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HOOK FORMULAS FOR SKEW SHAPES III. MULTIVARIATE
AND PRODUCT FORMULAS

ALEJANDRO H. MORALES*, IGOR PAK*, AND GRETA PANOVA'

ABSTRACT. We give new product formulas for the number of standard Young tableaux of cer-
tain skew shapes and for the principal evaluation of the certain Schubert polynomials. These
are proved by utilizing symmetries for evaluations of factorial Schur functions, extensively
studied in the first two papers in the series [MPP2]. We also apply our technology
to obtain determinantal and product formulas for the partition function of certain weighted
lozenge tilings, and give various probabilistic and asymptotic applications.

1. INTRODUCTION

1.1. Foreword. It is a truth universally acknowledged, that a combinatorial theory is often
judged not by its intrinsic beauty but by the examples and applications. Fair or not, this
attitude is historically grounded and generally accepted. While eternally challenging, this helps
to keep the area lively, widely accessible, and growing in unexpected directions.

There are two notable types of examples and applications one can think of: artistic and
scientific (cf. [Gow]). The former are unexpected results in the area which are both beautiful
and mysterious. The fact of their discovery is the main application, even if they can be later
shown by a more direct argument. The latter are results which represent a definitive progress
in the area, unattainable by other means. To paraphrase Struik, this is “something to take
home”, rather than to simply admire (see [Rota]). While the line is often blurred, examples of
both types are highly desirable, with the best examples being both artistic and scientific.

This paper is a third in a series and continues our study of the Naruse hook-length for-
mula , its generalizations and applications. In the first paper [MPPI], we introduced
two g-analogues of the NHLF and gave their (difficult) bijective proofs. In the second paper
MPP2|, we investigated the special case of ribbon hooks, which were used to obtain two new
elementary proofs of NHLF in full generality, as well as various new mysterious summation and
determinant formulas.

In this paper we present three new families of examples and applications of our tools:

e new product formulas for the number of standard Young tableaux of certain skew shapes,
e new product formulas for the principal evaluation of certain Schubert polynomials,
e new determinantal formulas for weighted enumeration of lozenge tilings of a hexagon.

All three directions are so extensively studied from enumerative point of view, it is hard to
imagine there is room for progress. In all three cases, we generalize a number of existing
results within the same general framework of factorial Schur functions. With one notable
exception (see §9.4]), we cannot imagine a direct combinatorial proof of the new product formulas
circumventing our reasoning (cf. however). As an immediate consequence of our results, we
obtain the exact asymptotic formulas which were unreachable until now (see sections [6] and [§).
Below we illustrate our results one by one, leaving full statements and generalizations for later.
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1.2. Number of SYT of skew shape. Standard Young tableaur are fundamental objects
in enumerative and algebraic combinatorics and their enumeration is central to the area (see
e.g. [Sag2, [Stal]). The number f* = ’SYT )| of standard Young tableaux of shape A of size n,
is given by the classical hook-length formula:

(HLF) RN |
u€[A] h(u)

Famously, there is no general product formula for the number f»# = |SYT()\/ ,u)| of standard
Young tableaux of skew shape A/ ,uE| However, such formulas do exist for a few sporadic families
of skew shapes and truncated shapes (see [AdR]).

In this paper we give a six-parameter family of skew shapes with product formulas for the
number of their SYT (see Figure 5|and Theorem [4.1). The three corollaries below showcase the
most elegant special cases. We single out two especially interesting special cases: Corollary
due to its connection to the Selberg integral (see , and Corollary due to its connection
to the shifted shapes and a potential for a bijective proof (see §9.4). Both special cases are
known, but their proofs do not generalize in this direction.

The formulas below are written in terms of superfactorials ®(n), double superfactorials I(n),
super doublefactorials ¥(n), and shifted super doublefactorials U (n; k) defined as follows:

O(n) = 11-21--- (n—1)!, In) == (n—=2)(n—4)---,
U(n):= 1.3 (2n =3, U(nyk) = (k+1)!1--- (k+3)!--- (k+2n—3)!!

Corollary 1.1 (Kim—Oh [KOI]). For all a,b,c,d,e € N, let A\/p be the skew shape in Fig-
ure (i). Then the number fMN# = |SYT()\/,u)
O(a) (D) O(c) (d) P(e) P(a+b+c)P(c+d+e)P(a+b+c+d+e)

Pla+b)P(d+e)Plat+c+d)Pb+c+e)Pla+b+2c+d+e)
wheren = |A/u| =(a+c+e)(b+c+d) —ab— ed.

n!

b

Note that in [KOIl Cor. 4.7], the product formula is equivalent, but stated differently.
Corollary 1.2 (DeWitt [DeW]). For all a,b,c € N, let \/p be the skew shape in Figure [T (ii).
Then the number fN# = ISYT(\/p)| is equal to

®(a) ®(b) P(c)P(a+b+c) - V(c)¥(a+b+c)
D(a+b)Pb+c)Platc) Y(a+c)U(b+c)¥(a+b+2c)’
where n = |\/pu| = (“+b2+26) — ab.

!

c d c c d

5 b 5

(i) (i) (iif)

FIGURE 1. Skew shapes with product formulas for the number of SYT.

Im fact, even for small zigzag shapes m = dj4+2/dk, the number f7™ can have large prime divisors (cf. .



HOOK FORMULAS FOR SKEW SHAPES III 3
Corollary 1.3. For all a,b,c,d,e € N, let A\/u be the skew shape in Figure [1] (iii). Then the
number fM1 = |SYT(\/p)| is equal to

nl - ®(a)®0)P(c)P(a+b+c)  U(e;d+e)P(a+b+c;d+e) - I(2a+ 2¢)I(2b + 2¢)
P(a+b)P(b+c)P(a+c) ¥lat+c)U(b+c)¥(a+b+2c;d+e)-I(2a+2c+d)I(20+2c+e)’

where n = |\/p| = (a+b+c+e)(b+c+d) + (“°) + (b‘gc) —ab—ed.

Let us emphasize that the proofs of corollaries [1.]] are quite technical in nature. Here
is a brief non-technical explanation. Fundamentally, the Naruse hook-length formula (NHLF)
provides a new way to understand SYT of skew shape, coming from geometry rather than
representation theory. What we show in this paper is that the proof of the NHLF has “hidden
symmetries” which can be turned into product formulas (cf. §9.2). We refer to Section [4] for
the complete proofs and common generalizations of these results, including g-analogues of the
corollaries.

1.3. Product formulas for principal evaluations of Schubert polynomials. The Schu-
bert polynomials &,, € Z[x1,...,Tn—1], w € Sy, are generalizations of the Schur polynomials
and play a key role in the geometry of flag varieties (see e.g. [Macl [Man]). They can be ex-
pressed in terms of reduced words (factorizations) of the permutation w via the Macdonald
identity , and have been an object of intense study in the past several decades. In this
paper we obtain several new product formulas for the principal evaluation &,,(1,...,1) which
has been extensively studied in recent years (see e.g. [BHY] MeS| [SeS| [Stadl Weil Wool). Below
we present two such formulas:

Corollary 1.4 (= Corollary [5.10). For the permutation w(a,c) := 1¢ x (2413 @ 1), where
c > a, we have:

®(4a + c) ®(c) ®(a)* ®(3a)?
P(3a+ c) P(a+ c) P(2a)? P(4a)

6w(a,c)(la 1. 1) =
Here 0 x w and 0 @ w are the direct sum and the Kronecker product of permutations o and w
(see §2.2)). We denote by by 1™ the identity permutation in S,,.

Corollary 1.5 (= Corollary [5.15). For the permutation s(a) := 351624 ® 1%, we have:
®(a)® ®(3a)? ®(5a)
®(2a)" ®(4a)?

Sutay(1,1,...,1) =

These results follow from two interrelated connections between principal evaluations of Schu-
bert polynomials and the number of SYT of skew shapes. Below we give a brief outline, which
is somewhat technical (see Section [2| for definitions and details).

The first connection is in the case of wvexillary (2143-avoiding) permutations. The excited
diagrams first appeared in a related context in work of Wachs [Wac] and Knutson-Miller—Yong
[KMY], where they gave an explicit formula for the double Schubert polynomials of vexillary
permutations in terms of excited diagrams (see of a skew shape associated to the per-
mutation. As a corollary, the principal evaluation gives the number of excited diagrams of the
skew shape (Theorem . Certain families of vexillary permutations have skew shapes with
a product formulas for the number of excited diagrams (see above). Corollary is one such
example.

The second connection is in the case of 321-avoiding permutations. Combining the Mac-
donald identity and the results of Billey—Jockusch—Stanley [BJS], we show that the principal
evaluation for 321-avoiding permutations is a multiple of f/# for a skew shape associated to
the permutation (Theorem . In fact, every skew shape can be realized via a 321-avoiding
permutation, see [BJS|. In particular, permutations corresponding to the skew shapes in §1.2
have product formulas for the principal evaluations. Corollary follows along these lines from
Corollary [LI]with a =b=c=d =e.
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1.4. Determinantal formulas for lozenge tilings. Lozenge tilings have been studied ex-
tensively in statistical mechanics and integrable probability, as exactly solvable dimer models
on the hexagonal grid. When the tilings are chosen uniformly at random on a given domain
and the mesh size — 0, they have exhibited remarkable limit behavior like limit shape, frozen
boundary, Gaussian Unitary Ensemble eigenvalues distributions, Gaussian Free Field fluctua-
tions, etc. Such tilings are studied via variety of methods ranging from variational principles
(see e.g. [CLP, [Ken2, [KQI), to asymptotics of Schur functions and determinantal processes (see
e.g. [BGRI IGPL [Pet]).

Lozenge tilings of hexagonal shapes correspond naturally to plane partitions, when the
lozenges are interpreted as sides of cubes and the tiling is interpreted as a projection of a
stack of boxes. For example, lozenge tilings of the hexagon

H(a,b,c) := (axbxcxaxbxc)

are in bijection with solid partitions which fit the [a x b X ¢] box. Thus, they are counted by
the MacMahon box formula, see §2.3]:

D(a+b+c)P(a) D) P(c)
O(a+b)2(b+c)P(a+c)

This connection allows us to translate our earlier results into the language of weighted lozenge
tilings with multivariate weights on horizontal lozenges (Theorem . As a result, we obtain
a number of determinantal formulas for the weighted sums of such lozenge tilings (see Fig-
ure [I0}Right for weights of lozenges). Note that a similar but different extension of to
weighted lozenge tilings was given by Borodin, Gorin and Rains in [BGR]; see for a curious
common special case of both extensions.

We then obtain new probabilistic results for random locally-weighted lozenge tilings. Specif-
ically, observe that every vertical boundary edge is connected to an edge on the opposite side
of the hexagon by a path p, which goes through lozenges with vertical edges (see Figure [11(a)).
Our main application is Theorem which gives a determinant formula for the probability
of p in the weighted lozenge tiling.

(1.1) |PP(a,b,c)| =

FIGURE 2. Random tilings of hexagon H(50,50,50) with uniform and hook
weighted horizontal lozenges.
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We illustrate the difference between the uniform and weighted lozenge tilings in Figure [2|
Here the both tilings of the hexagon H(50,50,50) are obtained by running the Metropolis
algorithm for 2-10° stepsﬂ In the latter case, the weight is defined to a product over horizontal
lozenges of a linear function in the coordinates (see Section([7)). Note that the Arctic circle in the
uniform case is replaced with a more involved limit shape as in the figure (see also Figure .
In fact, the results in §8.3] explain why the latter limit shape is tilted upward, even if they are
not strong enough to prove its existence (see .

1.5. Structure of the paper. We begin with a lengthy Section [2] which summarizes both the
notation and gives a brief review of the earlier work. In the next Section (3, we develop the
technology of multivariate formulas including two key identities (Theorems and . We
use these identities to prove the product formulas for the number f*/* of SYT of skew shape
in Section [ including generalization of corollaries [I.1 In Section [5| we use our technology
to obtain product formulas for the principal evaluation of Schubert polynomials. These results
are used in Section [6] to obtain asymptotic formulas in a number of special cases. In Section [7}
we obtain explicit determinantal formulas for the number of weighted lozenge tilings, which
are then interpreted probabilistically and applied in two natural special cases in Section [8] We
conclude with final remarks and open problems in Section [0}

2. NOTATION AND BACKGROUND

2.1. Young diagrams and skew shapes. Let A = (A1,...,\.),u = (p1,...,us) denote
integer partitions of length £(\) = r and £(u) = s. The size of the partition is denoted by |}
and A denotes the conjugate partition of \. We use [A] to denote the Young diagram of the
partition A. The hook length hy(i,j) = A\i —i+ \; — j + 1 of a square u = (i,7) € [)] is the
number of squares directly to the right and directly below w in [A] including w.

A skew shape is denoted by A/p for partitions p C A. The staircase shape is denoted by
On = (n—1,n—2,...,2,1). Finally, a skew shape \/u is called slim if it is contained in the
rectangle d x (n — d), where A has d parts and Ay > 1 +d — 1, see [MPP3], §11].

2.2. Permutations. We write permutations of {1,2,...,n} as w = wywsy ... w, € S,, where
w; is the image of 7. Given a positive integer ¢, let 1¢ x w denote the direct sum permutation

1°%xw:=12...clc+wy)(c+wa) ... (c+wy).

