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SHELLABLE POSETS ARISING FROM EVEN SUBGRAPHS OF A GRAPH

BORAM PARK AND SEONJEONG PARK

ABSTRACT. The concept of a poset of even subgraphs of a graph was firstly considered by S. Choi and
H. Park to compute the rational Betti numbers of a real toric manifold associated with a simple graph.
S. Choi and the authors extended this to a graph allowing multiple edges, motivated by the work on the
pseudograph associahedron of Carr, Devadoss and Forcey. In this paper, we completely characterize the
graphs (allowing multiple edges) whose posets of even subgraphs are always shellable.

1. INTRODUCTION

Throughout this paper, a graph permits multiple edges but not a loop, and when a simple graph is
considered, we always mention that it is ‘simple’. We only consider a finite poset and a finite graph.

Shellability is a combinatorial property of simplicial complexes with strong topological and algebraic
consequences, and so it is one of crucial concepts in the theory of poset topology, which provides a deep
and fundamental link between combinatorics and other branches of mathematics, see [16]. It has been
an important research issue to study shellable simplicial complexes and investigate their topological
properties. Among them, many simplicial complexes arising from graphs are beautiful objects with a
rich topological structure and may hence be considered as interesting in their own right and see [9]. See
also [8LI3LI5LI718] for results on some simplicial complexes arising from graphs.

The main purpose of the paper is to characterize graphs GG always having shellable posets of even
subgraphs. Here, we consider shellability for a nonpure poset developed by Bjorner and Wachs [3],4].

A maximal set of multiple edges which have the same pair of endpoints is called a bundle. A graph
H is an induced (respectively, semi-induced) subgraph of G if H is a subgraph that includes all edges
(respectively, at least one edge) between every pair of vertices in H, if such edges exist in G. A graph
H is a partial underlying induced graph of a graph G if H can be obtained from an induced subgraph
of G by replacing some bundles with simple edges. Let A*(G) be the set of all pairs (H, C) of a partial
underlying induced graph H of G and an admissible collection C of H, where an admissible collection C'
of H is defined to be a set consisting of an even number of vertices of H and an even positive number of
multiple edges in each bundle of H with a certain property, see Definition Bl For each (H,C) € A*(G),
P}}’%‘ is a poset whose elements are all semi-induced subgraphs of H such that each component of I has
an even number of elements in C, including both () and H, ordered by subgraph containment.

In [6], the notion of P for a simple graph H was firstly introduced to study the topology of a real
toric manifold associated with a simple graph, and it was shown that Py is CL-shellable for every
simple graph H. The work of [6] was generalized to a graph (allowing multiple edges) in [7], motivated
by the work on the pseudograph associahedron in [5]. It was shown in [7] that the shellability of the

poset Py/& gives a direct consequence of the rational Betti numbers of a real toric manifold associated

even

with a graph, and also asked to characterize all graphs G such that PHe is shellable for each pair
(H,C) in A*(G). Our main result is the following:
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Theorem 1.1 (Main result). Let G' be a graph. Then Py is shellable for every (H,C) € A*(G) if
and only if each component of G is either a simple graph or one of the graphs in the following figure.
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Non-simple connected graphs with n vertices and m multiple edges (m > 2)

The proof of the ‘if” part of our main result relies on finding a recursive atom ordering of a poset.
We also provide some applications of the main result to the topology of a real toric manifold associated
with a graph. We believe that this paper has a contribution to studying combinatorial and topological
properties of a poset arising from a graph.

This paper is organized as follows. Section 2] collects some basic definitions and important facts about
a poset and its shellability. Section [3] gives the definition of the poset P of the C-even subgraphs of
a graph G, and then explains the main theorem of this paper. Section |Z| proves a necessary condition
of the main theorem, which gives a possible list of graphs G such that Py¢ is shellable for every
(H,C) € A*(G). Section [l proves a sufficient condition of the main theorem, which shows the CL-
shellability of each Py'¢ for a graph G in the list and (H,C) € A*(G). In Section [6, as an important
application of our result we explain how to compute the rational Betti numbers of a real toric manifold
associated with a graph using our result, and then study it for the graph P, » in the figure of the main
result. Section [1 gives some further questions.

2. PRELIMINARIES: A POSET AND ITS SHELLABILITY

In this section, we prepare some notions and basic facts about a poset and its shellability. See [16]
for more detailed explanation about this section.

We only consider a finite poset in this paper. Let P be a poset (partially ordered set). For two
elements x,y € P, we say y covers x, denoted by x <y, if z < y and there is no z such that z < z < y.
We also call it a cover = < y. One represents P as a mathematical diagram, called a Hasse diagram, in
a way that a point in the plane is drawn for each element of P, and a line segment or curve is drawn
upward from x to y whenever y covers x. A chain of P is a totally ordered subset ¢ of P, and we say
the length ¢(o) of o is |o| — 1. We say P is pure if all maximal chains have the same length. The length
¢(P) of P is the length of a longest chain of P. For x < y in P, let [z,y] denote the (closed) interval
{z€P:x<z<y}. Wesay P is semimodular if for all x,y € P that cover a € P, there is an element
b € P that covers both z and y. If every closed interval of P is semimodular, then P is said to be
totally semimodular. If P has a unique minimum element, it is usually denoted by 0 and referred to as
the bottom element. Similarly, the unique maximum element, if it exists, is denoted by 1 and referred
to as the top element. An element of P that covers the bottom element, if it exists, is called an atom.
We say P is bounded if it has the elements 0 and 1. The order complex of P, denoted by A(P), is an
abstract simplicial complex whose faces are the chains of P. Note that if 7 has either 0 or 1, then A(P)
is contractible, hence we usually remove the top and bottom elements, and then study the topology of
the remaining part. The proper part of a bounded poset P with length at least one is defined to be
P:=P-{0,1}.

The notion of shellability was firstly appeared in the middle of the nineteenth century in the compu-
tation of the Euler characteristic of a convex polytope [I1], and in this paper shellability refers to the
general notion of nonpure shellability introduced in [3]. A simplicial complex K is shellable if its facets
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can be arranged in linear order Fy, Fy, ..., F; in such a way that the subcomplex (Zfz_ll F;)N F}, is pure
and (dim Fj — 1)-dimensional for all £ = 2,...,¢. Such an ordering of the facets is called a shelling. A
poset P is said to be shellable if its order complex A(P) is shellable.

A chain-lexicographic shellability (CL-shellability for short) was introduced by Bjérner and Wachs
to establish the shellability of Bruhat order on a Coxeter group [2]. It is known that CL-shellability is
stronger than shellability, that is, if a bounded poset is CL-shellable, then it is shellable, but the converse
is not true, see [I4]. Let P be a bounded poset. We denote by ME(P) the set of pairs (o, x<<y) consisting
of a maximal chain ¢ and a cover x < y along that chain. For z,y € P and a maximal chain r of [0, x],
the closed rooted interval [z,y], of P is a subposet of P obtained from [z,y] adding the chain r. A
chain-edge labeling of P is a map A\: ME(P) — A, where A is some poset satisfying; if two maximal
chains coincide along their bottom d covers, then their labels also coincide along these covers. A chain-
lexicographic labeling (CL-labeling for short) of a bounded poset P is a chain-edge labeling such that
for each closed rooted interval [x,y], of P, there is a unique strictly increasing maximal chain, which
lexicographically precedes all other maximal chains of [z,y],. A poset that admits a CL-labeling is said
to be CL-shellable. Figure [l shows an example of a CL-shellable poset.

Labeling of the covers in chain a < b < d < f is 1, 2, 3 (marked as D, @, ®).
Labeling of the covers in chain a < b < e < f is 1, 3, 2 (marked as (D, 3, 2).
Labeling of the covers in chain a < ¢ < d < f is 3, 2, 1 (marked as (3), (2), (1)).
Labeling of the covers in chain a < ¢ < e < fis 3, 1, 2 (marked as (3), 1, 2).

FIGURE 1. A chain-edge labeling of a poset with four maximal chains (same example in [16])

We recall well-known properties on shellability and CL-shellability which we will use. The product
P x Q of two posets P and Q is the new poset with partial order given by (a,b) < (¢,d) if and only if
a<c(inP)and b <d (in Q).

Theorem 2.1 ( [1,3,4]). The following hold:

(1) Ewvery (closed) interval of a shellable (respectively, CL-shellable) poset is shellable (respectively,
CL-shellable).

(2) The product of bounded posets is shellable (respectively, CL-shellable) if and only if each of the
posets is shellable (respectively, CL-shellable).

(3) A bounded poset is pure and totally semimodular, then it is CL-shellable.

It is worthy to note that the homotopy type of A(P) is known when a bounded poset P has a CL-
labeling \: ME(P) — A. A falling chain o : xg < x1 < --- < xp of P is a maximal chain such that
MNoyxi—1 <x;) >p Moyx; < xipq) in A for every 1 < i < (o).

Theorem 2.2 ( [3]). If a bounded poset P is CL-shellable, then A(P) has the homotopy type of a wedge
of spheres. Furthermore, for any fived CL-labeling, the reduced ith Betti number of A(P) is equal to the
number of falling chains of length i + 2.

The poset in Figure [Il has exactly one falling chain a < ¢ < d < f, and A(P) is homotopy equivalent
to S1.

A recursive atom ordering is an alternative approach to lexicographic shellability, which is known to
be an equivalent concept of CL-shellability.

