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Hamiltonicity of token graphs of fan graphs
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Abstract

In this note we show that the token graphs of fan graphs are Hamiltonian.
This result provides another proof of the Hamiltonicity of Johnson graphs and
also extends previous results obtained by Mirajkar and Priyanka Y. B.
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1 Introduction.

Let G be a simple graph of order n and let k£ be an integer such that 1 <k <n — 1.
The k-token graph, or symmetric kth power, of G is the graph G*} whose vertices
are the k-subsets of V(G) and two vertices are adjacent in G¥} if their symmetric
difference is an edge of G. A classical example is the Johnson graph J(n, k), that is
isomorphic to the k-token graph of the complete graph K.

The definition of k-token graphs (without a name) appeared in a work of Rudolph
[17], in connection with problems in quantum mechanics and with the graph isomor-
phism problem. Rudolph presented examples of cospectral graphs G and H such
that their corresponding 2-token graphs are not cospectral. Audenaert et al. [5],
proved that the 2-token graphs of strongly regular graphs with the same parameters
are cospectral, and suggested that for a given positive integer k there exists infinitely
many pairs of non-isomorphic graphs with cospectral k-token graphs. This conjecture
was proved by Barghi and Ponomarenko [7] and, independently, by Alzaga et al. [3].
Later, Fabila-Monroy et al. [10] reintroduced the k-token graphs as part of several
models of swapping in the literature [12, [19], and studied some properties of these
graphs: connectivity, diameter, cliques, chromatic number, Hamiltonian paths and
Cartesian product of token graphs. This line of research was continued by Carballosa
et al., [§] who studied regularity and planarity, de Alba et al., [2], who studied inde-
pendence and matching numbers, and Mirajkar et al., [15], who studied some covering
properties of token graphs. Finally, de Alba et. al., [1] classified the triangular graphs,
that are the 2-token graphs of complete graphs, that are Cohen-Macaulay.
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The k-token graph of a complete graph K, is isomorphic to the Johnson graph
J(n, k). This class of graphs is widely studied and has connections with coding theory
[13, 9L 1T} 14 16] (another connection of token graphs with coding theory was showed
in [I8]). A Hamiltonian cycle of G is a cycle that contains all the vertices of G.
A graph is Hamiltonian if it contains a Hamiltonian cycle. It is well known that
J(n, k) is Hamiltonian [6, 20], in fact, it is Hamiltonian connected [4]. As was noted
in [10], the existence of a Hamiltonian cycle in G does not imply that G*) contains a
Hamiltonian cycle. For example, if k is even then K,(f)m is not Hamiltonian. We are
interested in graphs G such that its token graphs are Hamiltonian. The fan graph F),
is the join of graphs K; and P,_;. In this note we show that the token graphs of fan
graphs is Hamiltonian. Our result provides another proof that J(n, k) is Hamiltonian,
and also extends some of the results obtained by Mirajkar and Priyanca Y. B. [15]
about the Hamiltonicity of the token graphs of wheel graphs.

2 Main result

First we present some definitions and notations. For vertices u, v in graph G we write
u ~ v to mean that u and v are adjacent vertices in G. We write G ~ G' if G and G’
are isomorphic graphs. If H is a subgraph of G then we say that G is a supergraph
of H. A spanning subgraph of G is a subgraph H such that V(H) = V(G). The
following proposition is obvious.

Proposition 2.1. If H is a spanning subgraph of G and H is Hamiltonian then G
1s Hamiltonian.

One of the main properties of token graphs is that G and G are isomorphic.
Moreover, G*) ~ G~k for any k € {1,...,n—1}. Another known property of token
graphs is the following.

Proposition 2.2. If H is a subgraph of G then H® is a subgraph of G . Even
more, if H is a spanning subgraph of G then H®) is a spanning subgraph of G*.

For a fan graph F, we assume that the vertices of P, ; are {1,...,n} and the
vertex in K is labeled as n. For vertice A = {ay, ..., ax} of E®) we use the convention
that a1 < -+ < ag.

The main result of this note is the following.

Theorem 2.3. Let n and k be positive integers withn > 3 and 1 < k <n—1. Then
F,;{k} 1s Hamiltonian.

Proof. For k=1, Y~ F,, that is Hamiltonian so in the rest of the proof we assume
that £ > 2. We will show that F™ has a Hamiltonian cycle such that the vertices
{n—kn—k+1,....n—2n}and {n—kn—k+1,...,n—2n— 1} are adjacent
in the cycle. As FP ~ 0 and Y ~ F,, for n € {3,4,5} it is enough to prove
the case k = 2. The sequence of vertices {1,3}{1,2}{2,3}{1,3} is a Hamiltonian



cycle in F\”. The sequence of vertices {1,3}{1,4}{1,2}{2,4}{2,3}{3,4}{1,3} is a
Hamiltonian cycle in F, 4(2), and the sequence of vertices

{141, 50{1,31{1,2}{2, 5}{2,4}{2,3}{3,5}{3, 4}{4, 5 }{1, 4},

is a Hamiltonian cycle in F5(2).

