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THE TU-DENG CONJECTURE HOLDS ALMOST SURELY

LUKAS SPIEGELHOFER AND MICHAEL WALLNER

ABSTRACT. The Tu-Deng Conjecture is concerned with the sum of digits w(n) of n in base 2
(the Hamming weight of the binary expansion of n) and states the following: assume that k
is a positive integer and 1 <t < 28 — 1. Then

H(a,b) € {0,...,2k—2}2 ca+b=tmod2¥ — 1,w(a) + w(b) <k}‘ < 2kl

We prove that the Tu-Deng Conjecture holds almost surely in the following sense: the
proportion of ¢ € [1,2% — 2] such that the above inequality holds approaches 1 as k — oco.

Moreover, we prove that the Tu-Deng Conjecture implies a conjecture due to T. W. Cusick
concerning the sum of digits of n and n + ¢.

1. INTRODUCTION AND RESULTS

Z. Tu and Y. Deng’s Conjecture [17] is concerned with the Hamming weight w(n) of a
nonnegative integer n (the sum of digits in base two) and addition modulo 2¥ —1. This conjecture
is as follows.

Conjecture TD. Assume that k is a positive integer and t € {1, 2k 2}. Define
Sik = {(a,b) e {o,...,2" —2}2 ca+b=tmod 2" — 1, w(a) +w(b) < k}

Then Pt,k = |St,k|/2k S 1/2

The conjecture arose in the construction of Boolean functions with optimal algebraic immu-
nity (see Tu and Deng [17,18]). Indeed, if the conjecture is true, the functions defined by Tu
and Deng have this property.

Such functions are used in the construction of stream ciphers, which are widely used encryp-
tion methods due to their high speed and low hardware requirements [4]. However, they are
prone to serious attacks [2,5,6]. In order to prevent them from these known attacks algebraic
immunity was introduced [12].

So far it could only be solved for some special cases [7,8,11,13]. Moreover, it was checked for
all k <29 by Tu and Deng [17] and for k € {39,40} by Flori [10].

Let us give a probabilistic (and combinatorial) interpretation of the conjecture. Let Sy :=

tzi;2 St k. Let us consider an arbitrary pair (a,b) of Si. On the one hand, the number 1s in
the binary expansion of a (and b) is at most k£ — 1 . On the other hand, the constraint on the
Hamming weights implies that the total number of 1s in both integers is less than k. Finally,
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note that all such pairs except (0,0) are part of Si. Therefore, considering how we may (or
actually may not) distribute 1s on the 2k places we get

2k
2k 1 2k
=%k _ —1==(2%_— -1
=250 (%) 1= (- (7))

The sequence including (0, 0), i.e., the sequence for |Si| + 1 is A000346 in Sloane’s OEIS!.
It is then easy to compute the asymptotic expansion of this sequence as

2% 1 1
s =% (-0 (7))

As there are 2F — 2 possible choices for ¢ we see by the pigeonhole principle that at least one of
the sets S 1 has to be asymptotically of size 2% /2. Therefore, the Tu-Deng Conjecture describes
a uniform distribution among the possible sets Sy j.

While working on the Tu-Deng Conjecture, T. W. Cusick (private communication, 2011,
2015) formulated a related conjecture on the Hamming weight:

Conjecture C. Assume that t is a nonnegative integer. Then
¢t = dens{n € N:w(n+1t) > w(n)} >

where dens A denotes the asymptotic density of a set A CN (which exists in this case).

We note that the density exists, which follows, for example, from the “Lemma of Bésineau” |3,
Lemme 1], see also [9, Lemma 2.1]. In fact, we have

(1.1) ctzzik\{ndk Cw(n + 1) > w(n)}|

for k > o+ p, where a = w(t) + 1 and 2# < ¢t < 2#F1 [9, Section 2]. In [9], we also studied a
statement complementary to Cusick’s Conjecture:

Conjecture CC. Assume that t is a nonnegative integer. Then

1
¢ = dens{n e N:w(n+1t) > w(n)} < 3
Analogously to the case ¢;, we have
- 1 _
(1.2) Ct:%—_l‘{n<2k "rw(n +t) > w(n)}.

for k large enough. Taken together, Conjectures C and CC locate quite precisely the median of
the random variable X; on Z defined by

j>—>dens{n w(n +1t) — —j}

Numerical experiments reveal that ¢ < 1/2 < ¢; for all ¢ < 230, In fact, in [9] Drmota, Kauers
and the first author proved that Conjectures C and CC are satisfied for almost all ¢ in the sense
of asymptotic density. In the present paper, we want to show that an analogous result holds for
Conjecture TD.