Definition 2.3. A bounded poset P is said to admit a recursive atom ordering if its length ¢(P) is 1,
or /(P) > 1 and there is an ordering aq, ..., a; of the atoms P that satisfying the following:
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(1) For all j =1,...,t, the interval [a, 1] admits a recursive atom ordering in which the atoms of
[aj, 1] that belong to [, 1] for some i < j come first.

(2) For all 4,5 with 1 <14 < j <t,if oy, ; < y then there exist an integer k£ and an atom z of [a;, 1]
such that 1 <k < jand ap < z < y.

For example, for the poset in Figure[d] if we order the atoms of each interval by an alphabetical order
(for the atoms of [a, f], the ordering is b < ¢, for the atoms of [b, f], the ordering is d < e, and for the
atoms of [c, f], the ordering is d < e), then it is a recursive atom ordering.

We note that any atom ordering of a pure totally semimodular bounded poset is a recursive atom
ordering, which implies (B]) of Theorem 21 We finish the section by introducing a sketch of the proof
shown in [3] that the existence of a recursive atom ordering implies CL-shellability.

Theorem 2.4 ( [3]). A bounded poset admits a recursive atom ordering if and only if it is CL-shellable.

Sketch of proof of the ‘only if’ part. Let us give an integer labeling A of the bottom covers of P such
that A(0,;) < A(0, ;) for all 4 < j. For each j, let F(a;) be the set of all atoms of [a;, 1] that cover
some a; where i < j. We label the bottom covers of [a;, 1] consistently with the atom ordering of [, 1]
and satisfying

z € Faj) = May,z) < M0, ;) and r ¢ Flaj) = May,z) > X0, ),

where A\ denotes the labeling of the bottom covers of o, 1] as well as the original labeling of the bottom
covers of P. This labeling inductively extends to an integer CL-labeling of [o;, i]. Choosing such an
extension at each «a;, we obtain a chain-edge labeling A of P which is a CL-labeling of [o;, 1] for all
j=1,...,t, and hence for every rooted interval whose bottom element is not 0, and which extends the
original labeling of the bottom covers of P. Then one can show that the unique lexicographically first
maximal chain of each interval [0,y] is the only increasing maximal chain of that interval. Hence the
labeling A is an integer CL-labeling on P. O

3. A POSET PE'¢' OF C-EVEN SUBGRAPHS OF A GRAPH G AND THE MAIN RESULT

In this section, we give basic definitions related to graphs and then define the poset P&e - Here,

the poset P&'¢d arose from the computation of the rational Betti numbers of a real toric manifold

associated with a graph G in [7]@, which gives a strong motivation for the main question of this paper.
At this moment, we do not review the definition of pseudograph associahedron or its corresponding real
toric manifold (see [7, Sections 2 and 3], for readers to find a much more detailed account of results of
pseudograph associahedra). In Section [6] we simply explain how the main result of this paper is useful
in computing the rational Betti numbers of a real toric manifold.

For a graph G = (V,E), an element of V and an element of E are called a vertex and an edge
respectively, and we only consider a finite graph not allowing a loop, an edge whose endpoints are the
same. An edge e is said to be multiple if there exists another edge e’ which has the same endpoints as
e. An edge which is not a multiple edge is said to be simple. A bundle is a maximal set of multiple
edges which have the same endpoints. A simple graph is a graph having neither bundles nor loops.

Let G be a graph. A subgraph H of G is an induced (respectively, semi-induced) subgraph of G if H
includes all edges (respectively, at least one edge) between every pair of vertices in H if such edges exist
in G. A graph H is a partial underlying graph of G if H can be obtained from G by replacing some
bundles with simple edges, that is, the set of all the bundles of H is a subset of that of G. A graph H
is a partial underlying induced graph (PI-graph for short) of G if H is an induced subgraph of some
partial underlying graph of G. For example, see the graph G with two bundles {a,b} and {c,d, e} in

n [BL[7], a graph allowing multiple edges is called a pseudograph.
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even even
PH1,1234 PH2,1234ab PH3,1234cd

FI1GURE 2. Examples for Pl-graphs of G and the posets PHE

Figure @ where I, I5, and I3 are semi-induced subgraphs of G, Hy, Hs, and H3 are partial underlying
graphs of G, and all H;’s and the subgraph I are Pl-graphs of G.

Before stating the definitions of the main notions of the paper, we need to explain a way to denote
a subgraph of a graph by a set. For a graph G, we label the vertices and the multiple edges of a
graph G and we set Cq¢ = V(G) U By U -+ U By, where By,..., By are the bundles of G. For instance,
Ce = {1,2,3,4,a,b,¢c,d,e} and Cr, = {1,2,3,4,¢,d,e} for the graphs G and Hjs in Figure 21 A
subgraph I of G will be written as the set of the vertices of I and the edges of I in a bundle of G. For
instance, the three subgraphs I; ~ I3 of G in Figure 2] are expressed as Iy = {2}, I, = {1, 3,4}, and
Is ={1,2,3,4,a,c}. It should be noted that for a semi-induced subgraph I, this set expression makes
sense because I is distinguishable by the corresponding set. In the same sense, for a semi-induced
subgraph I, we say a € [ if a is a vertex of I or an edge of I which is a multiple edge of G. For
simplicity, we omit the braces and commas to denote a subset of Cg and we always denote it in a way
that the vertices precede the multiple edges. For the semi-induced subgraphs I;’s in Figure 2

I =2, Ihb=134, I3=1234ac.

We remark that when we consider a subgraph I of a graph G, the labels of I are inherited from the
labels of G. Thus if a graph I is considered as a subgraph of a graph G, then I may have a labeled
simple edge, which is not in a bundle of I (actually, it is in a bundle of G).

Definition 3.1. For a connected graph H, a subset C of Cg is admissible to H if the following hold:

(1) [CNV(H)| =0 (mod 2) and each vertex incident to only simple edges of H is contained in C,
(2) BNC # 0 and |[BNC| =0 (mod 2), for each bundle B of H.

For a disconnected graph H, C' C Cy is admissible to H if CgNC is admissible to H' for each component
H' of H.
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We denote by A(H) the set of all the admissible collections of H. For each C' € A(H), a semi-induced
subgraph I of H is said to be C-even if |I' N C] is even for each component I’ of I. Now we define the
poset Py by the poset consisting of all C-even semi-induced subgraphs of H ordered by subgraph
containment, including both () and H. Note that if A(H) = () then PH G is defined to be the null poset,
and if A(H) # 0 then Pi¢ is a bounded poset. For the graphs H;’s in Figure 2l

A(Hy) = {1234}, A(Hs) = {34ab,1234ab}, A(Hs) = {14cd, 14ce, 14de, 1234cd, 1234ce, 1234de},
A(Hy) =0, A(Hs) = {12ab, 23ab}, A(Hg) = {12¢d, 12ce, 12de, 13cd, 13ce, 13de}.

Figure2lshows the posets P 234> Piy 123400 804 P 03404- Note that the first two posets are shellable
but the last one is not. For more examples of 77?{"’06{1, see also Figure

Let H be a simple graph. Then A(H) = {H} if each component of H has an even number of vertices,
and A(H) = 0 otherwise. Thus we write Pgy" instead of Pg/5r. In [6], it is shown that Pg" is always
shellable.

Theorem 3.2 ( [6]). Let H be a simple graph such that each component has an even number of vertices.
Then PF is pure and totally semimodular, and so it is shellable.

Since a pure and totally semimodular poset is CL-shellable by @) of Theorem 21| Py" is CL-
shellable when H is a simple graph such that each component has an even number of vertices. Thus
Theorem says that for any induced subgraph H of a simple graph G such that A(H) # 0, the poset
Py is CL-shellable.

Remark 3.3. In [6], Theorem [B.2] is used to determine the homotopy type of the order complex
A(Pgye). Finally, A(Peven) is homotopy equivalent to a wedge of the same dimensional spheres, and
the Mobius invariant p( PCVCH)E is equal to the (/—2)th Betti number of A(P§°?), where ¢ is the length of
the poset P§y°". For example, when H is a simple path graph P», with 2n vertices, u(Py") = (—=1)"Cy,
where C), is the nth Catalan number % (2") and hence A(PC"C“) is homotopy equivalent to yS"_Q.

In [7], there was an effort to extend results of [6] for a simple graph to a graph allowing multiple
edges. Almost all results of [6] except for Theorem were well-extended by using Pgy'# where H
is a Pl-graph of G and C € A(H). As the poset Pg;ys,.4 in Figure 2 is not shellable, Theorem
cannot be generalized to P@. Hence it is natural to ask which Pi'@ is shellable. From an interest
of the topology of a real toric manifold associated with a graph, the following Question B.4] was asked
in [7], instead of asking the conditions on (H,C) to give a shelling of Py¢. For a graph G, let
A*(G) ={(H,C) | H is a Pl-graph of G and C € A(H)}.
Question 3.4 ( [7]). Find all graphs G such that Py'¢ is shellable for every (H,C) € A*(G).

For simplicity, throughout the paper, let G* be the family of all graphs G such that PH'¢ is shellable
for every (H,C) € A*(G). We will give some remark that G* is distinct from the set of all graphs G

such that Pg'd is shellable for each C' € A(G) in Section[7l Clearly, the family G* contains all simple
graphs by Theorem The answer to Question [3.4] is the following, which restates Theorem [L.1]

2The Mé&bius function 1, introduced by Rota in [10], is inductively defined as follows: for a poset P, for elements z and
yin P,

1 if z=y

pp(ey)=4— > wp(@z) if o<y
z:x<lz<y

0 otherwise.

