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EQUIVARIANT EULER CHARACTERISTICS OF SUBSPACE POSETS

JESPER M. MOLLER

ABSTRACT. We compute the (primary) equivariant Euler characteristics of the building for the general linear group
over a finite field.

1. INTRODUCTION

Let G be a finite group, II a finite G-poset, and r > 1 a natural number. The rth equivariant reduced Euler
characteristic of the G-poset II as defined by Atiyah and Segal [2] is the normalized sum

(11) LG == Y R(Cu(X(Z)

|G‘ XeHom (Z",G)

of the reduced Euler characteristics of the X (Z")-fixed II-subposets, Cri(X(Z")), as X runs through the set of all
homomorphisms of Z" to G.

In this note we specialize to posets of linear subspaces of finite vector spaces. Let ¢ be a prime power, n > 1 a
natural number, V,(F,) the n-dimensional vector space over F,, L,,(F) the GL,,(F,)-poset of subspaces of V,,(F),
and L} (Fy) = L,(Fy) — {0,V,(F,)} the proper part of L, (F,) consisting of nontrivial and proper subspaces. In
this context the general Definition (1.1) takes the following form:

Definition 1.2. The rth equivariant reduced Euler characteristic of the GL,, (F,)-poset Ly (F,) is the normalized
sum

~ * 1 = T
Xr (Lo (Fq), GL,, (Fy)) = 77 > X(Crx (r,) (X(Z7)))
| GL,, (F)l X eHom (Z",GL, (F,))

of the Euler characteristics of the subposets Crx(p,)(X(Z")) of X(Z")-invariant subspaces as X ranges over all
homomorphisms Z" — GL,,(F,) of the free abelian group Z" on r generators into the general linear group.

The rth generating function at ¢ is the associated power series

(1.3) Fo(2) =1+ ) Xr(Ly(Fy), GL, (Fy))z" € Z[g][[]]

n>1
with coefficients in integral polynomials in gq.
Theorem 1.4. Fi(z) =1—x and F,1(x)F.(x) = F,.(qx) forr > 1.
The first generating functions F,.(x) for 1 <r <5 are

l-gz (1-¢z)(1-2) (1-g2P’0-¢’s) (1—¢x)°(1l—q'z)(1-2)
-z’ (1=-gz)* ° (A-¢x)’(1-=)’ (1= ¢?z)*(1 — gu)?

1—=x,

and from, for instance,
(1—g2)*(1 - ¢’x)
(1-¢*z)3(1—x)
=1—(g— 13+ (3¢° + 1) + (6¢* — ¢* + 3¢* + 1)z® + (10¢° — 3¢° + 6¢* — ¢* + 3¢> + 1)a* + - -

F4(.’E) =
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we read off that the 4th equivariant reduced Euler characteristics for n = 1,2, 3,4 are

—(q—1)° n=1

. —(g=1)°B¢* +1) n=2
L (F,),GL,(F,)) =

X4(Ly, (Fg) (Fq)) 7(q—1)3(6q47q3+3q2+1) n=3

—(q—1)*(10¢° = 3¢ + 6" — ¢* + 3¢ +1) n=4

for all prime powers q.
With a shift of viewpoint we now let F.(x)(¢q) € Z[[x]] be the evaluation of the generating function F,(x) €
Z[q|[[z]] at the prime power q. The generating function in this form has an explicit presentation.

Theorem 1.5. The rth generating function F,.(z)(q) € Z[[z]] at q is

Fo(z)(q) =exp (=Y (¢" - 1)T71ﬁ)

n
n>1
for allr > 1.

We also discuss p-primary equivariant reduced Euler characteristics x? (L}, (Fy), GL,,(F,)) for any prime p (Def-
inition 5.1). The p-primary generating function at ¢

FP(x) =1+ ) XLy (Fy), GL, (Fy))a" € Z[[x]]

n>1

has a presentation similar to the one of Theorem 1.5.

Theorem 1.6. The rth p-primary generating function FP(x)(q) € Z[[z]] at q is

Fr(o)(@) =exp (— S (" — 1510

n
n>1

for any r > 1.

In case g is a power of p, the p-part (¢" —1), = 1 for alln > 1 and FP(z) = exp (— 3,54 %n) = exp(log(l—zx)) =
1 — z. The more interesting case is thus when ¢ is prime to p.

The subspace poset Ly (F,) is GL,, (F,)-equivariantly homotopy equivalent to the subgroup poset Sé}ti (F,) Con-
sisting of subgroups H of GL,,(F,) with GCD(q, |H|) > 1 [13, Theorem 3.1]. In Theorems 1.4-1.6 we may therefore
replace L7, (F,) by S&1* (F,)-

This note consists of six sections including an appendix with numerical tables. The next two sections prepare
for the proofs of Theorems 1.4 and 1.5 in Section 4. The final Section 5 concerns p-primary equivariant reduced
Euler characteristics of subspace posets. Theorem 1.6 follows from Lemmas 5.14 and 5.21.

The following notation will be used in this note:

q is a prime power
P is a prime number
vp(n) | is the p-adic valuation of n
np | is the p-part of the natural number n (n, = p*»(")
F, | is the finite field with ¢ elements
Z, | is the ring of p-adic integers
See [16, 12] for equivariant Euler characteristics of boolean and partition posets.

2. EQUIVARIANT EULER CHARACTERISTICS OF SUBSPACE POSETS
From now on, we will often write simply x,(n,q) for x, (L} (F,), GL,, (Fy)).

Proposition 2.1. Suppose thatr =1 orn =1.
(1) Whenr =1, x1(n,q) = =015, is —1 forn=1 and 0 for all n > 1.
(2) Whenn=1, X.(1,q) = —(qg—1)""! for all 7 > 1.

Proof. The GL,,(F,)-orbit of a flag is described by the dimensions of the subspaces in the flag. Thus the quotient
A(L} (F,))/ GL, (F,) is the simplicial complex of all subsets of {1,...,n—1}, an (n—2)-simplex. The first equivariant
reduced Euler characteristic of the building is [11, Proposition 2.13] the usual reduced Euler characteristic of the
quotient, Y(A"~?2), which is —1 when n =1 and 0 when n > 1.

When n =1, L](F,) = 0 is empty. Since X(}) = —1, the rth equivariant Euler characteristic is

Xr(1,q) = —[Hom(Z", GL; (Fy))|/| GL, (Fy)| = —(¢ — 1)"~"
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for all » > 1. O

We now know that the first generating function is Fy(z) =1+ )" -, X(n,¢)z™ = 1 — z, independent of g. We
aim now for a recursion leading to the other generating functions F,.(z) for r > 1. From the next lemma ensues a
significant reduction of the problem.

Lemma 2.2. Let A be an abelian subgroup of GL,,(Fy) where n > 1. If (|A],q) # 1, then Cpx (r,)(A) is contractible
and X(Cr i) (A)) = 0.

Proof. The assumption is that A contains an element of order s, the characteristic of Fy. Let F' = Cy, (g )(Os(A))
be the subspace of vectors in V;,(F,) that are fixed by the Sylow s-subgroup Os(A) of A. Then F is a nontrivial [6,
Proposition VI.8.1] and proper subspace of Fy which is normalized by A since (vg)h = (vh)g = vg for all g € A,
h € Os(A). Then U >UNF < F is a contraction of CL:/(Fq)(A). O

We also need to know that the rth equivariant reduced Euler characteristic is multiplicative. For any lattice L,
we write L* = L — {0, 1} for the proper part of L of all non-extreme elements.