1http://oeis.org
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Theorem 1.1. Define P, as before,
1
P = 2—kH(a,b) € {O,...,2k—2}2:a—|—bEtmod2k—1,w(a)+w(b) < k}’

As k — oo, we have

2k
{te{l,...,2"—2}: P >1/2} :O(?)
In particular,
. 1 k
kli)rgoz—k]{t e{l,....2"-2}: P <1/2}| =1
Moreover, we will prove that Conjectures C and CC are in fact implied by Conjecture TD.

Proposition 1.2. Conjecture TD implies Conjectures C and CC.

The idea of the proof of Theorem 1.1 is to show a concentration result using Chebyshev’s
inequality. More precisely, we consider the moments

1 1 ,
2_]€ Z |St7k| and 2_]€ Z |St7k|
0<t<2F 0<t<2F

and derive asymptotic expansions for them. These expansions are then used to prove that the
values P, j, concentrate well below 1/2, as k — co. This idea of proof is analogous to the method
used in [9]. In fact, the trivariate rational generating function we are going to encounter is very
similar to the one in that paper.

The remaining part of this paper is dedicated to the proofs of Theorem 1.1 and Proposi-
tion 1.2.

2. PROOF OF PROPOSITION 1.2

Proof of Proposition 1.2. We first rewrite the Tu-Deng Conjecture. Let us split the set Sy
according to whether a + b < 2% — 1: set

Sip ={ac{0,....1} 1 w(a) + w(t — a) < k},
St ={ae{t+1,...,2" 2} rw(0) +w(2 —1+1-a) <k}.
These two sets form a partition of S ;. We define the quantity
By =|{a€{0,....t} rw(a+2* —1—1t) —w(a) = j|,
where k > 1, 0 <t < 2¥ and j are integers. By the identity w(2¥ — 1 —t) = k — w(t) we have
SO ={ae{0,....t} - w(a) <w(a+2"—1-1¢)}
and
S ={ae {t+1,...,2 =2} s wla) <wla 1)
—{ae{0,....2"—2—(t+D}:w(@ —1-(a+1) <w(2—1-(a+t+1))}
={aec{l,....2" =2 —t} 1 w(a) >wla+1)}.
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Since w(0) # w(0 +t) and w(2F —1 —t) # w(2" — 1), we obtain
1Seel = 1562 + 1502
={ae{0,....t} rw(a+2"—1—-1) > w(a)}

Y +{ae{0,....2" =1t} s w(a) > wla +1)}
= Z(Bt,k,j + 62k717t7k77j>'
i>1

Both Conjecture C and Conjecture CC are trivial if ¢ = 0. Let ¢ > 1 be given and assume
that &' > 1 is such that t < 2% — 1; we choose k > 2k’. With this choice we have w(a) <
w(a+2k—1—t) as long as 0 < a < t. This is the case since 2’“—2’“/4—1 <ag+2F—1-t< 2’“—17
therefore the tail of 1s at the left of the binary expansion of 2F — 1 — ¢, having length at least
k', is not touched by the addition of a. Therefore }St(}k) } =t + 1 for large k. Assuming that
Conjecture TD holds, we obtain

>t 414+ {ae{l,....,2" =2 -t} 1 w(a) > wa+1)}]
=t+1+’{a€{0,...,2k—1—t} w(a) > w(a+1t)}|
> |{a€ {0,...,2F —1} 1 w(a) > w(a+1t)}]
This last expression equals 2%(1 — ¢;) if k is chosen large enough (see (1.1)), which implies

¢t > 1/2. To derive Conjecture CC, we use the Tu-Deng Conjecture with 2 — 1 — . Noting
that >y Bk, =t + 1, we obtain

267 > S gkl = Z(ﬂ%—l—t,k,j + Btj—j)
Jj=1
=Hae{0,....,2" =1 -t} rw(a+t) —w(a) > 0} + O(t)
=Hae{0,....,2" =1} rw(a+1t) —w(a) > 0} + O(1).
Letting k — oo and using (1.2) we obtain ¢, < 1/2. O

Remark. The quantities B; 1, ; are linked to divisibility by powers of two in Pascal’s triangle: We

define (see e.g. [15])
9(j,n) = Hk €{0,...,n}: uz(;;‘) :jH.

(Here vo(m) denotes the largest j such that 27 divides m.) Then for k > 1, 0 < t < 2% and
7 > 0 we have the identity

Bk k—w(t)—j = V4, 1).

Proof. By the identity v2(n!) = n—w(n) we have v3(}) = w(k)+w(n—k) —w(n) for 0 < k < n.
By the substitution a +— ¢t —a and the formula w(2k -1- m) =k —w(m), valid for m < 2*, we
obtain

Bikk—wty—; = |{a€{0,...,t}: w(2F —1—t+a) —w(a) =k—w(t) -}
=[{ac{0,... .t} :w(2* —1—t+(t—0a)) —w(t—a) =k—w(t) —j}|
= Hae {0,...,t} :w(a) + w(t —a) — w(t) :j}‘
:ﬂ(jat)' O



3. PROOF OF THEOREM 1.1

Let us define the values
Vg = Btk + Bk~

Pigy = Z%,k,i-
i>7
By equation (2.1) the Tu-Deng Conjecture states that Py = Ty x.1/2F < 1/2.