For a bounded poset P, the Mdbius invariant is defined as u(P) = up(0,1). See [12] for various techniques for computing
the Mobius function of a poset.
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Theorem [1.1] (Main result) A graph G is in G* if and only if each component of G is either a simple
graph or one of the graphs in Figure[3.

(5’%7"2) <> (n>5 onoygd) é bnéd) fi /
P +~—o—o
%) @’j—' (n>5, odd)@—’ (n>s, odd)@—’ /

FIGURE 3. Non-simple connected graphs in G* with n vertices and m multiple edges (m > 2)

As an immediate consequence of Section [Bl, we also get a generalization of Theorem as follows.
Theorem 3.5. For every G € G*, each P/'%i is CL-shellable for every (H,C) € A*(G).

We finish the section by giving a remark that it is sufficient to consider a connected graph to prove
Theorem [L.T] and Theorem To see why, let G1, ..., G be the components of a graph G. Note
that for a subgraph H of G and C € Cy, (H,C) € A*(G) if and only if (HNG;,C ﬂCGi) € A*(G;) for
each 7. Thus for each (H,C) € A*(G), Py'¢ is isomorphic to the product Pye, x - -+ x Py, , where
H; = HNG; and C; = CNCg, for each i. By ([2]) of Theorem 1] PH'E is shellable if and only if P¢,
is shellable for each i. Thus G € G* if and only if G; € G* for each .

4. GRAPHS WHICH ADMIT A NON-SHELLABLE POSET PCVCH

In this section, we give the ‘only if” part of Theorem [T We will see that almost all graphs do not
belong to the family G*. The results of this section are obtained from the following basic observation.

Lemma 4.1. Let Py be a poset in Figure[f] and Q be its subposet which has two chains of length 3, one
contains a or b, and the other contains a’ or b'. Then Q is not shellable.

FIGURE 4. The poset Py

Theorem 4.2. Let G be a connected non-simple graph in G*. Then G is one of the graphs in Figure[3.
Before starting the proof, recall that we often drop the braces and commas to denote a subset of Cg.

Proof. Suppose that G is a connected non-simple graph in G*. If |V(G)| = 2, then G = 152,m in Figure 3]
for some m. Assume that |V(G)| > 3 and G has a bundle B whose endpoints are 1 and 2.

Claim 4.3. The graph G has exactly one bundle B.

Proof of Claim[{.3 Suppose that G has a bundle B’ other than B. Take a shortest path @ in G whose
starting vertex is an endpoint of B and whose terminal vertex is an endpoint of B". Let Q := (v1,...,v),
where k£ > 1, and let v; = 2 without loss of generality. Let H be a Pl-graph of G such that V(H) =
V(Q)U{1,2}U{endpoints of B’} and H has exactly two bundles B and B’. Let a,b € B and a,b’ € B'.
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(Case 1) Suppose that k = 1. Then |V(H)| = 3, so we set V(H) = {1,2,3}. Then C := 23aba’t/
belongs to A(H). Setting I = 123aba’b’ (the dotted edge in Figure[[lis a simple edge or does not exist),
we see I N C' = C and hence I is an element of Piy'?y. Let I’ = 1 and consider the interval Z = [I', I]
of PHE- Then 7 is a subposet of Py in Figure 4 as in Figure Bl By Lemma [£.1] 7 is not shellable, a
contradiction to (Il) of Theorem 211

b v
- ’ - / - ! - ’
I— 1.\/—\%3 ]123% ’123ab ’123170, 123bb
< a o~

FIGURE 5. A graph I and the interval 7

(Case 2) Suppose that k > 2. Let the endpoints of B’ be labeled by 3 and 4, and v, = 3. Let

C_ (V(H)\ {1}) Uaba't if k is odd;
"\ (V(H)\ {1,2}) Uaba'¥  if K is even.

Note that C € A(H). Let I' = V(Q) \ {vr}, and I = I’ U134aba’t’. Then I' N C' = {v1,...,vp—1} (if
kis odd) or I' N C = {wva,...,vk_1} (if k is even). Then they have the form in Figure [f (the dotted
edges are simple edges or do not exist), and both I’ and I are elements of PHE- Consider the interval
T = [I',1] in Pgy&. Thus 7 is a subposet of Py in Figure @ as in Figure [fl Note that I" U 134ad’,
I' U134ab’, I' U134ba’, I' U134ba’ are elements in Z, and both I’ U 13a and I’ U 13b are also elements
in Z. By Lemma 4] Z is not shellable, a contradiction to (IJ) of Theorem 211 O

I'U134ad’ | |I' U134ab’ | |I' U 134ba’ | |I' U 134bb’

FIGURE 6. A graph I and the interval Z where the dotted boxes may be in Z

Hence G has the only one bundle B. If |V(G)| = 3, then clearly G is one of the graphs in Figure Bl
Now assume that |V(G)| > 4. For each vertex i, we let N*(i) = Ng(i) \ {1, 2}, where Ng(i) is the set
of vertices which are adjacent to i in G.

Claim 4.4. |[N*(1) UN*(2)| = 1.

Proof of Claim[{] Since |V(G)| > 3 and G is connected, |[N*(1) U N*(2)| > 1. Suppose that |[N*(1) U
N*(2)| > 2, and 3,4 € N*(1) U N*(2). Let H be a Pl-graph of G such that V(H) = {1,2,3,4} and
H has the bundle B. Let C = 1234ab for some a,b € B. Note that C € A(H). Let I = 1234ab, and
consider the interval Z = [}, I] in P& Then I is a subgraph of a complete graph of four vertices with
exactly one bundle of size two, and Z is a subposet of Py as in Figure [l Note 123a, 123b, 124a, 124b
are elements of Z. Since the vertex 3 is a neighbor of 1 or 2, at least one of 13 and 23 is an element of
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Z. Similarly, since the vertex 4 is also a neighbor of 1 or 2, at least one of 14 and 24 is an element of
Z. By Lemma [41] 7 is not shellable, a contradiction to ({l) of Theorem 211 O

1 2 [1230] [124a ]

IcC

FIGURE 7. A graph containing I and the interval Z where at least one of the elements in each dotted
box is in Z

From now on, we set N*(1) U N*(2) = N*(2) = {3}.
Claim 4.5. For each vertex i other than 1 or 2, let QQ; be a shortest path of G from 3 to i. Then
IN* () \ V(Qi)| < 2,
where the equality holds if and only if |V (Q;)| is odd and V(G) =V (Q;) U{1,2} UN*(i).

Proof of Claim [{-3. Suppose that there is a vertex i € V(G) \ {1, 2} satisfying one of the following:

(1) [N*(i) \ V(Qi)| = 3;
(2) |IN*(1) \ V(Qs)| =2 and |V (Q;)] is even;

(3) [IN*(1) \ V(Q:)| = 2, [V(Qi)| is odd, and V(G) # V(Q:) U{1,2} UN*(i).
If [V(Q;)| is even then we set I’ = Q;, and if |V (Q;)| is odd then we set I’ = Q; U {w} by taking some
vertex w € N*(i)\V(Q;). Then 3 € I', I'N{1,2} =0, |I'| is even, and I’ is a connected subgraph of G.
Furthermore, there are two vertices z and y in V(G) \ (I’ U{1,2}) such that both I’Uz and I’ Uy are
connected. More precisely, for the cases of (1) and (2), x and y are selected from N*(i) \ V(I’). For the
case of (3), z is selected from N*(¢) \ V(I') and y is a vertex in V(G) \ (V(Q;) U{1,2} U N*(i)) which is
closest to the vertex 1 or 2. Let H be a PI-graph such that V(H) = I’ U12zy and B is the bundle of H.
Let C =V (H)Uab and I = C for some a,b € B. Note that C € A(H) and I is the graph in the left of
Figure [ (the dotted edges are simple edges or do not exist). Consider the interval Z = [I’,I] in PHE
and then Z is a subposet of Py as in Figure 8l Note that I' U 12za, I’ U 12xb, I' U 12ya, and I’ U 12yb
are elements in Z. Moreover, both I’ U 2z and I’ U2y are in Z. By Lemma [£1] Z is not shellable, a
contradiction to () of Theorem 2.1 O

Ir'u 121(1‘ Ir'u 12mb‘ Ir'u 12ya‘ ]I/ U 12yb‘

b
N
1'a 2 :9‘

== Y

FIGURE 8. A graph containing I and the poset containing Z where the dotted boxes may be in Z
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Since |V(G)| > 4, we have |[N*(3)] > 1. Since N*(3) \ V(Q3) = N*(3), we see |[N*(3)] < 2 by
Claim [ If IN*(3)| = 2, then the equality part of Claim [£5] says that G is one of 55,m, Sém,
T5m, and T5m in Flgure B for some m. Suppose that [N*(3)] = 1, and let N*(3) = {4}. Since

N*(4 )\V(Q4) N*(4)\ {3}, we see [IN*(4) \ {3}| <1 by Claim @5l If IN*(4) \ {3}| = 0, then G is one
of Py, and Pi’m in Figure [ for some m. Suppose that |[N*(4) \ {3}| = 1, and let N*(4) \ {3} = {5}.
Then consider N*(5) \ V(Qs5). Repeating the argument through the vertices one by one completes the
proof. O

5. SHELLABILITY OF Peve“

In this section, we show that the poset Piy¢h is shellable for every (H,C) € A*(G) if G is a graph in
Figure Bl Note that a connected PI-graph Of G in Figure Bl is a simple graph or a graph in Figure 3]
Thus it is sufficient to show that when G is a graph in Figure [3], P&’ is shellable for every C' € A(G).

