24.91
(6.2) log (1 + R(”)> - og Ogn2 5 (loglogn) 5 o§; ogn +24.9 /3.
2logn 2log™n 2log” n

n
Proof. First, we note a result proved by Dusart [10] concerning a lower bound for p,,, namely that
(63) Pn =T (n)

for every n > 2, where 71 (z) = z(log z 4+ loglogx — 1). We set

T T z(loglogxz — 5.22
si(m) = - % — (log log )

4 4dlogx 4 log2 T
and by [0l Corollary 4.10] and Hassani [12, Corollary 1.5], we obtain that
(6.4) s1(n) < R(n) <0

for every n > 26220. Now, we define

(1)

and we show that h(x) is greater than the right-hand side of (6.2)). For this, we set
f(y) = (2log®y — 131og® y + 34.69 logy — 31.9575)y3
+ (1.5log*y — 11.51og® y + 35.831og? y — 43.9575log y + 10.2075)y>
+ (=0.51og” y + 1.321og” y + 5.19 log y — 23.85005)y
+0.75log" y — 8.5410g y + 35.37log? y — 65.96005 log y + 38.38005

and

a1(y) =y* +y?logy — 1.55° — 0.5y + 0.5logy — 2.61.
Since 2log®y — 13log?y + 34.69logy — 31.9575 > 4 for every y > e2* and 1.5log’y — 11.5log® y +
35.83log? y — 43.9575logy + 10.2075 > 0 for every y > 10, we get

f(y) > 4y® 4+ (=0.51og® y + 1.321og? y + 5.19log y — 23.85005)y
+0.75log* y — 8.5410g® y + 35.37log? y — 65.96005 logy + 38.38005
for every y > e®. Notice that y? > 2log®y for every y > 1. Hence,
f(y) > (15.5log® y + 1.3210g” y + 5.19 log y — 23.85005)y
+0.75log* y — 8.5410g® y + 35.37log? y — 65.96005 logy + 38.38005
for every y > e?*. Now we apply the inequality y > logy, which holds for every y > 0, to get
f(y) > 16.25log* y — 7.221log” y 4 40.56 log® yy — 89.8101 logy + 38.38005
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for every y > e??. Now, it is clear that the right-hand side of the last inequality is positive for every

y > e2. Hence fi(y) > 0 for every y > e24. Similarly, we get that g1(y) > 0 for every y > e?%. Therefore,

1 loglogz —5/2  (loglogz)? — 4.5loglogx + 24.91/3’ 1
(hl(:c)+ _ loglogz /2, (oglogz) oglogz / > _ f1(log z) <0
2logx 2log” x 2log” x g1(logz)ry(x) log™ x
for every x > exp(exp(2.4)). In addition, we have
1 logl —5/2 log1 2 _45logl 24.91/3
lim <h1(z) + _ loglogz = 5/2 | (logloga) oglog +24.91/ ) —0.
T—00 2logx 2log” x 2log” x
So, we get
hi(z) > 1 loglogz —5/2  (loglogx)? — 4.5loglogz + 24.91/3
) > — _
! 2logx 2log” x 21og® x
for every x > exp(exp(2.4)). Together with (€3] and ([G4), it follows that
log (1 n 2R(n)) o 1 loglognQ— 2.25  (log logn)? — 4.5103glogn +24.91/3
Dn 2logn 2log“n 2log°n
for every n > exp(exp(2.4)). The remaining cases are checked with a computer. O
Corollary 6.2. For every n > 2194, we have
2R 1 2.25
log (1 + ﬂ) > — — 5—-
Pn 2logp,  2log®n
Proof. First, we consider the case n > 9423108. Using ([B.I1)) and Proposition [G.1], we get
2R 1 2.25 log1 2 _logl 1
(6.5) 1og<1+ (")> > _ 22 | (loglogn)” — loglogn +
n 2logpn,  2log”n 2log” nlog p,
(loglogn)? — 4.51loglogn + 24.91/3
2log®n '
Since (loglogn)? — loglogn + 1 > 0 for every n > 2, we apply (3.12) to ([6.5) and get
log <1 N 2R(n)> o o 2.2? (loglogn)? — 120g10gn+ 1 ( I 1oglc2)gn>
Pn 2logp,  2log’n 2log’n logn  log™n
(loglogn)? — 4.5loglogn + 24.91/3
21og®n
B 1 2.25 L+ 3.5loglogn —21.91/3  (loglogn)3 — loglogn + loglogn
2logp,  2log®n 21og® n 2log* n '

Notice that (3.5loglogz —21.91/3)logx — ((loglog )3 — loglog z + loglog z) > 0 for every z > 9423108.
So, we get that the required inequality holds for every n > 9423108. We check the remaining cases with
a computer. O

Before we derive an upper bound for log(1 + 2R(n)/p,), we prove the following lemma.

