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ON SOME CLASS OF SUMS

ANDREI K. SVININ

ABSTRACT. We consider some class of the sums which naturally include the sums of
powers of integers. We suggest a number of conjectures concerning a representation of
these sums.

1. INTRODUCTION

It is common of knowledge that the sum of powers of integers
n
Sm(n) :=> q" (1.1)
q=1

is a polynomial o,,(n) in n of degree m + 1. This proposition can be showed by using
Pascal’s elementary proof (see, for example [I]). Polynomials o,,(n) for any integer m > 1
are defined in terms of the Bernoulli numbers:

1 & m+1
om(n) = —— —1)? Bt
o) = 27 D (")

The numbers By, in turn, are defined by a recursion

k
Z(k;—l)Bq:O, By =1.

q=0
They were discovered by Bernoulli in 1713 but as follows from [4], they were known by

Faulhaber before this time.

Faulhaber’s theorem says that for any odd m > 3, sum (L)) is expressed as a polynomial
of Si(n). It is common of knowledge that Si(n) = n(n +1)/2. Let t := n(n + 1). Then
Faulhaber’s theorem asserts that for any k > 1, Sor11(n) can be expressed as a polynomial
in Q[t]. These polynomials are referred as Faulhaber’s ones. Jacobi showed in [I0] that
Sar(n) is expressed as a polynomial in (2n + 1)Q[¢].

There exists a variety of different modifications and generalizations of Faulhaber’s theo-
rem in the literature. Faulhaber itself considered r-fold sums S, (n) which are successively
defined by

n

Sr(n) =35 (), r>1

q=1
beginning from SY,(n) := n™. He observed that S7,(n) can be expressed as a polynomial

int:=n(n+r)if m—riseven [11].
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In this paper we consider some class of sums Sy j(n) which include classical sums of
powers of integers (LI) with odd m = 2k + 1. These sums will be introduced in section
and Bl Particular case, namely Sy, ;(1), presents some class of binomial sums studied in
[15]. Our crucial idea comes from this work. We briefly formulate the results of this article
in section [l In section [, we formulate our main conjecture concerning a representation of
the sums S, j(n) in terms of some polynomials whose coefficients rationally depend on n. In
section [f], we discuss the relationship of this representation with a possible generalization of
Faulhaber’s theorem. In section [ we show explicit form of some n-dependent coefficients
of these polynomials and suppose the relationship of these coefficients to the number of

g-points in simple symmetric (2k + 1)-Venn diagram.

2. THE SUMS sy (n)

Let us define the numbers {Cj,(n) : 5 > 1,7 = 0,...,j(n — 1)} in the following way.
Namely, let

J j(n—1)

n—1
ZaqH Z Cjq(n)a®™, (2.1)
q=0

where a is an arbitrary auxiliary nonzero positive number, taking into account that ala™ =
a'™™. For example, in the case n = 1, we have only Cjo(n) = 1. Clearly, in the case n = 2,

we get
J N
a+a Z< >a3+q,
q=

that is, Cj4(2) is a binomial coefficient. From

i (—-1)(n—1)

n—1 n—1
E aq+1 — § : Cj—l,q(n)anﬂil § aq+1
q=0 q=0 q=0

= Cj_Lo(n)aj + (Cj_l,o(n) + Cj_171(n)) ol + -+ (Cj_Lo(n) + -
+Cj_1,n_1(n)) altn1
+ (Cj_l,l(n) +---+ Cj—l,n) (n)) Attt Cj_L(j_l)(n_l)(n)ajn

we deduce that

> Ciign), (2.2)

q=r—n+1

assuming that Cj_1 4(n) =0 for ¢ <0 and ¢ > (j — 1)(n — 1). In the case n = 2, relation

([22)) becomes well known property for binomial coefficients:

(=207
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Clearly, the coefficient C; ,(n) can be presented as a proper sum of multinomial coefficients.

Putting a = 1 into (2.1]), we get the property
j(n—1)

Z Cjq(n) = n’
q=0

for these numbers which evidently generalize well-known property of binomial coefficients.