Our strategy is to show that the standard deviation of the random variable ¢ — I'yj 1 is
much smaller than the distance to 2¥~!, such that the values P, . concentrate below 1/2 by
Chebyshev’s inequality. We are therefore interested in the mean value and the variance of
t + Iy 1 on the intervals [0, 2F). First, we want to find a recurrence for the values

Bk = ‘{a e {0,...,t}: w(a—i—t}’c) —w(a) :j|,
where k > 1,0<t < 2% j€Zand #; = 2% — 1 — . For convenience, we set 3_1 j; = 0.

and

Proposition 3.1. Let k > 0 and j be integers. Then

Bo,k,j = Ok,js
Bog ki = 2"85.0,
Bot k41,7 = Btk,j—1 + Br—1,kj+1 for 0 <t <2k
Bot+1,k+1,5 = 2Btk for 0 <t < 2F,
By, k1,5 = 288 k. for 0 <t < 2F,
Bty k1,5 = B k-1 + Bt 1) ki1 for 0 <t <2k

Furthermore, we have B ; = 0 for |j] > k.

Proof of Proposition 3.1. The last claim 8, ,; = 0 for |j| > k follows by induction. The first
two statements are clear, and so is the case ¢ = 0. We note the almost trivial identities (2t)7,; =
263 + 1, (2t + 1), = 283 and (¢ + 1)} = ¢} — 1, which hold for all ¢ and k. We calculate for
1<t<2m
Bot ky1,; = |{a € {0,...,2t}: w(a + (2t)2+1) —w(a) = j|
=[{a€{0,....t} :w(2a+ 2t + 1) — w(2a) = j|
+ {a€{0,...,t =1} :w(2a+ 26} +2) — w(2a + 1) = j|
=Berj-1+ [{a€{0,...;t =1} rw(a+ (t—1)3) —w(a) =j+1
= Bi k-1 + Br—1,kj+1-
The statement also holds for t = 0, using 8_1,,; = 0. Moreover, for 0 <t < 2k we have
B2t41,k+1,j = |{a <2t+1: w(a + (2t + 1)%“) —w(a) = j‘
=[{a <t:w(2a+28) — w(2a) = j|
+{a<t:w(2a+26 +1) —w(2a+1) = j|
= 2Bt k,j
and
ﬁ(Qt)«;c+l)k+1)j = |{a <2t +1:wla+2t) —w(a) = j}|
=[{a <t :w(2a+2t) — w(2a) = j}|
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+|{a§t?€:w(2a—|—2t—|—1)—w(2a—|—1):j}‘

=284 k5
Finally, for 0 <t < 2¥ — 1 we have
Bat+1y k+1,5 = Ha <2 :wla+2t+1) =j}

=[{a<t; :w(2a—|—2t+1)—w(2a =j}

+H{a <t —1:wa+2t+2) —w(2a+1)=j}

=Be i1+ {a<E+1)3 wla+t+1)—wla) = j+ 1}
= B8 kj—1 T B+1) k41

and the last statement also holds for ¢t = 28 — 1. O

We want to compute the first moments of the values 3; 1 ;. Define

2k1

Mk = oF Z Btk

Clearly, we have
mo,;j = 0o,;-

Using the above recurrence, we obtain for k > 1

2k 1 1 Qk 1 1
My, = 2k E Bat k., + E Bot41,k,;
1 2k 171 2k 1 1
= oF E (ﬂt,kfl,jfl + ﬂtfl,kfl,thl E Bt k1,5
t=0
1 2k 1_1 2k 1_2
= o E Bt k—1,j— 1+ E Bt k—1,41 +Mi_1,
1 1 1
= §mk—1,j—1 +mg—1,5 + gmk—l,j-i-l - 2_kﬁ2k*1—1,k—l,j+1
+ + Ls
= sMkg—1,4j—-1 T Mk—-1,5 sMk—1,j41 — 504,—1
2 J J 2 Jj+ 2%

We define the bivariate generating function F":

x,y) = kayk,g:zkye.