Similarly, let w ® 1¢ denote the Kronecker product permutation of size cn whose permutation
matrix equals the Kronecker product of the permutation matrix P, and the identity I.. See

Figure for an example.

To each permutation w € S,,, we associate the subset of [n] x [n] given by
D(w) = {(i,w;) | i < j,wi <w;}.
This set is called the (Rothe) diagram of w and can be viewed as the complement in [n] x [n]
of the hooks from the cells (¢, w;) for ¢ = 1,2,...,n. The size of this set is the length of w and
it uniquely determines w. Diagrams of permutations play the role in the theory of Schubert

polynomials that partitions play in the theory of symmetric functions. The essential set of a
permutation w is given by

Bss(w) = {(i,5) € D(w) | (i +1,7),(i,j +1),(i + 1,5 +1)  D(w)}.
See Figure |3| for an example of a diagram D(w) and Ess(w).

The diagrams of two families of permutations have very appealing properties. These families
are also described using the notion of pattern avoidance of permutations [Kit] and play an
important role in Schubert calculus. We refer to [Manl, §2.1-2] for details and further examples.

A permutation is vexillary if D(w) is, up to permuting rows and columns, the Young dia-
gram of a partition denoted by p = p(w). Equivalently, these are 2143-avoiding permutations,

2In the uniform case, a faster algorithm to generate such random tilings is given in [BG] (see also [Bef]).
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N - wy o
= = s |

(a) (b)

5184838958554 = 251634

[T
M|

FIGURE 3. (a) The diagram of the vexillary permutation w = 461532 (with
cells in the essential set tiled in red). Up to permuting rows and columns
it is the diagram of u(w) = 4321; the supershape A\(w) = 55332 defined by
the essential set; the skew shape A\(w)/p(w). (b) Example of correspondence
between skew shapes and 321-avoiding permutations for w = 251634.

i.e. there is no sequence i < j < k < £ such that w; < w; < w, < wg. Given a vexillary
permutation let A = A(w) be the smallest partition containing the diagram D(w). This par-
tition is also the union over the i x j rectangles with NW-SE corners (1,1), (i,j) for each
(i,7) € Ess(w). We call this partition the supershape of w and note that p(w) C A(w) (see
Figure Examples of vexillary permutations are dominant permutations (132-avoiding)
and Grassmannian permutations (permutations with at most one descent).

A permutation is 321-avoiding if there is no sequence i < j < k such that w; > w; > wy.
The diagram D(w) of such a permutation is, up to removing rows and columns of the board
not present in the diagram and flipping columns, the Young diagram of a skew shape that we
denote skewsh(w). Conversely, every skew shape A/u can be obtained from the diagram of
321-avoiding permutation [BJS].

Theorem 2.1 (Billey—Jockusch—Stanley [BJS|). For every skew shape \/p with (n— 1) diago-
nals, there is a 321-avoiding permutation w € S, such that skewsh(w) = \/pu.

The construction from [BJS|] to prove this theorem is as follows, label the diagonals of A\/u
from right to left dy, ds, ... and label the cells of A/u by the index of the their diagonal. Let w be
the permutation whose reduced word is obtained by reading the labeled cells of the skew shape
from left to right top to bottom (see Figure ; we denote this reduced word by rw(A/p).
Note that rw(A/u) is the lexicographically minimal among the reduced words of w.

2.3. Plane partitions. Let PP(a,b,c) and RPP(a, b, c) denote the set of ordinary and reverse
plane partitions, respectively, that fit into an [a X b x ¢] box. Recall the MacMahon box
formula (1.1]) for the number of such (reverse) plane partitions, which also can be written as
follows:

(2.1) |PP(a,b,c)| = |RPPabc\_HHHz+g+k—1

i=175=1k=1 Lt J + k
and its g-analogue:
1— qz+J+k: 1
Irl —
(2:2) Z q H H H 1 gitith—2
w€RPP(a,b,c) i=1j=1k=1

2.4. Factorial Schur functions. The factorial Schur function (e.g. see [MoS]) is defined as

d
det [(‘rl - al) T (l’z - aﬂj+d—j)] ij=1

A@wr, - 2a) ’

(2.3) Sl(fl) (x|a):=
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where x = x1,...,x4 are variables, a = aq, as, ... are parameters, and
A(xla"'vxd) = H (xi_xj)
1<i<j<d

is the Vandermonde determinant. This function has an explicit expression in terms of semi-
standard tableaux of shape pu :

(2.4) sWxla) =Y [ (erw — or@tew)

T uep
where the sum is over semistandard Young tableaux of shape u with entries in {1,...,d}.
. (d) . ..
Moreover, In addition, s, (x|a) is symmetric in z1, ..., z4.

2.5. Schubert polynomials. Schubert polynomials were introduced by Lascoux and Schiitzen-
berger [LST] to study Schubert varieties. We denote by &,,(x;y) the double Schubert polyno-
mial of w and by &,,(x) = &,,(x; 0) the single Schubert polynomial. See [Manl, §2.3] and [Mac,
§IV,VI] for definitions and properties.

The principal evaluation of single Schubert polynomials at x; = 1, counting the number
of monomials, is given by the following Macdonald identity [Mad, Eq. 6.11] (see also [Manl
Thm. 2.5.1] and [BHY] for a bijective proof):

(2.5) Ty = Gu(1,1,...,1) = % > FiTo Ty

(r1,...,me) ER(w)
Here R(w) denotes the set of reduced words of w € S,: tuples (ri,ra,...,7¢) such that
SpySpy + -+ Sy, 18 & reduced decomposition of w into simple transpositions s; = (4,7 + 1).
2.6. Excited diagrams. Let A/u be a skew partition and D be a subset of the Young diagram
of \. A cellu = (i,5) € D is called activeif (i +1,j), (4,j+1) and (i+1,5+1) are all in [\]\ D.
Let u be an active cell of D, define o, (D) to be the set obtained by replacing (i,j) € D by
(i+1,7+1). We call this procedure an ezxcited move. An excited diagram of \/u is a subdiagram
of X\ obtained from the Young diagram of u after a sequence of excited moves on active cells.
Let £(A/p) be the set of excited diagrams of \/p.

Example 2.2. The skew shape \/u = 332/21 has five excited diagrams:

2.7. Flagged tableaux. Excited diagrams of A\/u are equivalent to certain flagged tableaux
of shape p (see [MPPIl §3] and [Kre, §6]). The number of excited diagrams is given by a
determinant, a polynomial in the parts of A and p as follows. Consider the diagonal that passes
through cell (7, u;), i.e. the last cell of row ¢ in . Let this diagonal intersect the boundary of A
at a row denoted by fi()‘/“). Given an excited diagram D in E(A/u) each (x,y) in [u] corresponds
to a cell (iz,7,) in D, let ¢(D) := T be the tableau of shape p with T, = j,.

Proposition 2.3 ([MPPI1]). The map ¢ is a bijection between excited diagrams of \/p and
SSYT of shape . with entries in row i at most fi(’\/“). Moreover,

¢
R TEINLL
[E(A/p)| = det fOm) 4

ij=1

When the last part of A is long enough relative to the parts of u the number of excited
diagrams is given by a product. Recall the notion of slim shapes A\/u defined in Section
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Corollary 2.4. Let A/ be a slim skew shape, d = £(\). Then
d+j—1
EN/ml = s.(1%) = ] :

it —i—j+ 10
Ggyel PiTH T

Proof. In this case, by Proposition the excited diagrams of \/u are in bijection with SSYT
of shape p with entries at most d. The number of such SSYT is given by the hook-content
formula for s,(1%), see e.g. [Sta2l Cor. 7.21.4]. O

Next we give a family of skew shapes that come up in the paper with product formulas for
the number of excited diagrams.

Example 2.5 (thick reverse hook). For the shape A/ = (b + ¢)*T¢/b%: the excited diagrams
correspond to SSYT of shape b* with entries at most a 4+ ¢. By subtracting ¢ to the elements
in row ¢ these SSYT are equivalent to RPP that fit into an [a x b X ¢] box. Thus, |[E(A\/u)| =
|RPP(a,b,c)| is given by the MacMahon box formula (L.)).

2.8. Non-intersecting paths. Excited diagrams of A/u are also in bijection with families of
non-intersecting grid paths ~v1,...,v; with a fixed set of start and end points, which depend
only on A/p. A variant of this was proved by Kreiman [Kre, §5-6] (see also [MPP2, §3]).
Formally, given a connected skew shape A\/pu, there is unique family of non-intersecting paths
1,75 in A with support A/p, where each border strip +; begins at the southern box (a;, b;)
of a column and ends at the eastern box (c;, d;) of a row [Kre, Lemma 5.3]. Let NZP(\/p) be
the set of k-tuples I := (71, ..., 7k) of non-intersecting paths contained in [A] with 7; : (a;,b;) —

(¢, dy).

Proposition 2.6 (Kreiman [Kre], see also [MPP2]). Non-intersecting paths in NIP(\/u) are
uniquely determined by their support, i.e. set of squares. Moreover, the set of such supports is
exactly the set of complements [A] \ D to excited diagrams D € E(\/p).

Example 2.7. The complements of excited diagrams in £(444/21) correspond to tuples (y1,72)
of nonintersecting paths in [444] with v; = (3,1) — (1,4) and 72 = (3,3) — (2,4):

T T m—r
115 I [l B
Py | o [2 1 g
[am
K} fang
o [ o )
I-~ r—*
3 13 7
) o 1§ o |

Remark 2.8. The excited diagrams of a skew shape have a “path-particle duality” of sorts
since they can be viewed as the cells or “particles” of the Young diagram of u sliding down the
cells of the Young diagram of A and also their complements are in correspondence with certain
non-intersecting lattice paths. In the second part of the paper we give two other interpretations
of excited diagrams as lozenge tilings and as terms in a known rule for Schubert polynomials of
vexillary permutations (see .

2.9. The Naruse hook-length formula. Recall the formula of Naruse for f»# as a sum of
product of hook-lengths (see [MPPIl MPP2]).

Theorem 2.9 (NHLF; Naruse [Nar|]). Let A, p be partitions such that p C A. We have:

(NHLF) RO DR |

De&(M\/p) u€[/\]\D

where the sum is over all excited diagrams D of A/ p.

For the g-analogues we use a g-analogue from [MPP1] for skew semistandard Young tableaux.
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Theorem 2.10 ([MPPI]). We havef]
2 g
(¢-NHLF) svuLa, ) = > H m
SeEA/p) (Li)er
These two results were the main object of our study in the two previous papers in the
series [MPP1,[MPP2]. Tt is also the key to most results in this paper. However, rather than apply
it as “black box” we need to use the technology of multivariate sums in the proof of (NHLF).

2.10. Asymptotics. We use the standard asymptotics notations f ~ g, f = o(g), f = O(g)
and f = Q(g), see e.g. [FS| §A.2]. Recall Stirling’s formula logn! = nlogn —n+ O(logn). Here
and everywhere below log denotes natural logarithm.

Below is a quick list of asymptotic formulas for other functions in the introduction:

log (2n — D!! = nlogn + (log2 — 1)n + O(1),
1
log ®(n) = inz logn — %n2 + O(nlogn),

log2 3\ ,
_2 1
5 4) n° + O(nlogn),

1
log ¥(n) = §n2 logn + <

1
log I(n) = an logn — gnQ + O(nlogn),

see [OEIS, |A001147], [OEIS| |A008793], [OEIS| |A057863], and [OEIS, A113296]. We should also
mention that numbers ®(n) are the integer values of the Barnes G-function, whose asymptotics
has been extensively studied, see e.g. [AsR].

3. MULTIVARIATE PATH IDENTITY

3.1. Multivariate sums of excited diagrams. For the skew shape A\/u C d x (n — d) we
define Fy/,(x|y) and G»,,(x|y) to be the multivariate sums of excited diagrams

GA/M(X|Y) = Z H T — yj)

De&(A/p) (i,5)eD

Foxly) = S I _1

DEE/m) (if)e\D 0 Y

By Proposition the sum Fy/,(x|y) can be written as a multivariate sum of non-
intersecting paths.

Corollary 3.1. In the notation above, we have:

Fyuxly) = ) II -

TeENZIP(A/u) (i,5)€T

’L

Note that by evaluating (71)|>‘/“|F,\/M(x\y) at 7, = A\ —i+1and y; = —\; +j and
multiplying by |A/u|! we obtain the RHS of (NHLF)).
(31) ()M By (x ) e
: - (XY |amri—iv1 = D77 -
W air s = 7

Note that by evaluating (—1)M*/Fy,,(x|y) at z; = ¢! and y; = ¢ by (NHLE)
we obtain

(32) (DM By (x| 3) = g0

zi:qxi*’i+1 =4q S)\/,u.(17q>q2>"')7

2\ :
Aj+i

Yi=4a

3In [MPPI], this is the first g-analogue of (NHLF]). The second g-analogue is in terms of reverse plane
partitions.
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where C(A/p) =320 iyea U —9)-
The multivariate sum of excited diagrams can be written as an evaluation of a factorial Schur
function.

