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Abstract

We prove that the fized-point-free involution Stanley symmetric functions FEPF are Schur

P-positive, and classify the involutions z for which FZFPF is a single Schur P-function. These
symmetric functions arise as the stable limits of the analogues of Schubert polynomials for the
orbits of the symplectic group in the flag variety. They are indexed by fixed-point-free involutions
in the symmetric group. Our proof of Schur P-positivity is constructive, and provides an efficient
algorithm to compute the expansion of F FPF into Schur P-summands. We prove that this
expansion is unitriangular with respect to the dominance order on partitions. As a corollary, we
prove that the fixed-point-free involution Stanley symmetric function of the reverse permutation
is a Schur P-function indexed by a shifted staircase shape.
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1 Introduction

This article is a self-contained continuation of [9]. The principal objects of interest will be certain
symmetric functions associated to fixed-point-free involutions in symmetric groups. The definition
of these symmetric functions can be motivated by enumerative problems involving analogues of
reduced words for permutations, which we now describe.

Let n be an even positive integer and write S,, for the symmetric group on [n] = {1,2,...,n}.
Define F,, as the S,-conjugacy class of the permutation 0,, = (1,2)(3,4)--- (n—1,n) € S,,. This is
the set of all fixed-point-free involutions of [n]. Let s; = (i,i+1) € S,, be the permutation exchang-
ing ¢ and i 4+ 1, and recall that a reduced word for w € S,, is a sequence of simple transpositions
(Siy» Sigs - - - » Si,) of minimal possible length ¢ such that w = s;,s4, - - - 5;,. Write R(w) for the set of
reduced words for w € S,, and consider the following similar definition:

Definition 1.1. For 2z € F,,, let ﬁppp(z) be the set of sequences (s;, , si,, . . . , 5;,) of minimal possible

length ¢ such that z = s;, - - - 54,5, O, Sy =+ - 54y

The elements of 7%1:’131:’(2) are what one should consider as the “reduced words” of a fixed-point-
free involution. They arise in geometry when one studies the action of the symplectic group on the
flag variety [4, 23], and in representation theory when one considers the quasi-parabolic Iwarori-
Hecke algebra modules defined by Rains and Vazirani in [I8].

An old result of Stanley [2I] states that the number r,, of reduced words for the reverse permu-
tation w, = n---321 € S, is also the number of standard Young tableaux of the staircase shape
6p = (n—1,...,2,1,0), and therefore has the formula r, = (5)!- 117" . 327" . 5%""... (2n — 3)~1.
The reverse permutation w,, belongs to F,, when n is even. Let 7EF denote the size of ﬁppp(wn).
It is natural to ask if these numbers have any nice formula, and in [6] we proved the following:

Theorem 1.2. If n = 2k is even then 7£F = ()77 where N = (}).

The numbers (7EFF),_2 46810, begin as (1,2,80, 236544, 108973522944, ...) and form a sub-
sequence of [20, A066051]. The theorem shows that 7EFF is the number of standard bitableaux of
shape (dp,d,), which is also the dimension of the largest complex irreducible representation of the
hyperoctahedral group of rank P + Q.

For an arbitrary sequence of simple transpositions a = (Sa;, Sag, - - - » Sa, ), let fa € Z[[z1,x2,...]]
denote the formal power series given by summing the monomials x; x;, - --x;, over all positive
integers 17 < ip < .-+ < 4y satisfying i; < ¢j41 whenever a; < a;i1. Stanley computed 7,
in [21] by showing that for each permutation w € S, the power series Fiy = 3 ,cr(y) fa IS &
symmetric function, and that for the reverse permutation this symmetric function is the Schur
function F,,, = ss5,. One gets the formula for r, from this identity by comparing coefficients
of 2122+ Tp(n—1)/2- (The reader should note that our notation for F, differs from Stanley’s in
[21] by an inversion of indices.) Nowadays, one calls F, a Stanley symmetric function. To prove
Theorem [[2] we introduced in [6] this variant of F:

Definition 1.3. The FPF-involution Stanley symmetric function of z € Fy, is FFPF = Zaeﬁm(z) fa-
Notation. Our definitions of Repp(z) and FFPF have analogues that apply to all involutions in S,,,
which are denoted 7@(2) and F, in [6l 9]. This accounts for our somewhat clumsy notation.



The set Repp(z) is the union of the sets of reduced words R(w) for the permutations w of
minimal length with z = w10, w, and FZFPF is the sum of the corresponding Stanley symmetric
functions F,; see the discussion in Section [Z3l Edelman and Greene [5] proved that each F, is
Schur positive, and therefore each F FPF is also Schur positive, that is, a nonnegative integer linear
combination of Schur functions. Our results will show that the symmetric functions FFFF have a
strong positivity property.

Our first main theorem goes as follows. For positive integers 0 < ¢ < ¢g < -+ < ¢ < M,
consider the involution y = (¢1,m + 1)(¢2,m + 2) - -+ (¢, m + ). Write n for whichever of m + r
or m~+7r+1is even, and let z = y(f1, fo)(fs, fa) - - (fn—2r—1, fn—2r) € Fn where f1 < fo < --- <
fn—2r < n are the fixed points of y. Define a permutation to be FPF-Grassmannian if it occurs as
an involution z of this form, or is equal to ©,,. We prove the following theorem in Section [3.19

Theorem 1.4. For each z € F,, it holds that FFPF € N-span {13'5 PFovis FPF-Grassmannian}.

Our proof of this result gives a finite algorithm for decomposing any FFPF into its FPF-
Grassmannian summands. It turns out that we can easily identify the symmetric functions which
give these summands.

Within the ring of symmetric functions is the subalgebra Q[p1, p3, ps, . .. ] generated by the odd
power-sum functions. This algebra has a distinguished basis { Py} indexed by strict integer parti-
tions (that is, partitions with all distinct parts), whose elements Py are called Schur P-functions.
See Section [24] for the precise definition. Define z € F, to be FPF-vezillary if FFPF is a Schur
P-function. The next statement paraphrases Theorems and

Theorem 1.5. There is a pattern avoidance condition characterizing FPF-vexillary involutions.
All FPF-Grassmannian involutions as well as the reverse permutations ws,, are FPF-vexillary.

See Corollary [3.57] for the minimal list of 16 patterns that must be avoided. Combining the last
two theorems gives this corollary, which we conjectured in [6]:

Corollary 1.6. Each FFPF is Schur P-positive, i.e., FFPF € N-span{P : \ is a strict partition}.
The preceding corollary has this refinement, which we prove in Section 3.3t

Theorem 1.7. Let z € F,, and let ¢; be the number of positive integers j with j < i < y(j) and
j <wy(i). If v is the transpose of the partition given by sorting (c1,ca,...,¢y,), then v is strict and
FFP¥ € P, 4+ N-span{P, : A < v} where < is the dominance order on strict partitions.

As a corollary we get this result, which implies Theorem
Corollary 1.8. If n = 2k is even then Fg,iF = Py—on—an—6,..) = sgk.

Proof. The first equality holds by Theorems and [L7l The second equality is a consequence of
[0, Theorem 1.4] or [22, Theorem 9.3]. O

Theorems [[4] [[5 and [[7 are “fixed-point-free” analogues of the main results in [9]. Our
proofs depend on an interpretation of the symmetric functions F FPF as stable limits of polynomials
introduced by Wyser and Yong [23] to represent the cohomology classes of certain orbit closures.
Background material on these polynomials and other preliminaries appear in Section 2l We prove
the theorems in this introduction in Section Bl along with a few other results.



The methods in this paper are primarily algebraic. In contrast to the situation in our pre-
vious work [9], it is an open problem to find a bijective proof for the fact that FFPF is Schur
P-positive. The literature on Stanley symmetric functions suggests that there should exist a mean-
ingful representation-theoretic interpretation of F! FPE but this also remains to be found.
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2 Preliminaries

Let P C N C Z denote the respective sets of positive, nonnegative, and all integers. For n € P,
let [n] = {1,2,...,n}. The support of a permutation w : X — X is the set supp(w) = {i € X :
w(i) # i}. Define Sz as the group of permutations of Z with finite support, and let So, C Sz
be the subgroup of permutations with support contained in P. We view S, as the subgroup of
permutations in S, which fix all integers outside [n].

Throughout, we let s; = (i,i+ 1) € Sz for i € Z. Let R(w) be the set of reduced words
for w € Sz and write ¢(w) for the common length of these words. We let Desy (w) and Desg(w)
denote the left and right descent sets of w € Sz, consisting of the simple transpositions s; such that
l(s;w) < l(w) and £(ws;) < £(w), respectively.

2.1 Divided difference operators

We recall a few properties of divided difference operators. Our main references are [11J, 14} [15] [16].
Let L =7 [azl,xg, .. ,a:l_l,xz_l, .. ] be the ring of Laurent polynomials over Z in a countable set
of commuting indeterminates, and let P = Z[x1,x2,...] be the subring of polynomials in £. The

group Sy, acts on £ by permuting variables, and one defines
Oif = (f —sif)/(xi — xiy1) foriePand f e L.

The divided difference operator 0; defines a map £ — L which restricts to a map P — P. It is clear
by definition that 9;f = 0 if and only if s;f = f. If f € L is homogeneous and 9;f # 0 then 9, f
is homogeneous of degree deg(f) — 1. If f,g € L then 0;(fg) = (0;f)g + (sif)dig, and if 9;f = 0,
then 0;(fg) = f0;g.

For i € P the isobaric divided difference operator m; : L — L is defined by

mi(f) = 0i(xif) = f +2ip10if  for fe L.