Lemma 2.3. The function X, is multiplicative in the sense that
icl iel iel
for any finite set of G;-lattices L;, 1 € I, and any r > 1.
Proof. This follows immediately from the similar multiplicativity rule, X((I[;c; L:)*) = [1;c; X(L7), valid for usual

Euler characteristics. Using this property, and assuming for simplicity that the index set I = {1,2} has just two
elements, we get

|G1 X Ga|Xr((L1 x L2)", G1 X G2) = > X(C(Ly x£,) (X (Z7))
XeHom(Z",G1 XG2)

= ) Y R(Cliixray (X1 % X2)(Z7))

X1 €Hom (Z7,G1) X2€Hom (Z7,G2)

= > > X((CL, (X1(Z7)) x CL,(X2(Z7)))")

X1€Hom (Z",G1) Xo€Hom (Z7,G3)

— Z Z X(CrL:(X1(Z")) x X(Crz(X2(Z"))

X1€Hom(Z",G1) Xo€Hom (Z",G2)

= > X(Cry(X1(27)) > X(Cr; (X1(Z")) = |G1IXr (L1, G1)|G2|Xr (L2, G2)

X;€Hom(Z",G1) Xs2€Hom (Z",G2)

for any r > 1. O

We now formulate a basic recursive relation between equivariant reduced Euler characteristics of subspace posets.

Corollary 2.4. When r > 2, the rth equivariant Euler characteristic of the GL,,(F,)-poset Ly (F,) is

Xr(n,q) = Z Xr-1(Crx¥,)(9); Car, (7,)(9))
[9]€[GL,, (Fy)]
GCD(g,|g])=1
Proof. For general reasons
- 1 ~
Xr(ng) = e Y > Xr-1(Cry v, (9): Car, v, (9)
| GL,, (Fg)| 4
g€GL,, (Fy) X€Hom(Z"~1,Car, (ry)(9))
1 ~
= ‘GL (F )l Z |GLTL(FQ) : CGLn(Fq)(g)| Z Xr—l(CL:(Fq)(g), CGLn(Fq)(g))
AT [gl€[GL, (Fy)) XeHom (Z7~1,CqL, (rq)(9))
= Z Xr—1 (CL:L(Fq) (9), CGLn(Fq) (9))
[9]€[GL,, (Fq)]

where the sum ranges over conjugacy classes of elements of GL,, (F,). According to Lemma 2.2, only the semi-simple
classes contribute to this sum. g
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3. GENERATING FUNCTIONS FOR POLYNOMIAL SEQUENCES
Let A= (A(1),A(2),...) = (A(d))a>1 and a = (a(1),a(2),...) = (a(n))n>1 be sequences of integral polynomials
in the variable q.
Definition 3.1. The A-transform of the sequence a is the sequence T(a) with nth element

A(d
Tala)(n) = Z H <[e (m.d) | (mf d))e(w@ . A]) H a(m) (g}

AEM,, (md)e(mea) €
A=(m,d1)¢(" 1% (g, dg )¢ ("s0ds) TIm: (m,d)*(m™ D e
E(ml7d1)m1d1+”'€(m5,ds)mstZn

where

the sum ranges over the set M, of all multisets A of pairs (m;,d;) with multiplicities e(m;, d;) such that the
multiset (mydy )0 - (mgd, )M ds) s a partition of n

the first product ranges over the set of all d occurring as second coordinate of an element of the multiset A
[e(m,d) | (m,d)*"™4) € \] is the multiset of multiplicities of elements of X with d as second coordinate

the multinomial coefficient

n Cnn—1)---(n4+1-=> k)
kla aka B kl'kQ'ks'

e a(m)(q?) is the polynomial a(m) evaluated at the monomial ¢°

The number of multisets of pairs (m;, d;)*(™#%) such that the multiset (m;d;)°(™%) partitions 7 is

| M| = > [T o(e(ni)

RS (1) € p()

where p(e) is the number of partitions of e and P(n) the set of partitions of n. The Euler factorization of the
generating function of this sequence (OEIS A006171) is

1
1+Z|Mn\x"=Hm

n>1 n>1

where 7(n) is the number of divisors of n. The first terms are 1,3,5,11,17,34,52,94, 145,244, . . ..
For instance, the polynomial T(a)10(q) is a sum of 244 terms, one of which,

(A7) () )aw@ra @

is contributed by the multiset A = (1,1)2(2,1)2(1,2)?.

The relation between a sequence a and its A-transform T4 (a) is can be expressed more concisely using generating
functions. Let 14 (z) C Z[q][[z]] be the multiplicative abelian group of polynomial power series with constant term
1. For a polynomial power series F(z) =1+ ., a(n)z"™ € 1+ (x) with constant term 1, write T4 (F(z)) for the
generating function of the A-transform of its polynomial coefficient sequence a = (a(n))n>1. The defining relations
for the A-transform of a polynomial sequence (a(n)),>1 or a polynomial power series F(z) € 1+ (z) C Z[q][[z]] are

(3:2) L+ Tala(n)(@)z" = [TA+ D am)(gh)a)* @@, Ty (F(x) (@) = [J(F ) ()@
n>1 a>1 n>1 a>1

Note that T4: 14 (2) — 1+ (x) is multiplicative and translation invariant in the sense that

(3.3) Ta(F(2)G(x)) = Ta(F(2))Ta(G(2),  Ta(F(qz)) = Ta(F(2))(gz)

for any two polynomial power series F(z),G(z) € 1 + (x).
From now on, A(d) will not be any sequence of polynomials but we will fix

(3.4) Ad)a) =~ 3 pln/d)g’
d|n

to denote the number of monic irreducible polynomials of degree d in F[t] [10, Theorem 3.25]. By unique factor-
ization in the polynomial ring F,[t], any monic polynomial f factors essentially uniquely f =[], f; as a product
of the monic irreducible polynomials f;. Since there are A(d)(q) monic irreducibles of degree d, f — xd°&f is
multiplicative, zd°8f = [, xcides fi| we get the classical relation [14, Chp 2]

1 deg f; 1
35) - Sogan = 30 ates = S [[a e = [0+ 2t 4 22 4 )ADW — I i

n>0 f monic A a>1 a>1
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by using Euler factorization. We conclude that
L (3.2 ; 3.5 ; Ly (3.3 ; ;
(36) TA(l_qzm)(:) H(l_(qzx)d)A(d) (:)1_611-‘,-1‘%7 TA((l_qzx)])(:) (1_qz+1x)]
d>1

r

—
for any two integers ¢ and j. In particular, the iterated A-transforms of 1—z are T4 (1—2) =Ta---Ta(l—z) = 1—¢"x
for all » > 0. - -
We shall need not only the A-transform but also the A-transform. The slightly modified sequence A given by

(37) Ald)(@) = = 3 ln/d)(a® ~ 1)
d|n

differs from A only at the first term: A(1)(q) = ¢ while A(1)(¢) = ¢ — 1. This is reflected in the relations

(38) 1+ Tala(n)(@)z" =1+ Y Tala(n)(g)z")(L+ Y a(n)(@)a"),  Ta(F(z)) = Ta(F(x))F ()
n>1 n>1 n>1

between generating function. We now determine the iterated A-transforms of 1 — x.