Theorem 3.2 (see [IN]). For a skew shape \/u inside the rectangle d x (n — d) we have:

G/\/u(x|y) = Sf;d)(yA1+dayA2+d—la"'7y>\d+1 |y17"'ayn)-

Example 3.3. Continuing with Example take the thick reverse hook \/p = (b+c)**¢/b%.
When we evaluate G/, (x|y) at z; = ¢', y; = 0, we obtain the g-analogue of the MacMahon

box formula(2.2)) :

i+j+k—1

1 9 a+1 l—q
(3.3) Goreyorespe(q 4. 10,0,...) = q HH H 1— gitith—2"
i=1j5=1k=1

Let 2V be the tuple of length n of z’s and y’s by reading the horizontal and vertical steps
of A from (d,1) to (1,n—d): i.e. zx,4d—i+1 = x; and 2N 4n—d—j+1 = Y;- For example, for d = 4,
n=9and A = (5533), we have 2% = (y1, Y, Y3, T4, T3, Ya, Y5, T2, T1):

Y1Y293Y4Y5
1 []
o2 [ ]
z3
N

Combining results of Ikeda—Naruse [IN], Knutson—Tao [KT], Lakshmibai-Raghavan—Sankaran
ILRS], one obtains the following formula for an evaluation of factorial Schur functions.

Lemma 3.4 (Theorem 2 in [IN]). For every skew shape A/p C d x (n —d), we have:

(3.4) Gryul(x]y) = s (x| 2M).
Corollary 3.5. We have:
s (x| 2Y)

3.5 F X = ——".
( ) )\/u( ‘y) Sg\d)(X|Z(>‘>)

3.2. Symmetries. The factorial Schur function s( )(x |y) is symmetric in x. By Lemma
the multivariate sum G/, (x |y) is an evaluation of a certain factorial Schur function, which in
general is not symmetric in x.

Example 3.6. The shape \/u = 332/21 from Example has five excited diagrams. One can
check that the multivariate polynomial
G333/21($1,$279€3 ly1,92,y3) = (21 —y1)(z1 — y2)(z2 —y1) + (21 —y1)(21 — y2) (23 — y2)
+ (21 —y)(x2—ys) (@2 —y1) + (21 —y1) (w2 —y3) (23 —y2) + (22 —y2) (22— y3) (T3 —Y2),
is not symmetric in x = (21, Z2,x3).

Now, below we present two cases when the sum G/, (x|y) is in fact symmetric in x. The
first case is when p is a rectangle contained in A.

Proposition 3.7. Let u = p* be a rectangle, p > k, and let \ be arbitrary partition containing .
Denote ¢ :=max{i: \; —i >p—k}. Then:

¢
G}\/pk(X‘Y) = S;k)(xlv"'axf|y1a"'7yp+l—k)~

In particular, the polynomial Gy px(x|y)is symmetric in (z1,...,20).
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Proof. First, observe that £(\/p*) = E((p+£—k)’/p") since the movement of the excited boxes
is limited by the position of the corner box of p¥, which moves along the diagonal j —i =p—k
up to the boundary of A, at position (¢,p+ ¢ — k). Thus, the excited diagrams of \/u coincide,
as sets of boxes with the excited diagrams of (p + ¢ — k)*/u. Then:

Gypr(x]y) = Z H (i —yj) = Gpre—rye/pr(x|y)
De&((p+e—k)t/p*) (i,5)€D
e
= sf)k (xl, ce T z{(PHE=k) >) .
Note that z{P+=r — (Y15 -, Yptt—k, Te, - - -, T1). Let us now invoke the original combinato-

rial formula for the factorial Schur functions, equation , with a; = y; for j <p+¢—Fk and
Qpti—k+j = Tey1—; otherwise. Note also that when 7' is an SSYT of shape p* and entries at
most ¢, by the strictness of columns we have T'(4,j) < £ — (k — i) for all entries in row i. We
conclude:

T(u)+clu)<l—(k—i)+j—i=L—k+j<l—k+p.
Therefore, ar(u)te(u) = Y7(u)+e(u), Where only the first p + £ — k parameters a; are involved in
the formula. Then:

¢ ¢
s,g)(mg, ey X1 A1y Opt—key Qo — kot 15 - - -) = SL)(W, cex1lar, .., Gpro—g)
4
= SEL)(Z'l, ey Xy ‘ Y1y ,yp+g_k),
since now the parameters of the factorial Schur are independent of the variables x and the
function is also symmetric in x. O

The second symmetry involves slim skew shapes (see Section . An example includes a
skew shape A\/u, where ) is the rectangle (n — d)? and py <n —2d + 1.

Proposition 3.8. Let A\/u be a slim skew shape inside the rectangle d x (n — d). Then:
Gru(x|y) = sffl)(xl,...,xd\yl,...,y,\d).

In particular, the polynomial Gy, (x|y) is symmetric in (z1,...,2q).

Proof. Note that zV = (Y1,---+Yrys Td, - - -). Note also that for all j =1,...,d,
pi+d—7<Ag—d+1+d—j<Ag <A,

and SO 21, .-+, Zp;4d—j = Y1+ - - Yu;+d—j- Next, we evaluate the factorial Schur function on the
RHS of (3.4) via its determinantal formula (2.3). We obtain:

_det(zari-i — 21) - (Tari—i — Zuyra—i))f o1

G = sD(zy, ..., ey
)\/u(x|y) S/J. (xl ZL’d‘Zl z ) A(xl,---7xd)
_ det[(z; —y1) - (2; — yufrdfj)](ii,j:l _ 4@ (« za| )
A(l’l, .,‘Td) m 1y---54d y17"'aykd )
where the last equality is by the same determinantal formula. O

Example 3.9. For \/p = 444/21, the multivariate sum Gy44/21 (21, %2, 23 | Y1, Y2, Y3, ya) of the
eight excited diagrams in £(444/21) is symmetric in x1, Za, 3.

3.3. Multivariate path identities. We give two identities for the multivariate sums over
non-intersecting paths as applications of each of Propositions [3.7] and

Theorem 3.10. We have the following identity for multivariate rational functions:

(36) > I+ -= X I

b

x; — T — s

F=(e)  (ijer 1 Y O=(01,..0.) (ijpeo i Yi
pi(a+p,1) > (prb+) 6pi(p,1) = (a+prb-o)

where the sums are over non-intersecting lattice paths as above. Note that the LHS is equal to
Floqeyote pa(x|y) defined above.
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FIGURE 4. Left: paths and flipped paths in Theorem [3.10] Right: paths and
flipped paths in Theorem [3.12

In the next section we use this identity to obtain product formulas for f>/# for certain
families of shapes A/u. In the case ¢ = 1, we evaluate (3.7) at z; = ¢ and y; = —j + 1 obtain
the following corollary.

Corollary 3.11 ([MPPI]). We have:
S M- Y 0
v:(a,1)—=(1,b) (w)ev 7:(1,1)—=(asb) (4, J)E’Y

Equation (3.7) is a special case of (NHLF]) for the skew shape (b+ 1)**!/p* [MPPI] §3.1].
This equation is also a special case of Racah formulas in [BGRJ, §10] (see in §[9.6).

(3.7

~—

Proof of Theorem[5.10} By Proposition [3.8| for the shape (b + ¢)*T¢/b®, we have:

G (ptcyotepe(X|Y) = Spa (@1, Zage | Y1s- - Ybte) -

Divide the LHS by ]_[(Z j)e(b+c)a+p(x, y;) to obtain Fy;cyate/pe (X |y), the multivariate sum
over excited diagrams. By Corollary [3.1] this is also a multivariate sum over tuples of non-
intersecting paths in NZP((b+ ¢)*t¢/b%) :

1 1
(3.8) Z H = b0 (@1, Tase | Y155 Yote) H .
_ - Ty — Yy . L —Yj
P=(71,.%e)  (,4)€ET (i,5)€(b+c)ate
¥pi(atp,1)—=(p,b+c)
Finally, the symmetry in a1, ..., Z44. of the RHS above implies that we can flip these variables

and consequently the paths v, to paths 6, : (p,1) — (a + p,b + ¢) (see Figure {)), and obtain
the needed expression. O

For a partition g inside the rectangle d x (n — d) of length ¢, let & denote the tuple
(Odilv ey e—1, - - - 7lu’1)'
Theorem 3.12. Let \/pu Cd x (n— d) be a slim skew shape. Then:

(3.9) > == > 1I;

FENIP()\/;L)(J)EF Y TeNTIP(A/R) (i,5)€l Ti = Yj

Proof. By Proposition for the shape A\/u we have that

G(n—d)d/u(x|y) = SLd)(Il, ceey Xd | Yty .- 7y>\d)~

The rest of the proof follows mutatis mutandis that of Theorem for the shape A/u instead
of the shape (b+ ¢)*"¢/b®. See Figure O

Remark 3.13. In [MPP4] we use this second symmetry identity to give new lower bounds on
fM# for several other families of slim shapes \/p.
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3.4. Variant of excited diagrams for rectangles and slim shapes. Recall that for p C
d x (n — d) of length £, we denote by i the tuple (09, g, prg_1,...,p1). We interpret the
complements of the support of the paths in NZP((b + ¢)*T¢/0°®) and in NIP(\/Li), as a
variants of excited diagrams.

The NE-excited diagrams of shape A/p is a subdiagram of A obtained from the Young diagram
of b = (0°0*) (and j1) after a sequence of moves (4, ) to (i — 1,7 + 1) provided (4, j) is in the
subdiagram D and all of (i — 1,7),(: — 1,5 + 1), (4,5 + 1) are in [A] \ D. We denote the set of
such diagrams by £ (\/u). Analogous to Proposition the complements of these diagrams
correspond to tuples of paths in NZP((b+ ¢)**¢/0°") (in NZP(\/fi)). Flipping horizontally
the [d X A\g] rectangle gives a bijection between excited diagrams and NE-excited diagrams of
A/p. Thus

E7 ()| = [E/w)].

Moreover, equation ({3.9) states that such a flip also preserves the multivariate series F /(x| y)
and polynomial G/, (x|y).

Corollary 3.14. We have:

1
(3.10) Floeyatepe (x]y) = Z H ’

(iyenp T Y
Dee/ ((b+c)ete /ooba) (B

and
(3.11) G by eyatespa (X]y) = Z H (zi —y5) -
Deg” ((b+c)a+c/0cba) (i,j)€D

Proof. This follows from the discussion above, Corollary [3.1] and Theorem O

Corollary 3.15. For a slim skew shape \/u, we have:
1
(3.12) Fyulxly) = > II —
DeE” (M) G\ 1T Y

Proof. This follows from the discussion above, Corollary and Theorem [3.12 g

4. SKEW SHAPES WITH PRODUCT FORMULAS

In this section we use Theorem to obtain product formulas for a family of skew shapes.
4.1. Six-parameter family of skew shapes. For all a,b,c,d,e,m € N, let A(a,b,c,d,e,m)
denote the skew shape A/b% where X is given by
(4.1) A= (b+0)* + (vUE),
and where v = (d+(a+c—1)m,d+(a+c—2)m,...,d), 0 = (e+(b+c—1)m,e+(b+c—2)m, ... e);
see Figure [l This shape satisfies two key properties:
(P1) Aatet1 Sb+ec,
(P2) Ni+ X=X+ X, ifi+j=r+sand (i,j) € (b+c)**.
The second property is equivalent to saying that the antidiagonals in ((b+ ¢)**¢) inside A have

the same hook-lengths, or that \; — A\j11 = A\j+1 — Aijto, i.e. the parts of A are given by an
arithmetic progression. Here are two extreme special cases:

A(a7 b7 ) Oa 0; 1) = 6a+b+26/ba ’ A(a7 b’ Cy da €, 0) = (b +c+ d)a+c(b + C)e/ba .
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c d d
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c —|aC
e e
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FIGURE 5. Left: Skew shape A(a,b,c,d,e,m). Right: the cells whose hook-
lengths appear in the product formula of Theorem

Next, we give a product formula for f™ where 71 = A(a,b,c,d,e,m) in terms of falling
superfactorials

)(n) :ﬁH]m+]—l , where (k) = k(k—1)---(k—m+1).

Theorem 4.1. Let @ = A(a,b,c,d,e,m) be as above. Then f™ is given by the following
product:

. D(a+b+c)P(a)D(b) P(c)
<I>(a+b)<I>(b+c)<I>(a+c)\I!(m)(a+c)\I/(m)(b+c)
o) OSSNy RS o TR SRR TURS)
(d+ifm+1)) 5 (erilm+ D) [ET T A+ d+e+ (i+5)(m+1)

Proof of Corollaries and[1-3 Use ([4.2)) for shapes A(a, b, c,e,d,0), A(a, b, c,0,0,1), and
A(a,b,c,d, e, 1), respectively. d

We also give a product formula for the generating function of SSYT of these shapes.

Theorem 4.2. Let 7 = A(a,b,c,d,e, m) be as above. Then:

(m+1)(i+j+k—1) 1

1—
(4.3) s=(1,¢,¢%,..) = ¢~ HHH 1—27"“ T 1T T

i=1j=1k=1 (,7)EN/(0°b®)

where N =32 sexjpe(A; — ).