Observe that 7;f = f if and only if s;f = f, in which case m;(fg) = fmi(g) for g € L. If f € L is
homogeneous with 7; f = 0, then m; f is homogeneous of the same degree. The operators 0; and m;
both satisfy the braid relations for S, so we may define 0,, = 9;,0;, - - - 0;,, and my, = m;, T, - - T
for any (s, , Siys - -+, 8i,) € R(w). Moreover, one has 9? = 0 and 72 = 7; for all i € P.

k

Definition 2.1. Given a,b € P with a < b, define Oy, = Op—10p—2--- 0, and m, o = Tp_1Tp—2 - - - T,.
For numbers a,b € P with a > b, set Oy 4 = ™, = id.

The following statement, which will be of use later, is [0, Lemma 2.2].

Lemma 2.2. If a < b and f € £ are such that 0;f =0 for a <i < b, then m,of = O (xg_“f) .
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2.2 Schubert polynomials and Stanley symmetric functions

The Schubert polynomial (see [3, 11} [14], [16]) of y € S, is the polynomial &, = 8y71wna:5” e P,
where as above we let w,, = n---321 € S, and 2% = 27 '25~2... gl | This formula for &, is
independent of the choice of n such that y € S,,, and we consider the Schubert polynomials to be

a family indexed by S.. Since 97 = 0, it follows directly from the definition that

Gus; if s; € Desg(w)

. for each i € P. (2.1)
0 if s; ¢ Desg(w)

6, =1 and 0,6, = {

Conversely, one can show that {S,, }wes.. is the unique family of homogeneous polynomials indexed
by Seo satisfying (2:1)); see [11, Theorem 2.3] or the introduction of [2]. Each &,, has degree ¢(w),
and the polynomials &,, for w € S, form a Z-basis for P [16, Proposition 2.5.4].

Write A for the usual subring of bounded degree symmetric functions in the ring of for-
mula power series Z|[[x1,x2,...]]. A sequence of power series fi, fo,... has a limit lim, , f, €
Z[[x1,x2,...]] if the coefficient sequence of each fixed monomial is eventually constant.

Notation. For any map w:7Z — Z and N € Z, let w>> N : Z — Z be the map i — w(i— N)+ N.

Theorem-Definition 2.3 (See [3,[14],21]). If w € Sz then the limit F, = impy 00 Sy v is a well-
defined, homogeneous symmetric function of degree ¢(w). If w € Sy then Fy, = limy, o0 T, G-
This power series coincides with the Stanley symmetric function F,, defined in the introduction.

This definition makes it clear that F,, = Fi,sn for any N € Z, though does not tell us how to
efficiently compute these symmetric functions. It is well-known that each F, is Schur positive; for
a brief account of one way to compute the corresponding Schur expansion, see [9, §4.2].

2.3 FPF-involution Schubert polynomials

Let F,, for n € P denote the set of permutations z € S,, with z = z=! and z(i) # i for all i € [n].
Define Fo, and Fz as the So.- and Sz-conjugacy classes of the permutation © : Z — Z given by

O:irri—(—1).

We refer to elements of F,,, Fs, and Fz as fized-point-free (FPF) involutions. Note that F, is
empty if n is odd, and that if z € 7 and N € Z then z > N € Fy if and only if N is even, where
z > N denotes the map i — z(i — N)+ N. While technically F,, ¢ Foo, there is a natural inclusion

L Fn = Foo (2.2)

given by the map which sends z € F,, to the permutation of Z whose restrictions to [n] and to Z\ [n]
coincide respectively with those of z and ©. In symbols, we have ¢(z) = 2 -0 - 51 - 5355 Sp_1.
It is often convenient to identify elements of F,,, Foo, or Fz with the complete matchings on [n],
P, or Z in which distinct vertices are connected by an edge whenever they form a nontrivial cycle.
We draw such matchings so that the vertices are points on a horizontal axis, ordered from left to
right, and the edges appear as convex curves in the upper half plane. For example,

(1,6)(2,7)(3,4)(5,8) € Fg is represented as AN RN



We may omit the numbers labeling the vertices in these matchings, if clear from context.

For each z € Fyz, define Inv(z) (respectively, Cyc;(2)) as the set of pairs (i,j) € Z x Z with
i < jand z(i) > z(j) (respectively, i < j = 2(7)). In turn, let Desr(z) = {s; : (i,i+ 1) € Inv(z)}
and Cycp(z) = Cycy(z) N (P x P). The set Invepr(z) = Inv(z) — Cycy(2) is finite with an even
number of elements, and is empty if and only if z = ©. We let

éFpF(Z) = %]Invap(z)] and Deng(z) = {s; € Desg(z) : (i,i + 1) ¢ Cycy(2)}.
These definitions are related by the following lemma, whose elementary proof is omitted.

lepe(2) — 1 if 5 € DesiF(2)
Proposition 2.4. If z € Fz then fppp(szs) = fppp(z) if s € Desg(z) — DeshiF (2)
lepe(2) +1 if s € {s; : i € Z} — Desg(z).

Define Agpr(2) for z € F7 as the set of permutations w € Sz ofAminimal length with z = w™'Qw.
This set is nonempty and finite, and its elements all have length fgpp(z). Note that the set Rgpr(2)
defined in the introduction is the union Rrpr(2) = U e ams(z) R(W)-

Definition 2.5. The FPF-involution Schubert polynomial of z € Fa, is GFPF = D we Asp () Ow-

For z € Fp, we set Agpg(z) = Appr(1(2)) and GEFF = éf(f)

Example 2.6. We have 1(4321) = 515908981 = s3590s953 and Appp(4321) = {312,1342}, so
S = G312 + Guzae = 27 + 2122 + T173 + ToT3.

The polynomials GFPF have the following characterization via divided differences.

Theorem 2.7 (See [6]). The FPF-involution Schubert polynomials {SFF}.cx _ are the unique
family of homogeneous polynomials indexed by F such that if ¢ € P and s = s; then

GFPE if 5 € Desg(z) and (3,7 4 1) ¢ Cycy(2)

G5F =1 and 9,65 = { (2.3)

0 otherwise.

Wyser and Yong first considered these polynomials in [23], where they were denoted Y (a1, sp. )-
They showed, when n is even, that the FPF-involution Schubert polynomials indexed by F, are
cohomology representatives for the Sp,,(C)-orbit closures in the flag variety Fl(n) = GL,(C)/B,
with B C GL,(C) denoting the Borel subgroup of lower triangular matrices. The symmetric
functions F FPF are related to the polynomials ég‘PF by the following identity.

Theorem-Definition 2.8. The FPF-involution Stanley symmetric function of z € Fz is the power

series FFPF — > we Aspe(z) Fo = MmN 00 éggQ ~y € A. This coincides with the symmetric function

EFPF defined in the introduction. If z € Fuo then FFPF = lim,,_,o, m,,, GEFF.

Proof. This follows from Theorem-Definition 2.3] O



2.4 Schur P-functions

Our main results will relate FFPF to the Schur P-functions in A, which were introduced in work of
Schur [19] but have since arisen in a variety of other contexts (see, e.g., [2, 10, 17]). Good references
for these symmetric functions include [22], §6] and [15, §II1.8]. For integers 0 < r < n, let

Gr,n = H H (1 + $;1$i+j) e L.

i€[r] j€[n—1i]

For a partition A = (A1, Ag,...), let £(\) denote the largest index i € P with A; # 0. The partition
X is strict if A; # Ay for all i < £(\). Define 2* = ' 2)? - - - 2 where r = £()).

T

Theorem-Definition 2.9. Let A be a strict partition with » = ¢()\) parts. The power series
P\ = lim, 00 T, (x)‘Gr,n) € A is then a well-defined, homogeneous symmetric function of degree
>~; Ai, which one calls the Schur P-function of .

We present this slightly unusual definition of Py for its compatibility with Theorem-Definition 2.3
The symmetric functions Py may be described more concretely as generating functions for certain
shifted tableaux; see [9, §5.1] or [15, 22] for details.

Whereas the Schur functions form a Z-basis for A, the Schur P-functions form a Z-basis for
the subring Q[p1, p3, ps, - .- | N A generated by the odd-indexed power sum symmetric functions [22),
Corollary 6.2(b)]. Each Schur P-function Py is itself Schur positive [15, Eq. (8.17), §IIL.8].

2.5 Transition formulas

The Bruhat order < on Sy is the weakest partial order with w < wt when w € Sz and t € Sz is a
transposition such that ¢(w) < ¢(wt). We define the Bruhat order < on Fyz as the weakest partial
order with z < tzt when z € Fz and ¢ € Sz is a transposition such that fppp(z) < fppp(tzt). Rains
and Vazirani’s results in [I8] imply the following theorem, which is also [8, Theorem 4.6].

Theorem 2.10 (See [18]). Let n € 2P. The following properties hold:
(a) (Fz,<) is a graded poset with rank function lgpr.
(b) If y,z € F, then y < z holds in (Sz, <) if and only if «(y) < ¢(z) holds in (Fz, <).
(c) Fixy,z € Fz and w € Agpp(z). Then y < z if and only if there exists v € Agpp(y) with v < w.

Note that both «(F,) and F are lower ideals in (Fz,<). We write y <z z for y,z € Fz if
{weFz:y<w<z}={y}. lfy,ze€ F, for some n € 2P, then we write y <r z if ¢(y) <r ¢(2).

Example 2.11. The set F4 = {(1,2)(3,4) < (1,3)(2,4) < (1,4)(2,3)} is totally ordered by <.