Also it is easy to get
j(n—1) .
Jjn—1) j

Z qCjq4(n) = .

q=0
With the coefficients Cj 4(n) we define the sum s, ;(n) as

j(n—1

)
sei(n) = > Cig(n)rjig,
q=0

where z, := r?**1. Remark that sy 1(n) = Sar11(n). For example, it is evident that

qg+1, ¢=0,...,n—2,
Caq(n) =
n—q—1, g=n—1,...,2n — 2.
Then
2n—2
ska(n) = C2,q(n)Tq 42
q=0
n—2 2n—2
= (¢ + Dzt + Z (2n —q—1)zg10
q=0 qg=n—1
Shifting ¢ — q — 2, we get
n 2n
ske(n) => (¢g—1)zg + Z (2n — g+ 1)xg.
q=1 q=n+1
Since ¢ —1 = (2n —q+ 1) — (2n — 2¢ + 2), then
n 2n
sk2(n) = — Z(Qn —2q+ 2)xq + Z(Qn —q+ 1)z, (2.3)
q=1 q=1

3. THE suMS Sy j(n) AND Sy, j(n)

Let
SHOEEY {)\%kJrl o =) Oy —jn+ n)2k+1}
{)\}GB]'J'”
with Bj jn == {1 1 <A <o < \j < jn}. Let us define
Jj-1 .
Jjn+1)
Skj(n) = ( q Sk,j—q(1)- (3.1)

q=0

It is obvious that
§k71(n) = SkJ(n) = sk,l(n) = Sgqul(n).
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Conjecture 3.1.

Skd(n) = Sk,j(n). (3.2)

Using simple arguments we deduce that in the case j = 2

gk,Z(n) _ Z {)\%k-l-l + ()\2 _ n)2k+1}

{A\}€B2,2n
2n 2n

= Z(Qn —q+ 1)z, + Z(2n —q+ D)z _gi1. (3.3)
q=1 q=1

Notice that we have several x,’s with negative subscript r in ([3.3]). Clearly, we must put

x, = —x_,. Taking into account this rule, we rewrite the second sum in (B3] as
n n n
Z(n +q)zg — Z(n —q)rg =2 Z qzg.
g=1 g=1 g=1
Adding to (B3]

n n
=) @ =20+ 2z + Y (20— 2q +2)x,
q=1 q=1

and taking into account (2.3]), we finally get

Sk,Q(n) = 5k72(n) + (Qn + 2) T4
q=1

= 8]672(77‘) + <2(7”L1+ 1)>sk71(n)
= Sk,Q(n).

4. SPECIAL CASE OF THE suMms (B.1])

In the case n = 1, the sum (B.I]) becomes

=1 .
Sm@):§:<%>0—®%ﬂ- (4.1

q=0 4

This type of the sums was studied in [2], [I4], [I5]. More exactly, the authors of these

works considered binomial sums of the form
25 9
i) =3 (¥ )13 - al™
q=0 1
It is evident that Sy ;(1) = Sox41(7)/2.
Some bibliographical remarks are as follows. Bruckman in [2] asked to prove that

83(j) = 52 < 2]] > Strazdins in [I4] solved this problem and conjectured that Sox11(j) =

Py() 4= (2]]) with some monic polynomial Py (x) for any k > 0. Tuenter showed in [I7]
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that it is almost true. More exactly, he proved that there exists a sequence of polynomials

Py(x) sush that
Sa10) = Pu(allemss () = Putolloms 2

One can see that polynomial ﬁk(:v) is monic only for £k = 0,1. Next, we will describe these

polynomials. The following proposition [I5] is verified by direct computations.

Proposition 4.1. The sums S, j(1) enjoy recurrence relation
Sk(1) = 72Sk-1,5(1) = 2j(2) = D)Se—1,;1(1). (42)

Remark 4.2. It was in fact proved for the sums So11(j) in [15].

In what follows we introduce the sequence of positive integer numbers:

. 7j—1
J . .
91:1, gj = (‘_1)'H(]+Q), J > 2.
J s}
It should be noted that the sequence {g; : j > 1} satisfy the recurrent relation
25 +1
gj+1 = 279] (43)

The numbers g; are given in the following table:

il1[2[3] 4] 5] 6 7 8 9
g; | 1] 630|140 | 630 | 2772 | 12012 | 51480 | 218790

They constitute A002457 integer sequence in [13].