Lemma 6.3. Let Py(z) = 322 — 62 + 5.2. Then, for every n > 3, we have

1 N 3.2 o (loglogn)? + loglogn N Ps(loglogn)
2logn  2log®n — 2log®n 4log®n

Proof. First, we notice that (loglogn)?+loglogn < logn for every n > 2. Further, we have Ps(loglogn) <
3(loglogn)? + 5.2 < 6.41logn for every n > 3, which completes the proof. 0

Now, we give an upper bound for log(1 + 2R(n)/py).

Proposition 6.4. For every n > 2701, we have

1 (1 N 2R(n)) o1 1 1
o _— — — — .
¢ Pn 2logpn  log’p,  log®p,
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Proof. First, we consider the case n > 348247. We define

x x z(loglogx — 2.1

salz) = % — (log B )

4 4logzx 4log” x
By [5 Corollary 4.10] and the definition of R(n), we obtain R(n) < sa(n) < 0. Hence,

2 2

10g<1+M) <log<1+M>.
p

n n

Since 2s3(n)/pn > —1, we apply the inequality log(1 + z) < z, which holds for every > —1, to get that

2 log1 —-2.1
10g<1+ R(n)>< n n n(loglogn )

2pn  2pplogn 2p, log*n

Now, we use a lower bound for the prime counting function given by Dusart [11, Theorem 6.9], namely
that 7(z) > z/logx + z/log” x for every x > 599, with 2 = p,, to obtain that
2R(n 1 1 1 1 n(loglogn — 2.1
10g(1+£) — - 5 — - 5s— + (log log 3 )
Dn 2logpn  2log®p, 2lognlogpn,  2lognlog®p, 2p, log® n
Further, from Dusart [T, Theorem 6.9] follows that 7(z) < z/logx + 2z/log?  for every = > 1. Hence,
2R(n)> B 1 1 1 1
2logpn, 2 log2 pn,  2lognlogp, 2logn log2 Pn
loglogn — 2.1  loglogn — 2.1

Pn

(6.6) log (1 +

2log”nlogp,  log*nlog’p,

By (3I8), we have
1 < 1 loglogn n (loglogn)? —loglogn +1  Pg(loglogn) _ Py(loglogn)

B logn — B log pn, log®n log® nlogpy 2log® nlogp, 2 1og4 nlogp,

for every n > 2, where Pg(z) = 32% — 62 + 5.2 and Py(z) = 2® — 622 + 11.4x — 4.2. Since Py(z) > 0 for
every x > 0.5, we get

1 1 loglogn  (loglogn)? —loglogn+1  Ps(loglogn
< _ loglogn  (loglogn) glog ;. Pelloglogn)

B logn — B log py, log®n log? nlog py, 21og® nlogpy,
Applying this inequality to (6.6]), we get
2R(n) 1 1 (loglogn)? + loglogn — 3.2 Ps(loglogn)
log [ 1+ < — 21 -— 5 5 3 S
n ogpn  log”py, 2log” nlog” p, 4log” nlog” p,
1 2.1

- 2lognlog? pn 2 log® nlogp’
Finally, we use Lemma to obtain that the required inequality holds for every n > 348247. For every
2701 < n < 348247, we check the the asserted inequality with a computer. (I

In the direction of ([2I7), we find the following upper bound for log(1 + 2R(n)/p,), which leads to an
improvement of the right-hand side of (G.1)).

Corollary 6.5. For every n > 259, we have

1 1+ 2R(n) - 1 loglogn —2  2loglogn
o — .
& 2logn 2log? n log® n

Proof. First we consider the case n > 2701. Proposition [6.4] implies that
2R 1 1

(6.7) log (1 + ﬂ) < - -—

Pn 2logpn,  log”p,

From ([B.13) follows that

1 1 loglogn
log pn logn log”n
Applying this to ([6.7)), we get that the inequality
2R(n)> < 1 loglogn 1 loglogn
2logn  2log’n  lognlogp,  log”nlogp,

(6.8)

log <1 +

Pn



16 CHRISTIAN AXLER

Again we use (G.8) to obtain that

2R 1 log1 1 log 1 log 1
log <1+ (n)> - og 02gn7 2 og (;gnjL 02g ogn ,
2logn  2logn  log“n log”n log” nlogp,

Pn

which concludes the proof for every n > 2701. For every 259 < n < 2700, we check the the required
inequality with a computer. O

Compared with Proposition [2.10] we establish the following more precise result.
Corollary 6.6. We have
2R 1 log 1 1
1og<1+ (n)) +0g02gn+0< 5 )
Pn 2logn  2log"n log™n

Proof. The asymptotic formula follows directly from Proposition and Corollary O

7. NEW BOUNDS FOR THE RATIO OF A,, AND G,

First, we recall the asymptotic formula for the ratio of A,, and G, given in Corollary 29 namely

A, e e € L
71 c. =57 + o
(7.1) Gn 2 dlogp, log’p, <log3 Dn >

and the identity (LI)); i.e.