Let z € Fz. Cycles (a,b),(i,j) € Cycy(z) with a < i are crossing if a < i < b < j and
nesting if a < i < j < b. One can check that fppp(z) = 2n + ¢ where n and c are the respective
numbers of unordered pairs of nesting and crossing cycles of z. If E C Z has size n € P then
we write ¢p and ¢g for the unique order-preserving bijections [n] — E and E — [n], and define

(2]l =Ygy 0 20 ¢r € Sy. The following is equivalent to [I, Corollary 2.3].

Proposition 2.12 (Sqe o). Let y € Fz. Fix integers i < j and define A = {i,7,y(7),y(y)} and
z = (i,7)y(i, 7). Then lppr(2) = lrpr(y) + 1 if and only if the following conditions hold:



(a) One has y(i) < y(j) but no e € Z exists with i < e < j and y(i) < y(e) < y(j).

(b) Either [yla = (1,2)(3,4) <r [z]a = (1,3)(2,4) or [yla = (1,3)(2,4) <r [2]a = (1,4)(2,3).

Remark 2.13. If condition (a) holds then (i,7) ¢ Cycz(y) so necessarily |A| = 4, and condition
(b) asserts that [y]a < [2]a, which occurs if and only if [y]4 and [z]4 coincide with

AN <FE N o XN <F AN
In the first case [(4,)]a € {(1,4),(2,3)}, and in the second [(i,7)]a € {(1,2),(3,4)}.

Given y € Fz and r € Z, let

Ut (y,r) = {Z € Fy : bppe(2) = lrpp(y) + 1 and z = (r, j)y(r, j) for an integer j > r} -

A

U (y,r) = {z c Fy: EFPF(Z) = éppp(y) + 1 and z = (4,7)y(i,7) for an integer i < 7“} )

These sets are both nonempty, and if z belongs to either of them then y <z z. The following
transition formula for FPF-involution Schubert polynomials is [8, Theorem 4.17].

Theorem 2:14 (See [§]). If y N Foo and (p,q) € Cycp(y) then (z, +a:q)@55PF = it &P
> e (yp) SEPF where we set GEFF = 0 for all 2 € Fy — Foo.

Example 2.15. Set UE(y,r) = UF(u(y),r) for y € Fp,. Iify = (1,2)(3,7)(4,5)(6,8) € Fg then

(7,8)y(7,8)} = {(1,2)(3,8)(4,5)(6,7)}
2

U (y,7)
3 ( 73)y(273)} = {(173)(277)(47 5)(678)}

={
U (y,3) = {

o (@3 + 208 510568 = Shaeaussn ~ Shaenwses:
Taking limits and invoking Theorem-Definition 2.8 gives the following identity in A.

Theorem 2.16. If y € 7z and (p,q) € Cycy(y) then 3- 5, )FZFPF =2 cita) FFPF,

Proof. We have U¥(y > 2N,r + 2N) = {w>2N:we UE(y,r)} for y € Fz and r, N € Z, so it
follows that ZzE\II+(y,q) FFPF _ > i . )FFPF = limy oo (Zpron + xq+2N)6y>>2N =0. d

3 Results

3.1 FPF-Grassmannian involutions

In this section we identify a class of “Grassmannian” elements of F7 for which FFPF is a Schur P-
function. Recall that the (Rothe) diagram of a permutation w € So is the set D(w) = {(i,w(j)) :
(7,7) € Inv(w)} where Inv(w) is the set of pairs (i,7) € Z x Z with i < j and w(i) > w(j). The
following similar definitions were introduced in [6, Section 3.2]:

Definition 3.1. The (FPF-involution) diagram of z € Fag is the set Dgpg(2) of pairs (i,j) € P x P
with 7 < i < z(j) and j < z(7).



Note that Dgpr(z) = {(3,2(§)) : (i,7) € Invepr(2), 2(j) < i}. The code of w € Su is the
sequence c(w) = (c1,c2,c3,...) where ¢; is the number of positions in the ith row of D(w).

Definition 3.2. The (FPF-involution) code of z € Fu is the sequence érpr(z) = (c1,¢2,...) in
which ¢; is the number of positions in the ith row of Dgpg(2).

Define ﬁppp(z) = DFPF(L(Z)) and ¢éppr(2) = éppr(t(2)) for z € F,, when n € 2P; then ﬁppp(z) is
the subset of positions in D(z) strictly below the diagonal.

Example 3.3. If z = (1,4)(2,5)(3,6) then Depr(2) = {(2,1),(3,1),(3,2)} and érpr(2) = (0,1,2).

The shifted shape of a strict partition p is the set {(i,i+j—1) e PxP:1 < j < u;}. An
involution z in F,, or Fuo is FPF-dominant if {(i — 1,7) : (i,7) € Dgpr(2)} is the transpose of the
shifted shape of a strict partition. (Note that Dgpp(2) contains no positions in its first row.)

Example 3.4. Both (1,7)(2,4)(3,5)(6,8) and (1,7)(2,5)(3,4)(6,8) are FPF-dominant. The only
elements of Fy for k € P which are 132-avoiding (i.e., dominant) are those of the form (1,k +
1)(2,k+2)---(k,2k). These dominant involutions are also FPF-dominant.

Theorem 3.5 (See [6]). If z € Fy is FPF-dominant then GFPF = LLii ) e re (o) (i + 5)-

Proof sketch. This is a slightly stronger statement than the result we proved as [6, Theorem 3.26],
which gave the same formula but only for the dominant (i.e., 132-avoiding) elements of F,,. However,
the more general formula follows by the same argument with minor changes. O

The lezicographic order on Sy, is the total order induced by identifying w € S, with its one-line
representation w(1)w(2)w(3)---. For z in F,, or Fu, we let fmin(2) denote the lexicographically
minimal element of Agpr(z). The next lemma is a consequence of [7, Theorem 6.22].

Lemma 3.6 (See [7]). Suppose z € Fy and Cycp(z) = {(a;,b;) : i € P} where a1 < ag < ---.
The lexicographically minimal element Snin(z) € Agppr(z) is the inverse of the permutation whose
one-line representation is aibjasboasbs - - .

b

The same statement with “aibiasbs ---” replaced by “aibiasbs - - - arby” holds if z € Fop.
Example 3.7. If z = (1,4)(2,3) € F4 then aibjagshy = 1423 and Bin(2) = 142371 = 1342.
Typically Dgprp(2) # D(Bmin(2)), but the following holds by [6, Lemma 3.8].
Lemma 3.8 (See [6]). If z € Fo then éppr(2) = ¢(Bmin(2)).
A pair (i,j) € Z x Z is an FPF-visible inversion of z € Fz if i < j and z(j) < min{s, z(7)}.
Lemma 3.9. The set of FPF-visible inversions of z € Fi is Inv(Bmin(2)).

Proof. Suppose (i,j) € Z x Z is an FPF-visible inversion of z € F.,. Either z(j) < i < z(i) or
2(j) < 2(i) < 4, and in both cases j appears before i in the one-line representation of Buyin(2)~! so
(i,7) € Inv(Bmin(2)). Conversely let (i,7) € Inv(Bmin(2)). Theni < j and j € {a,b} and i € {da’,V'}
where a < b = z(a) and @/ < b = 2(d’) and a < a/. The only way this can happen is if j = b in
which case (i, j) is evidently an FPF-visible inversion of z. O



We say that i € Z is an FPF-visible descent of z € Fy if (i,i + 1) is an FPF-visible inversion,
and define Des{}* (z) = {s; : i € Z is an FPF-visible descent of 2z} C Des’;" (2). Since s; € Desg(w)
for w € Sz if and only if (4,7 + 1) € Inv(w), the following is immediate from the previous lemma.

Lemma 3.10. If z € F,, then Des{}* (2) = Desg(Bmin(2))-

The essential set of a subset D C P x P is the set Ess(D) of positions (,j) € D such that
(1+1,7) ¢ Dand (i,5+1) ¢ D. A permutation w € Sy is n-Grassmannian if Desp(w) = {s,}.

Proposition 3.11. For z € F,, and n € P, the following are equivalent:
() DesFF(2) = {su}.
(b) éppr(2) has the form (0, ca,...,¢,,0,0,...) where cog < --- < ¢, # 0.
(c) Ess(Dgpr(2)) is nonempty and contained in {(n,j) : j € P}.
(d) The lexicographically minimal atom Suin(2) € Appr(2) is n-Grassmannian.

Proof. Lemma B.I0l implies that (a) < (d). It follows as an elementary exercise that the ith row
of Ess(Dgpr(2)) is nonempty if and only if s; € Des{F¥ (2); we omit the details, which are similar to
the proof of [9, Lemma 4.14]. This shows that (a) < (c¢). Lemma [3.8 implies that (b) < (d), since
w € Sy is n-Grassmannian if and only if the first n terms of c¢(w) are weakly increasing and the

last nonzero entry of ¢(w) occurs in position n (see [9, Proposition-Definition 4.3]). O

Algebraically, the preceding conditions suggest a natural concept of a “Grassmannian” fixed-
point-free involution, but it turns out that this definition is slightly too restrictive. Define Zy =
{w e Sz :w=w"'}. Now consider the following maps F : 7y — Fz and T : Fz — Iz:

Definition 3.12. For y € 7z, let m be any even integer with m < i for all i € supp(y), write ¢
for the order-preserving bijection Z — Z \ supp(y) with ¢(0) = m, and define F(y) as the unique
element of Fz with F(y)(i) = y(i) for i € supp(y) and F(y) o = ¢ o O.