Lemma 3.9. Let Fi(x) =1—2 and Fr11(x) = Tz(F-()) forr > 1. Then

Frinla) = )

for allr > 1.

Proof. The A-transform and the A-transform of the polynomial power series Fy(z) = 1 — x are

TAF () 1= g0 = Fae). Rl = Ty(m() 2 ) Lzer By
From (3.6) and (3.8) we now get that
Frii(z) = IE;T((Q;S))
by induction. O

4. SEMI-SIMPLE ELEMENTS OF GL, (F,)

The companion matrix of a monic polynomial f =" 4 ¢,_1t" " + -+ + ¢1t + ¢o € F[t] is the square matrix

0 1 o --- 0
0 0 1 - 0

1
_CO _Cl ... ... _cn71

An element g of GL,,(F,) is semi-simple if the order of g is prime to ¢. The primary rational canonical form of a
semi-simple g € GL,,(F,) has the form

ma my

[g] :dla‘g(c(fl)v 7C(f1)7 7C(fl)’ 7C(f1)v)

where the f; € F,[t], are distinct irreducible monic polynomials. The degree 1 polynomial ¢ with constant term
equal to 0 is, however, not allowed as the companion matrix (0) is not invertible. Thus there are ¢ — 1 allowed
monic irreducible polynomials of degree 1. Let d; be the degree of f;. Because [7, Lemma 2.1]

Cri@(9) = L, (Fga),  Cer,v,)(9) = [ Ly, (Fga)

the contribution to the sum of Corollary 2.4 is ], X,—1(mi, ¢%).
We associate to [g] the multiset A([g]) = (m1,d1),. .., (m;, d;

)
A(d)(q)
11 () | ey < )
Im: (m,d)*™Dex

,... € M,. For every multiset A € M,, there are

semi-simple elements of GL,,(F,) with the same contribution to the sum for X,(n,¢). In other words, F,41(z) =
T4i(F-(x)) for all r > 1.
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Proof of Theorem 1.4. Let F, be the generating function of the polynomial sequence (X;)n>1. Then Fi(z) =1—=z
according to Proposition 2.1.(2). We observed above that F,.11 = T5(F),) for all r > 1 and we saw in Lemma 3.9
that Fy4q(z) = F.(qx)/F,(z) for all r > 1. O

See [17, Proposition 4.1] for an alternative proof of the case r = 2 where Fp(z) = 1222 =1+ (1 —¢) D1 T

Corollary 4.1. (¢ —1)"~! divides F,.(z) — 1 for all v > 1.

Proof. Suppose that F,.(x) — 1 lies in the principal ideal generated by (¢ — 1)*. Then

. L Blar) | Fegz) = Fi() _ Yons1an)(@)(g” — D" 3,5 a(n)(@)(g—1)(¢" "+ + 1)a”
(@) -1 = Fo(x) Fp(x) B F,(x) B F,(x)
lies in the principal ideal generated by (g — 1)*+!. O

Corollary 4.2. ¢"~! | X,.(n,q) for all odd r > 1 and for all n > 1.

Proof. Let r > 1 be odd. Write the generating function F.(z) as 1 + 3, -, a(n)z™. Then

Fyoa(e) = FEDE) (14 Sam)gz")(1+ Sa(ma”)
e Fr(qz)? 1+ a(n)zn)?
By inspection one sees that if ¢"~! divides a(n) for all n > 1 then ¢"~! also divides the coefficient of 2™ in the
above expression. O

For example, in the third generating function

Fy(e) — 1= —(g— 12 ng"1a" = (¢ - ”2@% S gt = —(g— 122

n>1 n>0 9¢1—qz

the coefficient of 2™, Y3(n, ¢), is divisible by (¢ — 1)2¢™~!. Section 6 contains some tables of quotient polynomials
Xr(n,q)/(¢ —1)""" € Zlg] or X (n,q)/(¢" " (¢ — 1)"") for odd r.

4.1. Other presentations of equivariant reduced Euler characteristics. In this subsection we view ¢ as a
fixed prime power rather than as the variable of a polynomial ring. To emphasize the shift of viewpoint we write
F.(x)(q), the rth generating function at ¢, for the power series in Z[[z]] obtained by evaluating F,.(z) € Z[q][[x]] at
the prime power q.

Proof of Theorem 1.5. Write log F;.(x)(q) = >_,,5, ;‘% Theorem 1.4 implies that f' = —1 and f’,; = (¢" —1)f"

for alln > 1 and r > 1. Thus f? = —(¢" —1)" ! for all r > 1. O

We now unfold the recursion for equivariant reduced Euler characteristics implicit in Theorem 1.4.

Corollary 4.3. The rth equivariant reduced Euler characteristics, Xr(n,q), at the prime power q are given by the
recursion

—(161 — 1)t n=1
Xr(n,q) =49 _2 iyl ()
- Z (@ =1)"""Xr(n—j,q) n>1
1<j<n
with the convention that X, (0,q) = 1.
Proof. Apply Lemma 5.30 to the formula of Theorem 1.5. O

The infinite product presentation (Lemma 5.30) of the rth generating function at ¢ is

1 -
Fy(2)(q) = [J =2 @, b(g)n) = = > uln/d)(g" - 1)
n>1 d|n
For 7 = 2, Fp(z)(q) = (1 —2)~'(1 — gz) = [[,5,(1 - 2™)A@ M) and hence by(q)(n) = A(n)(q) is the number of
monic irreducible degree n polynomials in F,[t]. I am not aware of any similar interpretation of b,(¢)(n) when
r> 2.
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5. THE p-PRIMARY EQUIVARIANT REDUCED EULER CHARACTERISTIC
In this section we discuss the p-primary equivariant reduced Euler characteristics of the GL,, (F,)-poset L}, (F,).

Definition 5.1. [16, (1-5)] The rth p-primary equivariant reduced Euler characteristic of the GL,, (F,)-poset L;, (Fy)
is the normalized sum

1
X2 e M. > N(Ce o (X(Z x Z7 1
Xr(n,q) |GL,(F,)| 1 X(CLs () (X(Z x Z;,77)))
X €Hom (Zx 25~ ',GL, (F,))
of reduced FEuler characteristics.

The rth p-primary generating function at ¢ is the integral power series

(5.2) FP(2)(q) =1+ Y X0(n,q)z" € L[]
n>1
associated to the sequence (X2(n,q))n>1 of p-primary equivariant reduced Euler characteristics.

The rth p-primary equivariant unreduced Euler characteristic x*(n, q) agrees with the Euler characteristic of the
homotopy orbit space BL;,(Fy), cL, (r,) computed in Morava K (r)-theory at p [8] [12, Remark 7.2] [16, 2-3, 5-1].
Proposition 5.3. Suppose that r =1 orn = 1.

(1) Whenr =1, X{(n,q) = X1(n,q) = =01, is =1 forn =1 and 0 for n > 1.