5.1. Definition of an ordering <!, for the atoms of [I,G]. Let G be a graph in Figure [3, and
C e A(G). Welet V.={1,2,...,n} (n > 2) be the set of vertices of G, and 1 and 2 be the endpoints
of the bundle B. By the deﬁnition of an admissible collection, note that C'N B # () and |C'N B| is even,
and so we let BNC ={aq,...,a2n} (m>1),and B\ C = {by,...,bs}. Here, B\ C may be the empty
set. In addition, there are three cases:

e |V]isodd and VNC =V \ {w} for some w € {1,2};

e |V]iseven and VNC =V \{1,2}

e |V]iseven and VNC =V.
We label the vertices not the endpoints of B in a way that each ¢ € {3,...,n} is closest to the vertex
i — 1. We relabel the endpoints of B so that 1 ¢ C if |V] is odd, and so that 13 is an edge if [V] is
even. See (A) of Figure [0 for all the possible labelings when |V| is odd. We illustrate all the possible
labelings when [V is even in (B) of Figure[@l See Figure [0l for examples of Pg’e? under this labeling.
We also assume that there is a total orderlng between the vertices: 1 < 2 < -+ < n. Thus for I C V,
the minimum of I, denoted by min(/), means the frontmost one in the Ordering.

We define the type of a cover I < J in P according to the size of J \ I and the intersection with
B\ C. A cover I < J has type (Ei) 1f|J\I| =i for 1 <i <4 and J\ I has no element of B\ C; and
I < J has type (Ed') if |J\I|=1ifor 1 <i<3andJ\I contains some elements of B\ C. See Table [Tl
Note that (E1')~(E3’) occurs when B\ C' # (). It should be noted that there is no cover I < J of Pg/¢}

n—1 no2 /N n—1 A. n_-2
1 3 4 n-—2 n 1 3 4 n-3 ,n ow 4 n—2 n ow 4 n=3 .n
—1 —1

n—1 n—2 n—1 ./\ n—2
I LD AR s R A 3 1 a3 I o % T a 13 T RT3 TN
-1 —1

(A) Labeling of the vertices, where the hollow vertex does not belong to C, when n is odd.

n—1 n—1 AN n—1 AN n—1
*——0 ——0 Q O *——0 *——0
S T S S I SR 9\‘ Tt 0\’ ]

(B) Labeling of the vertices, where the hollow vertices do not belong to C, when n is even.

FIGURE 9. Labeling of the vertices
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(A) A poset Pg'eh when C = 2345a;1a2 (|V]is odd and 1 is not in C.)

[al

’1234a1a2b1 123401 a2bs 123a2b, bz‘ 12a1a2b1ba| T1234b1 bs
=

~>_ -T -
1234(1,1(1,2 12a1a2b1 12a1a2b2 123a1b1 123a1b2 123a2b1 123a2b2 12b1b21234b11234b2
N

’12a1a2 ’123&1 123a2] 1201 12bs 134 034

11

(C) A poset Pg'ét when C' = 1234ayaz (|V] is even)

FicURE 10. Examples of posets Pge
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J\I
Type When |V] is odd When |V is even
cn{1,2}={2} |[Cn{1,2}=0] {1,2}cC
(E1) 1 Lor2 :
(E2) ed ed cc
E3 lac lac or 2ac -
(E3)
(E4) - - 12aa’
(E1) b b b
(E2') 1b 1b or 2b -
I_ -
(E3) (E3’-1) 2vb lvb or 2vb
(E3"-2) - - 126

TABLE 1. Types of I <.J in Pg'g}, where a, o’ € BNC,be (B\C), ¢, d € C,v=min(V\ (IU{1,2}))

such that J\ I contains both a multiple edge in BN C and a multiple edge in B\ C. Moreover, for each
cover I < J, the elements in J \ I belong to a same component of J.

Let I < J have type (E3'). Since J \ I has a multiple edge in B\ C and |J \ I| > 1, J \ I contains at
least one vertex in {1,2}, and so we divide the type (E3') into two subtypes:

e [ < J has type (E3'-1) if I < J has type (E3') and |(J \ I) N {1,2}| = 1;
e [ < J has type (E3'-2) if I < J has type (E3') and |(J\ I) N {1,2}| = 2.

When I <J is of (E3'-1), J\ I contains the vertex min(V '\ (IU{1,2})). To see why, let J\ I = web for
some w € {1,2} NC, c € V\{1,2}, and b € B\ C. From the structure of G, it is sufficient to check the
case where [ Uwb = 123 --- (n — 2)b and G is none of P, ,, and p,’@m In this case, I =V \{w,n—1,n},
|V]is odd, and 1 € C. Hence |[INC| = |V|—4 is odd, a contradiction. Therefore, if I < .J is of (E3'-1),
then the vertex min(V \ (I U{1,2})) lies in J \ I.

Proposition 5.1. Let G be a graph in Figure [3 and C be an admissible collection of G. Then the

even

lengths of mazimal chains of P&'e are

%—HB\C]—Fl or %—HB\C’ if [V is odd,
@—HB\C!—Fl if [V| is even and C NV #V,
@+|B\C| or @+|B\C’|—1 if [V] is even and C NV = V.

Proof. Recall that |V| = n, |[BNC| = 2m, and |B \ C| = £. Note that 2m + n > 4. For a maximal
chain o: In <1y <--- <1, of PEE s let I, be the first element of o containing a multiple edge. Suppose

that |V] is odd. Note that if o contains a cover of (E1), then it can contain a cover of neither (E3) nor
(E2'). As I,y < I is of (E2), (E3), (E2'), or (E3’-1), we have the following table for the length of o:

Iy < I The types of the covers in o Length of o
(E2) || one (E1), ¢ (El')s, 22t2=1 (E2)s 2mintl 4 g
(E3) || one (E3), ¢ (El')s, 22t1=3 (E2)s
(E2’) || one (E2'), ((—1) (E1')s, 22tn=1 (E2)s 4

(E3’-1) || one (E1), one (E3'-1), ({—1) (E1")s, 22E2=3 (E2)s

Since |C| = 2m + n — 1, every maximal chain has the length either @ +/4+1 or % + ¢, and hence
the poset PE'¢ is nonpure. Note that if 2 and 3 are not adjacent in G then there is no cover of (E3),
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and if B\ C = () then there is no cover of (E2') or (E3'). Hence if 2 and 3 are not adjacent in G and
B\ C =0, then PE'E is a pure poset of length @ + 1.
Suppose that ]V! is even. When C'N{1,2} =0, I < I} is of (E3) or (E2'). When C contains {1, 2},

I < I is one of (E2), (E4

), and (E3"). Thus we have the following table for the length of o:

CNn{1,2} | I_1<Iy The types of the covers in o Length of o

0 (E3) || one (E1), one (E3), ¢ (E1')s, 22221 (E2)s omtn 4 g
(E2") |[ome (E1), one (E2), ((—1) (E ’) mEn=2 (E2)s §

(£2) || 222 (B2)s, € (E1)s Zm

(12} [ (ED Jone (BN) £ (BY), T (B2)e ez
(E3") || one (E3'), (£—1) (El) 2min—2 (E2)s 2

If CNn{1,2} =0, then |C| = 2m + n — 2, and so every maximal chain has the length @ +0+ 1. If
{1,2} C C, then |C| = 2m+n, and so every maximal chain has the length either %—i—@ or %—i—@— 1. O

We shall show that Pg’%' admits a recursive atom ordering. We first define the lexicographic order
<L on VN B foreach I € P&'¢' and then define the atom ordering <L for [I,G].

Definition 5.2. Let I € Pee- We define the lexicographic order <1on on V U B as follows:
e If BNI =0, then

<{CX: 1,2,3,...,n,a1,...,a9m,b1,...,by.
e If BNI#(and (B\C)NI =0, then let k := max{i |a; € BNC NI} and
<L 1,2,a1,... 41,3, ..., 0, Gps1, -, Qom, b1, ..., by
o If (B\C)NI#(, then let k := max{i | b; € (B\ C)NI} and
<L o 1,2,a1,...,a9m,b1,...,bg, 3, 1, bpgn, ., Dy

Then for two atoms J and J' of [I,G], we define J <., = J’ if one of the following holds:

(A1) [(J\I)N{1,2}[ =1 and [(J'\ 1) N{1,2}] = 2; or
(A2) J\I <{ J'\I, where the elements of J\I and J'\I are arranged in the lexicographic order <I _,

respectively.

Note that (A1) is considered only when Pg'¢ admits a cover of (E4) or (E3'-2), that is, V[ is even and
C' contains {1, 2}.

Here is an example. Let G be the graph ﬁ6’5 in Figure Bl Suppose that C = V U {a1,a2,as,a4}.
Then the atoms of P& are ordered as follows:

0

<atm: 13, 12(11(12, 12(11&3, 12&1&4, 12(12(13, 12(12&4, 12&3&4, 12b1, 34, 45, 56.

For I = 12aqas3, <1on: 1,2,a1,a2,as3,3,4,5,6,a4,by, and the atoms of [I,G] are ordered as follows:
I

atm*

< 123a1a2a3, 12a1a2a3a4, 1234@1&3, 123&1@30,4, 1245&1@3, 1256@1&3, 12&1&31)1

because a3 <{ex aoay <{ex 34 %{ex 3ay %{ex 45 %{ex 56 %{ex b1, where the bold letters indicate the
elements not in 1.