As in the proof above, we obtain explicit formulas for the skew shapes A(a,b,c,d,e,0),
A(a,b,¢,0,0,1), and A(a,b,c,d, e, 1). By comparing and , up to the power of ¢, these
cases are obtained by “g-ifying” their counterpart formulas for f»/#. The formulas are written
in terms of:

q-factorials [m]! = 1-q)(1—-¢*---(1—qm)
g-double factorials 2n -1 == (1-q¢)(1—-¢%)---(1-¢>"
q-superfactorials ®,(n) = (12t [n—1]!

q-super doublefactorials U, (n) = [ - 3] 2n = 3]

q-double superfactorial J,(n) = [n—2]'[n—4]!--

g-shifted super doublefactorial Vg(n;k) = [k+1N[k+31 - [k+2n—3
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Corollary 4.3. For the skew shape m = A(a, b, ¢,d, e,0), we have:

gV @, (a)®,(b)P,(c)Py(d)Py(e)Py(a+b+c)Py(c+d+e)Pylat+b+c+d+e)
Qi(a+b)0y(d+e)Py(a+c+d)Py(b+c+e)Py(a+b+2c+d+e)

where N = b(cge) + c(a+§+e) + d(“;c).
Note that this is a g-analogue of Corollary by Kim and Oh (see also §9.3)).

s=(l,q,...) =

)

Corollary 4.4 (Krattenthaler—Schlosser [KS], see . For the skew shape 1 = A(a,b,¢,0,0,1),
we have:

N Py(a) Pyg(b) By(c) Pg(a+b+c) - Vy(c)¥qg(a+b+c)
D,(a+b)Py(b+c)Pyla+c)  Vy(a+c)Pyb+c)¥y(a+b+2c)’

where N = (aH’;ZC) +b(“%h) + a(b'gl) —abla+ b+ 2¢).

sx(l,q,...) = ¢q

Corollary 4.5. For the skew shape m = A(a,b,c,d, e, 1), we have:

N Pq(a) Py(b) y(c) Pg(a+b+c)
By(a+b) By (b+ ) Byla +0)
" U, (e;d+e)Vy(a+b+c;d+e) - Ig(2a+ 2¢) I4(20 + 2¢)
U, (a+b+2cd+e)Vy(a+c)Vu(b+c) I (2a+2c+d)I(20+2c+e)

where N = (P24 4 a(*5) + (09 — (“55°) +5(*4) + a(’}) — abla + b+ 20+ o)

sr(1,q,...) = ¢

Proof of Corollaries[[.3, [{.4 and[{.5. We “g-ify” the formula in corollaries and
respectively and calculate the corresponding power of ¢ in (4.3) to obtain the stated formula. O

The rest of the section is devoted to the proof of Theorem [.I] and Theorem
4.2. Proof of the product formulas for skew SYT.

Proof of Theorem[/.1 The starting point is showing that the skew shape A /b = A(a, b, ¢, d, e, m)
and the thick reverse hook (b+c¢)%t¢/b% = A(a,b,¢,0,0,0) have the same excited diagrams. To
simplify the notation, let R = (b+ ¢)**¢ be the rectangle [(a+ ¢) x (b+ ¢)].

Lemma 4.6. The skew shapes A(a,b,c,d,e,m) and A(a,b,c,0,0,0) = R/b® have the same
excited diagrams.

Proof. This can be seen directly from the description of excited diagrams: by , the cell
(b,a) of [u] cannot go past the cell (b+ ¢,a + ¢) so the rest of [y] is confined in the rectangle
(b + c)%Tc. Alternatively by Proposition the excited diagrams of both shapes correspond
to SSYT of shape b® with entries at most b+ c¢. Then the map ¢! applied to such tableaux
yields the same excited diagrams. O

By (NHLF|) and Lemma we have:
f)\/b“

1 1
(4.4) R 11 (i, 5) 2 11 ha(i, 5)

ueN\R DeE(R/ba) (i,5)ER\D

The sum over excited diagrams of R/b* with hook-lengths in A on the RHS above evaluates
to a product.

Lemma 4.7. For A and R as above we have:
1 D(a+b+c)P(a) D) P(c) 1
(4.5) > 11 (a) 2(b) II

ha(i,j)  ®(a+b)®(b+c)®(atc) ha(ig)

DeE(R/be) (i,j)ER\D (i,§)ER/0°ba
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Proof. We write the sum of excited diagrams as an evaluation of Fijcjate/pa(X]y).
1
(46) Z I (Z ) = ( ) F(b+c)“+c/b‘1 (X‘y) T;= -—z+1
(ig)ee((bro)mrespe) MY v=i=3;

where m = (b + ¢)(a + ¢) — ba. Using Theorem to obtain the symmetry of the series
Floqopatespa(x]y) inx :

(4.7) (=D Flpreyate oo (X[ ¥)|ai=2i—i41 => H
y;=3—X] [2) 7])69
where the sum is over tuples © := (61,...,0.) of nonintersecting paths inside (b + ¢)**¢ with

endpoints 0, : (p,1) = (a + p,b + ¢). Note that each tuple © has the same number of cells
in each diagonal i + j = k. Also, by property (P2) of A, the sum (\; + X)) is constant when
(i + j) is constant. Thus each tuple © will have the same contribution to the sum on the RHS

of , namely
1

(4,7)€© (4,5)€R/0cba
Lastly, the number of tuples © in (4.7) equals the number of excited diagrams (b + ¢)*+¢/b?,
given by (|L.1), see Example O

By Lemma ([@4) becomes the following product formula for f*/*" :

MY ®(a+ b+ ) ®(a) B(b) B(c) H 1
n!l ®la+b)d(b+c)P(a+c) ha(i, )

(4.8)

(i,4)EX/0°be

See Figure [5| for an illustration of the cells of [A] whose hook-lengths appear above. Finally, we
carefully rewrite this product in terms of W(-) and ¥(™)(.) to obtain the desired formula. [

4.3. Proof of the product formula for skew SSYT.
Proof of Theorem[4.4 By (¢-NHLF])) and Lemma we have:

No—i A—i
2 _ q? q’
(4.9) SA/ba(l,(Lq peed) = H 1— ghaGod) Z H 1— ghaGd)

(i) ENR DEE(R/b) (i.j)ER\D

The sum over excited diagrams on the RHS evaluates to a product. We break the proof into
two stages.

Lemma 4.8. For \ and R as in the previous section, we have:

N —i

(4.10) > I _qqiw(i,j)

De&(R/b*) (i,j)ER\D

ORI H

(,5)€R/0°b"

qa+c+e+m(b+c)

Z H q—j(m+1) )

1 — qhk(ivj)
De&/ (R/0cbe) (i,j)€R\D

Proof. We write the sum of excited diagrams as an evaluation of Fy i cyate/pe (X]y).

A—i
q o
(4.11) > 11 TS = qCF) Flpcpare pyo (X 3)] g, —grimit

DEE(R/b%) (i,7)ER\D vi=q i

By Theorem |3.10, we have:

(4.12) Floscyarespa (X ¥)|a,—g N = > 11 1 _qwm)
yi=q’ N © (i,j)€0
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Each tuple © has the same number of cells in each diagonal i + j = k. Also by property
of A, the sum (\; + \}) is constant when (i + j) is constant. Thus each term in the sum
corresponding to a tuple © has the same denominator. Factoring this contribution out of the
sum and using \; = a +c+e+m(b+c— j), gives:

Aj—i .
Z H % = ¢C&B/b") H

De&(R/b%) (i,j)€R\D (i,j)€ER/0°b®

qa+c+e+m(b+c)

1— gha(d) > II a7y

© (i,j)€o

Finally, we rewrite the sum over tuples © as a sum over NE-excited diagrams £ (R/0°b%), see
Section 3.4 O

Next, we prove that the sum over NE-excited diagrams on the RHS of (4.10]) also factors.

Lemma 4.9. In the notation above, we have:

1 — (D) (i +h=1)

Z H g It = _NZH H gD+ +h—2)

De&7(R/0¢b*) (i,5)€R\D j=lk= 1

where Ng = (m+ 1) ((a +¢) (b+§+1) _ a(bgl))

Proof. We factor out a power of ¢~V where N; = Z(z‘,j)ERj(m—i- 1), so that the weight of each
excited diagram D is [[; ;yep @Y. We have:

Z H g imt) = M Z H g mt
DeES(R/0cba) (i,j)ER\D DEEA(R/0cba) (i,j)€D

Reflecting by the diagonal, this sum equals the sum over excited diagrams £(R’/a’) where
R' = (a+ c)**¢. We then use (3.3 in Example with ¢ « ¢™*!, to obtain:

> I =™ > I ¢,
DeE/ (R/0°ba) (4,5)ER\D DeS(R’/ab)(i,j)eD

Ny+(mt1)a(?5) 1 — g(m+D(Hi+h—1)
_ —IV1 m (1 2
- H H 1— q(m+1)(z+]+k 2) 7’

j=1k=1
as desired. g
Combining lemmas [£.§ and [4.9] we obtain:
g
(413) Y7 11 T o
De&(R/b*) (i,j)€R\D
a+ct+e+m c ¢ (m i+j+k—
N, H goretetmbro) H 1) (itj+k—1)
=4 1= gha(id) q(7rz+1)(z+]+k 2)
(i,j)ER/0°b™ j=1k=1

Next we find a simpler expression for the power of ¢ above.

Proposition 4.10. For the power of q¢ on the RHS of (4.13)) is equal to
> (K-
(i,j)ER/b"

Proof. The term N, in the power of ¢ can be written as Ny = Z(i,j)ER/b“ (m—+1)j. Using this,
we have:
C(R/*)—No = Y (i—my).

(i,5)€R /b
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Since R/0°b* has the same number of cells as R/b® and A} = a + ¢+ e+ m(b+ c — j), then

C(R/Y") = Ny + (a+c+e+m(b+c) |[R/OV] = Y (Nj—i),
(i,5)ER/b"
is the desired degree in the RHS of (4.13]). O

Finally, Theorem follows by substituting (4.13)) in the RHS of (4.11)), simplifying the
power of ¢ with Proposition and collecting the other powers of ¢ from the cells (4,7) in

A\ R. 0

5. EXCITED DIAGRAMS AND SCHUBERT POLYNOMIALS

In this section we obtain a number of product for principal evaluations of Schubert polyno-
mials for two families: vexillary and 321-avoiding permutations.

5.1. Vexillary permutations. Recall from that for a vexillary permutation w we as-
sociate a shape p(w) contained in a supershape A(w). A formula for the double Schubert
polynomial &, (x;y) of a vexillary permutation in terms of excited diagrams of the skew
shape A(w)/p(w) is given in [KMY]. This formula was already known in terms of flagged
tableaux [Wac] (see Section [2.7), and in terms of flagged Schur functions [LS1] [LS2].

Theorem 5.1 (Wachs [Wac], Knutson-Miller—Yong [KMY]). Let w be a vezillary permutation
of shape p and supershape A\. Then double Schubert polynomial of w is equal to

(5.1) Guxiy) = > [ @i-w).
DeE(A/1) (4 €D

Example 5.2. For the permutation w = 1432, we have the shape u = 21 and the supershape
A =332

T
\

There are five excited diagrams in £(332/21) (see Example [2.2)), and so

61432(X§Y) = (fl - y1)($1 - y2)($2 - yl) + (xl - yl)(l'l - yz)(ﬂ% - y2)+
(1 —y1) (w2 — y3) (w2 — y1) + (21 — y1) (22 — y3) (T3 — y2) + (T2 — y2) (22 — y3) (3 — ¥2).

We have seen that he multivariate sum over excited diagrams on the RHS of (5.1)) is also an
evaluation of a factorial Schur function.

Corollary 5.3. Let w be a vexillary permutation of shape p and supershape X\, such that
A p Cdx (m—d) for some d,m. Then:

Su(xiy) = st (x|2V).

Proof. By (5.1)), we have: &, (x;y) = Gx/u(x|y). By Lemma this is given by an evaluation
of a factorial Schur function. O

Combining this result with the Macdonald identity (2.5) for single Schubert polynomials
gives the following identity the principal evaluation T,, of the Schubert polynomial.

Theorem 5.4. Let w be a vexillary permutation of shape p and supershape \. Then:

Proof. This follows directly from (5.1)) by setting z; = 1 and y; = 0 for all ¢, and from the
Macdonald identity (2.5)). O
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Example 5.5. Continuing the previous Example [5.2] the reduced words for w = 1432 are
(2,3,2) and (3,2,3). We indeed have:

1
Tiss = Gupe(l 1) = 5 (2-3-2+3-2:3) = 5 = |£(332/21)].

Theorem generalizes an identity in [FK| Thm. 2.1] from dominant permutations (avoiding
132) to vexillary permutations. To state their result we need the following notation. Given a
partition p and ¢ € N, let RPP,,(c) be the number of reverse plane partitions of shape p with
entries < ¢. Let 1°op = (p1)%(c+ pa1)(c+ p2) - ..

Proposition 5.6. For a dominant permutation w of shape i, we have:
IRPP,,(0)] = [£((170p)/1)|

Proof. By Proposition the RHS is equal to the number of SSYT of shape p with entries in
row ¢ at most ¢+ i. By subtracting ¢ to the entries in row 4, such SSYT are in correspondence
with RPP of shape p with entries < c. O

For the rest of the section we will use the following notation for the principal evaluation:

1
Tw(C) = Tchw = E ' Z (C+7‘1)-~~(C—|—r5),
(w). (r1,...,m0)ER(w)

Corollary 5.7 (Fomin—Kirillov [FK]). For a dominant permutation w of shape p we have:
T,(c) = |RPP,(c)|.

