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Abstract

Using the language of Riordan arrays, we study a one-parameter family of orthog-
onal polynomials that we call the restricted Chebyshev-Boubaker polynomials. We
characterize these polynomials in terms of the three term recurrences that they satisfy,
and we study certain central sequences defined by their coefficient arrays. We give an
integral representation for their moments, and we show that the Hankel transforms of
these moments have a simple form. We show that the (sequence) Hankel transform of
the row sums of the corresponding moment matrix is defined by a family of polynomials
closely related to the Chebyshev polynomials of the second kind, and that these row
sums are in fact the moments of another family of orthogonal polynomials.

1 Introduction

In this paper, we shall explore a number of polynomial sequences arising from a study of the
one-parameter family of orthogonal polynomials defined by the Riordan array

1+ra? x
(1+x2 ’1+:B2)'
Elements of this family may be regarded as generalized scaled Chebyshev polynomials of the
second kind. We use ideas from the theory of the Riordan group of lower-triangular matrices
[26] to help us derive our results. General information on orthogonal polynomials as used in
this note may be found in, for instance, [11, 15, 33]. We will find it useful to give continued
fraction expressions for generating functions encountered in this note [34], particularly when
we want to characterize Hankel transforms [18] of sequences. In the next section, we give a
brief overview of Riordan arrays, and their links to orthogonal polynomials. In the following
section, we concentrate on the coefficient array (P, ;) of the orthogonal polynomials, and in
particular we study properties of the sequences P, ,, and P, ,4+1. In this context, we note
that the Boubaker polynomials (the case r = 3 of the family parameter) have the special
property Ps,, = 0". In the next and final section, we look at the moment matrix (the
inverse of the coefficient array), its first column, which is the moment sequence of the family
of orthogonal polynomials under study, and the row sums of the moment matrix. We give
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integral representations of these sequences, and we characterize their Hankel transforms.
We find that this family of orthogonal polynomials has an interesting property: the Hankel
transform of the row sums of the moment matrix is expressible in terms of suitably scaled
and shifted Chebyshev polynomials of the second kind.

2 Riordan arrays and orthogonal polynomials

The group of Riordan arrays R [26] was first introduced by Shapiro, Getu, Woan, and
Woodson in the early 1990’s. Since then, they have been extensively studied and applied in
a number of different fields. At its simplest, a Riordan array is formally defined by a pair
of power series, say g(x) and f(z), where g(0) = 1 and f(z) = = + agz? + azz? + .. ., with
integer coefficients (such Riordan arrays are called “proper” Riordan arrays). The pair (g, f)
is then associated to the lower-triangular invertible matrix whose (n, k)-th element T, j is
given by
T = [2"]g(2) f(2).

In this paper, we shall define a one-parameter family of orthogonal polynomials using
Riordan arrays, and we shall investigate a number of aspects of these orthogonal polynomials,
notably the central sequences defined by their coefficient array, and the Hankel transform [21]
of their moment sequence. We recall that for a sequence a,, we define its Hankel transform
to be the sequence of determinants h,, = |ai+j|o<i j<n-

All the power series and matrices that we shall look at are assumed to have integer
coefficients. Thus power series are elements of Z[[x]]. The generating function 1 generates the
sequence that we denote by 0", which begins 1,0,0,0,.... All matrices are assumed to begin
at the (0,0) position, and to extend infinitely to the right and downwards. Thus matrices
in this article are elements of ZNo*No  When examples are given, an obvious truncation is
applied.

The Fundamental Theorem of Riordan arrays [27] says that the action of a Riordan array
on a power series, namely

(9(x), f(x)) - alx) = g(x)a(f(2)),

is realised in matrix form by

Qg bo
ai by
(Tn,k) a2 - b2 s
as bs
where the power series a(x) expands to give the sequence ag, aj, as, ..., and the image se-

quence by, by, by, . .. has generating function g(x)a(f(x)).
An important feature of Riordan arrays is that they have a number of sequence charac-
terizations [10, 16]. The simplest of these is as follows.