Note that F(y) = t(y) for y € F,,. The involution F(z) is formed from z by turning every pair
of adjacent fixed points into a cycle; there are two ways of doing this, and we choose the way which
makes (2¢ — 1,2i) into a cycle for all sufficiently large i € Z. For example, we have

T T A A o AN N
1234567289 1234567289
The map F has a right inverse:

Definition 3.13. For z € Fz, define Z(z) € Zz as the involution whose nontrivial cycles are
precisely the pairs (p,q) € Cycy(z) for which there exists (a,b) € Cycy(z) with p < b < q.

Equivalently, Z(z) is the involution which restricts to the same map as z on its support,
and whose fixed points are the integers ¢ € Z such that max{i,2(i)} < 2(j) for all j € Z with
min{, z(i)} < j < max{i,z(7)}. For example, we have

z(.../\ SN SN /\...): N

123456789 10 12345678910

We see in these examples that Z and F restrict to maps Foo — Zoo and Z,, — Foo, respectively.
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Proposition 3.14. Let z € Fz. Then Z(z) = 1 if and only if z = ©.

Proof. If z # © and i is the largest integer such that ¢ < z(i) # i+ 1, then necessarily z(i+1) < z(7),
so (i,2()) is a nontrivial cycle of Z(z), which is therefore not the identity. O

Proposition 3.15. The composition F o Z is the identity map Fz — Fz.

Proof. Fix z € T and let C be the set of cycles (p,q) € Cycy(z) such that p and ¢ are fixed
points in Z(z). By definition, if (p,q) and (p’, ¢') are distinct elements of C then p < ¢ <p’ < ¢ or
P < ¢ <p<q. The claim that F o Z(z) = z is a straightforward consequence of this fact. O

An involution y € Iy is I-Grassmannian if y =1 or y = (¢1,n + 1)(d2,n +2) - - (¢, n + 1) for
some integers 7 € P and ¢1 < ¢po < -+ < ¢ < n. See [9, Proposition-Definition 4.16] for several
equivalent characterizations of such involutions.

Definition 3.16. An involution z € Fz is FPF-Grassmannian if Z(z) € Iy is I-Grassmannian.

Define an element of F,, to be FPF-Grassmannian if its image under ¢ : F,, = Foo C Fz is
FPF-Grassmannian. This definition is equivalent to the one in the introduction.

Remark 3.17. The sequence (¢5-F ),>1 = (1, 3,12,41,124, 350, 952, 2540, ... ) with g-'F the number
of FPF-Grassmannian elements of +(F;,,) C F7z seems unrelated to any existing sequence in [20].

Suppose z € Fz — {©} is FPF-Grassmannian, so that
I(Z) = (¢1,TL + 1)(¢27n + 2) ce (¢T7n + 7") S Ioo

for integers r € P and ¢1 < ¢pg < -+ < ¢ < n. We define the shape of z to be the strict partition

v(z) =(n—¢1,n—¢2,...,n — o).

We also set #(©) = 0 = (0,0,...). One can show that v(z) is a partition of lgpp(z). Recall the
definition of the operator 7, from Section 21

Lemma 3.18. Maintain the notation just given, but assume z is an FPF-Grassmannian element
of Foo —{O} so that 1 < ¢y < ¢a < -+ < ¢ < n. Then &5F =7y, 17g, 2 Tp, 1 (w”(z)Gr,n) .

Proof. The proof is similar to that of [9, Lemma 4.19]. If f; < fy < .-+ < f; are the fixed points
of Z(z) in [n], then k is even and (f1, f2), (f3,Af4), ooy (fk—1, fr) € Cycy(2). It follows that if ¢; =i
for all i € [r] then z is FPF-dominant and Dgpr(z) = {(i + j,i) : i € [r] and j € [n —¢]}. In this

case the lemma reduces to GFFF = 27122 ... 277 "G, ,, which is evident from Theorem

Alternatively, suppose there exists ¢ € [r] such that i < ¢;. Assume i is minimal with this
property. Then &EF = 9, ;SFFF for the FPF-Grassmannian involution v € Fo, with

Zw)=1,n+1)2,n+2) - (i,n+)(dit1,n+ i+ 1) (P, n+i+2) - (¢r,n+ 7).

By induction GFPF = Tbi 1 it 1T 0,2 " Tpyr (x”(”)Gr,n) . Since 2¥(V) = :Ef’i_ix”(z) and since mul-
tiplication by z; commutes with m; when 4 < j, it follows by Lemma 2.2 that GFPF = 9, ;GFPF =
8(251',i(x?i_lﬂ-d)i+1,i+lﬂ¢i+2,i+2 Tt 7T¢r,7‘ (xV(Z)GT7n)) = 7T¢1,17T¢272 e 7T¢7‘77‘ (xV(Z)Grvn)' D

Theorem 3.19. If z € Fz is FPF-Grassmannian, then FFPF = Py
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Proof. Since FFPF = FFFF, for all N € 2Z, we may assume that z € Fo and that Z(z) is I-
Grassmannian. Since my, T; = Ty, for all i € [n — 1], Lemma .18 implies that if v(2) has r parts
and n > r then m,, S5F = 7, (2” (Z)Grm). The theorem follows by taking the limit as n — co. [

Let us clarify the difference between FPF-Grassmannian involutions and elements of Fz with
at most one FPF-visible descent. Define Z, = So, NZz and for each y € Z let Desy (y) be the set
of integers i € Z with z(i + 1) < min{i, 2(7)}. Elements of Desy (y) are visible descents of y.

Lemma 3.20. Fix z € F. Let E = {i € P: |2(i) —i| # 1} and define y € Z, as the involution
with y(i) = 2(i) if i € E and y(i) = i otherwise. Then z = F(y) and Des}}* (2) = Desy (y).

Proof. 1t is evident that z = F(y). Suppose s; € Desy(y). Since y(i + 1) # i for all i € P by
definition, we must have y(i + 1) < min{i,y(i)}, so i + 1 € E, and therefore either i € E or
2(i) =i — 1. Tt follows in either case that z(i + 1) < min{i, 2(i)} so s; € Dest'* (). Conversely,
suppose s; € DesiF(z) so that i + 1 € E. If i € E then s; € Desy (y) holds immediately, and if
i ¢ E then z(i+1) < z(i) =i — 1, in which case y(i +1) = 2(i+ 1) <1 =y(i) so s; € Desy(y). O

In our previous work, we showed that y € Zy is I-Grassmannian if and only if |Desy (y)| < 1 [9]
Proposition-Definition 4.16]. Using this fact, we deduce the following:

Proposition 3.21. An involution z € F7 has |Des{}* ()| < 1 if and only if 2 is FPF-Grassmannian

and v(z) is a strict partition whose consecutive parts each differ by odd numbers.

Proof. We may assume that z € Foo —{©}. If z is FPF-Grassmannian and the consecutive parts of
v(z) differ by odd numbers then one can check that |Des(F (2)| < 1. Conversely, define y € Z, as
in Lemma B.20] so that z = F(y). We have Des{}* (z) = Desy (y) = {s,} if and only if y = (¢1,n +
1)(p2,n+2) -+ (¢r,n+r) for integers r € Pand 0 = ¢g < ¢1 < ¢p2 < - -+ < ¢ < n. If y has this form
then each ¢; — ¢;—1 is necessarily odd, and Z(z) =y or Z(2) = (¢2,n + 2)(¢3,n + 3) - - (P, n + 1),

so z is FPF-Grassmannian and the consecutive parts of v(z) differ by odd numbers. O

Remark 3.22. Using the previous result, one can show that the number k,, of elements of F,, with
at most one FPF-visible descent satisfies the recurrence ko, = 2k9,_o + 2n — 3 for n > 2. The
corresponding sequence (ko )n>1 = (1,3,9,23,53,115,241,495, ... ) is [20, A183155].

3.2 Schur P-positivity

In this section we describe a recurrence for expanding FZFPF into FPF-Grassmannian summands,
and use this to deduce that each F FPF is Schur P-positive. Our strategy is similar to the one used
in [9, §4.2], though with some added technical complications.

Order the set Z x Z lexicographically. Recall that (i,j) € Z x Z is an FPF-visible inversion of
z € Fz if i < j and z(j) < min{i, 2(7)}, and that ¢ € Z is an FPF-visible descent of z if (i,7 4+ 1) is
an FPF-visible inversion. By Lemma B.I0] every z € Fz — {O} has an FPF-visible descent.

Lemma 3.23. Let z € Fz — {©} and suppose j € Z is the smallest integer such that z(j) < j — 1.
Then j — 1 is the minimal FPF-visible descent of z.

Proof. By hypothesis, either z(j) < j—2=2(j—1) or 2(j) <j—1< 2(j—1),s0j—11is an
FPF-visible descent of z. If k—1 is another FPF-visible descent of z, then z(k) < k—1soj < k. O
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Lemma 3.24. Suppose (¢, r) € Z x Z is the maximal FPF-visible inversion of z € Fz —{©}. Let m
be the largest even integer such that z(m) # m— 1. Then ¢ is the maximal FPF-visible descent of z
while 7 is the maximal integer with z(r) < min{q,2(¢)}, and z(¢+1) < z(¢+2) < --- < z(m) < q.
In addition, we have either (a) z(¢) <g¢<r<mor (b) ¢< z(q) =r+1=m.