The following is the main theorem of this section, whose proof is given in Subsection

Theorem 5.3. Let G be a connected graph in Figure[d and C be an admissible collection of G. Then
P&'e admits a recursive atom ordering, and hence P&'¢h is CL-shellable.
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Remark 5.4. We insist that the ordering <. is essential. Suppose that we consider a lexicographic

atm
order <* (it may be natural) given by 1,2,a1,aq9,...,a2m,3,4,...,n,b1,...,by, and define <7, = by
replacing (A2) of Definition with the fixed ordering <*. For the posets in Figure [[0] <%, gives

a recursive atom ordering. However, it fails to be a recursive atom ordering in general. For example,
let G be a graph in Figure B with |V| = 4 and |B| = 6, and let ¢ = V U B. Then C € A(G). Let
I = 12aja3, and consider the atoms J; = 12aja3asa¢ and Jo = 123aja3as of [I,G], where the bold
letters indicate the elements not in I. Then the atoms of [(), G] preceding I in <% are 13 and 12a;as.
However, J; <%, Jo, Jo contains the atom 13, and J; does not contain any atom of [, G| preceding I,

and so (2) of Definition 2.3] fails.

5.2. Proof of Theorem [5.3l For a subset X C V U B, min!(X) and max’(X) denote the minimum
and the maximum of X with respect to %{CX, respectively. The proof of the following will be given later.

Lemma 5.5. Let I; be an atom of [I, G], not the first in <%.. There is an element z(I<I;) € VUB such
that an atom J of [I;,G] belongs to (I, G] for some Iy <L, I, if and only if min’s (J\ I;) <{gx (I < I;).

atm

We first prove Theorem [5.3] by using Lemma

Proof of Theorem[5.3. We will show that the ordering <. . (I € 778"8‘) is a recursive atom ordering.

atm
Lemma inserts that <L satisfies (1) of Definition 233l Let us check (2) of Definition 23] Let
I; and I; be atoms of [I,G] such that I; <%, I;. Suppose that there is an element K of [I,G] such

that I;,I; < K. We need to find an atom K, of [I;,G] and an atom I, of [I,G] such that K, < K,
K, € [I.,G], and I, <L I;. Let Ky = I; U I; for simplicity. Note that Ko C K.

Suppose that Ky is not a semi-induced subgraph of G. Then I; \ I and I; \ I contain exactly one of
the endpoints of B, not the same. More precisely, letting v = min(V'\ ({ U{1,2})), the following hold:

L\I=1 and I;\I=2v ifCN{l,2}={2},
L\I=1 and L\I=2 ifCN{1,2}=0, and
L\I=1v and I;\I=2v ifCN{l,2}={1,2}.

Note that I; \ I = 2v occurs only when 2 and 3 are adjacent in G. In addition, 1 ¢ C if and only if
|[KoNC| = [(Ko\I)NC|=0 (mod 2). Since K contains {1,2}, K contains a multiple edge e. Let H be
the component of K containing e and so e € H \ K. If |[CN{1,e}| =0 (mod 2), then K, = KyUe and
I, = I;. Now assume that [C N {l,e}| = 1. Then |[KoNC|=|HNKyNC|=|(H\ Ky) NC| (mod 2),
where the first equivalence is from the definition of H and the second equivalence is from |[H N C| =0
(mod 2). Hence 1 ¢ C'if and only if |(H \ Ky) N C| is even. For simplicity, let X = (H \ Ko)NC. If | X|
is even, then 1 ¢ C and e € C and therefore, | X \ {e}| > 1. If |X| is odd, then 1 € C' and e ¢ C and
therefore, | X \ {e}| = |X| > 1. Hence we can take an element ¢ € X \ {e} so that K. = Ky U ce and
I, = I;. More precisely, either ¢ is the vertex min(V'\ (Z; U {1,2})) or belongs to (BN C) \ e.

Assume that K is a semi-induced subgraph of G. Note that |(Z; \ I) N (Z; \ I) N C| is possible from
zero to three. If |(I; \ I) N (I; \ I) N C| is even, then |KoN C| is even and so K, = Ky and I, = I;. Now
we assume that |[(Z; \ )N (I;\ I)NC|is odd. Then |(I; \ I)N(I;\I)NC| is one or three. Since |[KoNC|
is odd, K has exactly one component Hy such that |[Hy N C| is odd. Let H be the component of K
containing Hy. Note that since |H N C| is even, it holds that |(H \ Hy) N C| > 1.

If Hy contains a multiple edge, then there exists an element ¢ € (H \ Hy) N C such that K, = KyUc
and I, = I;; more precisely, if (H\ Hyg) N BN C # (), then ¢ € BN C; otherwise, ¢ is the vertex
min(V'\ Hp).

Suppose that Hy has no multiple edge. Then both I; \ I and I; \ I consist of two vertices in C, and
|(L\I)N(L;\I)NC| = 1. Since Hy is a semi-induced subgraph of G and |HoNC| is odd, (H\ Ho)NV # 0.
If (H\ Hp) NV has a vertex in {3,...,n}, then by the structure of G, it is easy to see that there is a
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vertex v in (H \ Hyp) N {3,...,n} such that K, = KoUv and I, = I;. Hence we only need to consider the
case in which (H \ Hp) NV C {1,2}. If (H \ Hp) NV = {1,2}, then

K.=IjUland I, =1TU1 if1&C

K,=KyUland I, =1 if1ecdC.
It remains to consider the case where (H \ Hy) NV = {1} or {2}. Let (H \ Hy) NV = {w1}, and let wo
be the other vertex in {1,2}. If Hy does not contain ws, then H = HyUw; and wy € C (and therefore,
wy must be a neighbor of 3 since H is an element of Peven) and hence K, = KyUw; and I, = I;.
Suppose that Hy contains ws. Then H contains a multlple edge, that is, HN B = (H \ Hy) N B # .
Moreover, since |(H \ Hy) NC| is odd and (H \ Hy) NV = {wy}, if wy € C, then |HNBNC| > 1; and if
wy € Cand HN (B\ C) =0, then |HNBNC|> 2. Hence if w; ¢ C, then K, = Ko Uwja and I, = I;
for some a € H N BN C. Now assume that w; € C', and we prove the remaining part by dividing two
subcases whether wy € I or not. If wo € I, then

K, = KoUwband I, = I; for some be HN (B \ C) if HN(B\C) #0,

K, =1I;Uwad and I, = I Uwa for some a,a’ € HNBNC if HN(B\C)=0.
Suppose that we & I. Then wy € (I; \ I)U (I;\I). Since I; <L, I;, wy € I;. Moreover, by the structure
of G, I; \ I = wyv and I; \ I = vv’' for v = min(V'\ (IU{1,2})) and v/ = min(V'\ (1 U{1,2,v})). Hence

K, =1I;U12b and I, = I U 12b for some b € HN (B \ C) it HN(B\C) # 0,

K, =1I;U12ad and I, = I U12ad’ for some a,a’ € HNBNC if HN(B\C)=0.

This completes the proof. O

For an element I of P& a multiple edge e is called a big (respectively, small) edge of I if n %{ex e

respectively, e <! 3). Now we prove Lemma
lex

Proof of Lemmal[5.3. Let I; be an atom of [I,G], not the first in <2
of [I;,G] belongs to [I,, G| for some atom I, of [I,G] with I, <l
(1) IIllIlIJ(J\I)—<1eJX2 if ;\ICVand (I;\I)N{1,2} #0;
(2) min®i(J\ I;) <1ex mini {v,b1}, if ;\I =vaforveV,ae BNC,and a <L _n;
(3) min(J\ I;) = _1eX n, if I; \ I consists of only big edges of I;
(4) min®i (J\ I;) <2 min(V'\ I;), if V\ I; # 0, I; \ I has an element ¢ <L n and a big edge of I,
and |(Z; \ )ﬁ {1 2} =0 (mod 2),
(5) minIJ’(J \ I;) %{gx max’i (I; \ I), otherwise.
Whenever we show the ‘if’ part of each case, we finish the proof when we find a proper atom I, of [I, G|,
that is, I, is an atom of [I,G] such that J € [I.,G] and I, <L I;.
(1) Suppose that I; \ I C V and (I; \ I)N{1,2} # 0. Note that <{ : 1,2,...,n,a1,...,a2m,b1,...,b.
From the assumption, if 1 € I;\ I, then I; is the first atom of [I,G]. Thus 2 € I;\ I. Suppose 1 € J\ I;.
Then for some a € BN C, CGC bGB\C’ and v =min(V '\ (/; U {1})),

lacor 1o, if1&C
J I: M )
\ {1a0rlvb ifl1ecC.

stm- We will show that an atom J
I; if and only if the following hold:

I
I

Then I, is either /U1 or I U1lv in each case, which proves the ‘if” part. If 1 & J\ I;, then J \ I; cannot
have a multiple edge and so it consists of vertices greater than max’(I; \ I). Therefore, I; is the first
atom of [I, G], which proves the ‘only if’ part.
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(2) Suppose that I; \ I =va forveV,ae BNC and a =i
implies {1,2} C I and v = min(V \ I). Then <lex_<lex and they are either

n. The existence of a small edge of I

I I;
<lex=<1ox: 1,2,a1,a2,...,08,3,..., N, Ak41,...,02m,01,...,bp, oOr

1 _ 1.
<lex_<1gx' 1,2)ay1,a9,...,02m,b1,..., b, 3,... ;0 br11,...,bp.

If J\ I; has an element o’ <llj minlﬂ' {v,b1}, then ¢’ € BN C, and I, = I U ad’, which proves the ‘if’
part. Suppose that min%i {v, b} < _1eX min’i (J\ I;). If J\ I; = b for some b € B\ C, then [I,.J] has only
two atoms [; and I Ub, and I; is the first. If J\ I; = ¢/ C C for some ¢, ¢ illéx v, then I; \ I consists

of the first two smallest elements of J \ I and so I; is the first atom of [/, J]. This proves the ‘only if’
part.