(2) Whenn =1, x2(1,q) = —(q — 1);’1 for all p, q, and r > 1.
Proof. When r = 1, the p-primary equivariant reduced Euler characteristic and the equivariant reduced Euler
characteristic agree and we refer to Proposition 2.1. When n =1,

XP(L,q) = —[Hom(Z x Zy ™", GLy (Fy))|/| GLy (F)| = —(¢ = 1)(g — 1) /(g — 1) = (¢ — 1),
since L] (Fy) = 0 and x(0) = —1. O
Proposition 5.3 and Lemma 2.2 show that
H@)@=1-=
F(z)(g)=1-=2z, plg, r=1
FP(a)(q)=1—(¢—1)p a4+, r>1

In particular, the first p-primary generating function at ¢, F¥'(z)(q) = Fi(z)(¢) = 1 — z, is independent of p and gq.
When ¢ is prime to p, write ord,» (q) for the order of ¢ modulo p™ [9, Chp 4, §1].

Lemma 5.4. When ptq and n is big enough, ord,n+1(q) = pord,.(q).

Proof. Reduction modulo p" induces group homomorphisms (Z/p"*1Z)* — (Z/p"Z)* that are onto if p is odd
and n > 1 or p =2 and n > 3; see (the proofs of) [9, Theorem 2, Theorem 2’ Chp 4, §1]. The kernels of these
homomorphisms have order p. Viewing ord,»(g) as the order of the subgroup (g),. < (Z/p"Z)* generated by g, it
follows that ord,+1(¢) must equal either ord,» (¢) or pord,»(q). Suppose that ord,»(¢) = r and ¢" = 14+aop™ where
p 1 ap. (There will eventually be an integer n with this property: Suppose that ord,(¢) = r. Write ¢" = 1 + aop”
where n > 0 and p { ag. Then also ordy» (¢q) = r.) If we assume that ord,.+1(¢g) = r, then we can write ¢" = 14+bp"*!
for some integer b. This contradicts p { ag. Therefore, ord,n+1(q) = pr. Since also

" =1+ap")? =1+ <]17) aop™ + <]27) agp2n NI aé’pp"

=1+ (ao+ (g) afp" "t agpPt T p" T = 14 agp™t!

where p { a1, we can continue inductively. O

Let AP(d)(q) be the number of monic irreducible degree d and p-power order polynomials in the polynomial algebra
F,[t] over F, [10, Definition 3.2]. If ¢ = p° is a power of p then t»" — 1 = (t — 1)?" and AP(d)(p°) = 1,0,0,0,.... If
p1 ¢, the number AP(d)(g) equals 0 except if d = ord,n(g) for some n > 0. According to [10, Theorem 3.5] we have

M) =(g=1) A== D, o), d>1,
n>0
d:ord?m (q)
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where ¢(p") = p" — p"~! is Euler’s ¢-function. The sum is finite since ord,»(q) = d can occur for only finitely

many n by Lemma 5.4. The (¢ — 1), polynomials of p-power order and degree 1 are those of the form ¢ — a, with
companion matrix (a), where a € F< is of p-power order [10, Lemma 8.26].

Let Z) denote the unit topological group of the ring Z, of p-adic integers. Consider the subgroup (g) of Z
generated by ¢ (where ¢ is a prime power prime to p).

Lemma 5.5. The sequence (AP(d)(q))a>1 depends only on the closure (q) in Z) of (q).

Proof. The sequence (AP(d)(g))a>1 depends only on the images of (g) under the continuous [15, Chp 1, §3] ho-
momorphisms Z) — (Z/p"Z)*, n > 1. But (¢) and (g) have the same image in the discrete topological space
(Z/p"2Z)". O

We say that g1 and g9, prime powers prime to p, are p-equivalent if (g1) = (g2) in Z;. For a prime power ¢ prime
to p, if we let

V(q) = (¢ mod 8,15(g* — 1)) p=2
(ord, (), vy (¢ @ — 1)) p>2
then ¢; and ¢, are p-equivalent if and only if v”(g1) = v*(q2) [5, §3]. (We write ord,(g) for the order of ¢ mod p [9,
Definition p 43].)
Theorem 5.6. The p-primary generating function FY ,(x)(q) is the (AP(d)(q))a>1-transform

Fa(@)(9) = Taray o) (FF (2)(q))

of the p-primary generating function FP(x)(q) for allr > 1.

Proof. This is clear when p | ¢ where FP(z)(q¢) =1 —x for all » > 1 and (A”(d)(¢))a>1 = 1,0,0,.... Assume now
that p 1 ¢. The analogue of Corollary 2.4 asserts that

ﬁ)(n, Q) = Z §€—1(CL;;(q) (9)’ CGLH(Fq)(g))
[Q]E[GLn(Fq)p]

where the sum ranges over the set [GL,,(F),] of conjugacy classes of elements of p-power order. Since such
elements have primary rational canonical forms build from irreducible monic polynomials of p-power order which
are enumerated by the sequence (AP(d)(q))a>1, the situation is formally exactly as in the proof of Theorem 1.4. O

According to Theorem 5.6 and Equation (3.2), the generating functions (5.2) are given by the recursion

(5.7) @)@ =1~z  F,@)q)=[JEE) @) @D, r>1

a>1
Corollary 5.8. FP(x)(q), the rth p-primary generating function at q, depends only on r and vP(q).
We shall now determine F?(x)(q) in all cases. The following notation and well-known lemma will be convenient.

Definition 5.9 (L-notation). Let ¢ be a boolean and ay,as two rational sequences. Then L(c : a1 ; az) is the rational
sequence with value

Can as)(n) = ai(n) c(n) is true
L( . ay, 2)( ) {CLQ(’I’L) C(n) 18 fa,lse
atn > 1.

With this notation we have for instance

(5.10) logM:—ZL(Hn:O;t)x—:

1—at
n>1
for all t > 1.

Lemma 5.11 (Lifting the Exponent). Let p be any prime and n > 1 any natural number.
(1) If a =b # 0 mod p and ged(p,n) =1 then vy(a™ — ") = vp(a —b)
(2) If p is odd and a = b # 0 mod p then vp(a™ — b") = vp(a — b) + vp(n)
(8) If a and b are odd and n even then va(a™ — b™) = va(a — b) + va(a+ b) + va(n) — 1.
(4) If a and b are odd and a = b mod 4 then va(a™ — b") = va(a — b) + va(n)

We shall also make use of the following two series.
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Definition 5.12. When p is a prime number and r > 1 a natural number, let

Q) =17 ) = e (— o D)

n>1

in the integral power series ring Z[[x]].
Lemma 5.13. The power series Qp(x) and GE(x) satisfy

(1) Qp(z) =1modp

(2) Gi(z)=1—2z and

Go(2) = (1 —ay" [T —ar 700 = TT a7
n>1 n>0
forr > 1.

Proof. (1) Since (1 —2P)Qp(x) = (1 —x)? =1 — 2P mod p [9, Chp 4, §1, Lemma 2], the first assertion follows.
(2) Assume r > 1. One may use Lemma 5.30 to show that

Gh(w) = (1= " JL—ar"y ey
n>1

Thus GP(z) satisfies the functional equation

G2(x) = (Qp(2)GP(z?))"

—2

Use this relation repeatedly

GP(2) = (Qp(@)G2 @) = Qp(a)” (Qp(a?)GE(z?"))P
2 p2(r=2)

= Qp(2)"  Qpla”)”

2(T 2)

(Qp(a”)G2 (@)™ = = T @pla®" )

n>0

to finish the proof. O

(n+1)(r—2)

It turns out that the prime p = 2 must be handled separately.
5.1. The case p = 2. In this subsection the prime p will be equal to 2.
Lemma 5.14 (p = 2). The 2-primary generating functions at q are

F2(z)(q) =exp(— > (¢" - 1)2%)

n>1
for allr > 1.