Proof. The first assertion is easy to check directly; we omit the details, which are similar to the
proof of [9, Lemma 4.25]. Assume ¢ < z(q). It remains to show that z(q) = r + 1 = m. It cannot
hold that r < z(q) — 1, since then either (¢, +1) or (r+ 1, 2(¢q)) would be an FPF-visible inversion
of z, contradicting the maximality of (¢,r). It also cannot hold that z(q) < r, as then (z(q),r)
would be an FPF-visible inversion of z. Hence r = z(q) — 1. If j > z(q), then since z(i) < ¢ for all
q <1 < z(q) and since (z(q), ) cannot be an FPF-visible inversion of z, we must have z(j) > z(q).
From this observation and the fact that z has no FPF-visible descents greater than ¢, we deduce
that z(j) = ©(j) for all j > z(q), which implies that z(¢) = m as required. O

Definition 3.25. Let ngpr : Fz — {©} — Fz be the map ngpr : 2 — (q,7)2(g, ) where (g, r) is the
maximal FPF-visible inversion of z.

Remark 3.26. Suppose z € Fz — {O} has maximal FPF-visible inversion (¢q,r). Let p = z(r) and
y = nepr(2) = (¢,7)z(q, ) and write m for the largest even integer such that z(m) # m — 1. The
two cases of Lemma [3.24] correspond to the following pictures:

(a) If 2(¢) < ¢ <r < m then y and 2z may be represented as

q r m

We have z(¢+ 1) < 2(¢+2) < -+ < 2(r) < z(q), and if r < m then z(q) < z2(r+1) <
2(r+2)<---<z(m) <q.

(b) If ¢ < z(q) = r+ 1 =m then y and z may be represented as

Here, we have z(¢+1) < 2(¢+2) <--- < 2(r) =p < q, so 2(i) < ¢ whenever p < i < q.
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Recall the definition of Byin(z) from Lemma

Proposition 3.27. If (¢, r) is the maximal FPF-visible inversion of z € Foo —{O} and w = Sin(2)
is the minimal element of Agpp(z), then w(q, ) = Bmin(Mrpr(2)) is the minimal atom of ngpr(2).

Proof. Let Cycp(z) = {(a;,b;) : i € P} and Cycp(nepr(2)) = {(ci,di) : i € P} where a; < ag < ...

and ¢; < ¢ < .... By Lemma B.6, it suffices to show that interchanging ¢ and r in the word
ai1biasby - - gives cidicads - - -, which is straightforward from Remark [3.26] O

Recall the definition of the sets U (y, ) and ¥~ (y,r) from (24).
Lemma 3.28. If z € F; —{©} has maximal FPF-visible inversion (¢, ) then U (ngpr(2), q) = {2}.
Proof. This holds by Proposition 2.12] Remark[3.26] and the definitions of ngpr(z) and i’*(y, q). O

For z € Fy let

A

@ipp(z) _ 16} if z is FPF-Grassmannian
U~ (y,p) otherwise

where in the second case, we define y = nppr(z) and p = y(q) where ¢ is the maximal FPF-visible
descent of z.

Definition 3.29. The FPF-involution Lascouz-Schiitzenberger tree @FPF(Z) of z € Fyz is the tree
with root z, in which the children of any vertex v € F are the elements of T7F (v).

Remark 3.30. As the name suggests, our definition is inspired by the classical construction of the
Lascouz-Schiitzenberger tree for ordinary Stanley symmetric functions; see [12, [13] or [9, §4.2].

For z € F,, we define TFFF(z) = TFPF(,(2)). A given involution is allowed to correspond to more
than one vertex in TFF (z). All vertices v in T (z) satisfy fepr(v) = lrpr(2) by construction, so if
z # © then O is not a vertex in TFFF(2). An example tree T¥F(z) is shown in Figure [l

Corollary 3.31. Suppose z € Fyz is a fixed-point-free involution which is not FPF-Grassmannian,
whose maximal FPF-visible descent is ¢ € Z. The following identities then hold:

(8) &FF = (2 + 2)SEFF + 3 carer.) STFF where y = yeer(2) and p = y(q).

FPF __ . "FPF
(b) FZ - Z’UGKZ{PF(Z) FU .
Proof. The result follows from Theorems [Z.14] and and Lemma O

We would like to show that the intervals between the minimal and maximal FPF-visible descents
of the vertices in @FPF(Z) form a descending chain as one moves down the tree. This fails, however:
a child in the tree may have strictly smaller FPF-visible descents than its parent. A similar
property does hold if we instead consider the visible descents of the image of z € F5 under the map
7T : Fy, — Iy from Definition BI3l Recall that a visible descent for y € Zy is an integer ¢ € Z with
z(i 4+ 1) < min{é, 2(i)}. The following is [9, Lemma 4.24].

Lemma 3.32 (See [9]). Let z € Iz — {1} and suppose j € Z is the smallest integer such that
2(7) < j. Then j — 1 is the minimal visible descent of z.
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Figure 1: The tree TF°F(2) for z = (1,2)(3,7)(4,6)(5,10)(8,11)(9,12) € Fip — Fz. We draw
all vertices as elements of Fio C Zj9 for convenience. The maximal FPF-visible inversion of each
vertex is marked with e, and the minimal FPF-visible descent is marked with o (when this is not
also maximal). By Theorem and Corollary [3.31] we have Fpr = P52) + Pa3) + Puag2,1)-

Lemma 3.33. Let z € Fz — {O} and suppose (i,j) € Cycy(z) is the cycle with j minimal such
that i < b < j for some (a,b) € Cycy(z). Then j — 1 is the minimal visible descent of Z(z).

Proof. The claim follows by the preceding lemma since j is minimal such that Z(2)(j) < j. O
Lemma 3.34. If z € Fz then i € Z is a visible descent of Z(z) if and only if one of these holds:
(a) z(i+1) < z(i) <.
(b) z(1) < z(i+1)<iand {t € Z:2(i) <t <i} C{z(t):i <t}
(c) zli+1l)<i<z(@)and {t € Z:2(i+1) <t<i+1} Z{2(t):i+1<t}.

Proof. Tt is straightforward to check that i € Z is a visible descent of Z(z) if and only if either (a)
z(i+1) < 2(i) <i; (b) 2(4) < 2(i +1) < i and i is a fixed point of Z(z); or (c) z(i + 1) < i < 2z(4)
and i+ 1 is not a fixed point of Z(z). The given conditions are equivalent to these statements. [

Corollary 3.35. Let y,z € Fz and let i, € Z be integers with ¢ < j. Suppose y(t) = z(t) for all
integers t > i. Then j is a visible descent of Z(y) if and only if j is a visible descent of Z(z).

Proof. By Lemma [3.34], whether or not j is a visible descent of Z(z) depends only on the action of
z on integers greater than or equal to j. O

Corollary 3.36. Let z € Fz and suppose ¢ is a visible descent of Z(z). Then either i or i — 1 is an
FPF-visible descent of z. Therefore, if j is the maximal FPF-visible descent of z, then ¢ < j 4 1.

Proof. 1t follows from Lemma B.34] that ¢ is an FPF-visible descent of z unless z(i) < z(i + 1) <@
and {t € Z: z(i) <t <i} C{z(t) : i < t}, in which case i — 1 is an FPF-visible descent of z. [
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The following statement is the first of two key technical lemmas in this section.
Lemma 3.37. Let y € Fz — {0} and (p, q) € Cycz(y) and suppose v = (n,p)y(n, p) € ¥ (y,p).
(a) If i € Z\ {n,y(n),p,q} is such that Z(y)(i) = 4, then Z(v)(i) = i.
(b) If j and k are the minimal visible descents of Z(y) and Z(v) and j < ¢ — 1, then j < k.

Remark 3.38. Part (b) is false if j > ¢: consider y = (6,7)0©(6,7) and (n,p,q) = (2,3,4). There
is no analogous inequality governing the minimal FPF-visible descents of y and wv.

Proof. Since y <rv = (n,p)y(n,p) € \if_(y,p), it follows from Proposition [212] that either y(n) <
n < p < ¢, in which case n < p <v(p) < ¢ =v(n) and y and v correspond to the diagrams

v= N N and =T TN TN, L (3.1)

n p q n p q

orn <p<y(n)<gq,in which case n < p < v(p) < ¢ = v(n) and we instead have
U= e e e and 0 = o e e (32)

p q n p q

Let A = {n,y(n),p,q} = {n,p,v(p),q} and note that y(:) = v(i) for all i € Z\ A. Suppose
(a,b) € Cycy(y) is such that b ¢ A and b < y(i) for all a < ¢ < b, so that a and b are both fixed
points of Z(y). Then (a, b) is also a cycle of v, and to prove part (a) it suffices to check that b < v(7)
for all : € A with a < ¢ < b. This holds if i € {n,y(n)} since then y(i) < v(i), and we cannot have
a < q < b since y(q) < q. Suppose a < p < b; it remains to show that b < v(p). Since b < y(i) for
all a < i < b by hypothesis, it follows that if y and v are as in (B.I]) then n < a < p < b < ¢, and
that if y are v are as in (8.2)) then a < p < b < y(n). The first of these cases cannot occur in view
of Proposition 2.12)(a), since y < v. In the second case y(n) = v(p) so b < v(p) as needed.

To prove part (b), note that © ¢ {y,v} so neither Z(y) nor Z(v) is the identity. Let j and k
be the minimal visible descents of Z(y) and Z(v) and assume j < ¢ — 1. Write Sy for the set of
integers ¢ € Z \ A such that Z(y)(i) < i, and let T, = S, \ A and U, = S, N A. Define S,, T,,, and
U, similarly. Lemma implies that j < k if and only if min S, < min.S,. Since j < ¢ —1 we
have min S, < ¢. It follows from part (a) that T, C T}, so min7T, < minT,,.