(3) Suppose that I; \ I consists of only big edges of I. From the hypothesis, I N B # @ and either
Ii\I=ad or I;\I=0>, where a,a’ ¢ BNC and be B\ C.
(Case 1) I; \ I = ad’. Note that the existence of a big edge of I in BN C implies that I N (B \ C) = 0,

. . I
and the lexicographic orders %{CX and <, are as follows:

I . r(__
<ot 1,201,000k, 3y T Ay e ey Gy @ (= Aty Q2 b1y by

1; /
<t L2,a1,...,a,...,0,...,d (= a),3,...,n,Gi11,...,02m,b1,...,bp.

Set x := mln '(J\ I;). Suppose that x jllejx n. Then I; < J is of (E2), and we can set J \ [; = za/,
where <ICX 2. Note that x < ' since jllejx n. If x j{gx min(V \ I), then I, = I Uax. If

I;

min(V'\ I) _<10x x jlgx n, that is, = is a vertex different from min(V \ I), then z’ is also a vertex and

I, = T U xa’. This proves the ‘if” part. To prove the ‘only if’ part suppose that n %11 ' x. Then either
J\Ij =22’ cBNCorJ\I —x € B\ C. Since a <L _a’ <L, I; is the first atom of [I,J] in <L .

(Case 2) I; \ I = b. Note that <lex‘ 1,2,a1,az2,...,a9m,b1,...,0(=bx),3,4,...,n,bg11,...,bp. Suppose
that J \ I; contains an element e with e <Ij n. Note that e <L _b. If e € B\ C, then I, = I; Ue. If
e€ BNC, then J\ I; = ec for some ¢ € C, Wthh implies that I, = I Uec. If min®s (J \ I;) is a vertex,
then J\ I; consists of two vertices, and I, = IU(J\ ;). This proves the ‘if’ part. If n %1 min’i (J\ 1),

then J\ I; = {0’} for some ¥/ G B\ C with b %{gx v, and hence [I, J] has only two atoms I; and T UV,
where I; is the first atom in <

atm*

Now, to show (4) and (5), we need the following claim.

Claim 5.6. Suppose that IN(B\ C) =10, I;\ I has both an element ¢ <L _n and a big edge of I, and
|(Z; \ 1) N {1,2}|= 0 (mod 2). Then an atom J of [I;,G] belongs to [I.,G] for some atom I, of [I,G]
with I, <L I; if and only if one of the following holds:

(i) min®i (J\ 1) 1eXm1n(V\I)ifV\I-7é(Z)
(ii) min's (J\I)%lexmaxli( \I) if V\I; =0.

Proof of Claim[5.8. From the hypotheses, one of )~@) holds in the following table, where a,a’ € BNC
with @’ <I_a, b€ B\ C,v=min(V \ I):
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Li\I || The lexicographic orders

O 12d'a <§§X: 1,2,....,n,a1,...,d,....;a(=ag),...,a2m,b1,...,bs
<o L,2,a1,...,d, . a(=ax),3, ..., n, k415 - Q2m, b1, by

@12b —<1ng: 1,2,...,n,al,...,agm,bl,...,b(:bk),...,bg
<léx: 1,2,&1,...,agm,bl,...,b(: bk),3,...,n,bk+1,...,bg

® va %f?x: 1,2,a1,...,05,3,...,0, ..., 0, Q541 ..., a(=Qk), ..., Q2m,b1,...,be
<o L2,ar,...,d (=ag),3,...,0, . N Qg1 - -5 Gam, D1y, by

@ da <§§x: 1,2,a1,...,d,...,a5,3,...,n,aj41,...,a(=ax),...,a2m, b1, ..., by
<o L2,ar,...,d, .. a(=ak),3,...,n, k41, .., Q2m, D1, oL by

Note that the cases of ) and @ can occur only when {1,2} C C. Let v, := min(V \ I;), provided
V\I; # 0. In the cases of O~@, if v, € J\ I, then I.’s are I U lv,, I Ulv,, I Uvv,, and I U d'vy,
respectively. Now assume that v, € J \ I; and min% (J \ I;) <1ng max’i (I; \ I). Set z := mini (J \ I;).
Since max’ (I; \ I) is a small edge of I}, z is also a multiple edge and hence J \ I; consists of multiple
edges. In the case of ), [, = TU12U (J \ I;). For the other cases, x <{ex a and z,a € BN C. Hence
I, is obtained from I; by replacing a with z. This proves the ‘if’ part

To prove the ‘only if’ part, first suppose that V' \ I; # () and min’i (J\ I;) >_10x v,. Then min®i (J\ I;)
is either a vertex greater than v, or a big edge of I;. Hence J \ I; consists of either two vertices greater
than v, or only big edges of I;. Note that a big edge of I; is a big edge of I. Hence I; is the first atom
of [I,J] in <L . If V\ I; = 0 and minli(J \ I;) >-1Ie'x max’i (I; \ I), then min®i (J \ I;) is a big edge of
I; and hence I; \ I consists of only big edges of I;, and so I; is the first atom of [/, J] in <! . d

By Claim [£.6] (4) follows and (5) partially follows. We exclude the cases of (1)~(4) and the case
shown by Claim We divide the remaining part into two cases according to the existence of a big
edge of I in I\ I.

(Case 1) I; \ I has no big edge of I. By excluding (1) and (2), we get one of the following:

@® I;\ I =bwhere b e B\ C and b is a small edge of I;

® I; \ I = aa’ where both a,a’ € BN C are small edges of I; or

® I; \ I = vv' where v,v" € V'\ {1, 2}.
In each case, the ‘only if’ part follows easily, that is, if max% (I; \ I) %11 min® (J \ 1), then I; \ I has
the first |I; \ I| smallest elements of J \ I (in <{_), and so ; is the first atom of [I, J] in <L . Let us

prove the ‘if’ part of each case. We note that <{exz<1ejx.
(D From the existence of a small edge in B\ C, it follows that I N (B \ C) # () and

atm-

I I;
—<10X:—<1(Zx' 1,2,&1,&2,...,agm,bl,...,b,...,bk,3,...,n,bk+1,...,bg.

If min’ (J\I ) <17 b, then I, :IU(J\I-)
@ Let a %1 a’, and hence a' = max’i (J \ I;). If minfi (J\ I;) %{gx a’, then J \ I contains a multiple
edge a” with o” _<10x a',and so I, = I Uaad".
@ Let v 4116;( v', and hence v/ = max’i(I; \ I). Suppose that minIJ(J \ ;) < 11 o'. If J\ I; has an
element b € B\ C then for some w € {1,2} and for the vertex v” = mln(V \ ([; U{L,2})),

J\I =b if {1,2) C I,

J\I; = 12b if {1,2} N1 =0, or

J\I; =wborwv"b if |{1,2}NI|=1.
Then I,’s are TUb, T U12b, T Uwb, and I U wwv,d in the order, where v, = min{v,v"}.
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If J\ I; contains a multiple edge in B N C, then J \ I; is either aad’, 12ad’, v"a, or wac, where
a,a’ € BNC,w € {1,2}, c € C and v" = min(V'\ I;). If J\I; is either aa’ or 12ad’, then I, = TU(J\I;).
If J\I; =v"a and v" & {1, 2}, then I, = I Uv,a where v, = min{v,v"}. If J\I; = v"a and v" € {1, 2},
then I, = I U (J\ I;). If J\ I; = wac, then I, = I Uwacs, where ¢, = min’i{v,c}. If J\ I, consists
of only vertices, then J \ I consists of only vertices and I, = I U zy, where z and y are the first two
smallest elements of J \ I. This completes the proof of the ‘if” part.

(Case 2) I; \ I has a big edge of I. By excluding (3) and (4), we get one of D~@ in the following
table, where w € {1,2}, a,a’ € BN C with d %{gx a,be B\ C, and v =min(V \ (I U{1,2})):

IL\I The lexicographic order <llejx max’i (I; \ I)
@ wd'a *féx: 1,2,a1,...,4,...;a(=ag),3,...,0,Qpt1,---,02m,01,...,be a
wégC| @ wva %fcsz 1,2,a1,...,a(= ag), 3y o, Vs ey Ty Gt 1y - -+ 2y D15 - -+, by v
® wb <2 1,2,a0, . Gam, b1y D= D), 3, D, - e b
weC @ wa %i;xz 1,2,a1,...,a(= ar),3, ..., 1y Aty -+ Q2ms 01, - -+, by a
® wvb <o L,2,a1,. .0 a0m, b1, 0(=0), 3, v, oy brgr, ., by v

Note that, in any case, the lexicographic ordering %{ex on V U B is given by
I
<lex: 1,2,3,... STy Ay e e yeen s Gom, b1, ..., by,

and any atom of [I, J] containing the element w has a multiple edge. If max’s(I;\ I) <llejx min’i (J\ 1),
then J \ I; cannot have a multiple edge less than max!(B N (I; \ 1)) in <{_, and hence I; is the first
atom of [I,J] in <L, . This proves the ‘only if’ part. To see the ‘if” part, suppose that mins (J\ I;) <ljgx

atm*
max’i(I; \ I). In the cases of D, @, and @, J \ I; contains a multiple edge a” with a” <1ng a, which
impliles that I, can be obtained from I; by replacing a with a”. In the cases of 3) and (®), I;\ I contains
a multiple edge e <1Iejx b. If e € C, then J \ I; is ec for some ¢ € C, and hence I,’s are I U wec and

I Uwe, repsectively. If e & C, then I,’s are I Uwe and I U wwve, repsectively. O

We remark that (1)~(5) of the proof above are useful to figure out a falling chain of Pg'¢!, which
will be discussed in the next section.