Proof. The permutation 1¢xw = (1,2,...,¢,c+wy,c+wa,...) is a Grassmannian permutation
of shape p and supershape A = 1°opu. Also, the reduced words of 1¢ x w are of the form
(c+ri,...,c+rp), where (r1,...,7¢) is a reduced word of w. We then apply Theorem and
Proposition to obtain the result. O

5.2. Product formulas for Macdonald type sums. As special cases of Theorem we
obtain two identities from [FK] for two families of dominant permutations, followed by new
identities for families of vexillary permutation. See Figure [f] for illustrations of some of these
families.

Corollary 5.8 (staircase [FK]). For the permutation wo =n...21, we have:
(2c+2n—1)@(n) - I(2¢+1)I(2n —1)

Ty =
() d(n+2¢)P(2n—1) - I(2c+2n—1)
Proof. The longest element wy is a dominant permutation with shape = 6,, :== (n—1,...,2,1).
The result follows by Corollary and Proctor’s formula [Pro|:
2c+i+j5—-1
(5.2) Tug(e) = [RPPs, (] = [[ ==~
1<i<j<n

written in terms of superfactorials. O

Note that the case ¢ = 1 above gives T, (1) = n%_l (2;); see [Woo| for several proofs of this

case.

Corollary 5.9 (box formula [FK]). Consider a permutation u(a,b) defined as
u(a,b) ;= b(b+1)---(a+b)12...(b—1).
Then we have:
D(a+b+c)P(a)®(b)P(c)
Pla+b)2(b+c)Pla+c)
Proof. The permutation u(a,b) is a dominant permutation with shape . The result follows
by Corollary and the MacMahon box formula (|1.1)). O

Tu(a,b) (C) =
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For the rest of this subsection, we consider examples that are vexillary but not dominant.
These results partially answer a question in [BHYL Open Problem 2]. First, we restate Corol-

lary [T.4] as follows:

Corollary 5.10 (2413 ® 1 case). Consider a permutation v(a) := 2413 ® 1°. Then, for all
c > a, we have:

Tym(e) = e+ 0) 2(0) 2(a)" O(3a)”
v(a) <I>(3a+c) q)(aJrc) Q)(Qa)Q @(4a) .

Proof. The vexillary permutation 1¢ x v(a) has length 3a®, shape y = (2a)%a® and supershape
(c+3a)°*t22. The reduced words of 1¢ x v(a) are obtained from those of v(a) after shifting by c.
By Theorem [5.4] for 1¢ x v(a), we have:

Tow(c) = [EN/ )]

By Proposition the number of excited diagrams equals the number of SSYT of shape u
with entries at most 2a + ¢. This number is given by hook-content formula

2a+c+j—i
12a+c — .
() , I I hu(i, §)
(,5)€lu]

This product can be written in terms of superfactorials as stated. O

Next, we consider whether the skew shapes in the first part of the paper come from vexil-
lary permutations. We failed to obtain the skew shape A(a,b, ¢, d,e,0) this way, but the next
vexillary permutation yields a shape similar to A(a, a, ¢, a,a,0).

Corollary 5.11. For the vexillary permutation
(5.3) w(a):=(a+1l,a+2,...,2a—1,2a+1,1,2,...,a—1, 2a, a).

we have:
®(2a + c)®(a)?®(c) [a(2a+ c)(2ac+ 4a® — 1)
D(a+¢)?2P(2a—1) 2(4a? - 1)

Tw(a) (C) =

Proof. The vexillary permutation 1¢ x w(a) has length (2a+c)? —2a?—2, shape y = (a+1)a® 11
and supershape A = (2a + ¢)°T%(a + ¢)?, see Figure @ The reduced words of 1¢ x w(a) are
obtained from those of w(a) by shifting by ¢. By Theorem for 1¢ x w(a), we have:

Tuw@(e) = [EN/m)]

By Proposition the number of excited diagrams of shape A/u is equal to the number of
SSYT of shape p with entries in the top a rows at most a + ¢ and the single box in the a + 1
row at most 2a + c¢. Depending on the value of this single box, whether it is at most a + ¢
or between a + ¢+ 1 and 2a + ¢, this number equals the sum of two specializations of Schur
functions:

EN/ )| = s (1°F°) + a- s, (1979,

where v = (a + 1)a®~!. Using the hook-content formula, this number can be written in terms
of superfactorials as in the corollary. O

5.3. 321-avoiding permutations. Recall from Section[2.2)that the diagram of a 321-avoiding
permutation is, up to removing empty rows and columns and flipping columns, the diagram of
a skew shape A/u. By Theorem from [BJS| we can realize every skew shape \/u as the
diagram of the 321-avoiding permutation given by the reduced word rw(A/p). The map from
shapes to permutations is outlined in Section [2.2
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(a) (b) (c) (d)

FIGURE 6. The diagram (top) and skew shape (bottom) of the vexillary per-
mutations 1¢ X w where w = wy, u(a, b),v(a), and w(a) respectively.

Theorem 5.12. Let w be a 321-avoiding permutation. Then its diagram gives a skew shape \/ .
Conversely, every skew shape A/ can be realized from the diagram of a 321-avoiding permuta-
tions. In both cases, we have:

T, = 7“1"'7“zf’\/“,

o
where £ =|\/p| and (r1,...,7¢) is a reduced word of w.

Proof. The fact that diagrams of 321-avoiding permutations yield skew shapes and its converse
are explained in Section 2.2}

Assume that the 321-avoiding permutation has skew shape skewsh(w) = A/p. The reduced
words of a 321-avoiding permutation are obtained from one another by only using commutation
relations s;s; = s;s; for [i — j| > 1 [BJS, Thm. 2.1]. Thus, all reduced words (r1,...,r¢) of w
have the same product 7 - -- r,. Also, the number of reduced words of w equals f*/*, see [BJS,
Cor. 2.1]. The result then follows by using these two facts and Macdonald’s identity .

As an illustration we obtain permutations such that Y, give double factorials and Fuler
numbers.

Corollary 5.13. For the permutations w = 2143 --- (2n)(2n — 1) and w ® 1*, we have:

2
ﬁ ®(2ka)
((2k +1)a)

®(2na) ®(a)*2
O (2a)"

YT, = (2n—-1! and Tygie =

Proof. The number of SYT of the diagonal shape d,,4+1/0, is nl. By the construction from
Theorem from this shape we read off the reduced word

tw(0nt1/0n) = (1,3,5,...,2n — 1),

defining the permutation w. See Figure for an example. The product of the entries of
this reduced word is (2n — 1)!! The result then follows by Theorem The second formula
comes from the 321-avoiding permutation w ® 1* whose skew shape consists of n disjoint a X a
blocks. 0

Let Alt(n) = {o(1) < 0(2) > 0(3) < o(4) > ...} CS, be the set of alternating permutations.
The number E,, = |Alt(n)]| is the n-th Euler number (see [OEIS, A000111]), with the generating
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2]1] [2]1] 31 2a - 21 3a — 1 1

43 [1]312] [El4]312 ) 3

54 e F PA ) : -
,5 o R 3a—1 - a 4a — 2 _,2[7—1

R R P , 2a[+ 1

2 —1 o N T St o
L L1 [ 5a 3a+1
G'afl -~ 44) -

FIGURE 7. The reduced words rw(\/u) of the skew shapes d,,+1/0,, the zigzag
Snio/0n, 3-zigzag, 5-zigzag, (3a)?*(2a)*/a®, and 844 /a®.

function
(5.4) ZO E, % = tan(z) + sec(x).
n=

Let 2(n) be a permutation with reduced word corresponding to the zigzag shape
rW(Snio/0n) = (2,1,4,3,...,2n,2n — 1,20+ 1).
Similarly, define y(n) and z(n) to be the permutations with reduced words corresponding to
shapes (n+1)?n(n—1)...2/6, and (n+2)3(n+ 1)n...3/d,, respectively.
Corollary 5.14. For the permutations x(n), y(n), and z(n) defined above, we have:
(n+1)(2n+3)!E3, .,
n! 25n+1 (22n+2 _ 1)

n! Bopiq
ym) = Ton

Tm(n) = E2n+1u T Tz(n) =
Proof. The number of SYT of the zigzag shape 6,,12/6, is given by the Euler number Fs, 1.
By the construction from Theorem from this shape we read off the reduced word

twW(0nt2/0n) = (2,1,4,3,...,2n,2n — 1,2n + 1),

defining the permutation x(n). The product of the entries of this reduced word is (2n+1)! The
first equality then follows by Theorem [5.12)

The second third equalities follow by a similar argument for the 3-zigzag and 5-zigzag shape,
respectively, whose number of SYT is given by [BR, Thm. 1]. We omit the easy details. See
Figure [8(b)] |8(c)| and [8(d)| for examples. O

We also obtain a family of 321-avoiding permutations w that yield the skew shapes from
Section [4| with product A(a,b,c,d,e, f). Then by theorems and for such permuta-
tions, T,, is given by a product formula. We illustrate this for the cases A(a,a,a,a,a,0) and

A(a,a,a,1,1,1). See Figure [8(e)l8(f)| for examples.
We now restate Corollary [I.5]in the notation above.
Corollary 5.15 (shape (3a)?%(2a)®/a%). For the permutation s(a) := 351624 ® 1%, we have:
®(a)® ®(3a)? ®(5a)
D(2a)* D(4a)?
Proof. The reading word associated to the shape 322/1 is (2,1,4,3,2,5,4) which defines the

permutation 351624. Similarly, the shape (3a)?%(2a)?/a® yields a reduced word (r1,...,7742),
defining the 321-avoiding permutation s(a) = 351624 ® 1*. By Theorem we have:

Tsa) =

1 T7q2 3a)2%(2a)% /a®
Yy = (3a)**(2a)*/a®
s(a) (7a2)! f
The result now follows by writing the product of the entries of the reduced word as
®(3a)* (6
o, B(302(60)

B(2a)? ®(4a)?
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FIGURE 8. The diagram of the 321-avoiding permutations w = 214364, x(3) =
31527486, y(3), 2(3), s(2) = 351624 ® 12 and t(2), with skew shapes &,/d3,
85/03, 6442 /22 and &g/2? respectively.

(see Figure . Now use Corollary to write the number of SYT as
(7a?)! ®(a)® ®(5a)
®(2a)? ®(6a)
and the result follows. O

(5.5) 302 (2)" /0 _

Corollary 5.16 (shape d4,/a%). Let t(a) be the permutation of size (8a —2) obtained from the
reading word of the skew shape d4/a*. Then:

. . ®(a)? ®(3a) ®(4a — 1) (8a — 2) - ¥(a) ¥(3a)
M) ™ $(20)2®(3a— 1) ®(5a — 1) - ¥(2a)% ¥(4a) - I(8a —2)
Proof. The reduced word rw(dy,/a®) defines the permutation ¢(a). By Theorem we have:

ry--- TZ 5 . /aa
K! f 4da-+1 )
We can write the product of the entries of the reduced word as
®(4a — 1) ®(8a — 2)
rire Ty = s
®(3a — 1) P(5a — 1) I(8a — 2)
(see Figure . On the other hand, Corollary gives:

wirjar U () @(3a) U(a) ¥(3a)
(5.6) frreeet = ®(2a)? ¥(2a)2 ¥(4a) '

Tia) =

where ¢ = (4;) — a?. Combining these formulas, we obtain the result. O

5.4. Conjectural formula. The number of SYT of the skew shape of the vexillary permutation
1¢ x w(a) defined in (5.3) appears to have the following formula similar to Corollary when
a=b=d=e.

Conjecture 5.17 (joint with C. Krattenthaler). Let A\ = (2a+c¢)T*(a+c)?, p = (a+1)a® 1.

Then:

®(a)* ®(c) ®(4a + ¢
®(2a)? d(4a + 2¢)

A — )
(5.7) f n! P

a? ((2a* 4 dac + ¢*)? — a2)]

where n = |\ p| = (2a + ¢)? — 2a% — 2.

Remark 5.18. For a = ¢, the conjectured formula (5.7) for the number of SYT of shape
(3a)?%(2a)%/(a + 1)a® 11 is

(5.8) PN Z ) P(a)® ®(5a) [(49a2—1)a4}

" ®(2a)2 P(6a) 4a? —1
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This formula was suggested by Christian Krattenthalerﬁ based on computational data and was
a precursor of the conjecture above. Note the close resemblance of (5.8)) and (5.5]), which are the
same up to a polynomial factor. This suggests that perhaps there is a common generalization.

6. ASYMPTOTIC APPLICATIONS
6.1. Number of SYT. In [MPP3], we prove that for a sequence 7 = {w(")} of strongly stable

skew shapes (") = X(") /1, (7) |7r(")| = n, we have:
(%) log [SYT (r(™))| = %nlogn + O(n).
Furthermore, we conjecture that
(%) log |SYT(7T("))| = %n logn + ¢n + o(n),

for some constant ¢ = ¢(7). Here by the strongly stable skew shape we mean a sharp convergence
to the limit shape of the Young diagrams of 7(™ under scaling 1/y/n, as n — oo; we refer
to [MPP3] for details.

Until this paper, the exact value of ¢(7T) was possible to compute only for the usual and
shifted shapes. Here we have a new family of shapes where this is possible.

Theorem 6.1. Fiz «,3,7,6,¢ >0, m € N, and let
) = A(Lomj, |Bn], [yn], [on], Lenj,m).
Then the asymptotics formula (xx) holds for some ¢ = c(«, 8,7, 9, €,m).