k>0
>0

Since By, = 0 for j > k and 0 < t < 2* (which can be proved by induction) this function
captures all interesting values. Moreover, we have 3 ; =0 for j < -k + 1.
Using the recurrence for my ;, we obtain

y) = Z mo,fzyg + Z mk,kle’kyé

>0 k>1
50
1 1
—1+E zk mk Lk—1—f + Mk—1 k= e+2mk 1k+1— e——5k 61
E>1

>0



1
=1+ gF(I, y) + Zfﬁkmkfl,k +ayF(z,y) + 5 Z eyt i1

E>1 E>1
0<e<1
g F(z,y) ——Zxk k+1
k>1
L+ 214y Play) - L
= —_ I _——_—
51ty V) 30—y
therefore
2 — 2zy — a1
F(z,y) = z
2(1 —2y)(1 = §(1+y)?)
Moreover, we define
2’“ 1
My,j = ok Z Bty e, —j = Mk, —j
and
= g p-eztyh.
k>0
£>0
As above, we calculate for k > 1:
2k 1_1 2k: l_l
TAfL]C)] Z ﬁ 2t)3, ,k,—j + Z B(2t+1)’ k,—j
2’c -1 1 1 2k—1_2
Z B k—1,—j + 2—,65(%71)1,1@,7;' + ok Z Bt k—1,—j—1
t=0
2k— 172

1 ~ 1.
+oF Z Bit+1);_,k—1,—j+1 = Mk—1,5 + 3 Mh—1,j—

t=0
1 1 1
- 2_kﬁ(2’“*1—1)3c71,k—1,—j—1 - 2750171,1671,73'4& + ﬁiskﬁj
1. - 1. 1
= 5Mk-1,j-1 + mg—1,; + 3Mk—1j+1 = 553',1
Therefore
~ 1. 1
F(x,y) = Zmo ey +ZI (mk Lk—t—1 + M1 - £+2mk 1,k— l+1_§5k 01
£>0 £>0
k=0 E>1
x ~
= 1+§F(x,y)+2;v Mk k41 +zyF(z,y) Z ey g e
k>0 k>0
0<r<1
y F (z,y) qul V4
e>o
x ~ x
=1+ 214y F(2,y) — ————
therefore

2—-2zy—=x

P = s a3+

1+ 5??%4,;41

)
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The first moments of the random variable ¢t — S, 1 j, where ¢t € {1,...,2% — 1} are contained
in certain diagonals of the bivariate rational function F'(z,y), where the moments corresponding
to 7 = 0 are contained in the main diagonal.

We define

2k _1

My, = 2k Zrtkk ¢

and are interested in My, ;1.

We have
2k_q
My, = 2k Z Z Bt ki + By k—i) = Z (ki + ks )
i>k—t t=0 i>k—t
¢ ¢ N
= Z(mk k—j + my k*]) = Z[Ikyj] (F(.I,y) + F(Iay))
k=0 Jj=0
= [#""]G(z,y),
where

4 —dzy — x — xy?
21 —y) (1 —zy)(1 - 51 +y)?)
The first moment of ¢ — I'; 1, 1 is therefore given by My 1 = [a: yk— 1} G(z,y).

G(‘Tvy) =

Proposition 3.2. We have for k > 1

2k
My 1=21(1-=
=27 (15 (7))

2k1<1— L, 1 +O< 1))

vk 8Vrkd  128VwkS vVET) )
Proof. The idea of the proof is to extract the (shifted) diagonal G(z,y). First note that
[#Fy*1G(z, y) = [#Fy*]yG(x,y). The diagonal is given by A(yG)(z) := > k>1 M- 12%. The
computation is then a routine exercise in enumerative combinatorics (see e.g. [16, Chapter 6.3])
and can be automatized to a great extend using computer algebra We do not present this stan-
dard argument here. More details can be found in the accompanying Maple Worksheet [1]

implementing the manipulations on the power series using the gfun package [14].
We get

26616 = 3 (725 - =52

from which we extract coefficients noting », - (>"z" = (1 — 42)"Y/2. The asymptotics is
directly computed (to any needed order) from the known asymptotics of the central binomial
coefficient. O

We proceed to the second moments of the values I'y  j. Define

(2)
Mg m = Z | W) -

0<t<2F

The second moment of ¢t — I'y ;1 = P; ) is obviously given by M,§2,271 x—1, Which we want to

realize as a diagonal of a trivariate rational generating function.



Proposition 3.3. We have
M), = [a*y'=" Fz,y, 2),

where
1 1
F(z,y,z)= Ty:(z‘l + A+ A"+ A (2,9, 2),
Z7 2,2 227 2xz
1 - 1—y4myz (1 + 1—21y(7]{+yz) + 1—2mz(1+yz))
A(:Cuyaz) = D(LL' y Z)
Al(z,y,2) = L 1o 4w2)’ — oyl — 22
e 1—2x2(1+ yz) D(x,y,z)
Az, 2) = ! o4 y2) - s — Y2
T 2zy?z 2xyz>
" 1- 1—4zyz (1 + 172zyy(1+yz) + 172xzy(l+yz))
A (l’,y,Z) = D(:E y Z)
and
xYz Tyz