The proof for n > 6 is by double induction. First we show the case k = 2 and
n > 6. The sequence of vertices

(1,0 — 11, n}1,n—2}{1,n —3}...{1,3}{1,2}
(2,nH2,n — 112, n — 2}{2,n — 3} ... {2,4}{2,3}

{n-=3,n}H{n—-3,n—1}{n—-3,n—2}
{n—-2,n}{n—-2,n—-1}

{n—1,n}

{1,n -1},

is a Hamiltonian cycle in F\>, where vertices {n—2,n—1} and {n—2,n} are adjacent
in the cycle. We assume as induction hypothesis that Fﬁ/)
whenever £ < k and n’ > K/, or Fﬁ)
n' > k.

Claim 2.4. Let S; be the subgraph of F® induced by the vertex set

satisfies the conditions
satisfies the conditions whenever n’ < n and

Vi={{a,... Lapy € V(FW)Y: a; =1},

with 1 <i<n-—k. Then S; and F,(L]:-l) are 1somorphic.

Proof. Suppose that V(F,_;) ={i+1,...,n} with V(P,_;_1) = {i+1,...,n—1} and
n the vertex of K. Then the function A — A\ {i} is a graph isomorphism between
S; and F:Sl). O

We identify S; with F usmg the isomorphism given in the proof of the claim.
By induction there exists a Hamﬂtoman cycle C; in S;, where vertices X; := {i,n —
k+1,....n—2n—1}and Y; := {i,n—k +1,...,n — 2,n} are adjacent in Cj,
for 1 <17 < n—k. Let P, be the Hamiltonian subpath of C; from X; to Y;, for
1 <i<n-—k LetY, yi1 denote the vertex {n —k+1,n—k+2,...,n—1,n}.
Therefore V,, 11 = {Yo_rs1}-



The vertices of S,_j are

Vn_k:{{n—k‘,n—k:+1,n—k+2,...,n—3,n—2,n—1},

{n—kn—k+1ln—k+2,....,n—3,n—2n},
{n—kn—k+1ln—k+2,...,n—3n—1n},

{n—kn—k+1ln—k+3,...,n—2,n—1n},
{n—l{:,n—l{:+2,n—k+3,...,n—2,n—l,n}}.

Let D; ={n—kn—k+1,....,n—1,n}\{i}, withn —k+1 <i<mn. Then
Vn—k = {Dnan—lv cee Dn—k+1}7 Xn—k = Dn and Yn—k = Dn—l- Let

Q = Dn—2Dn—3 ce Dn—k+2Dn—k+17

that, in fact, is a path in S,,_; because D;AD; 1 = {i—1,i}, forn—k+2 <i<n-—2.
Now,

Xn_kADn_g = {n—2,n}

Yn_kADn_g = {n — 2, n — 1}
Yn—k-i-lADn—k-i-l = {TL — k‘, n—=k + 1}
and hence
Xn—k ~ Dn—27
Yn—k ~ Dn—2a

Dy g1 ~ Yo g1,

in Fj(A,). Notice that X;AX; 1 = {i,i + 1}, V;AY; .y = {i,i+ 1}, for 1 <i <
n—Fk—1,and X;AY, 1 = {1,n}. Therefore we can define a Hamiltonian cycle C
in Fj.(A,) as
X1 w1 m Xooo Xookot) Povs Yoo k1) Y0 Xty D2 @ Drnii1 Yinori) X1,
if n — k is even, and
Xi m Yo m Xowo Yooget) rovr Xineb-1)X(n—k) Y-ty D @ Dyp—pi1 Yoo X1,
if n — k is odd. Furthermore
{n—kn—-k+1,.,n—2n—-1}=X, p~Y,p={n—-kn—-k+1,...,n—2,n},

in C, as desired.
U

Corollary 2.5. The matching number of EF s L(7)/2].
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The wheel graph W, is the joint graph of K; and C),_;.

Corollary 2.6. If G is a supergraph of F, such that V(G) = V(H) then G®) is
Hamiltonian. In particular the Johnson graphs and the k-token graphs of wheel graphs
are Hamiltonian.

Proof. As F, is a spanning subgraph of G then H®) is a spanning subgraph of G*) by
Proposition The k-token graph of F,, is Hamiltonian by Theorem [2.3] and hence
G™ is Hamiltonian by Proposition 2.1l In particular F), is an spanning subgraph of
W,, and K,,. O
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