Proof. The 2-equivalence classes of odd prime powers are represented by the 2-adic numbers +32° [4, Lemma

1.11.(b)] with
oo J(#3.3) =0
V(£ )_{(il,?)—l—e) e>0

It suffices to prove the theorem for these prime powers (Corollary 5.8). The nonzero values of the sequences A%(d)(q)
are

A%(d)(3) =2,3,2,2,. .. at d=1,2,4,...,2", ...
A%(d)(3%7) = 2. 21Fe glte glte at d=1,2,4,...,2", ... e>0
A%(d)(— ):4,2,2,2,... at d=1,2,4,...,2", ...
A2(d)(=3%) =2,2%Fc —1,2MFe olFe | at d=1,2,4,...,2",... e>0
Recursion (5.7) starts with £ ( )(£3%) =1—x and
F2 ( 32e ()3 ZFi ?)(3%)° H'rlzf2 F;i( )3)? e e=0
" x) (%) E @) s FFE)(3)TT e>0
F2+1( )( 323) Frz(x ( )4F2( )(32)211:[n>12+F2( )(32“)2 ey e=0
' F2(x)(=3%)2F2(2?) (32 )2 sy FP(=)(3%7)2 e>0

for r > 1.
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We now go through four cases and determine closed expressions for these 2-primary generating functions.
q=92",e>0: We first focus on the 2-primary generating functions F2(z)(92") = F2(z)(3% ") at 92°. We have
F2(z)(9) =1—z and

e e nte e e e n+lte e
F3+1(x)(92 ) 92 4.2 H F2 92 )42 92 4.2 H F2 32 )42
n>0 n>0

for all » > 1. Induction over r shows
(5.15) FX@)(9%) = F2(@)(9)*" " (ez0, r>1)

which implies that

F (9 n (r—1)n
’r’+1 | I F2 2 4.2
( )4
n>0

Using a variant of Lemma 5.29 one gets

va(n)
L =Af+4 Z 2rkf::/2k where log F2(z Z f"
— n>1
The solution to this recursion is
T— l‘n T— xn
log F2(2)(9) = = S (857 or F2@)(9) = exp(— Y (s
n>1 n>1
so that in general we get the explicit expression
n n
(516)  logF2@)(0%) = - @ sy F2)(07) = e~ 3@ st D), 620
n>1 " n>1 "
by (5.15). We may thus write
e . R Al
F2@)(3*) = exp(= 3204y ) (e>0)
n>1
where (2°-4n)y = ((32°)" — 1)p by Lemma 5.11.
q = —3: We observe that
(Fr2+1($)(_3)>2 _ Fr2+1( *)(9)
F2(x)(=3)* F2(?)(9)*
solve the resulting recursion
n_ ) (g +4Mdn); T 20 n
1 — 4f; —{0 2 2 24n where log F2(z Zf
n>1
and arrive at the explicit expression
r— ™
FP(x)(=3) = exp(— ) _ (4n)} 1?)

n>1

((—=3)™ — 1) by Lemma 5.11.
1:

q= —326 e 2_ The relation

(BN — (e = T p2e @) = )

F2(2)(—37)? ' 115 F2(a?) (97 )2
leads with input from (5.16) to the recursion
1 — 2 = {;(26'471)5"_2(26'4”)751 ;J{Z where log F2(x) ;fnn
with solution
log F2(a) (~8%) = = SO L2 [0 s (2 dn)y; 2) 0 F2a)(-8%) =exp(~ SO L2 n: (2 dm)a; 2 )
n>1 n>1

where L(2 | n: (2°-4n)a; 2) = ((—3%°)" — 1)2 by Lemma 5.11.
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q = 3: From the observation

( FPa(@ )(3))2 _ 2L @?)09)

F(x)(3)2 ) F2(a?)(9)?

we get the recursion

—(4n)s +2(4n)y~ " 2

fr+1 2fn _ { ( n)? + ( n)2 | n where 10gF2 an
0 ntn
n>1
whose solution leads to the explicit expression
F2(2)(3) = exp(— S L(2 | n: (4n)2; 2) ')
n>1 n

where L(2 | n: (4n)a; 2) = (3™ — 1)2 by Lemma 5.11. O

Corollary 5.17. The 2-primary generating functions F?(z)(—3) at —3 determine all other 2-primary generating
functions as

(1+2)? FX2)(3) = (1 — 2)F2(2*)(-3))*
F2(2)(3%) = F2(x)(-3)*" " (e>0
(1+2)% " F2(a)(—3%) = (1 - 2)F2(?)(-3)*" ") (e > 0)

for allr > 1.
Proof. Combine the expressions for the generating functions from Lemma 5.14 with
oe(173)" =l (o) = Treinoiy
(0] = |0 _— = — n: . —
t\1+a ST P ’ n

from (5.10). O

See Figure 1 for some concrete numerical values of 2-primary equivariant reduced Euler characteristics. We now
address the divisibility relations suggested by the table of Figure 1.

Proposition 5.18. For alln > 1, r > 1, e > 0 477! | X(n,—3), 20=DCFe) | ¥2(n,3%), 2771 | X2(n,3), and
21| 2(n, 8%,
Proof. According to Definition 5.12 and Lemma 5.14 we may write
F2(£L')( ) G2 21‘ 1 H Q2 2'n. o(r=2)(n+1)+(r—1)
n>0

for r > 1. Since 2r —3 < (r—2)(n+ 1) + (r — 1), we have Q2(x)
§1, Corollary 1]. Then also F?(z)(—3) = 1 mod 4"~!. Furthermore, for e > 0,

FE(,’E)(?)QG) _ Gg(x)2(7-71)(1+e) _ H QQ(xQTL)2(7-72)(n+1)+(7~71)(1+e)

n>0
where (r —1)(2+e¢)—1=(r—2)+(r—1)(1+e) < (r—2)(n+1)+ (r—1)(1 +e). It follows that F2(x)(3%") =
1 mod 2= (+e) By Lemma 5.14
F2(@)(=3%) = Qa(—a)” "I a @ (e 0)

Since both factors here are congruent to 1 modulo 2"~! this also holds for their product, F2(z)(—32"). Similarly,
F2(x)(3) =1 mod 27 1. a

9(r=2)(n+1)+(r=1)

=1mod 2?"~2 =471 [9, Chp 4,

The infinite product representations of the proof of Proposition 5.18 have the form
1—z%"

F2 _3 - (7)
ey =11 (5

. 1—z)? _
since Qo () = (1_2 = L—i

We now focus on the second 2-primary generating functions F3 (:v)(:l:32€). For each prime number p, let

(5.19) P,(z) = H(l — 2"l = H ijp"

n>0 n>0 >0

9(r=2)(nt1)+(r—1) 9(r=2)(n+1)+(r—1)(1+e)

@) - [] (25) (¢ >0)

14 22"
n>0 +
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denote the generating function of the sequence counting the number of partitions of natural numbers into powers
of p [1, Theorem 1.1]. We have P(0) = 1 and

(1 - x)Pp(x) = Pp(xp)» logP — Z pnp — 7a (1 - x) exp ( Z(Im)p%) = Pp(x)p_l

n>1 n>1

because the functional equation leads to a recursion for the coefficients of the generating function for log P,(x).