A, 2R
log e D(n) + log (1 + ﬂ) —log2.
n Pn

Now we use this identity together with the explicit estimates for the quantities D(n) and log(1+2R(n)/pr)
obtained in Section 3 and Section 6 to derive upper and lower bounds for the ratio of A,, and G, in the
direction of (I]), which improve the inequalities given in ([2]). We start with the following result.

Theorem 7.1. For every n > 76, we have

A, e e e(loglogn — 2
(7.2) TSy _ ellog s ).
G, 2 4dlogn 4log“n
Proof. By (1)), Proposition 3.5 and Proposition [6.1] we get that the inequality
An S € < 1 loglogn —2.03  (loglogn)? — 4.51loglogn + 24.91/3)
In o D ex _ _
G, 2 P2 logn 2log®n 2log® n

holds for every n > 275. Since 0.23logz > (loglogz)? — 4.5loglog = + 24.91/3 for every x > 3281492, we

get that the inequality
A, - e 1 loglogn — 1.8
IS Zlex _
G, 2 P 2logn 2 1og2 n

holds for every n > 3281492. Now we use the inequality e® > 1+ x + 2?/2, which holds for every real ,
to get

Gn 73 2logn 2log®n log?n  4log®>n  log®n
for every n > 3281492. Notice that the function ¢ — 4-0.025 — (loglogt —4-0.45)/(4logt) is positive for
every t > 2. Hence, we obtain that the required lower bound for the ratio of A, and G, holds for every
n > 3281492. For every 76 < n < 3281491 we check the inequality (T2)) with a computer. g

A e (1 1 loglogn —2  0.025 loglogn = 0.45 )

Remark. Theorem [Tl proves a conjecture stated by Hassani [12] in 2013, namely that there exists a real
number a with 0 < o < 9.514 and a positive integer ng such that

A, e «Q

Gy ~ 2+logn

for every n > ng.
Next, we derive the inequality stated in Theorem [[3l Here, we use (819) and Theorem [T

Corollary 7.2. For every n > 47, we have
A, - e n e n 2e
Gn 2 4logpn 5 ]Qg2 Pn '
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Proof. First, we consider the case n > 2992205. Using (7.2) and (319), we get
A, e e e < 2 (loglogn)? —loglogn +1  Pg(loglog n)>

Gy - §+ 41og pn + 4
where Ps(x) = 322 — 62 + 5.2. Notice that the inequality

log®n log®n 2log* n

(73) (loglog x)? — loglogx + 1 N Ps(loglog x) 0.4

log® 2 log4 x log? x
holds for every = > 2992205. Hence, we get that the inequality
ﬁ o e . e n 2e
G, 2 4 1ngn 5 ]og2 n
holds, which implies that required inequality holds for every n > 2992205. We verify the remaining cases
with a computer. O

The following corollary confirms that the ratio of the arithmetic and geometric means of the prime
numbers is always greater than e/2, as conjectured by Hassani [12].

Corollary 7.3. For every positive integer n, we have

An e

G, 2
Proof. Corollary implies the validity of the required inequality for every n > 47. We verify the
remaining cases with a computer. (]

Next, we use Proposition and Proposition to find the following upper bound for the ratio of
A, and G, stated in Theorem [[.4]

Theorem 7.4. For every positive integer n, we have
ﬁ < e . e n Te -
G, 2 A4dlogp, 410g2 Pn
Proof. First, let n > 949552. By (1)), Proposition [6.4] and the inequality (3.I5]), we obtain that

A e 1 3.18
= < 5 exp + .

G, 2 log Pn ]Qg2 Pn
Using (@3], we get
A, e 1 10.04 2.12 6.7416
— < -1 s— +—3 T .
Gn 2 2logpn  3log”p,  log’p,  log” py
Since log p,, > 16.5, we have 10.04/3+ 2.12/log p,, + 6.7416/ log? p,, < 3.5, which concludes the proof for
every n > 949552. We check the remaining cases with a computer. (I

Now we use Theorem [[4] and the inequality ([B.19) to prove the following result.