Let us write
Sk (1) = Pr ;9
with some numbers Py, ; to be calculated. Taking into account ([A.3)), it can be easily seen
that ([4.2]) is valid if the relation

Piy1j=3*(Pij— Prj-1) + jPrj1 (4.4)
does.
Now we need in polynomials studied in [I5] which are defined by a recurrent relation
Ppy1(x) = 2* (Py(x) — Pr(z — 1)) + aPy(x — 1) (4.5)
with initial condition Py(x) = 1. The first eight polynomials yielded by (L)) are as follows.
Py(x) =1 Pi(z) =z, Py(z)=2x2x-1),
Py(z) = 2(62° — 8z + 3),
Py(x) = 2(242% — 602% + 54z — 17),
Ps(z) = 2(120z* — 48023 + 762> — 5562 + 155),
Ps(x) = 2(7202° — 42002 + 102482° — 128402% + 81467 — 2073).
Pr(z) = x(50402° — 403202° + 139440z* — 2630402°
+282078z% — 161424z + 38227) .
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Introducing a recursion operator R := x2 (1 — Afl) +xA~!, where A is a shift operator
acting as A(f(x)) = f(x + 1), one can write Py(x) = R*(1). One could notice that the
polynomial P, (z) has k! as a coefficient at 2*. In addition, as was noticed in [I5], the
constant terms of the polynomials Py(x)/x constitute a sequence of the Genocchi numbers

with opposite sign, that is,
—Gy=1, =Gy =-1, -G =3, —Gg=—17, —G19p =155, —G12 = —2073,...
Recall that the Genocchi numbers are defined with the help of generating function

2x z?
Z |
e +1 1 q!

and are related to the Bernoulli numbers as Ggp, = 2 (1 - 2%) Boy..

Comparing ([A.I) with (@4]) we conclude that Py, j = Py(x)|e—;-
Remark 4.3. As was noticed in [I5], polynomials Py (z) can be obtained as a special case
of Dumont-Foata polynomials of three variables [3].
5. GENERAL CASE
Let ¢ := n(n + 1). Our main conjecture is as follows.

Conjecture 5.1. There exists some polynomials Py (t,x) in x of degree k whose coefficients

rationally depend on t such that

Ski(n) = S Pe(9)g5(n),

where

gl(n) = 17 g](n) = (] _] 1)'

The first eight polynomials Py (t, z) are

Py(t,z) =1, Pi(t,z) =2, Py(t,z)=x <2x _ Q(t;; 1)> )

16(t+1)  4(t+1)?
2
Py(t,x) ==z <6x - ¢ + > ;
40(t +1 24(t +1)2  24(t + 1) + 8t2
P4(t,m):x<24x3— (t+ )x2+ (;2_ ) x — ( +5t)3 + ),

320(t + 1)113 1016(t +1)% ,
t 3t2
160(t + 1) +32t2 80 ((t+1)* +¢*(t+1))
N 3 S 3t4 ’

Ps(t,x) = x<120x4—
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2800(t +1) 4 13664(t+1)2m3

Ps(t,z) = = <720x5 — ; x 372
55936(t + 1)3 + 7632t% N 22112(¢ + 1)* + 13664t (t + 1)
— X X
15t3 15t4
22112(¢ 4 1)° + 44224t (¢ + 1)?
105t5 ’
26880(t + 1 185920(t + 1)2
Py(t,z) = x(50402° — ﬁaﬁ #QJA
t 3t2
76800(t + 1)3 + 7680t%
_ = "
157088(t + 1)* + 67968t%(t +1) 4
+ T
3t4
17920(t + 1)° + 225282 (¢t + 1)*
- x
t5
6720(t 4 1)® + 22400¢2 (¢ + 1)% + 1344¢4
+ 26 :

Unfortunately, in general case we do not know a recursion relation for these polynomials
except for the case ¢ = 2. One can check that Py(t,z)=2 = Py(x), where Py(x) are

Tuenter’s polynomials introduced above.

It could be noticed that coefficients of the polynomials Pj(t,x) have a special form.

Namely, let

Pi(t,z) == (Pk,o(t)l“k_l —pra(B)a" 2+ (_1)k_1pk,k—1(t)) - (5.1)

Based on actual calculations, it can be supposed the following.