D(w,y,2) =1 — (1 +yz)*

C1—2ay(l+yz) 1—2zz(1+y2)
Proposition 3.4. We have the asymptotic expansion
1 (2 1 1 1 1 17

_M = - - —— o
e N + Ak + 16/7k3/2 + 72mk? +
Corollary 3.5. Let Xj be the discrete random variable defined by Xy(t) = Py = |Six|/2%,

where 1 <t < 2% — 1, and let o) = \/E(Xx — EX})? be the corresponding standard deviation.
Then for k — oo we have

O(k=5/2),

V43 -1
127
The proof of this statement is straightforward and is omitted. Finally, in an analogous manner

as in [9, Section 4.4] the proof of Theorem 1.1 is completed by Chebyshev’s inequality.
The remaining part of this paper is devoted to the proofs of Propositions 3.3 and 3.4.

Ok

3.1. Proof of Proposition 3.3.

Proof of Proposition 3.3. Define

2k 1
aktm = E B, ke, k— Btk k—m -
t=0
and auxiliary values
2k _2
bko.m = E Btk k—eBe+1,k k—m»
t=0
2k _2

Chtm = Z Be+1,k,k— Bt ke k—m.-

t=0
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We calculate, for £ > 1 and £, m > 0:

2k—1_1 2k—1_1
Qg 0,m = Z Bt ke k—eB2t ki k—m + Z Bot+1.k,k— 8241,k k—m
=0 =0
= Z (Bek—1,k—1-2 + Bi—1k—1k+1-2) (Btk—1,k—1—m + Bt—1,k—1,k+1-m)
0<t<2k—1
+4 Z Bt k—1,k—Bt,k—1,k—m
0<t<2h—1
= Z Bt k—1,k—1—28t k—1,k—1—m + Z Bt k—1,k+1—2Bt+1,k—1,k—1—m
0<t<2k-1 0<t<2*—1_1
+ Z Bit1,k—1,k—1—2Btk—1,k+1—m + Z Btk—1,k+1—0Btk—1,k+1-m
0<t<2k—1_1 0<t<2k—1_1
+4 > Brk-1k-eBrh-1k-m
0<t<2k-1

Ak—1,6m + Ok—10—2m + Ch—1,6,m—2 + Qk—1 0-2,m—2 + 40Qk—1 0—1,m—1
— Bok—1_1 k-1, k+1—B2% 11 k=1 kt1—m
= ak—1,0,m + Ok—1,0—2,m + Ch—1,0,m—2 + Qk—1,0—2.m—2 +40x—1,0—1,m—1

— 22D ) Oht1m

Assume now that k& > 1. We have

bkem = Z Btk k—eB26 41,k k—m + Z Bot41,k,k—082042,k,k—m

0<t<2k-1 0<t<2k—1-1
= Z (Brp—1k—1—¢ + Bt—1k—1,5+1—£) 2Bt k—1,k—m
0<t<2k—1

+ Z 2Bt k15— (Bt1.k—1,k—1—m + Bto—1,k+1-m)

0<t<2k—1-1

Noting that 81k x—m = 280,k—1,k—m, We obtain

brom = 2 Z Bt k—1,k—1—£8t,k—1,k—m

0<t<2k-1

+2 E Bt k=1, k+1—£8t41,k—1,k—m + 2 E B k—1,k—Bt+1,k—1,k—1—m
0<t<2k-1-1 0<t<2k—1_-1

+2 E Bt k—1,k—eBt k—1,k+1—m — 282611 k—1,k—eB2k—1_1 k=1 kt1—m
0<t<2k—1

= 2ak-1,0,m—1+ 20k—1,0-2.m—1 + 20— 1,0—1,m + 2ak—1,0—1,m—2 — 22* 7 6p 0Okt 1,m-
By the obvious identities ax ¢,m = ak,m,e and i ¢.m = Ck,m,¢ We have
Chtom = 20k—1.0—1,m + 2Ck—1.0-1.m—2 + 2Ch—1.0m—1 *+ 205—1.0—2.m—1 — 22 1011100k .m.-
We define generating functions
A(xv Y, Z) = Z ak,é,mxk?/'zm
k,4,m>0

k, £
B(xuyaz) = Z bk,é,mx Y 2™
k,4,m>0
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C(Ia Y, Z) = Z Ck,f,mxkylzm

k,6,m>0

Summing over k, £, m, the above recurrence translates to identities for these functions: noting
that ag,¢,m = 0 for £ < 0 or m < 0, and that