Corollary 7.5. For everyn > 2, we have

A, <&4_¢ e(loglogn — 7.4)
G, 2 4dlogn 4 log;2 n '
Proof. By Theorem [T4] the inequality ([BI9) and the inequality 7e/(4log® p,) < 7e/(4log® n), we obtain

(7.4) A, <€ e e(loglogn —T7) n e((loglogn)? —loglogn + 1) n ePs(loglogn)

G, 24 logn 4 log2 n 4 log3 n 8 1og4 n

for every n > 6. Applying (3] to ([C4), the claim follows for every n > 2992205. A computer check
shows the validity of the required inequality for every 2 < n < 2992204. O
Remark. One of the conjectures stated by Hassani [12] is still open, namely that the inequality

A, A,

+1 _ An

GnJrl Gn

holds for every n > 226.
ACKNOWLEDGEMENT

I would like to thank Mehdi Hassani for drawing my attention to the present subject.



18

(1]
(2]

(3]
(4]
(5]

6
[7

BHIS

CHRISTIAN AXLER

REFERENCES

T. Apostol, Introduction to analytic number theory, Springer, New York-Heidelberg, 1976.

C. Axler, Uber die Primzahl-Zahlfunktion, die n-te Primzahl und verallgemeinerte Ramanujan-Primzahlen, PhD the-
sis, Diisseldorf, 2013. Available at http://docserv.uni-duesseldorf.de/servlets/DerivateServlet/Derivate-28284/pdfa-
1b.pdf.

C. Axler, On a sequence involving prime numbers, J. Integer Seq. 18 (2015), no. 7, Article 15.7.6, 13 pp.

C. Axler, New bounds for the prime counting function, Integers 16 (2016), Paper No. A22, 15 pp.

C. Axler, New bounds for the sum of the first n prime numbers, preprint, 2016. Available at
http://arxiv.org/abs/1606.06874.

C. Axler, On the prime counting function and applications, to appear.

J. Bridern, Einfihrung in die analytische Zahlentheorie, Springer Lehrbuch, 1995.

J. Biithe, An analytic method for bounding 1(x), preprint, 2015. Available at http://arxiv.org/abs/1511.02032|
M. Cipolla, La determinazione assintotica dell’ n*™° numero primo, Rend. Accad. Sci. Fis-Mat. Napoli (3) 8 (1902),
132-166.

P. Dusart, The k-th prime is greater than k(lnk 4+ Inlnk — 1) for k > 2, Math. Comp. 68 (1999), no. 225, 411-415.
P. Dusart, FEstimates of some functions over primes without R.H., preprint, 2010. Available at
http://arxiv.org/abs/1002.0442.

M. Hassani, On the ratio of the arithmetic and geometric means of the prime numbers and the number e, Int. J.
Number Theory 9 (2013), no. 6, 1593-1603.

A. Kourbatov, On the geometric mean of the first n primes, preprint, 2016. Available at
http://arxiv.org/abs/1603.00855.

L. Panaitopol, An inequality concerning the prime numbers, Notes on Number Theory and Discrete Mathematics,
Vol. 5, 1999, No. 2, 52-54.

L. Panaitopol, An inequality involving prime numbers, Univ. Beograd Publ. Elektrotehn. Fak. Ser. Mat., Vol. 11,
2000, 33-35.

L. Panaitopol, A formula for w(z) applied to a result of Koninck-Ivié, Nieuw Arch. Wiskd. (5) 1 (2000), no. 1, 55-56.
C. Rivera, ed., Congecture 67. Primes and e, 2010. Available at www.primepuzzles.net/conjectures/conj_067.htm
J. B. Rosser and L. Schoenfeld, Approzimate formulas for some functions of prime numbers, lllinois J. Math. 6:1
(1962), 64-94.

J. Sandor, On certain bounds and limits for prime numbers, Notes on Number Theory and Discrete Mathematics
Vol. 18 (2012), No. 1, 1-5.

J. Sandor and A. Verroken, On a limit involving the product of prime numbers, Notes on Number Theory and
Discrete Mathematics Vol. 17 (2011), No. 2, 1-3.

N. J. A. Sloane, Sequence A062049, The on-line encyclopedia of integer sequences. https://oeis.org/A062049.
Accessed 27 Apr 2016


http://arxiv.org/abs/1606.06874
http://arxiv.org/abs/1511.02032
http://arxiv.org/abs/1002.0442
http://arxiv.org/abs/1603.00855
www.primepuzzles.net/conjectures/conj_067.htm
https://oeis.org/A062049

	1. Introduction
	2. Several asymptotic formulae
	2.1. Two asymptotic formulae for D(n)
	2.2. An asymptotic formula for Gn
	2.3. Two asymptotic formulae for An
	2.4. An asymptotic formula for the ratio of An and Gn
	2.5. An asymptotic formula for the quantity log(1+2R(n)/pn)

	3. New estimates for the quantity D(n)
	4. New estimates for the geometric mean of the prime numbers
	5. Estimates for the arithmetic mean of the prime numbers
	6. New estimates for the quantity log(1 + 2R(n)/pn)
	7. New bounds for the ratio of An and Gn
	Acknowledgement
	References