Proposition 1. [16, Theorem 2.1, Theorem 2.2] Let D = [d, k] be an infinite triangular
matriz. Then D is a Riordan array if and only if there exist two sequences A = [ag, a1, asg, . . .
and Z = (29, 21, 22, . . .] with ag # 0, zo # 0 such that

L4 dn+1,k+1 = Z;i(] ajdn,k+j7 (kv n = 07 17 - )
[} dn—i—l,O = Z]Oio Zjdmj? (n = 0, ]_, .. )

The coefficients ag, ai,as,... and zg, 21, 22,... are called the A-sequence and the Z-
sequence of the Riordan array D = (g(z), f(x)), respectively. Letting A(z) be the generating
function of the A-sequence and Z(x) be the generating function of the Z-sequence, we have

A) = =2 Z(z) = —— (1 _ g(;) | (1)

flx)’ f(x) f(z))
Here, f(z) is the series reversion of f(z), defined as the solution u(z) of the equation
flu) =z

that satisfies u(0) = 0.
The inverse of the Riordan array (g, f) is given by

(9(a), f()~" = (m,f@:)) |

For a Riordan array D, the matrix P = D' D is called its production matriz, where D
is the matrix D with its top row removed.

The concept of a production matriz [13, 14] is a general one, but for this work we find it
convenient to review it in the context of Riordan arrays. Thus let P be an infinite matrix.
Letting rg be the row vector

ro = (1,0,0,0,...),

we define r; = r; 1P, i > 1. Stacking these rows leads to another infinite matrix which we
denote by Ap. Then P is said to be the production matrixz for Ap.
If we let

u’ =(1,0,0,0,...,0,...)

then we have

ul
ul P
Ap = uT P2
and B
IAp = ApP



where I = (§;11)i >0 (where 4 is the usual Kronecker symbol):

01 00O0O0
001000
0001O0O0
7=1 000010
00 0O0O0°1
00 0O0O0O 0
We have
P = A TAp. (2)

Writing Ap = I Ap, we can write this equation as
P = A;"Ap. (3)

Note that Ap is Ap with the first row removed.
The production matrix P is sometimes [25, 28] called the Stieltjes matrix S4, associated
to Ap. Other examples of the use of production matrices can be found in [2], for instance.
In the context of Riordan arrays, the production matrix associated to a proper Riordan
array takes on a special form:

Proposition 2. [1/, Proposition 3.1] Let P be an infinite production matriz and let Ap be
the matriz induced by P. Then Ap is an (ordinary) Riordan matrixz if and only if P is of
the form

o ag 0 O
& o ag O
2 ay a1
P=| & a3 a2z ar o
§4 au a3 ap a1
§ a5 aq a3 ax i

o O O

0
0
0
0

where & # 0, ag # 0. Moreover, columns 0 and 1 of the matrix P are the Z- and A-
sequences, respectively, of the Riordan array Ap.

Where possible, we shall refer to known sequences and triangles by their OEIS numbers

[30, 31]. For instance, the Catalan numbers C,, = #1(2:) with g.f. ¢(z) = 242 s the
sequence A000108, the Fibonacci numbers are A000045, and the Motzkin numbers M, =
Sh24 (2)Cy are A001006.

The binomial matrix B = ((Z)) is A007318. As a Riordan array, this is given by

1 x
B=|——\W—].
(1—x’1—x)

Note that in this article all sequences a,, that have ay # 0 are assumed to have ay = 1.
Likewise for sequences b, with by = 0 and b; # 0, we assume that b; = 1.
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The papers [4, 5] explore the use of Riordan arrays to define constant coefficient orthog-
onal polynomials. Three relevant results [4] are as follows.