Corollary 5.20 (p =2, r = 2). The second 2-primary generating functions at +32° are

(171‘)2 e=0 717‘%2 e=0
. x)? 2 2¢ r)?
F@)(=3%) = 1Pi(x)(1+x)21+e e>0 R Eji(_)xflﬂ e>0
1+ 2\ Py(x) Py(x)

Proof. When r = 2, the recursion (5.7) states that

F(2)(-3) = (1 —a)* [0 -« = 1 -2 [] (0 - OTI Gkl

2
n>1 n>0 Py(x)

as we saw in the proof of Lemma 5.14. The final identity here follows from (5.19). O

5.2. The case p > 2. Throughout this subsection, p is an odd prime.

Lemma 5.21. The rth p-primary generating function at the prime power q is

n

FP(z)(q) =exp(— > (¢"—1),—)

n
n>1
for allr > 1.

Let g is a prime primitive root mod p? [9, Definition p 41]. Such a prime g always exists by the Dirichlet Density
Theorem [9, Chp 16, §1, Theorem 1]. The congruence class of g generates Z/p"Z for all n > 1 [9, Chp 4, §1,
Theorem 2]. Also, s,t > 1 are natural numbers with product st = p — 1. Note that both sides of the identity in
Lemma 5.21 depend only on (g) (Lemma 5.5). By Corollary 5.8 and [4, Lemma 1.11.(a)] it suffices to consider
p-primary generating functions FP(z)(q) at prime powers of the form ¢ = (¢°)?° where s divides p — 1 and e > 0.

The cases s =p—1 and s < p — 1 are proved in Lemma 5.22 and 5.24 respectively.

Lemma 5.22 (s = p —1). The rth p-primary generating function at ¢, where ¢ = gP~', is
n n (r=2)(nt 1)+ (r—1)e
e (r—1)e e\n re1Z (1 — P )p p
Fr@)(@) = F @)@ = e (= Y (@) =07 5) = T (F—r)

n
n>1 n>0

and pr=D0+6) | 32 (n, g7 for alln > 1.
Proof. Since the order of ¢?" mod p™ [9, Definition p 43] is

e 1 n<e
ord,»(¢gP ) = -
(@) {p"le n>e

we see that the nonzero values of the sequence (AP(d)(g?"))a>1 are

. (p—1)-p°+p° d=1
AP(D) (P =
K {(p—l)-pe d=p™, m>0

Recursion (5.7) at ¢*°
FP@) (") =1-=,  FPy@)(@) = Fr()(@)" [ Fra") @™ )e=n" =1,
n>0

and induction over r show that
(r—1)e

FE(x)(¢") = F¥(2)(a)"
for all » > 1. Thus we only need to determine FP(x)(g). The recursive relation (5.7) at ¢ now takes the form
p(

o(r=1)n
Fl(z)(q) =1—x,  FF(x)(q) = FF(a)(g) [ FP@ )@@ 7", r>1,
n>0
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Write log FP(2)(q) = >_,,>1 frn% Then f, = —1 for all n > 1 and

vp(n)

k
==Y prer >,
k=0

according to Lemma 5.29. The solution to this recursion is f7* = —(pn);~" and we conclude that F?(x)(q) = G (x)
and

e (r—1)e n. (r—2)(n+1)+(r—1)e
FY(z)(¢" ) = G(x)” =[] Q")
n>0

Since (r —1)(14+e)—1=(r—-2)+(r—1le< (r—2)(n+1)+ (r—1)e for all n > 0 and Q,(xz) = 1 mod p
(Lemma 5.13.(1)) it follows that Qp(x)p(rfwnﬂ)ﬂrfl)e = 1 mod p("=D0+e) [9 Chp 4, §1, Lemma 3]. Then also
FP(z)(¢P") = 1 mod p(r—10+e),
Finally, observe that v,((¢?")" — 1) = v, ((g?~1)P™ —1) = v, (p°n) + v, (P~ — 1) = v, (p°n) + 1 = v, (p**°n) and
that ((¢°°)™ — 1), = (p'*°n), for all n > 1. We conclude that
FP(@)(¢”) = FP@)(@) " =exp (= 20" np T ) = exp (= (@) - 15 )

n n
n>1 n>1

as asserted. O

The second p-primary generating function at ¢?°, where ¢ = g?~! as in Lemma 5.22,

@) = F@ @ 2 (- [Ta-o = = (=)
n>0 p

e

is related to the p-adic partition function P,(z) of (5.19).

Lemma 5.23. Let ¢ = g° where s | (p—1) and s < p — 1. The nonzero values of the sequence (AP(d)(q?"))a>1 are

1 d=1
AP(d)(q”) = §sp"+ (" —1) d=t
sp° d=t-p™, m>0
where st =p — 1.
Proof. This is easily proved from
e t ]_ <n< 1 + e
ord,(¢P ) = -~
(@) {tp"_(1+e) n>1+e
For instance,
1 1+e p—1 1+4e 1
AP(E) = < (") = TZ T =@ =) = (=D = D =t S - 1)
n=1 n=1
and
AP(p™) = ey = B L e _ e
tpm tpnz
for m > 0. O

Lemma 5.24 (s < p—1). Let u= g° where s < p — 1. The rth p-primary generating function at uP" is
e e z"
FE(@)(w) = exp (= 3 () = 1), 0)
n>1

forallr > 1 and e > 0.

Proof. Let ¢ = g?~! as in Lemma 5.22. The recursion formulas (5.7) at ¢*" and u?”
F2(@)(¢”) = FP (@)@ )" [] Fra )@ ) e
n>0
F2 (@) () = FP (@) (@ )P FP @) (@) @D T FP @)@ )

n>0
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reveal that

Fla@)@)\ | Pl @) (@)
F @) ) = R

Write log FP(z)(u?") = 3 n2” Then fJ* = —1 for all n > 1 and the above identity shows that

n>1Jr n

n {—<p1+en>; +(ptren)r Tt b
r+1 fr -

0 ttn
The obvious solution to this recursion is f* = —L(t | n : (p'*n)5~1; 1). Since ord,(¢*) = t and v, ((¢*)P""™ — 1) =
vp(gP~ VP — 1) = p,(p°m) + v (g7t — 1) = vp(p°m) + 1 = v, (p'+em) = v, (p'T°tm) by Lemma 5.11, we have
L(t|n: (pFen)p =5 1) = ((u)" = 1), 0

Corollary 5.25. Suppose that ¢ = gP~! and that u = ¢° where st =p — 1. Then
(1= 2" FP () (u”")" = (1 — ) FP(2')(¢")
forallr > 1 and e > 0.
Proof. Observe that
log (F () (" )") — log "= _ 106 Fr(at (¢
o (F2(a)(u”")') ~ log T =11 = log F¥(a')(¢"")

The left hand side is described in Lemma 5.24 and Equation (5.10) and the right hand side in Lemma 5.22. O

If we put FP(z)(v) = FP(x)(v)/(1 — ) for all prime powers v prime to p, Corollary 5.25 states that

T

=, e e

FP(z)(u? ) = FP(a")(¢")  (u=g° q=g¢""" st=p—1)

or, more directly, that

B ==ty = S oS, )R

n—1itm
0<m
0<n—tm<t

where it is understood that ¥2(0,uP") = 1 = ¥2(0, ¢"").
Example 5.26 (p = 3). The 3-equivalence classes of prime powers prime to 3 are represented by 23° and 43°

[4, Lemma 1.11.(a)] with 13(23°) = (2,1 +¢), v3(4%") = (1,1 +¢€), e > 0. The 3-primary generating functions
F3(x)(¢*) for ¢ = 2,4 are for all » > 1 and e > 0 given by

FTS(J?)(43€) — exp ( _ 2(31+en)§—1ﬁ)

(1= 22 F3(@)(@¥ )2 = (1 - 2)2F3(a*)(4%)

according to Lemma 5.21 and Corollary 5.25. See Figure 2 for some concrete numerical values of 3-primary equi-
variant reduced Euler characteristics.