L. m L. m
E aoe,my 2" = E B0,0,—¢80,0,—my 2" =1,

£,m>0 £,m>0
we obtain
Alz,y,2) = L+ 2(1+ dyz + y°2°) Az, y, 2) + 2y B(2,y, 2) + 22°C(2,y, 2)
Z4k ko k1 k1
k>1
=1+ z(1 +4yz +y*2) A2, y, 2) + 2y° B(z, 9y, 2) + 22°C(x, y, 2)
Yz dxyz
41— dryz’
Moreover, we have ZE,mZO b07g7my z™ = 0, therefore
B(z,y,z) =2xz(1 + y2)A(z, y, 2) + 22y(1 + yz)B(z, y, 2 Z 4Ry Rl
k>1
4
=2xz(14+y2)A(x,y, z) + 22y(1 + yz)B(x,y, z) — g%
Finally, we have
Cla,y,2) = 20y(1 +y2) Ay, ) + 2m2(1 4 y2)Cla, 9, 2) — 5 3 abakyoF
k>1
4
=2xy(l+yz)A(z,y,2) + 222(1 + y2)C(x,y, z) — %%ﬁfyz
We have
2$Z(1 + yZ)A(.’IJ, Y, Z) - % 1EZZZZ
B(z,y,2) = .
1—2zy(l+yz)
and A
2ey(1 + y2)A(x,y, 2) — L =4
Clo ) = VDD~ Frier

1—2x2(14 y2)

Inserting these identities into the equation for A(z,y, z), we obtain

20z(1+yz) o2 2xy(1 + y2) )

A(z,y,2) (1 —a(l +4yz +y°2%) — ay’

1 —2xy(1+y2) 1—2z2(1+yz)
z Adxyz y _4dzyz
yZ 4Iyz 2 21—4xyz 2 2 1—4xyz

B 41— 4zyz T 2xy(1 + yz) o 2xz(1 + yz)

After some rewriting we obtain

2 2
_ Y’z 2zy 2xz
1 1—4dxyz (1 + 1—2zy(1+yz) + 1— 2wz(1+yz))

1—- I(l + yz)Q - 1—211;5—1-112) - 1—212154-112)

Alz,y, z) =

Note that the denominator is the same as in [9].
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Define
!
Gopm = O BB k—krm
0<t<2k
/
e tm = E Bt ke k—eB(e41)2 ke, —ktm
0<t<2k—1

/
Chlym = E Bt—1,k k—eB(t+1)2 k,—ktm
0<t<2k—1

We have for k£ > 1

/
A bom = E Bat,k,k—e B2ty ky—k+m + E B2t+1,kk—£B(2t41)3 b, —kt+m

0<t<2k-1 0<t<2k—1
= E (Brk—1k—t-1+ Br1h—1h—011)2B5_ k-1 —ktm
0<t<2k-1
+ E 2Bt k—1k—0(Bry_ k-1 —ktm—1+ Ble+1y k=1, —kt+m+1)
0<t<2k-1
=2 Y Birrh-1-6B5_ h-1—(h-D)+m-1
0<t<2k-1

+2 Z Bt k—1,k—1—(e~2) Bt+1)5_ | k—1,—(k—1)+m—1

0<t<2k—1_1

+2 E Bt k—1,k—1—~1) Bt k—1,—(k—1)+m—2
0<t<2k—1

+2 E Bt k—1,k—1—(~1) Bt+1);_, k=1, (k—1)+m
0<t<2k—1

_ o,/ ’ ’ ,
= 20’]6—1,[»771—1 + 2bk—1,[—2,m—1 + 2(1,]6_1)[_17,”1_2 + 2b7€—1,é—1,m
Moreover
/
Ok ,em = § , ﬁQt,k,k*fﬁ(Ztﬁ-l)i,k,—kﬁ-m
0<t<2k—1

+ Z B2t+1,k,k—eB2(t+1))2 b, —k+m

0<t<2k-1_1

= Z (Bek—1h—e—1+ Bitk—1h—011) (B k-1 —ktm—1 + Bs1y_ h—1,—ktm+1)
0<t<2k—1

+4 E Bte—1,k—eBt+1y, | k—1,—k+m
0<t<2k-1_1

o / / / /
=1 pm-2t0k_10-9mo2t10m T %o10-2mt40k_10-1m—1
and
/
Chtom = E Bot—1,kk—eB(2t41)3, b, —k+m T E Bat ke k—eB(2(t+1))3 k,—k+m
0<t<2k—1 0<t<2k-1

2 Z ﬂtfl,kfl,kfé(ﬂt%il,kfl,karmfl+ﬂ(t+1)271,k—1,—k+m+1)
0<t<2k—1



+2 Z (Brk—1k—0—1 + ﬁtfl,kq,k—e“)ﬂ(t+1)7€71,k—1,—k+m
0<t<2k-1

=2bgp—10—1,m—2 + 2Ck—1,0—1,m + 2bk—1,0,m—1 + 2Ck—1,0—2,m—1

We define generating functions

:E Y, 2 E a’k A, mba7 y 2™
k,l,m>0
:E Y, 2 E bk A, mx y 2™
k,t,m>0
! Z : / k, £
C (:I:ayu Z) = Ck,f,m‘r Y 2™
k,4,m>0

We have ay ¢,m = 0 for £ < 0 or m <0, and

/ 4 Y4
E agemy 2" = E Bo,0,—eB0,0,—my 2" =1,

£,m>0 £,m>0

/ lL.om __ / l,m __
E bo,e,my = E Coem¥Y #2 = 0.