There are two cases to consider. First suppose y(n) <n <p < gand v(p) <n <p<q=uvn).
It is then evident from (3.1]) that {¢} C U, C {p,¢}. Since min S, < ¢ by hypothesis, to prove that
min .Sy < min S, it suffices to show that if p € U, then min S, < p. Since y <x v, neither y nor v
can have any cycles (a,b) with y(n) < a < p and n < b < p. It follows that if p € U, then y and
v share a cycle (a,b) with either (i) a < b and y(n) < b <n, or (ii) a < y(n) <n < b < p. If (i)
occurs then n € U, while if (ii) occurs then min T} < p, so min Sy < p as desired.

Suppose instead that n < p < y(n) < g and n < p < v(p) < ¢ =wv(n). In view of (3.2]), we then
have {¢} C U, C {y(n),q}. As minS, < ¢, to prove that min S, < min S, it now suffices to show
that if y(n) € U, then y(n) € U,. This implication is clear from ([B.2), since if y(n) = v(p) € U,
then y and v must share a cycle (a,b) with a < b and p < b < y(n). O

Lemma 3.39. Let y € Fz — {O} and (p,q) € Cycz(y) and suppose z = (¢q,7)y(q,r) € ¥ (y, q).
The involution Z(y) has a visible descent less than ¢ — 1 if and only if Z(z) does, and in this case
the minimal visible descents of Z(y) and Z(z) are equal.
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Proof. Let Cy, for w € Fz be the set of cycles (a,b) € Cycy(w) with b < ¢q. By Lemma [333] the
set Cy, determines whether or not Z(w) has a visible descent less than ¢ — 1 and, when this occurs,
the value of Z(w)’s smallest visible descent. Since ¢ < r we have C, = C., so the result follows. O

Our second key technical lemma is the following.

Lemma 3.40. Suppose z € Fyz is not FPF-Grassmannian, so that ngpr(z) # ©. Let (g,r) be the
maximal FPF-visible inversion of z and define y = ngpr(2) = (q,7)2(q, 7).

(a) The maximal visible descent of Z(z) is ¢ or ¢ + 1.
(b) The maximal visible descent of Z(y) is at most g.
(¢) The minimal visible descent of Z(y) is equal to that of Z(z), and is at most ¢ — 1.

Proof. Adopt the notation of Remark [3:226l To prove the first two parts, let j and k be the maximal
visible descents of Z(y) and Z(z), respectively. In case (a) of Remark [3.26] it follows by inspection
that j < g = k, with equality unless » = ¢ + 1 and there exists at least one cycle (a,b) € Cycy(z)
such that p < b < ¢. In case (b) of Remark [3.26] one of the following occurs:

elfp=g—1=r—2thenj<qg—1<k=gq+1
elfp=qg—1<r—2thenj=qand ke {g,q+1}.
e Ifp<qg—1,then j=k=gq.

We conclude that j < g and k € {q,q + 1} as required.

Let j and k now be the minimal visible descents of Z(y) and Z(z), respectively. Part (c) is
immediate from Lemmas and if j<qg—1ork<q—1, so assume that j and k are both
at least ¢ — 1. Suppose z(q) < ¢ < r < m so that we are in case (a) of Remark [3.20, when ¢ is the
maximal visible descent of Z(z). Since z is not FPF-Grassmannian, we must have k = ¢ — 1, so by
Lemma [B.33] there exists (a,b) € Cycy(z) with z(q) < b < ¢q. Since y(q) = p < z(q), it follows that
7 < g — 1; as the reverse inequality holds by hypothesis, we get j = k = ¢ — 1 as desired.

Suppose instead that we are in case (b) of Remark Since ¢ < z(q), it cannot hold that
g — 1 is a visible descent of Z(z), so we must have k > ¢. As z is not FPF-Grassmannian, it follows
from part (a) that k = ¢ and that ¢ + 1 is the maximal visible descent of Z(z). This is impossible,
however, since we can only have k = ¢ if there exists (a,b) € Cycy(z) with z(¢+ 1) < b < ¢+ 1,
while ¢ + 1 can only be a visible descent of Z(z) if no such cycle exists. O

Lemma 3.41. Suppose z € Fz is not FPF-Grassmannian and v € S¥P¥(z). Let i and j be the
minimal and maximal visible descents of Z(z). If d is a visible descent of Z(v), then i < d < j.

Proof. Let (q,r) be the maximal FPF-visible descent of z, set y = (q,7)z(q,7) = nppr(z) and
p=1y(q) = z(r), and let n < p < ¢ be the unique integer such that v = (n,p)y(n,p). Since y <r v,
it must hold that y(n) < ¢, so v(t) = y(t) for all ¢ > ¢g. The maximal visible descent of Z(y)
is at most ¢ < j by Lemma [B:40] so the same is true of the maximal visible descent of Z(v) by
Corollary On the other hand, the minimal visible descent of Z(y) is i < ¢ — 1 by Lemma B.40]
so by Lemma B.37] the minimal visible descent of Z(v) is at least i. O

For any z € Fz, let T5FF(2) = {2} and define FF(z) = | TEPF () for n > 1.

ve@:ffl (2)
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Lemma 3.42. Suppose z € Fz and v € TEF(2). Let (g,r) be the maximal FPF-visible inversion
of z, and let (q1,71) be any FPF-visible inversion of v. Then ¢; < q or 7y < r. Hence, if n > r — ¢
then the maximal FPF-visible descent of every element of TFFF(2) is strictly less than g.

Proof. 1t is considerably easier to track the FPF-visible inversions of z and v than the visible
inversions of Z(z) and Z(v), and this result follows essentially by inspecting Remark In more
detail, let y = nppr(2) = (¢,7)2(q,7r) and p = z(r) = y(q). Since y <xv = (n,p)y(n,p) for some
n < p, we must have v(i) = y(i) for all i > ¢, and so it is apparent from Remark that ¢1 < q.
If ¢1 = q, then necessarily v(q) < p < v(i) for all ¢ > r, and it follows that r1 < r. O

Theorem 3.43. The FPF-involution Lascoux-Schiitzenberger tree @FPF(Z) is finite for all z € Fz,
and it holds that FFF =3 FFPF where the sum is over the finite set of leaf vertices v in TFF(z).

Proof. By induction, Corollary [3.36] and Lemmas [3.4]] and [3.42] we deduce that for a sufficiently
large n either T7FF(z) = @ or all elements of T5'* (z) are FPF-Grassmannian, whence T5F, (z) = @.

The tree SF°F(2) is therefore finite, so the identity FFPF = 3" FFPF holds by Corollary B311 O

As a corollary, we recover Theorem [[.4] from the introduction.

Corollary 3.44. If z € Fy then FFPF ¢ N-span {F;PF cy € Fyz is FPF-Grassmannian} and this

symmetric function is consequently Schur P-positive.

3.3 Triangularity

We can show that the expansion of F FPF into Schur P-functions not only has positive coefficients,
but is unitriangular with respect to the dominance order on (strict) partitions, which denote by <.
Recall the definition of éppr(2) for z € F from Section B.I1

Definition 3.45. Let v(z) for z € Fo be the transpose of the partition given by sorting égpr(2).

One can show that this construction is consistent with our earlier definition of v(z) when z € Fu
is FPF-Grassmannian. Define < 4,,, on S as the transitive relation generated by setting v < gp, w
when the one-line representation of v™! can be transformed to that of w™"! by replacing a consecutive
subsequence starting at an odd index of the form adbc with a < b < ¢ < d by bead, or equivalently
when s;0 > v > $;4110 > §;498i410 = 811w < S;i1w < w < s;w for an odd number ¢ € P. For
example, 235164 = (412635) 71 < 4 (413526) 71 = 253146, but (12534) 7! £ 4 (13425)7L. Recall
the definition of Byin(z) from Lemma In our earlier work, we showed [7, Theorem 6.22] that
< Amr 1s a partial order and that Appr(2) = {w € Sxo @ fmin(2) <ame w} for all z € Fi.

Write AT for the transpose of a partition A. Recall that A < p if and only if 7 < AT [I5] Eq.
(1.11), 8I.1]. The shape of w € S is the partition A(w) given by sorting c(w).

Lemma 3.46. Let z € Fo. If v,w € Appr(2) and v < g4, w, then A\(v) < A(w).

Proof. Suppose v,w € Agpp(z) are such that s;v > v > 8110 > $128i+10 = 8iSip 1w < Siw <
w < s;w for an odd number i € P, so that v <4m, w. Define a = w™i(i +2), b = w=i(i),
c=w (i +1),and d = w (i +3) so that a < b < ¢ < d. The diagram D(v~!) is then given by
permuting rows i, i+1, i+2, and i+3 of D(w™1)U{(i+3,b), (i+3,¢)}—{(i,a), (i+1,a)}, and so A(v)
is given by sorting A(w) — 2e; + ey, + ¢; for some indices j < k < [ with A(w); —2 > Mw)r > A(w);.
One checks in this case that A(v) < A(w), as desired. O
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Theorem 3.47. Let z € Fo, and v = v(z). Then vT < v. If vT = v then FFPF = 5, and otherwise
FFPF € 5,0 + s, + N-span {5y : v1 < A <v}.

Proof. Tt follows from [21, Theorem 4.1] that if w € S, then A(w) < A(w™")7, and if equality
holds then F, = sy(,,) while otherwise Fyy € sx(y) + Sx@w-1)r + N-span{s, : M(w) <v < AMw™HT}
Lemma 3.8 implies that v(2)7 = A(Bmin(2)), so by Lemma we have FFPF = D wedme(z) Fw €
Sy(z)r + N-span{s, : v(z)" < p}. The result follows since FFPF s Schur P-positive and each P, is
fixed by the linear map w : A — A with w(s,) = s, for partitions x [15, Example 3(a), §I11.8]. O

As a corollary, we obtain Theorem [L7] from the introduction.
Corollary 3.48. If 2 € F, then v(2) is strict and FFPF € P,(,) + N-span {Py : A < v(z)}.