Example 5.27 (p = 5). The 5-equivalence classes of prime powers prime to 5 are represented by 257 45° 16> [4,
Lemma 1.11.(a)] with °(2°°) = (4,1 +¢), v°(4°") = (2,1 +¢), and v°(16°") = (1,1 +¢), e > 0. The 5-primary
generating functions F?°(x)(¢>") for ¢ = 2,4, 16 are for all 7 > 1 and e > 0 given by
F5 5¢ — _ 1+e C*lﬁ
2@)(16%) = exp (= 35 en); )
n>1
(1—2*)FP(x)(4%)* = (1 — 2)*F («*)(16™)
(1= a)F2 (2)(2% )" = (1 — 2)*F (a*) (167 )
according to Lemma 5.21 and Corollary 5.25. See Figure 3 for some concrete numerical values of 5-primary equi-
variant reduced Euler characteristics.
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5.3. Other presentations of p-primary equivariant reduced Euler characteristics. We observe that the
results of subsection 4.1 carry over to the p-primary case.

Corollary 5.28. The rth p-primary equivariant reduced Euler characteristics, XE(n,q), at the prime power q are
given by the recursion

—(g—17! n=1
Xr(n,q) = f% @ -1 e —jg) n>1
1<j<n
with the convention that X2(0,q) = 1.
Proof. Apply Lemma 5.30 to the formula of Theorem 1.6. O

The infinite product presentation (Lemma 5.30) of the rth generating function at ¢ is
FP(x)(q) = [T(1 =™ @0 (g Zu (n/d)(g" = 1);7"
n>1 "am
When r = 2
FP(x (O 7) H A”(n (a)

n>1

shows that AP(n)(q) = b5(q)(n) and we obtain formulas
= LS /D )y (0" = Y A (d)a)
din d|n

similar to the classical formulas (3.4) or (3.7) apparently due to Gauss.

5.4. Generating functions. This subsection consists of two easy, probably well-known, lemmas about generating
functions.

Lemma 5.29. Suppose that F(x) and G(x) are power series with constant term 1 and that

=[] Fa”

n>0

for some integers a and b. If log F(x) = Zn21 f"%ﬂ and log G(z) = Zn21 g”%ﬂ then

vp(n)

fn +a Z p b+1)fn/p

k=0
for allm > 1.

Proof. Let Q(x) = G@)  Then F(x “Q(x) = Q(a? ", The relation —alog F(x) +log Q(x) = p’log Q(«P) implies
F(z)

vp(n)

k
gn=a Yy prtofe

k=0

where log Q(z) = 3,54 q"%. This proves the lemma as g™ = f™ + ¢™. 0

Lemma 5.30. Let (ap)n>1, (bn)n>1, and (cp)n>1 be integer sequences such that

H(l — ") b = exp(Zan%) =1+ chx"

n>1 n>1 n>1
Then
= Zdbd, nb,, = Zu(n/d)ad, ne, = Z @;Cn—j
d|n d|n 1<j<n

where p s the number theoretic Mébius function [9, Chp 2, §2] and it is understood that co = 1.
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Proof. The first identity follows from

S = 3 Y b

n>1 n>1k>1
obtained by applying the operator z-Llog to the given identity exp(}",~, an%) = [1,>,(1 —2™)~’. Mobius
inversion leads to the second identity. The third identity follows from

(1 + Z cnx") ( Z anx”) = Z nep, "

n>1 n>1 n>1

obtained by applying the operator xﬁ to the given identity exp (Zn21 an%n) =1+ anl cnx™. O
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6. TABLES
X3(n,q) |m=1 n=2 n=3 n=4 n=5 n=6
¢=3" | —2 -2 6 -2 -2 6
g=32 | -8 24 —24 —40 152 —184
g=32 | —16 112 —432 880 —208 —4144
=-32| —4 4 4 -12 12 —4
g=-3*| -2 -6 14 10 —-34 10
¢g=-3| -2 —14 30 82  —194 —238
X3(n,q) |n=1 n=2 n=3 n=4 n=>5 n==6
¢=3" | -4 -2 116 208 —1428 —328
g=32" | —64 1920 —35520 446208 —3904320 22659712
q=32" | —256 32256 —2665216 162331648 —7766985984 303778507264
g=-3"1 -16 96 ~176 —832 5424 —9184
g=-3"| -4 —120 500 6928 —30228 —255336
g=-3"1] —4 504 2036 125968 —514068 —20813288

FIGURE 1. Some second and third 2-primary equivariant reduced Euler characteristics

Xs(n,q) [n=1 n=2 n=3 n=4 n=5 n=6

=21 -1 -1 1 0 0 ~1

g=2% | -1 -4 4 6 —6 -7

=2 -1 -13 13 78 —78  —295

q=4 1 -3 3 -3 6 —6 3

¢=43 1 -9 36 —90 180 —342 603

g=4% | —27 351 —2943 18036 —87048 348813
Xa(n,q) [n=1 n= n=3 n=4 n=>5 n==06
=28 | -1 —4 4 6 —6 —16
¢g=2% | -1  —40 40 780 —1780 —9988
¢=2" 1 -1 —364 364 66066 —66066 7972936
q=43 1 -9 36 -108 342 —990 2376
q=43" | —81 3240  —85536 1681236 —26321436 342992556
q=4% | =729 265356 —64306548 11672702802 —1692852267834 204333604208352

FIGURE 2. Some second and third 3-primary equivariant reduced Euler characteristics



X3(n,q) [ n=1 n=2 n=3 n=4 n=>5 n=2~0

¢g=2" ] -1 0 0 —1 1 0

g=2" | -1 0 0 —6 6 0

=2 | -1 0 0 -31 31 0

g=4" | -1 -2 2 1 -1 0

g=4" | -1 -12 12 66 —66 —220

=4 | -1 —62 62 1891 —1891 —37820

q=16"| -5 10 -10 5 -5 20

¢=16°" | —25 300 —2300 12650 —53150 177600

q=16" | —125 7750 —317750 9691375 —234531375 4690638000
Xa(n,q) | n=1 n=2 n=23 n=4 n=>5 n==06
q=2" —1 0 0 —6 6 0
g=2%" ~1 0 0 —156 156 0
q=2% ~1 0 0 —3906 3906 0
q=4° ~1 —12 12 66 —66 —220
q=45 ~1 —312 312 48516 —48516 —5013320
q =45 -1 —7812 7812 30509766 —30509766 —79427090820
q=16"| —25 300 —2300 12650 —53250 180100
¢=16°" | —625 195000 —40495000 6296972500 — 782083987500 80815346940000
q=16" | —15625 122062500 —635660812500 2482573303218750 —7756055513916093750 20191597854562540687500