4,m>0 4,m>0

moreover

We obtain
Al(z,y,2) = 142024 (z,y, 2) + 20y°2B (2,9, 2) + 2xyz° A' (2,9, 2) + 22y B' (2,9, 2)
=1+ 2z2(1 +yz)A'(2,y,2) + 22y(1 + y2)B' (2, y, 2),

and
C'(x,y,2) = 202(1 + yz) B'(x,y, 2) + 2xy(1 4+ y2)C' (2,9, 2).

It follows that
1+ 2zy(1 +y2)B'(z,y, 2)

A =
(@.9,2) 1—2z2(1+yz)
2xz(1+ y2)B'(z,y, 2)
U _ A
¢,y 2) = 1—2zy(1 +yz)
and therefore
2xy(1 + y2)

(1 +4yz +y?2%) + 2y

2x2(1
B/(xvyaz) = <$22 2M)B/(Iayvz)

1—222z(1+yz) 1—22y(1+yz)

N x2?
1—2z2(1+yz)’

which gives

Aoy z) = 1  1-a(l4ye)’ - 71_35“&%) — v
1—2z2(1+yz) 1—2(1+yz)?— 17%&1%2) - 172zz:%1+yz)
Define
A pm = Z B k,— k428t ke k—m
0<t<2t
and
A"(z,y,2) Z ay g maFyta™

k,6,m>0
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By exchanging the roles of ¢ and m resp. y and z we obtain

2 TYZ
A, y,2) = 1 Lo a( ) - e — Y2
1- 2$y(1 + yZ) 1 - I(l + yz)Q - 172szg+yz) - 17211;{'1Z+yz)

Finally, we define

12
A = E Bk, — k0B ke, —ktm

0<t<2k

/1

biem = E Bty b, —k+-0B(t41)3 k. —ktm
0<t<2k

"

Chtym = E Bt+1)3, k., —k+£58, b, —ktm
0<t<2k

and we have

"

A p.m = E Bty k,—k+eB(2t) k,—k+m T E B2t+1) k,—k+eB2t+1)3 k,—kt+m
0<t<2k—1 0<t<2k—1
=4 E 5t° ok —(k—1)+£— 1ﬁt 2 _ok—1,—(k—1)4+m—1
0<t<2k-1
+ E (5@ k=1, (k—1)+e—2 + Bev1y, | k- 1,7(k71)+6)
0<t<2k-1
(Btk Lk—1—(k—D+m—2 + Be+1); | k-1 7(k71)+m)
_ " /1 "
=4ay 1 o1 m1 1 —2m-2F Ok 1 2m F ot m—2 F O 1 0m
= Boy_, k=1, (k—1)+£80;_, k—1,—(k—1)+m
_ 12 /1 12
=4ay’ 1 g m F U 1 om2 O e om b2 W1
2(k—1
— 22D 1O km 1

/1
bk t.m = E Bty k—k+eB@t+1)3 k,—ktm T E Beat+1y; k—k+eB@(t+1)) b —k+m
0<t<2k—1 0<t<2k-1

Z B k=1~ (h=1)+0-1 (B, k—1,—(k=1)4m—2 * Ble41)2_ h—1,— (h— 1)4m)

0<t<2k-1

+2 Z (5@71,1@71,7(1@71)%72 + Bty
0<t<2k—1

_ 12 /11 /1 "
=2ap_ 1 g 1m-2t2bk 1 g 1m T 2051 0o m1 + 2051 g

k=1 (k=1)4+0) B+ 1)2 k=1, — (k=1)+m—1

=280y, k—1,— k041803, k—1,—k+m

_ " 1 mn 2k—1
=20y g 1o 200 26 o1 208 1 — 2 Ok, 6+10k,m

and

" _qm
Ckoom = bk,m,z

_ " /1 /1 " 2k—1
=2ap 1 m—1,0-2T 205 1 10+ 2051 im0 g1+ 2051 o1 — 2 Ok, m-+10k,¢

_ " " " " 2k—1
=2ap 1 pom-11T 20k 1 pm-1 T 20101 m—2F 2051 41 ,m — 2 Ok, 00k, m+1-



Again we translate this to generating functions. We note that

"
E ag'pmy 2™ E B0,0,—¢60,0,m = g 00,00m,0 =1
£,m>0 £,m>0 £,m>0
and that
/1! /11
E bOEmyz E COEmyz =0.
£,m>0 £,m>0