The proof of the theorem is straightforward from the product formula in Theorem [.1] and
asymptotics formulas in §2.10] We omit the details.

Example 6.2. Let 7 = A(a,a,a,a,a,0). Then || = 7a? and by (5.5), we have:

(7a?)! ®(a)’ ®(5a)
®(2a)? ®(6a)

log f™ = log = 7a*loga +
75 25
+ (2 — 151log2 — 18log3 + 5 logh + 7log7) a®> 4+ O(aloga),

The sum in parentheses is the exact value of the constant ¢(1,1,1,1,1,0) as in the theorem.

6.2. Principal Schubert evaluations. In recent years, there has been some interest in the
asymptotics of the principle evaluation YT,, = &,(1,...,1). Notably, Stanley [Stad] defined

= T

u) = g Y

and observed that
1 1 ] 1
4 n—oo n 00 n2 2

Stanley also suggested existence of the limit of # log, u(n), and that it is achieved on a certain
“limit shape”. Below we apply our product formulas to obtain asymptotics of T,, for some
families of w.

Proposition 6.3 (zigzag permutations). For permutations w € Sapt1 as in Corollary
z(n),y(n) € Sani2, and z(n) € Santa as in Corollary we have: logY,, = O(nlogn),
log Ty(n) = O(nlogn), log Ty = O(nlogn), and log Y,y = O(nlogn).

4Personal communication.
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The proof follows immediately from the product formulas in corollaries as above, the asymp-
totics of (2n — 1)!! and of the Euler numbers:

E, ~ n! (2> é(1—&—0(1)) as n — oo,

s m

(see e.g. [FS] [Sta3]).

Proposition 6.4 (Macdonald permutations). Consider permutations wy € Sag, Wo = 1F xwp €
Sap as in Corollary u(k, k) € Sor, U(k, k) = 1¥ x u(k, k) € Sss, as in Corollary . Then
we have:
) 5 39/2
logYg, ~ 2(logC)k*, and logYgu k) ~ (logC)k®, where C = =5

The proof is straightforward again and combines the corollaries in the proposition with the
asymptotic formulas for ®(n). In fact, the constant C' is the base of exponent in the symmetric
case of the box formula (1.1) for | PP(n,n,n)|, see [OEIS, |A008793].

From here, for n = 3k and @y € S,, as above, we have:

logy, T,

2
5 — 9 log, C' = 0.251629 as n = 3k — oo.

n
This is a mild improvement over Stanley’s lower bound ().

Finally, for comparison, we obtain similar asymptotics for three more families of stable per-
mutations, i.e. permutations whose diagrams have stable shape (cf. [MPP3]).

Proposition 6.5 (stable permutations). Let v(a) = 2413 ® 1% € Sy, as in Corollary
s(a) = 351624 ® 1% € Sg, as in Corollary and t(a) € Sgq—2 be as in Corollary , Then
we have: log Yy = O(a?), log Ts) = ©(a?), and log Tia) = O(a?).

We omit the proof which is again a straightforward calculation. To compare this with
Stanley’s bound, take the following example:

10g2 Ts(a)

1 25 5
s> — < logy 3 4+ == logy 5 — 9> ~ 0.091354 as n = 6a — oo.

4 72

This suggests that perhaps every family {w € S,} of stable permutations satisfies Y, =
exp©(n?). On the other hand, as suggested by the exact computations in [MeS] [Stad], it
is likely that that the maximum of Y, is achieved on a smaller class of stable Richardson
permutations.

7. LOZENGE TILINGS WITH MULTIVARIATE WEIGHTS

In this section we study lozenge tiling of regions in the triangular grid. On a technical level, we
show how the multivariate sums G,,(x|y) appear in the context of lozenge tilings.

7.1. Combinatorics of lozenge tilings. Let us show how excited diagrams can be interpreted
as lozenge tilings of certain shapes (plane partitions) with multivariate local weights. As a
consequence, the multivariate sum G/, (x|y) of excited diagrams is a partition function of
such lozenge tilings, and by Lemma [3.4] and the definition of factorial Schur functions it can be
computed as a determinant.

Consider the triangular grid in the plane where we identify two of the axes as x and y, see
Figure[d] Adjacent triangles can be paired into lozenges, which can tile certain prescribed region
in the plane. The lozenges whose long axis is horizontal, are called horizontal lozenges, drawn
with blue in the picture. Each of these lozenges is assigned a local weight, depending on its
position with respect to the x and y axes. More precisely, the weight of the lozenge at position
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T
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Ty’

7= 0
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FIGURE 9. Triangular grid in the plane with axes x and y. The grid is tiled
with three types of lozenges. Horizontal lozenges at position (i, j) have a weight

x; — y; (see Figure .

(4,7), is defined to be (z; — y;). Let ' be a region in the plane, and let T be a tiling of T' (no
holes, no overlaps). Let hl(7) denote the set of horizontal lozenges (<) of T, and let

(7.1) wi(T) =[] (@i—w)

(i,5) € hI(T)

be the weight of the tiling T

For a partition p and an integer d, consider plane partitions of base p and height at most d,
these correspond to a region €2, 4 in the plane, whose lower side is given by u, and the rest is
bounded by the top 4 sides of a hexagon of vertical side length d. Given a skew partition A/,
let ©,,(A\) be the set of lozenge tilings T' € Q, 4, d = £(\) — £(u), such that on each vertical
diagonal ¢ — j = k there are no horizontal lozenges in T' with coordinates (i,7—k) for i —k > A;.
The hook weight of T' at position (4, j) is obtained from wt(7") by evaluating x; = (A; —i+ 1)
and y; = (=} +7) :

(7.2) wia(T) == [ Ni—i+XN—i+1).
(4,5) € hI(T)

We define the following map between excited diagrams and lozenge tilings of base p. Let
D € £(\/p), then define 7(D) := T to be a tiling T with base p, such that if box (i,5) € D,
then T has a horizontal lozenge in position (i, j) in the coordinates defined above. See Figure
for an example of 7.

Example 7.1. There are five lozenge tilings in €291(332) corresponding to excited diagrams

from Example 2.7 : @ @ @ @ @

Theorem 7.2. The map 7 is a bijection between excited diagrams E(\/u) and lozenge tilings
Qu(N).

Proof. We first interpret the excited diagram D as a plane partition P of shape p (and non-
positive entries) under P; ; = —r; j + 14, where r; ; is the row number of the final position of box
(4, 7) of u after it has been moved under the excited moves from p to D. Next, P corresponds to
a lozenge tiling in the obvious way, where we set level 0 to be the top z-plane and the horizontal
lozenges are moved down to the heights given by P; ;. Since D C [}A], it follows that the boxes
on diagonal i — j = k cannot move beyond the intersection of this diagonal and A which is
equivalent with (i,7) € X if and only if j < ;. O

From the map 7, adding the corresponding weight of the horizontal lozenges, we obtain the
following result.
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F1GURE 10. Left: the correspondence between excited diagrams with inner
partition u = 32, lozenge tilings with base u, and solid partitions. Right: the x
and y coordinates giving local weights to horizontal lozenges. The highlighted
horizontal lozenge has weight (z3 — ys).

Corollary 7.3. For a skew shape \/u, we have

Gauxly) = > T @-v.

TeQ, (M) (i,5)€hl(T)

As in the introduction, denote by H(a,b,c) the (a X b x ¢ X a x b x ¢) hexagon with base
a x b and height c. Denote by Tap. the set of lozenge tilings of H(a, b, c) weighted as in ([7.1)).

Corollary 7.4. For all a,b,c,d,e € N, we have
(7.3)
Z H (k—i—j) = Pla+b+c+d+e)P(c+d+e)P(a+b+c)P(a)P(b) P(c)
V= Blatcrdre)®bretdre)®atd)dbdte)datc)’

TE€Tave (i,5)ehl(T)

where k=a+b+2c+d+e+1.

First proof. By Corollary [7.3] and we have that

oIl @-w)= > I @i—up-

T€Tave (4,5)€hI(T) Sce” ((b+c)a+c/ocba) (i,5)€S

Next we evaluate x; = k—¢ and y; = j to obtain the hook weight (k — ¢ — j) for each horizontal
lozenge at position (7, j). Note that this hook weight is constant when (i + j) is constant. Thus,
each NE-excited diagram on the RHS above has the same contribution to the sum. Therefore,
the products in the RHS is given by:

P P
i = T i = e g e i
(i,5)€S (3,5)€(b+c)ate/0cbe

Lastly, the number of excited diagrams is given by (|L.1]). O

Second proof. Alternatively, by Corollary and Lemma [£.6]

oo Il ®=i-in= > I mGip,

TETave (i,§)€hI(T) DeEN/p) (5,§)ED

where A\/u = A(a,b,c,d,e,0). By (NHLF)), the RHS is equal to

1 o
7fA(a,b,c,d,e,0) H h(i, 7).

n! 4
(i,3)€EX

The result then follows form the product formula for fA(@b:.e:d.e0) from Corollary and by
taking the product of the hooks in A. (]
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7.2. Determinantal formulas for weighted lozenge tilings. Next, we give determinantal
formulas for certain multivariate sums of lozenge tilings in 2,,(\) and in Q,, 4.

Theorem 7.5. Let \/u be a skew shape, and d a positive integer. Let d' = d + £(u) and
n:=d +d+ u. Then:

Y wi(T) = det[(zi = y1) - (@i = Yz, ) (@i — xar) - (@0 —wrir,)]) AT
T€e, (N
where the sum is over lozenge tilings T with base u and height d, and
Lj = min{k: A\ —k+1<p; —j}

Proof. We use Corollary [7.3| to rewrite the RHS above as the sum G/, (x|y) over excited
diagrams. We then use Lemma to write this sum as an evaluation of the factorial Schur
function s,(fl )(x |z*) with 2y, 4 (@ 11-4) = @; and zZa+j-x, = Y;- Next, we evaluate this factorial

Schur function via (2.3]) as a determinant of terms (x; — 21) -+ (z; — 2u;4a'—j). We note that

{21, zuea—5y = v, Yuy4d—j—r,Tars ... 2L}, where r = d' — L + 1, and L gives the
largest index of z which is < p; + d’ — j and evaluates to z. In other words, we must have
AL+ (d+1—-L)<p;+d —j. O

Theorem 7.6. Consider lozenge tilings with base p and height d. Then we have:

N wi(T) = det[A; ()]

TEQ, a4
where
(i —y1) - (@i — Yaye—5) (@ — Tig1) ™ o (T — Tage) ™ i 5> L),
Aij(pd) = S (@i — 1) - (@0 = Yuyra) (@0 — zigr) - (20— Tagy) if i—d<j <)

0 if j<i—d.

Proof. In Theoremwe set A = (uu1 +d)?(u+d), where p+ d means adding d to each part of
the partition p. In other words, A has the same border as u, but endpoints shifted by d on both
axes. By the bijection 7 from Theorem it follows that Q, () correspond to £(A\/u), where
the height of the lozenges is determined by how far along the diagonals the excited boxes move.
By construction of A, each diagonal has length d between 1 and the border, so Q,(A\) = Q, 4.
We apply Theorem with d = d + £(n). We now plug in the value for A in terms of pu:
Aetd = i +dand Ay =d+py for k <d. If kK <d, then we have A\, +1 —k=d+puy+1—k>
p1—1>pj—j. fk>d then Ay +1—k=ppg+1+d—k=py+1—1i, wherei' =k —d.
Then we see that for j < ¢(n) we have L; = min{k : \y + 1 —k < pj — j} = d + min{i :
pir +1—14 < p;—jt =d+j+1. For j > {(un), we must have L; = d + ¢(p) and there are
no (z; —xq)--- terms. Finally, we observe that A(z) = [[,(x; — zi1) - - - (z; — z4/) and divide
each entry on line ¢ by the corresponding product of (z; — x;41)---. O

Corollary 7.7. Consider lozenge tilings with base p, such that ¢(n) = £ and height d, such
that horizontal lozenges at position i have weight x;. Then we have the following formula for

the partition function:
{+d
Z H z; = det [Bi’j]i,jzl’
Te€Q, 4 (i,7)€hl(T)
where

o = wp) T (s —wagd) T iG> ),
" ’ g L :
Bij=Qa (@i —wip) T e (s —wayy) T i i—d <G <L,

0 if j<i-—d.
Proof. We the apply Theorem with y; = 0 and d’ = d + ¢ an obtain the result. O
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As a byproduct of our calculations we obtain the following determinant formula given
in [Krall Thm. 6.1] with « = 8 =0.