1—\z—px? T
14+rz+sz? ? 14+ratsz?

eralized Chebyshev polynomials of the second kind given by

" x—r 1 x—r "2 x—r
= — | = - — _ =0,1,2,...
Proposition 4. The Riordan array L where

-1 1— v — pa? T !
 \l+4az+b22’ 1+ az + ba?

Proposition 3. The Riordan array ) is the coefficient array of the gen-

has production matriz (Stieltjes matriz) given by

a+X 1 0 0 0 0

b+p a 1 0 0 0

0 b a1 0 0

P=S; = 0 0 b alO0
0 00 b a1l

0 000 b a

Proposition 5. If L = (g(x), f(x)) is a Riordan array and P = Sy, is tridiagonal of the
form

aa 1 0 0 0 0
by a 1 0 0 O
0O balO0O
P=S; = 0 0ba 11O : (4)
0 00 0b a'l
0 000 Db a

then L= is the coefficient array of the family of orthogonal polynomials p,(x) where py(z) =
L, pi(z) =z — a1, and

pn-l—l(x) = (l’ - a)pn(x) - bnpn—l(x)’ n = 27

where b, is the sequence 0,b1,0,b,0, .. ..

3 Definitions and Properties

We define the restricted Chebyshev-Boubaker polynomials P, (x;7) to be the one-parameter
family of orthogonal polynomials P, (x;r) whose coefficient arrays are defined by the Riordan

arrays
1+rz? =z
, , T ELZL.
(1+:€2 1+x2)

bt




Here, 7 is taken to be an integer parameter (r € Z). When r = 0, we get the modified Cheby-
shev polynomials U, ( %) [22], while the case r = 3 coincides with the Boubaker polynomials
[1,3,7,8,9,12, 19, 20, 24, 29, 35]. Thus the coefficient array of this family of orthogonal
polynomials begins

1 0 0 0 0 00
0 1 0 0 0 00
r—1 0 1 0 0 00
P(r)= 0 r—2 0 1 0o 0 01,
1—r 0 r—3 0 1 00
0 3-—2r 0 r—4 0 10
0 1

r—1 0 32—-r) 0 r-—5
and hence the polynomials begin

Po(z;r) =1, Pi(a;r) = 2, Py(asr) = 2 +r — 1, Py(asr) = 2° + 2(r — 2),....

We have . .
P.(z;r)=U, <2) +1rUn,_o <2> .
The inverse of the coefficient matrix begins
1 0 0 0 0 00
0 1 0 0 0 00
1—r 0 1 0 0 00
M(r) = 0 2—r 0 1 0O 0 0 |,

r? —3r 42 0 3—r 0 1 00
0 r?—4r+5 0 4—r 0 10
—r3+5r2 —9r+5 0 r?—5r+9 0 5—r 0 1

and thus the moment sequence p(n;r) for the polynomial family P, (x;r) begins
1,0,1—7,0,7* = 3r+2,0,—r® + 57> — 9r +5,0,7* — 7r® + 20r* — 287 + 14,0, . . ..

The production matrix of the moment matrix M(r) begins

0 100000
11— 01 0000

0 101000

0O 010100/,

0 001010

0 0001O0T1

0O 00O0O0T1O0

indicating that the family of orthogonal polynomials P, (x; ) obeys the three-term recurrence
P.(x;r) =P, _1(x;7) — Py_o(z;7),
with
Py(x;r) =1,P(x;r) =2 and Py(x;r) =2® +7r — 1.
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4 The coefficient matrix P(r)

We calculate the general term P, j, of the coefficient matrix P(r). For this, we use the method
of coefficients [23].