6. APPLICATIONS OF SHELLABLE POSETS OF EVEN SUBGRAPHS

6.1. Falling chains and the order complex of a poset. Throughout this subsection, for a graph
H in Figure [3 and its admissible collection C, the labeling of the vertices follows the way shown in
Figure @ and so the labels of the endpoints of the bundle are changed according to C.

Recall that if a bounded poset P admits a recursive atom ordering, then we can find the CL-labeling
A as in the sketch of the proof of Theorem 2.4l Furthermore the ith reduced Betti number of the order

complex A(P) equals the number of falling chains of length i+ 2 from Theorem 2.2l For a graph G € G*,

if G is simple, then the homotopy type of A(Pg") is already known as noted in Remark 3.3l If G is

a graph in Figure [3] then as we seen in Section [ the order <Z  in Definition gives a recursive

even

atom ordering of PE'E for every C' € A(G), and so we can determine the homotopy type of A(PGC)

by considering the CL-labeling A obtained from the recursive atom order on Pge.

Corollary 6.1. Let G be a graph in Figureld, and let V and B be the set of vertices and the bundle
of G, respectively. For each C € A(G), the order complex A(P&V‘g‘) has the homotopy type of a wedge
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of spheres of dimensions
Ly B\C| -2, if|V]is odd;
g—HB\C!—l if V] is even and C NV # V;
‘C| —2 or |C‘ -3, if C =V UB, and the vertices 2 and 3 are adjacent; or
@ +|B\ C| —3, otherwise.

l\D

Proof. Let o be a longest maximal chain of Pg'¢'. By Proposition 6.1, we only need to show that o
cannot be a falling chain if one of the followmg holds: (i) |[V]is odd, (ii) CNV =V and the vertices 2
and 3 are not adjacent, (iii) CNV =V and B\ C # 0.

If |V| is odd, then ¢ has the cover I < I U 1. Since I U1 is the first atom of [I,G], o cannot be a
falling chain. Hence every falling chain has the length L+ |B\ C|. This proves case (i).

Now assume that |V| is even and C NV = V. Then a has the covers

I <IUlvand J < JU2a, or I <IU2vand J < JUla,

where I < J, v =min(V \ ( U{1,2})), and a € BN C. If o has the covers I < U lv and J < J U 2a,
then I < I U 1v is the first atom of [I,G]. Hence o cannot be a falling chain, which proves case (ii).
Now assume that B\ C # () and o has the covers I <IU2v and J < J U la. Note that this occurs only
when the vertices 2 and 3 are adjacent. Then J = I U2v by (1) in the proof of Lemma Then o
must have the cover K < K Ub for some b € B\ C such that K N (B\ C) = ). Hence ¢ cannot be a
falling chain. This proves case (iii). O

Example 6.2. Let us go back to the posets Pg'¢! in Figure[I0l The posets in (A) and (C) are nonpure
but none of the longest maximal chains of (A) and (C) are falling chains. In (A), (B), and (C), there
are four, three, and four falling chains, respectively:
(A) 0 <23 <123by < 1234a1b; < 12345a1a2b; () < 23 < 123by < 1234a2b; < 12345a;a2b,
0 < 34 < 2345 < 12345b; < 12345a1a2b, 0 < 45 < 2345 < 12345b; < 12345a1a2b
(B) 0 <2<12bg < 12b1by < 123a1b1b2 < 1234aja2b1bs ) < 2 < 12by < 12b1bs < 123a2b1bs < 1234a;a2b1 by
0 <34<23< 1234by < 1234b1by < 1234aya2b1bo
(C) 0 <12by < 12a1a2by < 12a1a2b1by < 1234a1a2b1b2 ) < 34 < 1234by < 1234b1by < 1234a71a2b1bs
0 < 12by < 12b1bs < 123a1b1by < 1234a1a2b1b2 0 < 12by < 12b1bs < 123a2bi1by < 1234a1a2b1bo

Hence the order complexes A(PCVCH) of the proper parts of the posets Pe’¢ in Figure [I0] are homotopy
equivalent to \/52, \/53, and \/52, respecively.
4 3 4

In the rest of this subsection, we consider the graph H = pmm in Figure [l Let V ={1,2,...,n} be
the set of vertices and B = {aq,...,a,} be the unique bundle of H. Recall that we follow the labeling
of the vertices shown in Figure [0l

Let C' € A(H) such that B C C. Note that from the proof of Corollary 6.1}, if o : Ip <1 <--- < Ipiq
is a falling chain of P}}’%‘, then there exists ¢ such that |I; \ I;—1| > 3. More precisely, if VN C =V,
then 12 C I; \ I;_1, and if VN C # V, then [; \ I;_1 is lac, where 1 ¢ C, a € B, and ¢ € C. Then the
number of falling chains of P for C'=V U B is equal to

Z(# falling chains of [I U 12ad’, H] for some a,a’ € B) x (# falling chains of [0, I]).
ICV\{1,2}
It VN C #V, then the number of falling chains of P@ is equal to

(6.1)

Z(# falling chains of [I U lac, H] for some a € B, c € C) x (# falling chains of [0}, I]).

ICV\{1}
2el

(6.2)
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Proposition 6.3. Let H = ]3n,2 in Figure[3. For C € A(H), the number of falling chains of Py is

Cy if n =2k for some k> 1
Cri1—Cr ifn=2k+1 for somek >1 and CNV itself induces a connected graph,
0 otherwise.

Proof. Let V be the set of vertices and B = {ay,as} be the bundle of H. First, suppose that CNV = V.
Then C' =V U B and |V| = 2k for some k > 1. If k = 1, then it is clear. Suppose that k£ > 2. Since we

even

have only two multiple edges, from (G.I) the number of falling chains of PH e is

2
Z(# falling chains of Poq starting with 12a1as) X Z (# falling chains of [0, I])

q=1 |I|=2k—2q
I1C{3,4,...,2k}

= Cj—1-+(# falling chains of P, starting with 12a1a2) X Z (# falling chains of [, I]),

|T|=2k—4
ICV\{1,2}

where Py, means the poset Py}, for H ' = Py, 9, and the second summation is over the vertices I of

PHe- Since the number of falling chains of P, starting with 12a;as is only one (see the second poset
of Figure 2)), the number of falling chains is Cy_1 + s, where

s = Z (# falling chains of [0, I]).

|T|=2k—4
ICV\{1,2}

Let I C {3,4,...,2k} be an element of Piye with 2k — 4 vertices. Then V' \ I = {1,2,v1,v2} where

v1 < vg. Since each component of I has an even number of vertices, v1 is odd and vy is even, and so

the number of falling chains of [(), I] is C'v;—3Cvy—v;-1C2n—v, . By a recursion of the Catalan numbers,
2 2 2

2k—1 2k 2k—1

(63) s = E E Ov173 0112711171 O2k7v2 = E 011173 02k7v1+1 = Ck; — Ok_l.
v1=3 wvo=vy+1 2 2 2 v1=3 2 2
v1: odd wvg: even v1: odd

Hence the number of falling chains is Cx_1 + s = Cy, when n = 2k (k > 1) and C contains V.

Now we suppose that C NV # V. Note that it follows from (6.2) that there is no falling chain of
Py if [V] is odd and C NV does not induce a connected graph. Hence we need to consider the case
where |V] is even or C' NV induces a connected graph. In (6.2), a falling chain of [I U la;c, H] for some
a; € Band c € C is either I < IUlagv < H (v € V), or I <IUlajas = H. In each of the cases, it is

uniquely determined. Hence the number of falling chains is equal to s; + s9, where

s1 = (# falling chains of [0, H \ (1 U B)]), S9 = Z (# falling chains of [(), I]).
el

First, suppose |V(H)| = 2k and k > 1. Then s is equal to Ck_1, the number of falling chains
of Ppe" . If k = 1, then s = 0 and so the number of falling chains is Cy (since Cp = C1 = 1).
Suppose that k& > 2. Let I C {2,3,...,2k} be an element of Pye with 2k — 3 vertices containing
the vertex 2. Then V' \ I = {1,v1,v2} where 2 < v; < vg. Since each component of I has an even
number of vertices and 2 ¢ C, vy is odd and vy is even. Since sy has the same equation in (6.3)),
s1+ 82 = Cg—1 + (Cx — Cr—1) = Ck. Hence the number of falling chains is Cy, if n = 2k.

We suppose |V(H)| = 2k + 1 and k£ > 1. Then s is equal to Cj, the number of falling chains of
Ple%in. If K =1, then sy = 1 and so the number of falling chains is Cy — Cy (note Cy =2 and C; = 1).

Suppose k > 2. Let I C {2,3,...,2k + 1} be an element of Py@ with 2k — 3 vertices containing the
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vertex 2. Then V' \ I = {1,v1,v9}, where 2 < v; < v9. Since each component of I has an even number
of vertices and 2 € C, vy is even and vg is odd. Thus s; + s = Ck + (Cx11 — 2C) = Ciy1 — Cy, since

2k 2k+1 2k
SS9 = Z Z CszCvz—vl—l C2k+171}2 = Z CL—2C2k7u1+2 = Ck+1 - 2Ck.
v1=4 wvo=v1+1 2 2 2 v =4 2 2
v1: even wg: odd vq]: even
Thus the number of falling chains is Cy1 — C. It completes the proof. ]

Finally, for the homotopy types of A(W"%‘) for H = ]E’n,g and C is an admissible collection of H,
we have Table 2 by Corollary and Proposition One may formulate the number of falling chains
of P&, when G = ISn,m, in terms of the Catalan numbers (or the secant numbers), and it would be
intereéting to explain the formula by using other combinatorial objects.