Corollary 7.8 ([Krall). Consider the set PP,(d) of plane partitions of base v and entries less
than or equal to d. Then their volume generating function is given by the following determinantal

formula
(4d
Z q|P| — qN(u) det [Civj}i,jzl’
PePP,(d)
where
£(w)
N(/,L) = Z Ty,
r=1
(D (g q) gty if 5> (),
Cij=q D" (qq) L, if j=i—d<j<{,
0 if j<i-—d,
and

a=(d—-i)d+L—j)—(d—i+0)d—-i—0-1)/2,
B=d—=i)(pj+d)—(d+j—i)(d—i—-j—1)/2.
Proof. Let P € PP,(d). As explained in the proof of Theorem it corresponds to a lozenge
tiling T' € €, 4, where the heights of the horizontal lozenges are equal to the corresponding
entries in P. Suppose that P.. = m, then the corresponding horizontal lozenge has x; — y;
coordinates given by (i,j) = (r +d — m,c+ d —m), i.e. shifted by (d —m) along the diagonal.
Let z; = ¢ *. Then:

H T = H qd—i _ H qd—r—d-&-Pr,C _ H q—rqPr,C _ q\P|—N(M)_

(i,5)€hl(T) (i,5)€h(T) (re)€p (r.c)ep

d—i

Therefore, substituting x; < ¢ in Corollary gives the desired generating function

o o d=¢" > I
PePP,(d) T€Qu,a (i,j)€hl(T)

Thus, the entries in the corresponding determinant are given by

q(d—i)(d+é—j)(qd—z’ _ qd—z‘—l)—l . (qd—i _ q—E)—l if ] > f,

Ai (1 d) ]y —ga-i g0 = § ¢ 7DHd (gd=1 — gd=im) =l (A=t — =)7L if i —d < j <,
0 ifj<i—d.
We can simplify the entries as
COICETE) _ (—1)d+tmig(d=i) (=)~ (d=i+0)(d—i—t=1)/2
(@ " =) (g = ") (¢ @)dre—i
and
q(d=0(u;+d) _ (—1)dti—igld=i)(p;td)=(d+j—i)(d—i—j—1)/2
(¢7=" = q=i=1) - (¢~ = q77) (4 @)d+j—i ’
which imply the result. O

8. PROBABILISTIC APPLICATIONS

Here we present the main application of results in the previous section: product formulas
for the probabilities of two special paths in lozenge tilings of a hexagon with hook weights of
combinatorial significance.
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8.1. Path probabilities. From here on, we assume that z;,y; € R, and that (z; —y;) > 0 for
all 1 <i<aand 1< j<b Recall that ‘7:160‘ is given by the MacMahon box formula .
The uniform distribution on Tgs. is the special case of with z; = 1 and y; = 0, for all 4, j
as above.

In the hexagon H(a,b,c), consider a path p = p(dy,...,dstp) consisting of non-horizontal
lozenges passing through the points (7, d;). Here (i,d;) is at i-th vertical line, distance d; of the
midpoint d; + 1/2 from the top axes. Note that we necessarily have d; = dg4s, |d; — dit1] < 1,
di < dijpq if i < b, and d; > d;11 if i > b. Denote by Prob(p) the probability that a random
weighted lozenge tiling in 7,3 contains path p.

Example 8.1. Figure [11(a)|shows an example of a tiling of a hexagon with a = 2, b = 3 and
height ¢ = 4, with a path p = p(2,3,3,3,3,2) dividing the boxed plane partition into tilings
with base u = 31 given by its diagonals (0,1,1,1,1,0), and p* = 20.

Theorem 8.2. Let z;,y; € R, 1 <i <a, 1 <j <b, s.t. min{a;} > max{y;}. Consider
the distribution on lozenge tilings T of the hexagon H(a, b, c), weighted by the product w(T) of
(x; — y;) over all horizontal lozenges. The partition function is then given by

Z(a,b,c) = Z wt(T) = det[Mivj]?J,rc

J=1
TETave
where
(i — 1) (T = Yeya—g) (@i —xip1) " (B — 2eqa) ™ if > a,
Mij = (xi—y1) - (@ = Ypye) @i — zig1) o (25 — Tegy) 7! if i—c<j<a,

0, if j<i—ec.
Moreover, the probability of a path p = p(di,...,days) in a random lozenge tiling T € Tape
weighted w(T), is given by
det[A; j(p,d1)] det[Af;(u,c—dy —1)]

Prob(p) = Z(a,b,c) ’

where £(u) = b, the partition p is given by its diagonals (0,dy — dy,ds — dy,...), and u* is the
complement of yu in a x b. Here the matriz A is defined as in Theorem[7.6, while the matriz A*
is defined similarly, after the substitution T; < Tatctri—i, Yj < Ybtet1—j-

2c+1

(a) (b)

FIGURE 11. (a) example of tiling of region in Example (b) example of tiling
of region in Corollary for a = b = ¢ =4, (c) example of tiling of region in
Corollary for a = 2.
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Proof. The formula for the partition function follows from a direct application of Theorem [7.6]
with base b® and height d = ¢. For the probability, notice that the path p divides the boxed
plane partition via a horizontal section along the path, and the partitions p and p* are the
corresponding bases outlined by the path. For the tiling with base u* we observe that it
corresponds to a change of the coordinates with origin at the bottom corner of the hexagon,
which corresponds to flipping the x and y coordinates in the opposite order. O

8.2. First example. Denote by Proby(p) the probability Prob(p) in the special case of hook
weight wty(-) defined in (7.2)).

Corollary 8.3. Fiza,b,c € N, partition A = (2b+2c+1)2T2¢t1 and denote k = a+2b+4c+3.

Let wtx(T) be the corresponding weight of a lozenge tiling T of the hexagon H(a,2a,2a + 1).

Finally, let p be the following path in H(a,2b,2c + 1) of size (2a+ 1) :
p:=p(lc+1),c+2,c+3,....cta+1l,c+a,cta—1,...,c+1).

Then:

Proby(p) = Q(a,b,¢,0,0) - Q(a,b,c,c+1,2¢+ 1) ’

Q(a,2b,2¢+1,0,0)
where Q(a, b, c,d,e) is the RHS of ([7.3).

Here the choice of weights here is made to correspond to counting of the SYT in the previous
section. See Figure [11(b)|for an illustration.

Proof. The path p partitions the rectangle [a x 2b] into p = pu* = b*. By the proof of Theo-
rem 3.2

(8.1) Prob(p) = m,

where
N = > wt(T),
T€Tabe
and N*(b%) equals N(b*) after the substitution x; <= Tat2c12—i, Yj ¢ Y2b+2c+2—j-
Next, we evaluate v; = k — 7 and y; = j in to obtain the hook weight of the tiling and
thus get Proby(p). By Corollary for the hexagon H(a, 20, 2c + 1), we have:
Z(a,2b,2¢+ 1) | 2,=k— = Q(a,2b,2¢+1,0,0).
Yi=J

By Corollary for the hexagon H(a, b, ¢), we have:

N(®*) | z;=k—i = Q(a,b,c,e+1,2¢4+ 1),
Yi=J
and
N*(b") | gy=k—i = Q(a,b,c,0,0).
Yi=Jj
Together, these imply the desired expression for Probj(p). O

In the notation of the proposition, let a = b = ¢. Then P, (a) := Proby(p) is exactly the
probability that the random hook weighted lozenge tiling of H(a,2a,2a + 1) has two frozen
(a x a) rombi as in Figure where the weights are chosen to correspond to SYT counting
(cf. figures |2| and . Of course, in the uniform case the corresponding probability P, (a) is a
little easier to compute:

| PP(a,a,a)]
P =
«(@) | PP(a,2a,2a + 1)|’
see the MacMahon box formula ((1.1). A direct calculation shows that

logP,(a) = aa®+ O(aloga), logP,(a) = Ba®+ O(aloga) and a < B <0.

Since there are (35) = exp O(a) possible paths with the same endpoints as p, this shows that p

is exponentially unlikely in both cases, and even less likely in the hook weighted lozenge tiling.
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8.3. Second example. Our next example uses the number of excited diagrams of thick ribbons
024+1/0a, studied extensively in [MPP3, [MPP4].

Corollary 8.4. Fiz a € N, partition X\ = (4a + 1)*22 and let wty(T) be the corresponding
weight of a lozenge tiling T of the hexagon H(2a 4+ 1,2a,2a + 1). Finally, let q be the zigzag
path in H(2a + 1,2a,2a + 1) of size (da+1) :

qg:=(a+1l,a+2,a+2,a+3,...,a+1,a+1).
Then:
C(a)
|PP(2a + 1,2a,2a + 1)|
where |RPPs,, , (a)| is given by (5.2), and
®(8a + 3) ®(4a + 2) (4a)1?at?
®(6a + 2)2 (6a + 2)!120+1 (2a)!
Proof. The proof follows along the same lines as the proof of Corollary above. The path q

partitions the rectangle [(2(1 +1) x Za} into shapes p and p*, where = p* = d9441. By the
proof of Theorem

2
(1 M I:PP (1
< Prob(q) < C( ) ‘ 52““( )‘

8.2 ;
(8.2) ~ |PP(2a+1,2a,2a + 1)

C(a)

N(02a41) N*(02a+1)
Z(2a +1,2a,2a + 1)’

(8.3) Prob(q) =

where

N(boat1) = > I wt@,

TE€Qsy,. 1,0 (i,§)EDL(T)

and N*(02q+1) is equal to N (d2q+1) after the substitution x; < T4q—2i13 and y; <= Y_4q42;—2.
Next, we evaluate z; and y; as specified to obtain the hook weight of the tiling and get Proby(q)

(see figures and [12(b)).

| -
| -

—
—

(a) (b)

FIGURE 12. (a) excited diagram interpretation of the example of tiling of
region in Corollary (b) skew shapes on both sides of the path q and values
of x;,y; of this example.

By a similar argument to the first proof of Corollary the partition function of the
denominator factors as follows:
®(6a+2) P(2a+ 1

_ )
Z(2a+1,2a,2a+1)}wt(T):wa) = (a1 2)d(da £ 1) |PP(2a + 1,2a,2a + 1)| .

We have:
N(52a+1)’wt(T):wm(T) = Z H ha(i, ) -

Deé&(n) (i,j)eD
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By the proof of the bound in [MPP3| Thm. 1.1], we have:

®(8a+ 3) ®(8a +3)

< N(6aa RPP .
@(6& + 3) . (6@ + 2)!2a - ( 2 +1)‘wt(T):th(T) - @(6& + 3) . (6a + 2)!2a ’ 02a+1 (a)’
A similar calculation for N*(do441) gives
®(2a)(4a)!?® . ®(2a)(4a)!?®
T ody = (B2a41) | (rymwin(r) < T o) [RPPs, ., (a)] -
Applying these bounds on the RHS of (8.3]) gives the desired result. O

In the notation of the proposition, the probability P,,(a) := Prob(q) is exactly the probability
that the random hook weighted lozenge tiling of the hexagon H(2a+1, 2a, 2a+1) has a horizontal
zigzag path as in Figure splitting it the hexagon into two equal shapes.

For comparison, in the uniform case, the corresponding probability P, (a) is given by:

2
Po(a) = IRPPs,,., (a)]
“ |PP(2a +1,2a,2a + 1)

so the second inequality in the corollary can be written as
Py(a) < C(a)Py(a).

Now direct calculation using the bounds above gives a remarkable contrast between the
asymptotics:

logP,(a) = ©(a?), logP,(a) = ya+ O(loga) for some 7 < OE|

This supports the intuition that for the uniform distribution path q is at least as likely as
any other path among the (4‘;;1) possible, while for the hook weighted distribution path q is
extremely unlikely. In the language of limit shapes in Figure [2| this says that in the uniform
case, the limit shape (the Arctic circle) touches the vertical sides in the middle, while in the

hook weighted case it touches someplace higher.

Example 8.5. In the case a = 1, we have: \ = 55, C(1) = 54/35, |PP(3,2,3)| = 175 and
|RPPs,(1)| = 5. The bounds for P,,(1) = Prob(q) given by (8.2), are:

54 54

— = 0. < Py < — = 0. .

6125 0.0088 < P, (1) < YT 0.2204
The actual value of the probability is P, (1) = 246/4375 = 0.0562. On the other hand, in
the uniform case we have P, (1) = 1/7 = 0.1429. Note that here we have C(1) > 1, while

asymptotically C(a) < exp(—ca?), for some ¢ > 0.

)

9. FINAL REMARKS

9.1. Historical notes. The hook-length formula (HLF) plays an important role in both enumerative
and algebraic combinatorics, and has a large number of proofs, extensions and generalizations. We
refer to [AdR] for a comprehensive recent survey, and to [MPPIl §9] for a review of the NHLF and
other formulas generalizing f#* = |SYT()\/,u)|.

Likewise, the subject of domino and lozenge tilings is a large subject in its own right, with many
determinant and product formulas (notably, for the Aztec diamond), weighted extensions, asymptotic
and probabilistic results. We refer to [Bet], [Lail] for extensive recent discussions of both and overview
of the literature. Note that even among other tiling problems, domino and lozenge tilings are special
to have both determinantal formulas and the height functions (see [Pak]).

Finally, the subject of Schubert polynomials has several enumerative formulas including Macdonald’s
identity (2.5). One of the most celebrated product formula |R(wo)| = f%", where wo € S, is the longest
permutation, is due to Stanley. It is now generalized in many directions including the Fomin—Kirillov

5While we certainly believe that log Py (a) = 7a2 + o(a?), for some 7 < 0, the bounds in Corollary are
too weak to establish that. It would also be interesting to compute 7 explicitly.
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identity (Corollary The formula for Schubert polynomials of vexillary permutations appears
in the literature in terms of flagged Schur functions of shape p(w) [Man, Thm. 2.6.9]. Also, the Schubert
polynomial of a 321-avoiding permutation w is a flagged skew Schur function of shape skewsh(w) [BJS|
Thm. 2.2]. We refer to [Las, [Man| for detailed introduction to the area.