Conjecture 5.2. The coefficients of t-dependent polynomial {51) are given by

Tk (1)
prg(t) = =5,

where the polynomials 1y, j(t) are of the form
m
Trg(t) =D o gt (t + 1) 7%
q=0

with rational positive nonzero numbers oy, ;.. Here m > 0, by definition, is the result of

division of the number j by 3 with some remainder [, that is, j = 3m + (.

It should be noticed that the last conjecture is quite strong. With this conjecture the
number Ny of parameters which entirely define polynomial Pj(t,x) is presented in the

following table:

E11]2(3/4|5|6|7|8]9
N |[1]2(3]5|7]9]|12|15]|18

It is the A001840 integer sequence in [I3]. We have in fact verified conjecture up to

k =11 and calculated all corresponding coefficients oy ;4.
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It is evident that for all polynomials Py (¢, z) we have py o(t) = k!. Actual calculations
show that

k1,0 = WH, k>2,
Qg 20 = (k= 2)(k + éig)kz +k—3) k!, k>3,
s — (k —3)(k + 1)(175k* —7(:(5)5;0— 724k% + 643k — 690) KL k>4
A (k —3)(k + 12(72;:2 — 4k + 5)]{:!’ .

Looking at these patterns it can be supposed that
apgo = (k= Jj)(k+1)p;(k)k!, k=j+1
with some polynomial p;(k) of degree 2j — 2.

6. FAULHABER'S THEOREM

With the polynomials Py(¢, ) we are able, for example, to calculate

S0s(m) = 5575 H jn+a), Sisn) =
2 -
S2j(n) = 5 {37 1)t = 1} H jn +4q),
t2 -

Sy i(n) = o {(95% — 85 +2)t* — (85 — 4)t + 2}

t2
Sij(n) = (155% — 2552 + 15§ — 3)t* — (2552 — 305 + 10)¢>

20
HJn+q

+(155 — 9)t — 3}

t2
Ssi(n) = o {(455% —1205° + 12757 — 605 + 10)¢"

— (1205 — 25452 +192]—50) + (12752 — 1804 + 70)t2

H1n+q

— (605 — 40t + 10}

t2
Sg i(n) = 472555 — 183755 4 2989053 — 2447252 + 96745 — 1382)t°
" 840

—(183755* — 5978052 + 7675552 — 44674] + 9674)t*
+(298905% — 7341652 + 64022] — 19348)t3 (2447252 + 386965 — 16584)t>

H3n+q

+(96745 — 6910)t — 1382}
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t2
S7i(n) = = (94555 — 50405° + 116205* — 144005 + 981852 — 33605 + 420)t°

—(50405° — 232405* + 4464053 — 4352052 + 210245 — 3920)t°
+(116205* — 4320052 + 6315652 — 420485 + 10584)t*
—(144005% — 3927242 4 378245 — 12600)t*
+@&Bf-w&Mj+7mmﬂ

(3360;-—2520)t4—420} 'II jn+q).

Looking at these patterns we could suggest the follovvlng.
Conjecture 6.1. Sj, j(n) is expressed as a polynomial in Hé;i(‘jn + q)Q[t].

For j = 1, conjecture becomes well known Faulhaber’s theorem [6] which was, in

fact, proved by Jacobi in [10]. The first eight Faulhaber’s polynomials are as follows:

2 2 2

t t t t
So@(ﬂ) = 5, 5171(77,) = Z, SQ 1( ) 12(2t — 1) 5371(71) = ﬂ (3t2 - 4t+ 2) s

2 2
(2t — 5t* + 6t —3), S51(n) = 24(

2

840

Si1(n) = % 2t* — 8¢ + 17¢* — 20t + 10),

Se,1(n) = —— (60t° — 350" + 1148t> — 46584t + 2764t — 1382)