APTE)
H C H el
€ A(H) Dimension Homotopy Type
- VH)\C=0 |5 —3=r-2 Sh=2
P, | VDN C v
VH\C#0 | 1=k -1 \/SsF1
Ck
H=Pysrz | VIH)\C#0 |l 2=k -1 \/  sE!
Cr+1-Ck

TABLE 2. The homotopy types of P§y@ for C € A*(H) and H = P, 5. The last row of the table is true
only when C'NV induces a connected graph.

6.2. Topology of real toric manifolds arising from graphs. As it was noticed, the posets P&'¢h are

appeared in [7] to compute the rational Betti numbers of real toric manifolds arising from pseudograph
associahedron. First, we summarize a main result in [7], and then discuss how to compute the rational
Betti numbers of the real toric manifold associated with the graph ]5%2.

A polytope coming from a graph G, called the pseudograph associahedron and denoted by Pg, is
firstly introduced in [5]; for a connected graph G, the facets of the polytope Py are bijectively identified
with the proper semi-induced connected subgraphs of G, and two facets intersect if and only if the
corresponding semi-induced subgraphs are disjoint and cannot be connected by an edge of G, or one
contains the other. The dimension of Pg is equal to |V(G)| — 1+ Zle(\B,-] — 1), where B;’s are all the
bundles of G. If G has the components G, ..., Gy, then Pg is defined to be the product Pg, x---x Fg, .
Moreover, Pg can be realized as a Delzant polytopeﬁ canonically. It is well-known in toric geometry that
there is a one-to-one correspondence between projective smooth toric varieties and Delzant polytopes.
Hence under the canonical Delzant realization, there is the projective smooth toric variety associated
with a graph G. Then the real toric manifold Mg is defined as the subset consisting of points with real
coordinates of the projective smooth toric variety associated with G. For example, it is known that if G
is the simple path graph P3, then the polytope Pg is a pentagon and Mg is #3RP?, the connected sum
of three copies of the real projective plane RP2. See [7, Sections 2 and 3], where the reader may find
examples, definitions, and a much more detailed account of results for pseudograph associahedra. For

C CCgq, let P(O;dg (respectively, PE'&") be the set of facets of P corresponding semi-induced connected
odd even

subgraphs are C-odd (respectively, C-even), and K, Fexe, (respectively, KG7C) its dual simplicial complex.
Then the ith rational Betti number 3°(Mg) of the real toric manifold Mg is computed as follows. The

ith reduced Betti number of a topological space X is denoted by 5Z(X ).

3An n-dimensional convex polytope is said to be a Delzant polytope if the (outward) normal vectors to the facets
(codimension-1 faces) meeting at each vertex (dimension-0 faces) form an integral basis of Z".
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Proposition 6.4 ( [7]). For a connected graph G, the ith rational Betti number of the real toric manifold

Mg is
BZ(MG) _ Z Z Bz 1Kodd

H: PI- h
fgcmp » Ce A(H)

Note that a real toric manifold Mg is connected, and hence 8°(Mg) = 1. We can also check it
by using Proposition [6 For a graph H, if V(H) = (), then K}?Idg is empty and B_I(K}’fg) =1;if

V(H) # 0, then K?Idc is not empty, and so B_l(Kﬁﬁg) = 0. Thus we get 3°(Mg) = 1. In addition,
from [7, Lemma 4.5], for a connected graph G and (H,C) € A*(G), if H; is a component of H and
C1 =CnNCq, for C € A(H), then K}’fg is isomorphic to the join K?ITCH * K}}i‘?@, where Hy = H \ H;
and Cy = C'\ (4. Note that the join X * Y is homotopy equivalent to the reduced suspension of the
smash product X AY, and Z(X AY) = S' A X AY. Hence we get the following:

1 dd ¢ dd Ri—{—2 dd
(6.4) BT = 3D H () x 1 i)
Remark 6.5. Note that K%dg and K&Vg‘ have the same homotopy type with P&dg and Pg’g‘, respec-
tively. For a connected graph H, it was also noted in [7] that A(PC"C“) is a geometric subdivision of
K& for C € A(H), and hence A(PCVCH) 1s~homotopy e~qulvalent to K@ Since Pffg U Pyet = 0P,
it follows from the Alexander duality that ﬁ’(K}E}%) = [dim(Pr )_’_Q(A(Pﬁ}:e(?)).

We finish the section by explaining how to compute 5°(Mg) when G = pmg in Figure[3l It was shown
in [6, Theorem 2.5] that, for the simple path graph P,, with n vertices, A(PI%ZC“) is homotopy equivalent
to \/S"f_1 for n = 2k and it is contractible for odd n. In addition, for any integer n > 2,

Ck
(?) o (ifl) if0<i< L%J
0 otherwise.

(6.5) 8'(Mp,) = {

For a non-simple connected graph H = Py 5 (k > 0) in Table2, dim(Py) = |V (H)| and by Remark 6.5

Chk ifzz%or%—lforevenk
(6.6) b= > BUKES ) =14 Cun = Cia if i = K51 for odd k
340 2 2
CEA(H) 0 otherw1se.

Now we are ready to explain how to compute 5'(Mg) from (6.4)~(6.6), when G = P, 5. Assume that
i > 0. Let Hy be the set of all simple PI-graphs of G and H; the set of all non-simple PI-graphs of G.
By Proposition [6.4] ﬁ’(Mg) = s} + sb where

Z Z IBZ 1 Kodd) Z Z 52 1 Kodd
HeH, CeA(H) HeHa Ce A(H)
As H; is the set of Pl-graphs of the simple graph P,, s{ = 3/(Mp,). By Proposition and (6.4)),

n—2 ! n

o= 3 Y Y BUKE )T M)+ Y Y BTNEE )
m=2 CeA(Pm,2) (=0 Tl OEAPn2)
i—1 n—2

— Zzbfﬁlfl(Manl)_’_bz +bll

£=0 m=2

w3
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and we note the second summation above is valid when n > 4. Hence
(6.7) B'(Ma) = F(Mp)+) D> 08~ (Mp, ) + 0+ 0

=0 m=2
Combining ([6.7) with (635) and (6.6), one can completely compute (Mg) when G = P, 5. Table 5
shows the rational Betti numbers of Mp  for some small integers n. We observe a more simple
formula for 8'(Mc) for some i. For example, 8'(M¢g) = n and $%(Mg) = (). We also see that
Bk(Mp%’z) = 5k+1(M}52k+172) = %Ck, which is known as the total number of nonempty subtrees over

all binary trees having k + 1 internal vertices, see [19, A071721]. It would be interesting if one finds the
exact formula of 5*(M¢) and figures out that 5°(M¢) counts other combinatorial objects for every i.

i n| 2 3 4 ) 6 7 8 9 10 | 11 | 12 13 14 15
0 1 1 1 1 1 1 1 1 1 1 1 1
1 2 3 4 ) 6 7 10 | 11 | 12 13 14 15
2 1 2 6 10 | 15 | 21 | 28 | 36 | 45 | 55 | 66 78 91 105
3 0 0 0 6 18 | 33 | 54 | 82 | 118 | 163 | 218 | 284 | 362 | 453
4 0 0 0 0 0 18 | 56 | 110 | 192 | 310 | 473 | 691 | 975 | 1337
5 0 0 0 0 0 0 0 56 | 180 | 372 | 682 | 1155 | 1846 | 2821
6 0 0 0 0 0 0 0 0 0 | 180 | 594 | 1276 | 2431 | 4277
7 0 0 0 0 0 0 0 0 0 0 0 594 | 2002 | 4433
8 0 0 0 0 0 0 0 0 0 0 0 0 0 2002

TABLE 3. The rational Betti numbers Bi(Mpn ,) for small n

7. FURTHER DISCUSSIONS

In this paper, we characterize the family G*, that is, we find all graphs G such that Py'¢ is shellable
for every (H,C) € A*(G). As the problem was motivated by the topology of a real toric manifold
associated with a graph, we could compute the rational Betti numbers of the one associated with ﬁn,g.

As a further research, it would be also interesting to see the family G] of graphs G such that PeE
is shellable for every C' € A(G). Since G is a Pl-graph of itself, it is clear that G* C G. Here is an
example to show that G* is a proper subset of Gi. Consider a graph G with five vertices and one bundle

B = {a,b} of size two in Figure [Il Then A(G) = {1345ab,2345ab}, and both posets Pg'(3,s,, and

PG,1345ab PG,2345ab

FIGURE 11. A graph G € Gj, and three shellable posets P& Basab P& 93asan: and Pi3gias 34ap
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Pe5345ap are shellable, see Figure 1 However, H ¢ G* by Theorem [LI] (For a specific reason, refer the
proof of Claim [4.4] in Section [l). One may find infinitely many such graphs.

Going one step further, we ask to completely characterize all pairs (G, C') supporting a shellable poset
Pee- It would be the first step to find such pairs (G, C') when G has exactly one bundle. For example,
for a subgraph G = 1234ab of the graph G in Figure [T} A(G’) = {34ab, 1234ab}, Pgi%,,, is shellable
as in Figure [I1] and P(e;v,?il%%b is not by the proof of Claim 4.4l
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