Proof. One has Py € sy + N-span{s, : v < A} for any strict partition A [I5, Eq. (8.17)(ii), §IIL.8].
Since FFPF is Schur P-positive, the result follows by Theorem [3.47] O

Strangely, we do not know of an easy way to show directly that v(z) is a strict partition.

3.4 FPF-vexillary involutions

Define an element z of F,, or Fz to be FPF-vexillary if FFPF = P, for a strict partition . In this
section, we derive a pattern avoidance condition classifying such involutions.

Remark 3.49. All FPF-Grassmannian involutions, as well as all elements of F,, for n € {2,4,6},
are FPF-vexillary. The sequence (v5F),>1 = (1,3,15,92,617,4354,...), with vE’F counting the

n
FPF-vexillary elements of F,,, again seems unrelated to any existing entry in [20].

Recall that if E C Z is a finite set of size n then we write ¢g and ¢ for the order-preserving
bijections £ — [n] and [n] — E, and define [z]p = ¢,(p) 0 2 0 ¢ € S, for permutations z of Z. In
this section, let [[z]]g = t([2]g) € Foo for z € Fz and finite sets E C Z with z(E) = E.

Lemma 3.50. If z € Fz is FPF-Grassmannian and E C Z is a finite set with z(E) = E, then the
fixed-point-free involution [[2]|g is also FPF-Grassmannian.

Proof. Suppose z € Fz is FPF-Grassmannian and E C Z is finite and z-invariant. We may assume
that z € Foo and E C P. Fix a set F = {1,2,...,2n} where n € P is large enough that £ C F
and [[z]]p = z. Note that for any z-invariant set D C E we have [[z]]p = [[#/]]p for 2/ = [[2]|E
and D' = 1p(D). Inductively applying this property, we see that it suffices to show that [[2]]g is
FPF-Grassmannian when E = F'\ {a,b} with {a,b} C F a nontrivial cycle of z. In this special
case, it is a straightforward exercise to check that Z([[z]]g) is either [Z(z)]g or the involution formed
by replacing the leftmost cycle of [Z(z)]g by two fixed points. In either case it is easy to see that
Z([[z]]g) is I-Grassmannian, so [[z]]g is FPF-Grassmannian as needed. O

We fix the following notation in Lemmas B.51] B.53] and B.54l Let z € Fz — {©} and write
(¢,7) € Z x Z for the maximal FPF-visible inversion of 2. Set y = nepr(2) = (¢,7)2(q,7) € Fz and
define p = y(q) < ¢ so that T5F(2) = ¥~ (y,p) if z is not FPF-Grassmannian.

Lemma 3.51. Let ' C Z be a finite set with {¢,r} C E and z(F) = E. Then (Yg(q),¥E(r)) is
the maximal FPF-visible inversion of [[z]]g. Moreover, it holds that [[nepr(2)]]E = neer([[2]]E).
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Proof. The first assertion holds since the set of FPF-visible inversions of z contained in F x F and
the set of all FPF-visible inversions of [[z]]g are in bijection via the order-preserving map Vg X ¥g.
The second claim follows from the definition of ngpr since {g¢,r, z(q), 2(r)} C E. O

We write LFPF(z) for the set of integers i < p with (4, p)y(i,p) € ¥~ (y,p). For any E C Z we
define € (z, E) = {(i,p)y(i,p) : i € EN LF¥(2)} . Also let €FFF(z) = €FFF (2, Z), so that €*F(z) =
TFPF (%) if z is not FPF-Grassmannian. The following shows that €FPF(z) is always nonempty.

Lemma 3.52. If z € 7z — {0} is FPF-Grassmannian, then |€F*¥(2)| = 1.

Proof. Assume z € Fz — {©} is FPF-Grassmannian. By Proposition B.I5] we have z = F(g) for an
I-Grassmannian involution g € Zz. Using this fact and the observations in Remark [3.26] one checks
that €FF¥(2) = {(i,p)y(i,p)} where i is the greatest integer less than p such that y(i) < q. O

Lemma 3.53. Let £ C Z be a finite set such that {¢,r} C F and z(F) = E.
(a) The operation v — [[v]]g restricts to an injective map €F¥¥ (2, E) — ¥ ([[2]]p).
(b) If E contains LFP¥(z), then the injective map in (a) is a bijection.

Proof. Part (a) is straightforward from the definition of €FF(z) given Lemma 351l We prove the
contrapositive of part (b). Suppose a < b = ¥ (p) and (a,b)[[y]]r(a,b) belongs to €FFF([[z]] ) but
is not in the image of €F(z, E) under the map v + [[v]|g. Suppose a = (i) for i € E. Then
(a,0)[[yl]e(a,b) = [[(¢,p)y(i,p)]]E, and it follows from Proposition that [[y]]z(a) < [[y]]E(b),
so we likewise have y(i) < y(p). Since (i,p)y(i,p) ¢ € (2, E), there must exist an integer j with
i<j<pandy(i) <y(j) <y(p). Let j be maximal with this property and set k = z(j). One can
check using Proposition that either j or k belongs to LF¥(z) but not E, so E 7 L (z). O

We say that z € Fz contains a bad FPF-pattern if there exists a finite set £ C Z with z(E) = E
and |E| < 12, such that [[z]]g is not FPF-vexillary. We refer to F as a bad FPF-pattern for z.

Lemma 3.54. If z € F7 is such that |$5PF(z)| > 2, then z contains a bad FPF-pattern.

Proof. If u # v and {u,v} C SEPF(2), then u, v, and z agree outside a set E C Z of size 8 with
2(F) = E. Tt follows by Lemmas and 353 that E is a bad FPF-pattern for z. O

Lemma 3.55. Suppose z € Fz is such that TEFF(z) = {v} is a singleton set. Then z contains no
bad FPF-patterns if and only if v contains no bad FPF-patterns.

Proof. By definition, z and v agree outside a set A C Z of size 6 with v(A) = z(4) = A. If 2z
(respectively, v) contains a bad FPF-pattern which is disjoint from A, then the other involution
clearly does also. If z contains a bad FPF-pattern B which intersects A, then £ = A U B has
size at most 16 since |B| < 12 and both A and B are z-invariant. In this case, [[z]]g contains a
bad FPF-pattern and Lemma B53|(b) shows that €FF([[2]]g) = {[[v]]r}, and if [[v]]g contains a
bad FPF-pattern then v does also. By similar arguments, it follows that if v contains a bad FPF-
pattern B that intersects A, then E = AU B has size at most 16, [[v]] g contains a bad FPF-pattern,
CFPE([[2]lg) = {[[v]]g}, and v contains a bad FPF-pattern if [[v]]g does.

These observations show that to prove the lemma, it suffices to consider the case when z belongs
to the image of « : Fig — Fz. Using a computer, we have checked that if z is such an involution and
CFPF(2) = {v} is a singleton set, then z contains no bad FPF-patterns if and only if v contains no
bad FPF-patterns. There are 940,482 possibilities for z, a sizeable but still tractable number. [
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Theorem 3.56. An involution z € Fz is FPF-vexillary if and only if [[z]]g is FPF-vexillary for all
sets £ C Z with z(F) = E and |E| = 12.

Proof. Let X C Fz be the set which contains z € Fz if and only if z is FPF-Grassmannian or
TFPF(2) = {v} and v € X. Tt follows from Corollary B3I(b) that X is the set of all FPF-vexillary
involutions in Fz. On the other hand, Lemmas .50, B.54] and show that X is the set of
involutions z € F7z which contain no bad FPF-patterns. We deduce that z € Fz is FPF-vexillary
if and only if z has no bad FPF-patterns, which is equivalent to the theorem statement. O

Corollary 3.57. An involution z € Fyz is FPF-vexillary if and only if for all finite sets £ C Z with
z(E) = FE the involution [z]g is not any of the following sixteen permutations:

L3)246.86.7), LEEHAD6,8),  (1,6)(24)3.8)5,7),
(L3)25)EN6.8),  (LEE)A6,7),  (1,6)(25)3.8)47),
(L3)25)*86.7),  LHERHGD6,8),  (1,3)2.4)(5,7)(6,9)(8,10),
(L3)2.6)*8(6.7),  (LHZYG86,7),  (1,3)(2.5)46)(7,9)(8,10),
(1,4)(2,3)(5,7)(6,8), (1,6)(2,3)(4,8)(5,7), (1,3)(2,4)(5,7)(6,8)(9,11)(10, 12).
(1,4)(2,3)(5,8)(6.7).

Proof. Tt follows by a computer calculation using the formulas in Theorems 319 and B.43] that
z € 1(Fi2) C Foo is not FPF-vexillary if and only if there exists a z-invariant subset E C Z such
that [z]g is one of the given involutions. The corollary follows from this fact by Theorem O
3.5 Pfaffian formulas

The Pfaffian of a skew-symmetric n X n matrix A is

pfA= Z (‘Uém(z) H Az(i),i' (3.3)

2E€EFn 2(1)<i€[n]

It is a classical fact that det A = (pf A)2. Since det A = 0 when A is skew-symmetric but n is odd,
the definition (3.3]) is consistent with the fact that the set F,, of fixed-point-free involutions in S,
is nonempty only if n is even.