9.2. Bijective proofs for product formulas. The product formulas in the corollaries [1.1 and
their g-analogues beg for a bijective or a hook-walk type proof, see [NPS, [GNW|. We should warn
the reader, however, of many related product formulas which have yet to have a bijective proof. Most
famous of this is the product formula for the number of alternating sign matrices (ASM), which in
Kuperberg’s proof comes out as an evaluation of a “hidden symmetry” of multivariate determinant, all
of similar flavor to our proof [Kupl] (see also [Brel [Kup2]).

Similarly, some years ago the second author proposed giving a combinatorial proof of the Selberg
integral by proving an explicit product formula with several parameters counting linear extensions of
certain posets (see [Sta2l Ex. 3.11(b)]). The product formulas are superficially similar in flavor to that
in Corollaries due to the structure of parameters; in fact they look even simpler. While this project
is yet to be realized, this connection was used in reverse direction in an elegant paper [KO1].

c d c
d
o a—+c a
a e a
¢ ¢ a+c
d -~
a+c
e e e
d

FIGURE 13. Potential bijection for 7 = A(a,a,c,d, e, 0).

In a positive direction, we should mention that in a special case of m = A(a, a,c,d, e, 0), Corollary
implies that there is a mysterious identity for f7 = |SYT(7T)’ :

ISYT(m)| - [SYT((a+¢)™)| = [SYT((a+c)* "¢ /a®)| x

(9.1) y ((a+c)(d+e)

. a+c))| - a+o)h].
(a4 o)e ) ISYT((a+0)%)| - [SYT((a+¢))]

Since all other terms in the product do have a bijective proof of the corresponding product formulas, a
bijective proof of this identity would imply a (rather involved combined) bijective proof of the product
formula for |SYT(71')|.

Finally, we should note that our Theorem [£.1] should be viewed as a stand-alone coincidence rather
than beginning of the emerging pattern. In some sense, we are really saying that for certain families of
skew shapes the determinantal formula for f*/# can be further simplified to a product formula. Thus
our product formulas have a natural home in Determinantal Calculus [Kra2l [Kra3] and lozenge tilings
literature (see e.g. [Laill [Lai2]), rather than the general study of linear extensions of posets.

9.3. Kim—Oh’s theorem. We learned about [KOI] only after this paper was finished. They prove
Corollary via a product formula for Young books: pairs of SYT of shifted shape AY(a,c,d,0) and
A (b, ¢, e,0) with the same diagonal entries (see §f0r definition of the shape A¥). Their tools cannot
be used to derive our main product formula in Theorem This would require a version of Young
books of shapes A¥(a,c,d,m). Note that the g-analogue in Corollary does not follow from [KOT],
but perhaps follows from ¢-Selberg integral generalization of [KO1] given in [KO2].

9.4. DeWitt’s theorem. The case of the shape A(a,b,c,0,0,1) in Corollary might be the most
tractable since its product formula is known to count another natural object as we explain next. DeWitt
showed in her thesis [DeW] that in this case f)‘/“ counts, up to a power of 2, the number of shifted
SYT of a shifted shape. Given nonnegative integers a, b, ¢ let T'(a,b) be the trapezoid

T(a,b) :== (a+b—1,a+b—-3,...,]b—al+1),

and let D(a, b, c) be the straight shifted shape obtained by flipping by the diagonal y = —z the shifted
skew shape dq+pt2:/T(a,b). See Figure [14] for an example of this shape.
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[] []
| l

A(2,3,2,0,0,1) D(2,3,2)

FIGURE 14. Examples of the skew shape A(a,b,¢,0,0,1) and the shifted skew
shape D(a, b, c) that have equinumerous SYT.

Theorem 9.1 (Thm. V.3 [DeW]). For the skew shape \/p = datpy2:/b%, we have:
(9.2) S)\/H = PD(a,b,c) .

By taking the coefficient of z1x3 . .. z,, on the equation above we obtain the following identity between
the number of SYT of skew shape A(a,b,c,0,0,1) and straight shifted shape D(a,b,¢).

Corollary 9.2 (Cor. V.7 [DeW]). For the skew shape A\/p = datbr2c/b%, we have:
f)\/p, _ 2\}/u|—a—b—2c+lgD(a,b,c) )

Combining this identity with the hook-length formula for ¢ (see e.g. [Sag2, Ex. 3.21]), we obtain
a product formula for f2(®%¢9%91) coinciding with that Corollary Similarly, by doing a stable
principal specialization in and using the Kawanaka product formula [Kaw] for this specialization
of Schur P-functions of straight shifted shapes, we obtain a formula in Corollary This identity was
obtained earlier and more generally by Krattenthaler and Schlosser, see Eq. (1.2) with n = a + b + 2c,
m =band r = a in [KS|.

Note that DeWitt and Ardila-Serrano [AS] showed independently that the skew shape s5, /,, has a
positive expansion in the Schur P-functions. From this expansion one obtain Theorem [9.1

It is natural to ask for a bijective proof of Corollary [0.2} Such a bijection combined with the hook-
walk algorithm for shifted shapes [Sagl] or the bijective proof of the hook-length formula for ¢g* [Fis],
gives an algorithm to generate SYT of skew shape A(a,b,c,0,0,1) uniformly at random. We obtain
the desired bijection in the followup work [MPSW].

9.5. Shifted shapes. One of the main results of this paper is to give families of skew shapes whose
number of SYT is given by a product formula. A natural direction is to study the same question for
shifted skew shapes.

Naruse [Nar| also announced two formulas (of type B and type D) for the number of standard
tableaux of shifted skew shape (see [MPP2] §8]) in terms of analogues of excited diagrams. The type B
ezcited diagrams are obtained from the diagram of p by applying the following type B ezcited mowves:

H=-HE . =

We denote the set of type B excited diagrams of shifted skew shape A/ by £2(M\/u). Following the
arguments in Section and [MPP1], §3], the type B excited diagrams of A\/u are equivalent to certain
flagged tableaux of shifted shape u and to certain non-intersecting paths (cf. [Stel).

Question 9.3. Is there a determinantal or Pfaffian formula for |2 (X\/u)| counting the corresponding
flagged tableauz of shifted shape p?

Given a shifted shape A, the type B hook of a cell (4,7) in the diagonal is the cells in row ¢ of A. The
hook of a cell (i,7) for i < j is the cells in row 4 right of (4, 7), the cells in column j below (i, j), and if
(4, 7) is one these cells below then the hook also includes the cells in the jth row of A, thus counting
(4, 7) twice overall. See Figure The NHLF then extends verbatim for the number ¢*/* of standard
tableaux of shifted skew shape A/p.

Theorem 9.4 (Naruse [Nar]). Let A\, u be partitions with distinct parts, such that u C A. We have
1
(9-3) g =wut > 1 gy
Se€B (AN /p) (5,7)ENN\S ’

Next we describe the shifted analogue of the thick reverse hook (Example .
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c d c_a _d
6[3[1]
l (31471} “ m’ ‘m

FIGURE 15. Left: example of the type B hook of a cell (i,7) of A of length 9
(cell (3,3) is counted twice), and the type B hook-lengths of the cells of the
shifted shape (5,3,1). Right: The shifted skew shape AV (a,c,d,m) and the
shape whose hooks appear in the product formula in Conjecture

Example 9.5 (shifted reverse hook). For the shape Rg,c := da+c+1/0a+1, the type B excited diagrams
correspond to symmetric plane partitions with < a + 1 rows and largest part < c¢. By the Andrews—
Gordon formula for symmetric plane partitions (see [Stall), we have:

S it i+k—1 ®(2a+c)P(a) I(2a)I(c
el = T I = saentd  Joa-
1<i<j<a k=1 J

It is natural to study shifted analogues of our product formulas for skew shapes. For nonnegative
integers a < ¢,d and m, let \/u = A" (a,c,d, m) be the following shifted skew partition
A= (c+dc+d—1,....c+d—a+1) + v,

where v = (d+ (a+c—1)m,d+ (a+c—2)m,...,d) and p = Ss11. See Figure [I5
Computations using the Pfaffian formula for g*/* (see [Ival, Thm. 7.5]), suggest the following product
formula for these shifted skew shapes.

Conjecture 9.6. In the notation above, for # = AY(a,c,d,m), we have:
x_nl P2a+c)®(a) I(2a)I(c) H 1
hp(u)”

T 20 ®(2a)P(a+c) I(2a+c)

UEMN(Sgtct1/c%et1)

A special case T = AY(a,c,d,0) is the (conjugated) truncated rectangle shape, and was established
by the third author using a different technique [Pan] and later in [KOIl Cor. 4.6] by yet again different
methods. In particular, for 7 = A¥(a, c,0,0), we obtain the product formula shifted reverse hook in the
example above. This both lends support to the conjecture and explains its appearance, which seemed
out of place until now, see [AdR].

9.6. Racah and ¢-Racah formulas. In the Appendix of [BGR], the authors generalize the MacMahon
box formula to five variables, which they formulate in terms of lozenge tilings of H(a, b, c) with
weights F(p, g, u1, uz,us) given by products of certain elliptic functions (see Theorem 10.5 in [BGR]).
Upon seeing our main technical tool, Theorem Eric Rains noticecﬂ that there is a common special
case of both formulas giving the g-Racah formula. In the notation of [BGRI, let w1 = u, uz = ug =0,
p — 0 to get the following result:

Corollary 9.7 (Appendix to [BGR]). We have:
Gk—2i

(0.4) > I e, = I

II C [axbxc] (i,5,k) €T (i,7,k) € [axbxc]

(1 _ qi+j+k—1)( _ qj+k—i—1u)

1
(=g =)A= g™

where the summation is over all plane partitions I1 which fit a box [a X b X ¢].

In the notation of Theorem this identity follows by considering the hexagon H(b, ¢, a) (a is the
height this time), so u = b°, then setting z; = ¢~ "%, y; = ug’ *" ', and noting that the RHS factors.
We omit the details.

For u = 0, equation gives the MacMahon g-formula , where the sum is over plane partitions,
while the Racah formula follows by letting ¢, u = ¢" — 1
> 11 j+k—2i—1+h (i+j+k-1D@G+k—-i—-14h)

j4+k—2i+1+h (i+j+k=2)G+k—i+h)

(9.5)

II C [axbxc] (i,,k) €11 (ir4:k) € [axbxc]

6Personal communication.
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When a = 1, this gives (3.7)). Finally, when h — oo, this identity gives the MacMahon box formula (2.1)).

9.7. Excited diagrams and Grothendieck polynomials. In addition to Theorem [5.1] Knutson—
Miller—Yong [KMY] Thm. 5.8] also gave a formula for the Grothendieck polynomials of vexillary per-
mutations in terms of a larger class of diagrams called generalized excited diagrams. For the shape \/pu
these diagrams are defined as follows: for each active cell (¢, j) we do two types of generalized excited
moves: (i) the usual move replacing (,5) by (¢ + 1,5 + 1), or (ii) the usual moves which keeps (i, )

a‘nd EdeS (1/ 17.] 1) .
Bﬂ % O Bﬂ %
T

These diagrams were also studied by Kreiman [Kre] and they are in correspondence with set valued
flagged tableaux. In [MPP5], we use these diagrams to give a generalization of Naruse’s formula (NHLF)
and the analysis in Section [§] for Grothendieck polynomials.

9.8. Limit shapes. Since excited diagrams are in bijection with lozenge tilings (see Theorem ,
one can translate known limit shapes results for the tilings into the language of excited diagrams. For
example, the middle picture in Figure is a random excited diagram of shape 3003%° / 150*°°. These
are obtained by running a Metropolis algorithm for 10'® steps. The visible limit shape is in fact a
stretched circle.

FIGURE 16. A random excited diagram of shape 3003°°/1501°0 (left), in the
uniform (middle), and the hook-weighted distribution (right).

Similarly, since SYT(A\/u) are enumerated by the weighted excited diagrams (by a product of hooks
of the squares in the diagram), one can ask about limit shapes of hook weighted lozenge tilings. An
example of a clearly visible limit shape is shown in the right picture in Figure[I6] Both examples are
a larger version of the lozenge tilings in Figure [

Note that sometimes it is easier to analyze the limit shape for the lozenge tilings than for the other
skew shapes like staircases. For examples, in Figure [17] we show two lozenge tilings of a the hexagon
H(50, 50, 50) slanted by a diagonal, one corresponding to the uniform excited diagram of the staircase
T = 0150/050, and another with the hook weights. These random tilings are obtained by running a
Metropolis algorithm for 3 - 10° steps. While the limit shapes have roughly similar outlines, in the
uniform case the limit shape curves are visibly tangent to the vertical sides of the hexagon, and in the
hook weighted case form an acute angle.

The observed behavior in the uniform case here is in line with the cases of lozenge tilings of polygonal
regions; for such regions the frozen boundary is an inscribed algebraic curve as shown in e.g. [KO| [KOS].
However, the hexagon with slanted diagonal is not a region which has been treated with any of the
classical methods even in the uniform case. It would be interesting to obtain the exact form of the
limit shape in the hook weighted case in connection with our detailed study of f™ in [MPP3] [MPP4];
see [Rom]| for some related results.
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FIGURE 17. Uniform and weighted lozenge tilings of the hexagon H(50, 50, 50)
slanted by a diagonal.
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