FIGURE 3. Some second and third 5-primary equivariant reduced Euler characteristics
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—xr(n,2) | n=1 n=2 n=3 n=4 n=>5 n=~06
r=1 1 0 0 0 0 0
2 1 1 1 1 1 1
3 1 4 12 32 80 192
4 1 13 101 645 3717 20101
) 1 40 760 11056 140848 1657216
6 1 121 5481 176921 4865465 121991097
7 1 364 38852 2742192 160444704 8459901568
8 1 1093 273421 41843005 5160361501 567145627357
9 1 3280 1918320 633421856 163640016032  37253059018752
10 1 9841 13441361 9548966001 5145988736049 2415591291535153
—xr(n,3) |n=1 n=2 n=3 n=4 n=>5 n==6
r=1 1 0 0 0 0 0
r=2 2 2 2 2 2 2
r=3 4 24 108 432 1620 5832
r=4 8 224 3896 56384 738728 9084320
r=2>5 16 1920 120240 5965056 261808848 10632560256
r==6 32 15872 3441632 566592512 81130485920 10643326347776
r= 64 129024 94627008 50623598592 23235767666496 9699351625525248
r=28 128 1040384 2543401856 4359012368384 6335120693648000 8325309587628007424
r=9 256 8355840 67464334080 366700817350656 1672593892361932032 6866060974492749299712
r =10 912 66977792 1775497190912 30384790121480192 432088361624308894208 5508197369484633860341760
—xr(n,4) | n=1 n=2 n=3 n=4 n=>5 n=~6
r=1 1 0 0 0 0 0
r=2 3 3 3 3 3 3
r= 9 72 432 2304 11520 55296
r=4 27 1323 41067 1064043 24951915 548715627
r=>5 81 22032 3289248 392615424 41469076224 4046629404672
r= 243 350163 240939603 128147119443 59358341480787 25142376895168851
r= 729 5429592 16753854672 38825589337344 77426404548337152 140143660428976386048
r=2_8 2187 83038203 1127902212027 11210270236461243 94979669231700061371 726285710380559627353275
r=9 6561 1259921952 74358102316608 3133261901291480064 111685827936678492989952 3577193222771146513160577024
r =10 19683 19027969443 4834201997243043 856136331064357729443 127438985356787107484085411 16984678398182565955500827995299

FIGURE 4. Equivariant reduced Euler characteristics x,(n,q) for ¢ = 2,3,4

ST

HATION "IN HHdSHL



—x1(n,q) = (1,0,0,0,...)
_%2(77”(])/((] - 1) = (17 ]-a la 17 B )
(_%3(naQ)/((q_ 1)2qn—1)) (172’3a47"')

(=Xa(n,9)/(q — 1)*)1<n<10 =
1
32 +1
6g" — ¢° +3¢° + 1
10¢° —3¢° +6¢* — ¢® + 3¢ + 1
15¢% — 6¢7 +10¢% — 3¢° +6¢* — ¢® +3¢> + 1
21¢'% — 10¢° + 15¢% — 697 + 10¢° — 3¢®> + 6¢* — ¢®> +3¢% + 1
28¢'% — 15" +21¢'° — 10¢° + 15> — 6¢" + 10¢° — 3¢° + 6¢* — ¢* +3¢* + 1
3644 — 21¢' + 282 — 15¢'! 4 214" — 10¢° + 15¢° — 647 + 10¢° — 3¢° + 6¢* — ¢* + 3¢* + 1
45¢" — 28¢1 + 36¢'* — 21¢™® + 28¢'? — 15¢*! + 21¢" — 10¢” + 15¢° — 6¢7 + 10¢° — 3¢° + 6¢* — ¢* + 3¢> + 1
55q¢'8 — 36¢17 + 45¢1¢ — 28¢'° + 364 — 21¢13 + 28¢12 — 15¢* + 21¢'° — 10¢° + 15¢% — 697 + 10¢° — 3¢° + 6¢* — ¢® + 3¢> + 1

(=x5(n, @)/ ((g = 1)*¢" ")) 1<n<10 =

1
4¢% + 4
10g* — 4¢° + 15¢% — 49 + 10
2048 — 15¢° + 40q* — 264¢° + 40¢% — 15q + 20
35¢% — 36¢7 + 8645 — 80¢® + 115¢* — 80¢° + 8642 — 36q + 35
5610 — 702 + 160q% — 180q” + 260¢°® — 236¢° + 260q* — 1804¢> + 160¢> — 70q + 56
84q12 — 120¢'! + 269¢10 — 3404° + 500¢% — 524¢7 + 605¢° — 524¢° + 500¢* — 340¢> + 269¢% — 120q + 84
120¢'* — 189¢'3 + 420¢'2 — 574¢! + 8604’0 — 985¢° + 1184¢°% — 1160q" + 1184¢°% — 9854¢° + 860g* — 574¢% + 42042 — 189g + 120
165q16 — 280¢15 + 620¢'* — 896413 + 1365¢'2 — 1660q1! + 2060¢10 — 218047 + 2341¢% — 2180q¢” + 2060¢°® — 1660¢° + 1365¢* — 896¢> + 620¢2 — 280q + 165
220¢'® — 396¢'7 + 876¢'% — 1320¢'° + 2040¢* — 2590413 4 3296¢'2 — 36764 + 410090 — 4100¢° + 4100¢% — 367647 + 3296¢° — 2590¢° 4 2040¢* — 13204 + 87642 — 3964 + 220

5 5 —
(=X6(n:q)/(q — 1)°)1<n<e =
1
5¢* +10¢ + 1
15¢% — 10q7 + 45¢% — 25¢° + 55¢* — 10¢® + 10¢% + 1
35¢12 — 45¢'! + 1500 — 17042 + 290¢% — 235¢7 + 270¢°% — 100¢° + 60¢* — 10¢> + 10¢% + 1
70q'% — 1264% + 395¢* — 615¢'3 4 1085¢ 2 — 1295¢' " + 160140 — 1395¢% + 123048 — 6007 + 315¢°% — 101¢® + 60¢* — 10¢> + 10¢% + 1
126 20 _ 280 19 18 _ 17 16 _ 15 14 _ 13 12 11 10 _ 9 8 _ 7 6 _ 5 4 3 2
q q'9 + 875q 1625¢'7 + 3070q 4477q® + 6245¢ 7115¢3 + 75704 6525¢1 + 5127¢ 2825¢% + 1465¢% — 6107 + 315¢° — 101¢° + 60q* — 10¢3 + 1042 + 1

(=x7(n,q)/(q —1)5¢" M1cn<s =

1
6¢* + 204 + 6
21¢8 — 20q7 + 105¢% — 90¢° + 211¢* — 90¢° + 105¢% — 20q + 21
. 5692 — 105¢"! + 4200 — 68097 + 1386¢° — 1695¢" + 2260¢° — 1695¢° + 1386¢* — 6804° + 42092 — 105q + 56 )
126¢% — 33641° + 1309¢'* — 2856413 + 6300¢'2 — 104864 + 1641640 — 20664¢° + 23507¢% — 2066447 + 16416¢q° — 10486¢° + 6300q* — 285643 + 13092 — 3364 + 126
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