Proposition 6. We have

nik noxl 4 (=1)"F 2 noxl 4 (=1)"F
Poi = ( : )(-1)2’“—“2 ) +7°( : )(—1)2’“—“2 LA

Proof. We have

P 1+ rz?
’ 1+z 1—|—£L‘2

e (1 1x2)

=\ J
= ["7"] 2 (k ;.rj)( % 4 r[a" 7] 2 (k ;.Lj)( 1)i 2%
_ (”‘2”“) (1Lt (;1)"—k L, <n+£—2) L (;)n—k —

Corollary 7. We have

_ 2 2 1\ _ .tk
o ()PP e
ntk r(n—k) w14 (=1)" 7k
Pop={ 2 ) (170 Nyt
i (k)( n+/€+0”+k)< ) 2

n
7”): E Pn’kil}k.
k=0

Two special cases have other well-known expressions. We have

and

Thus we have

Pa(x:0) = Uy(x/2) = L%JO (") evpan

k=

7



and

P =0 =3 (" ) A e,
k=0
In general, we have
L) n—Fk\n—(r+1)k
Pn . — _1 k n—2k'
=3 (" )

k=0

We now turn to look at the central terms P, , and P, ,,+1 of the coefficient matrix P(r).
We have

Proposition 8.

Alternatively,

Popn(r) = (1 — 2)0" — (r — 3)(—1)3 (7
Corollary 9. For the Boubaker polynomials, we have
B2n,n - P2n,n(3) =0".

Proof. In order to prove this result, we will calculate the generating function of the term
Py, ,,. For this, we use the result [6]: Let da,, be the central coefficient sequence of the
Riordan array (d(t), h(t)). Then we have

d
d2n,n = [tn]

- ().

In our case (using the “dummy” parameter z), we have

where

he) = g = o) = H(1+ 07 = 5 (VAR 433} - (VT +1 - 3vEa)h).

T 1442
We obtain that the generating function of P, , is given by

r, (V2T ias 3v/32) 3 (r(vV2722 + 4 — 3v/32)3 — (r — 3)23) + 23 (3 — 2r) (V2722 + 4 — 3v/3) 3
3 62722 + 4 '

We note that when r = 3, this reduces to 1. O



The sequence Py, ,(r) expands to give
1,0,7 — 3,0,5(3 — 1),0,28(r — 3),0,165(3 — 7,0, 1001(r — 3),0,6188(3 — 1),0, .. .,
or
1,0,7 — 3,0, 15 — 57,0, 287 — 84, 0,495 — 1657, 0, 10011 — 3003, 0, 18564 — 618870, . . ..
We recognise in the numbers

1,0,—3,0,15,0, —84,0,495,0, —3003, . . .

()

0,0,1,0,-5,0,28,0,-165,0,1001, 0, —6188, 0, 38760, 0, —245157, 0, 1562275, 0, . ..

an aerated version of the numbers

Similarly, the numbers

are an aerated version of the numbers

C?:f)PU”

The Hankel transform h,, of da, ,(7) is such that the sequence hn

=D

begins
1,1, —r —2,—=3(r 4+ 2),3(10r 4+ 11),26(10r + 11), =52(108r + 85), —1292(108r + 85), . . ..
This last sequence is the sum of the sequence
1,1, -2, -6, 33,286, —4420, —109820, 4799134, 340879665, . . .,
and the sequence

r{0,0,—1, -3, 30, 260, —5616, —139536, 7683524, 545756190, —80623845225, . . .}.

We recognise in the former sequence (—1)(3) times the number of alternating sign (2n+3) x
(2n + 3) matrices symmetric with respect to both horizontal and vertical axes (A005161).
It is interesting to calculate the Hankel transform H,, of the unaerated sequence

(e —3)(—1) (3” - 1) 40"

n—1
which begins
1,r—3,5(3—1r),28(r — 3),165(3 — r), 1001(r — 3),6188(3 —r), ...,

or

1,7 — 3,15 — 5r,28r — 84,495 — 1657, 1001r — 3003, 18564 — 6188r, .. .,

9


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A005161

or equivalently
{1,-3,15,—-84,495, —3003, 18564, . ..} + {0, 1, —5,28, —165, 1001, —6188, . . .}.
We find that H, /(r — 3)" is equal to

{1,-2, 11, —170, 7429, —920460, 323801820, .. .} +
r{0,1,—10,216, —11894, 1757085, — 712169820, . . .}.