2
S71(n) = Zgt2(3t6—-24t5+112t4--3527534-718752--840t+420)

In general, one usually write

1
Sk1(n) = 7(]{_’_1 ZA(IC'H th—atl,

where A(() ) =1 and A( ) = 0. One knows quite a lot about the coefficients A((Jk). Jacobi
proved that the CoefﬁClents Aék) enjoy the recurrence relation
(2K +2)(2k + DA® = 2(k — g+ 1)(2k — 2¢ + DAY 4 (k — g+ 1)(k — g +2) A%V

and tabulated some of them. It was shown by Knuth in [I1] that these coefficients satisfy

quite simple implicit recurrence relation

T kj—
3 ( ; >Agk> ~0, r>0 (6.1)
= 2r+1—2q

which yields an infinite triangle system of equations from which one easily obtains

)

AW (E=2k gy (k=3)(k— Dk(Tk - 8)
' 6 360 )

Aw__(k—Q%—m@pwm@mﬁ—%k+%)
QI

15120
kE—5)(k—3)(k—2)(k — 1)k(127k% — 691k> + 1038k — 384)
604800

A% L

PERIEE
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Gessel and Viennot showed in [9] that a solution of system (G.II) can be presented as a

k x k determinant

(k—g+1) (k—§+1) 0
1 (k7g+2) (k7g+2) (kfg+2)
M| G G :
(212711) (212713) (2kk715) T (k 1 1)
(2131) (2]2111) (2kk113) T (]?f)

)

(see also [5]). A bivariate generating function for the coefficients Agk was obtained in [8].

7. THE CONJECTURAL RELATIONSHIP OF THE COEFFICIENTS Dy, ;—1(t) TO SIMPLE

SYMMETRIC VENN DIAGRAMS

Let us rewrite the coefficients py, ;—1(t) being expressed via n, that is,

Prk—1(n) = P k—1()li=n(nt1)-

For example,

(n)—l (n)__gn2—|—n—|—1 (n)_én4+2n3—|—3n2—|—2n+1
P10 ) P21 3771(”_’_1) » P32 3 n2(n + 1)2 )
(n) 24n6+3n5+%n4+?n3+%n2+3n+1
n)=——
Pa3 5 n3(n+1)3 '
(n) 8018 + 4n” + 11n% + 19n° + 23n* + 1913 + 11n? +4n + 1
n)=—_—
Po4 3 nt(n+1)*4 ’

22112119 + 512 + 1708 + 3817 + 61n° + 71n® + 61n* + 3813 + 172 + 5n + 1

pes(n) = —
Looking at these patterns we see that

vg(n)
(n+1)k-17

where vg(n) is a monic polynomial of degree 2k — 2. All these polynomials are invariant

Prk-1(n) = Ch (7.1)

with respect to transformation

vg(n) = n?* 2y, (%) : (7.2)

Also it worth to remark that the polynomial vs(n) unlike the others, has several fractional

coeflicients.

Conjecture 7.1. Polynomials vi(n) are given by

2k—1 (2k) + (_1)q+1
’Uk(n) = Z (]WCTn2kiqil, (73)
q=1

while the coefficients ¢ are expressed via Bernoulli numbers as

cr = (2k +1)2% By, (7.4)

105 n®(n + 1)° T
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Let us notice that if (Z.3)) is valid then the invariance of corresponding polynomial with

respect to ((C4) is obvious in virtue of the invariance of binomial coefficients.
Let p = 2k + 1. It is known that if p is simple then

p—1 —1)at!
T(p,CJ)Z(q)er( ) , p>5

is the number of ¢g-points on the left side of a crosscut of simple symmetric p-Venn diagram

[12]. This integer sequence is known as A219539 sequence in [I3]. It is evident that the

row sum
p—2 -1
2Pt —1
tyi=» T(p,q) = ———
q=1 p
can be calculated as vj(n)|,—1. The Fermat quotients (2P~ — 1) /p for simple p constitute

integer sequence A007663 in [13]. Taking into account (I]) and (7.4), we get

Pri—1(1)|n=1 = 2(2%% — 1) By, = —G..

8. DISCUSSION

In the paper we have considered some class of sums Sy j(n) and conjectured a repre-
sentation of these sums in terms of a sequence of the polynomials { Py (¢, ) : K > 0}. This
assumption is resulted from computational experiments and supported by a large amount
of actual calculations. For n = 1, we get the well-known results from [I5]. This also con-
firms our assumptions. The conjectural relationship of several coefficients of polynomials
Py (t,x) being expressed via n to simple symmetric Venn diagrams is quite unexpected

and requires explanation.
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