Example 3.58. If A = (a;;) is a 2 x 2 skew-symmetric matrix then pf A = a12 = —a21. If A = (a;5)
is a 4 x 4 skew-symmetric matrix then pf A = as1a43 — az1a42 + a41a32.

Both &FPF and EFFPF can be expressed by certain Pfaffian formulas when z is FPF-Grassmannian.
We fix the following notation for the duration of this section: first, let

n,r €P and peP with0< ¢y <o <+ < @ <n. (3.4)
Set ¢; = 0 for ¢ > r. Define y = (¢1,n + 1)(¢p2,n +2) -+ (¢r,n+ 1) € Ix and z = F(y), and let
S (o1, 60, rin] = 6FF  and  FTF[g1, 6o, Grin] = FIT
When r is odd, we also set SFF[¢1, do, . .., dr, 0; 1] = SFFF and FF¥ [y, ¢, ..., by, 0;n] = FFPF,

Proposition 3.59. In the notation just given, z € F, is FPF-Grassmannian with shape v(z) =
(n — ¢1,m — Pa,...,n — ¢). Moreover, each FPF-Grassmannian element of Fo, — {©} occurs as
such an involution z for a unique choice of n,r € P and ¢ € P" as in (3.4).
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Proof. Let X = [n] \ {¢1,¢2,...,¢,} and note that n € X. If | X| is even then Z(z) = y. If |X|
is odd and at least 3, then Z(z) =y - (n,n+r + 1). If | X| = 1, finally, then ¢ = (1,2,...,n — 1)
and Z(z) = (2,n+2)(3,n+3) --- (n,2n). In each case, we have v(z) = (n — ¢1,n — ¢2,...,n — P;)
as desired. The second assertion holds since an FPF-Grassmannian element of F is uniquely
determined by its image under Z : Foo — Zoo, which must be I-Grassmannian with an even number
of fixed points in [n] and not equal to (i + 1,n+ 1)(i +2,n+2)--- (n,2n — i) for any i € [n]. O

Let £7(¢) be whichever of r or r + 1 is even, and let [a;j]1<i<j<n denote the skew-symmetric
matrix with a;; in position (i, j) and —a;; in position (j,7) for ¢ < j (and zeros on the diagonal).

Corollary 3.60. In the setup of (34), F¥F[py, ¢, ..., ¢p;n] = pf | FFF ¢y, dj; ] Lcicit (o)
Proof. Macdonald proves that if A is a strict partition then Py = pf[Py,);]i<i<j<s+(n) [15, Eq. (8.11),
§IT1.8]. Given this fact and the preceding proposition, the result follows from Theorem U

X Our goal is to prove that the identity in this corollary holds with F FPF[...;n] replaced by
GFPF[...:n]. In the following lemmas, we let IMFFF [p; n| = MFFF [py, ¢, . .., ¢r;n] denote the skew-

symmetric matrix [G%FPF (D3, b5 n]] I<i<i<t+(@)
ESAWAS

Lemma 3.61. Maintain the notation of (3.4]), and suppose p € [n — 1]. Then

pf M [p +eisn] ifp=¢; & {¢p2—1,...,¢, — 1} for some i € [r]
0 otherwise

Oy (PEIM™PF [ n]) = {

where ¢; = (0,...,0,1,0,0,...) is the standard basis vector whose ith coordinate is 1.

Proof. Let 9 = MFPF[p;n]. If 1 <i < j < €T(¢) then (Z3) implies that 9,9, = OPGFPF [¢i, 05 1]
is éppp[qbi + 1,05 if p = ¢ # @5 —1, éFPF[QSi,qu + 1] if p = ¢;, and 0 otherwise. Thus if
p & {é1,02,...,¢,} then O, (pf M) = 0. Suppose p = ¢i. Then 9,M;; = 0 unless i =k or j =k,
so Op (pf M) = pf N where N is the matrix formed by applying J, to the entries in the kth row and
kth column of 9. If k& < r and ¢ = @1 — 1, then columns k and k + 1 of D1 are identical, so
pfM=pfN=0. Ifk=rorif k <rand ¢ # ¢pr1 — 1, then M = MFF[¢ + e1; n]. O

Lemma 3.62. Let n > 2 and D = (z1 + z2)(z1 + x3) - - - (1 + x,). Then pf MFFF[1;n] = D, and
if b € P is such that 1 < b < n, then pf MMFFF[1, b; n] is divisible by D.

Proof. Theorem implies that pf9MF¥[1;n] = D and, when n > 2, that pfMFF[1,2;n] =
(xg + x3) - (w92 + xp)D. If 2 < b < n then pf MPF[1,b;n] = Gy (pf MFFF[1,0 — 1;n]) by the
previous lemma. Since D is symmetric in a1 and a3, the desired property holds by induction. [

If i : P — N is a map with i1 (PP) C [n], then we define 2° = xll(l)xl(z) - 22" Given a nonzero
polynomial f =", p iz’ € Z[x1,29,...], let j : P — N be the lexicographically minimal index
such that ¢; # 0 and define 1t(f) = cjz7. We refer to 1t(f) as the least term of f. Set 1t(0) = 0, so
that 1t(fg) = It(f)1t(g) for any polynomials f,g. The following is [6, Proposition 3.14].

Lemma 3.63 (See [6]). If z € Foo then 1t(SFPF) = afmr(2) = H(ij)emw(z) ;.
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Let .# denote the set of monomials x' = :z:i(l):ng@) -+ for maps i : P — N with i~}(P) finite.
Define < as the “lexicographic” order on .#, that is, the order with xf < 27 when there exists
n € P such that i(t) = j(t) for 1 <t < n and i(n) < j(n). Note that 1t(SEF) € .#. Also, observe

that if a,b,¢,d € # and a < c and b < d, then ab < cd with equality if and only if a = ¢ and b = d.
Lemma 3.64. Let i,j,n € P. The following identities then hold:
(a) If i < n then 1t(SFP¥[i;n]) = @i 120 - - - T, with equality if and only if 7 is odd.

(b) If i < j < n then 16(SFF[i, j:n]) = (Tip1Tig2 - Tn)(Tjq12j42 - - Tn), With equality if and
only if 7 is odd and j is even.

Proof. The result follows by routine calculations using LemmaB.63l For example, supposei < j < n
and let y = (i,n+1)(j,n+2) and z = F(y), so that éFPF[i,j;n] = G%EPF. Ifiiseven and j =1 +1,
then Depp(2) = {(i,i—1), (i+1,i—1)}U{(i+1,4), (i4+3,4),..., (n,9)YU{(i+3,i4+1),..., (n,i+1)} so
16(&FFF[i, j;n]) = (2i%i11%i13 - - Tn)(TjTj42 - ). The other cases follow by similar analysis. [

Lemma 3.65. If n € P and r € [n — 1] then &FF[1,2,...,r;n] = pf MFPF[1,2,...,r;n].

Proof. The proof is similar to that of [9, Lemma 4.77]. Let D; = (x;+x;41)(x;+Tive) - - - (;+x,) for
i € [n—1] and 9 = MFPF[1,2, ..., r;n]. TheoremBHlimplies that GFFF[1,2, ..., r;n] = D1 Dy --- D,.
Lemma 36T implies that pf 91 is symmetric in z1, 29, ...,z,. Lemma implies that every entry
in the first column of 9, and therefore also pf 9, is divisible by D;. Since s;(D;) is divisible by
Di1, it follows that pf 90 is divisible by &FPF[1,2, ..., 7;n]. To prove the lemma, it suffices to show
that pf 90 and éFPF[l, 2,...,7;n] have the same least term.

Let m € P be whichever of r or r+ 1 is even and choose z € F,,. It follows by Lemma [B.64] that

It <Hz(i)<i€[m] Emz(i),z’) = (wowg ) (@3 - ) (TppaTgg ) = 1(EFFFIL 2, i),
with equality if and only if 7 is odd and j is even whenever i < j = z(i). The only element

z € Fy, with the latter property is the involution z = (1,2)(3,4)--- (m—1,m) = O,,, so we deduce
from (33) that 1t(pf M) = 1t(SFF[1,2,...,7;n]) as needed. O

Theorem 3.66. In the setup of B4), SFF[¢y, do, ..., dr;n] = pf éFPF[qﬁi,(bj;n] i<t )
ESAGAS

Proof. Let ¥ [¢:n] = SFF[p1, da, ..., drinl. It ¢ = (1,2,...,7) then SFFF[p;n] = pf MFPF[¢; )
by the previous lemma. Otherwise, there exists a smallest i € [r] such that i < ¢;. If p = ¢; —1 then
S [p;n] = 9,6 [ - e;;n] by 23) and pf MFFF[p; n] = 9, (pf MFF[p — e;;n]) by Lemma B.6IL
We may assume that SFF[¢p — e;;n] = pf MFPF[¢) — e;;n] by induction, so the result follows. O

Example 3.67. For ¢ = (1,2,3) and n = 4 the theorem reduces to the identity

- 0 6?5175)(2,6)(3,% gg 5)(2,4)(3,6) ggzx 3)(4,6)
égg)(2,6)(3,7)(4,8) = pf _(1\51%’1?5)(2’6)(3’4) _&FPF (1’4)(2’5)(36()) GI(TPF)( DL
S(15)3,6)(24) T O(14)25)(3,6) (1,2)(3,5)(4,6)
“Sneyns ~Sunenns ~S1mEswe) 0

where for z € F,, we define GFPF GF(P F) By Theorem [B:5] both of these expressions evaluate to
(ml + azg)(xl + azg)(azl + x4)(a:2 + xg)(xg + a:4)(a;3 + $4).

It is an open problem to find a simple, closed formula for GFFF[i, j: ).
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