The first sequence is (—1)" times the number of cyclically symmetric transpose complement
plane partitions in a (2n +2) x (2n +2) x (2n + 2) box (A051255).
Turning now to the term P, ,+1(r), we have

3n+1 3n—1 . (_1)n
Pnn = 2 - 2 —-1)7z
i (<n+1) T(n+1))( ) 2

: (ﬁl) (HT?);Z(;_@) R e

{0,1,0,—5,0,28,0,—165,0,1001,0, —6188, 0, .. }+
r{0,0,0,1,0,—7,0,45,0, —286,0, 1820,0, .. .}.

This sequence begins

In the special case r = 3 of the Boubaker polynomials, we obtain that Pa, ,+1(3) begins
0,1,0,—2,0,7,0,-30,0,143,0,...

wherein we recognise a signed aerated version of n%rl (3”:1) which begins 1,2,7,30,143, ...

A006013. In this case, the Hankel transform of P, ,+1 begins

0,-1,0,9,0,—-676,0,417316, 0, —2105433225,0, . ...

We note that the sequence beginning 1,1,9,676,417316, ..., is the expansion of the generat-
ing function Aj,,(8n) = Ay (2n + 1)%, A059492. This sequence is the square of the sequence
Ay (2n + 1) beginning 1, 1,3, 26, 646, .... We note that the generating function of Pay, ,+1(7)
can be shown, by the methods of [6], to be

Log} (V2T 4+ 3V3x) 3 (r(V2TaZ T4+ 3v32)5 — 25 (2r — 3)) — (2722 + 4) — 3v32) 3 (r(V2T2Z T 4 — 3v/32)3 — 253 (2r — 3))
6((vV2722 + 4 — 3v/32)3 + (V2722 + 4+ 3v312)5 +25)v/2722 + 4 '

5 The moment matrix M (r)

In this section we study aspects of the moment matrix M (r) given by the inverse of the
polynomial coefficient matrix. Thus we have

M) T+r22 oz \ ' (VI—42(r—1)+r+1 1—1—4z?
T) = = .
142271+ 22 2(r +22(r—1)2) 2z
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The first column of this matrix, with generating function

V1I—422(r—1)+r+1
2(r+22(r—1)%)

is the moment sequence of the family of orthogonal polynomials P, (x;r). We see that this
is an aerated sequence p,(r), beginning

1,0,1—7,0,72 =3r+2,0, = +5r% — 9r + 5,0, r* — 7r3 +20r% — 28r + 14,0,
—75 4+ 9rt — 35r% 4+ 75r% — 90r + 42,0, . . ..

We recognise in the un-aerated sequence
L1—rr?=3r+2,—r+5r"—=9r+5,...,

the polynomial sequence with generating function given by

(e().1 - efz)) - —

1—rx’

with general term

2k +1 2
3 7; 1 ( ”k) (—1)Fr*,
ps n—+ K-+ n —
Hence we have

n

() = 1+ (2—1)” Z E2/c+1 ( n k)(—l)’fr’f.

prt 5 tk+1

no__
2

Noting that the production matrix of M(r) is given by the tri-diagonal matrix

0 1 00 0 0O
1—» 01 0 0 0 O
0 101000
0 01 010O0],
0 001 010
0 000101
0 00 0O0T10O0
we deduce that the generating function ~ ;ffig?ﬁ);)rg)_l of the moment sequence i, (r) has a
continued fraction expression as
1
2
4 r)gc
x
1-— e
1
1_

We immediately deduce that
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Proposition 10. The Hankel transform h,(r) of the moment sequence p,(r) of the family
of orthogonal polynomials P, (x;71) is given by

ho(r)=(1—7)".

An interesting feature of this sequence is that the Hankel transform of the un-aerated
sequence is also equal to (1—7)". This follows since the un-aerated sequence has a generating
function given by the Stieltjes continued fraction

1
1—r)x
(-7
T

1 —

T

1 —
1—

Starting from the generating function *Zfiig(:);)rg;’l

invoking the Stieltjes-Perron theorem [15, 17, 34], we arrive at the following result.

of the moment sequence p,(r), and

Proposition 11. We have the following integral representation of the moment sequence

fin ()2

We now turn to the row sums s,, of the moment matrix. By the theory of Riordan arrays,
these will have their generating function given by

\/1—74:)52(7“—1)—{—7’+1. 1 m(x(r—l)—r)+2x2(r—1)+x(r+1)—r‘

2(r 4+ z2(r — 1)?) ] lovi—@? 2(x — 1) (22(r — 1)2+7r)

2x

Proposition 12. We have

w
3
>~
o
VR
i
i
ww3
BN
| I—
~
—~
—_
S~—
B
<
B

Proof. The matrix with (n, k)-th element (Lﬁff J) is the Riordan array
2

(1 + zc(2?) c(x?) — 1)

V1—422’ x .

Our assertion is that the above generating function for s, is equal to
1 2 1
w’ 1—c(2?)) - ’
V1 — 422 1—rx

which can be verified by direct calculation. O
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We next look at the Hankel transform H,(r) of the row sum sequence. We find that the
sequence H, (r) begins

Ll—rl—=2rr34r2—3r+1,—r' 423 +3r —dr+1, -4 + 203 + 602 —5r +1,. ..

with coefficient array that begins

10 0 0 0 00
1 -1 0 0 0 00
1 -2 0 0 0 00
1 -3 1.1 0 00
1 -4 3 2 -1 00
1 =5 6 2 —4 00
1 -6 10 0 -9 2 1
Now the reversal of this matrix, which begins
1 0 0 0 0 0 O
-1 1 0 0 0 0 0
o -2 1 0 0 0 0
11 -3 1 0 0 0],
-1 2 3 -4 1 0 0
0 -4 2 6 -5 1 0
1 2 -9 0 10 -6 1

is the Riordan array

1 T
l4ax+a22"14+a+22)
We then have

1 €T B 1 €T 1 €T
l4+z+a21+z+22) \1+221+a2 1—2'1—2)"

where the (ﬁ, H%) is the coefficient array of the modified Chebyshev polynomials U, (%),

and (L L) is the binomial matrix ((2)) We deduce the following.

-z’ 1—x

Proposition 13. The Hankel transform sequence H,(r) of the row sum sequence s,(r) of
the moment matrixz of the family of restricted Chebyshev-Boubaker polynomials P, (r) is given

by
1.1
H,(r)=r"U, (T’ ) :

2

Corollary 14. The row sum sequence s,(r) of the moment matriz of the family of restricted
Chebyshev-Boubaker polynomials P,(r) are the moments of the family of orthogonal polyno-
mials Q,(x;7) that satisfy the three term recurrence

Qn(x; T) = (I - an)@n—l(x; T) - BnQn—2(I; T)7

13



where

p2n+1
Qp = ——F———,
H, 1(r)H,(r)
and
5 _ B () Hua0)
n Hn(’f’)2 )
with

Hn(r):r"Un(%;l).

We note that the sequence s,(r) has the moment representation

su(r) = _%/_Zx”zﬁf;i;g: — 32) dz + (1 + ﬁz) (_7“— 1Z~)n

6 Conclusions

The theory of Riordan arrays provides a useful context within which to discuss the family of
restricted Chebyshev-Boubaker orthogonal polynomials. These polynomials give us examples
of polynomial sequences with interesting properties, most notably linked to their Hankel
transforms. These sequences appear as central coefficients in the coefficient array of the
family of orthogonal polynomials under study, and as sequences of moments and generalized
moments (row sums of the moment matrix) of the same families.

The author declares that there are no conflicts of interest regarding the publication of
this article.
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