Therefore

A" (z,y,2) =1+ x(dyz + y?22 + VDA (x,y, 2) + 2y*B(x,y, 2) + 22°C(z,y, 2)

_Z4klkklkl

k>1

=1+ a(dyz + 2" + DA (2,y, 2) + 2y° B(x,y, 2) + 22°C(z,y, 2)

x
1 —4zyz

and

B"(x,y,2) = 2w2(1 +y2) A" (2, y, 2) + 2wy(1 + y2)B" (x,y,2) — 2y 4" aky ~12h

k>1
2
=2z2(1 4 y2)A" (x,y, z) + 22y(1 + yz)B" (z,y, 2) — R —iiyz
2
C" (z,y,2) = 2xy(1 + y2) A" (x,y,2) + 222(1 + y2)C" (z,y,2) — %
It follows that )
B"(z,y,z) = 202(1 +yz)A"(@,y, 2) - T=doys
e 1—2zy(1 +y2)
and )
Oy 2) 2wy(1+yz)A" (2,9, 2) — =57

1—222(14y2)
and therefore

2xz(1 2xy(1
A/”(x,y,z) 1— {E(l 4 4yz 4 yQZQ) _ Iy2 {EZ( + yz) _ $Z2 {Ey( + yz)
1—2zy(l+yz) 1—-2z2(1+4+yz)
2xz 2zy
€T 2 1—-4zyz 2 1—-4zyz

C1—dayz s 2zy(1 + yz)
It follows that

M 2x2(1 +y2)

_ 2zy2z 2zyz2
1 1— 4myz (1 + 1-2 + 1-2z2(14yz)

TYZz

(I+yz)
A/I/ (,T, y7 Z) — Ty
1—2(14y2)? - 1_%”;‘15_’_%) —
We have
M(Qz)m = Z Z Ytk k—iVt kb, k—j
i<l 0<t<2k
i<m
- Z Ak,i,j +a’klj +a’klj +a’;c”13)
i</t
j<m
1
_ k, L. m
B [x v ]1—y1—z

1-2zz(14+yz)

(A+ A + A"+ A")(2,y, 2).

15
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3.2. Proof of Proposition 3.4. We write

1 G(z,y,7)
F(z,y,2z) = ;
where
G=B+B'+B"+B",
2.2
zy?z 2xy 2z
B =1-
(2,9.2) 1 — day> ( T 2Zoy(1 4 yz) | 1221+ yz>)
B/ 71-%(1+y2)2—#(1z+yz)_xyz
(x,y,Z) -
1—2z2(1+yz)
o 1wl 492 - ity oy
(x,y,Z) -
1—2zy(1+yz)
2xy%z 2zy22
B" =1— r
(2,9.2) U—dayz \" 1= 20y(l+yz)  1-202(1+y2)
and

xYz xYz
C1-2zy(l+yz) 1—2zz(1+y2)

The proof is analogous to [9]. We copy the following two lemmata. (We denote the open disk
with radius § around a € C by Bs(a).)

D(x,y,2) =1—x(1 +yz)?

Lemma 3.6. There exist 6,1, > 0 and a unique smooth function f : Bs(1) x Bs(1) = C such
that f(1,1) =1/8 and

H(f(yv Z)vya Z) =0
for |y —1| < & and |z — 1| < &, such that

2" F(x,y,2z) = 1 —G(f(y:2).y.2) )~ n1 (1—e)n )
60 e = o (T a0 o)
uniformly for |y — 1| < 0 and |z — 1| < ¢, and such that

(3-2) [2"] F(z,y,2) = 081"

uniformly for all y,z satisfying |yl < 1461, |2] < 1481 and (ly — 1] > § or |z — 1| > 9).
Furthermore, we have the local expansions

1 1 1 3 3 1

f(yaz)zg—g(y—l)—g(z—l)‘i‘ﬁ(y—1)24'@(2—1)24'5(24—1)(2—1)
ey 1P (=1 ey = R 1) oy~ )z~ 1)?
b= 1o (e = D' 4 (= 1D~ 1) + oy = 1)z — 1)
+ o5y =1z = 17+ 01y~ 1F +]2 ~ 1F)

and

log £(32) = ~log8 — (y — 1) ~ (=~ 1) + 3y = 1)* + 3 (= = 1)?

1 1 1 1
o _13__ _13 i _14 i _14
o A VR | N N
1
—@(y—1)2(2—1)2+0(|y—1|5+|2—1|5)

at (1,1) € C2.
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The next lemma will be needed for computing the asymptotic expansion of the coefficients
[y™2"]. Tt summarizes results on the normal distribution.

Lemma 3.7. We have
/°° —s2/4 ds .
e — = —mi,
—00,3(s)>0 s

/oo o=tk s — 2\/%(/@];!2)!’ k even,
oo 0, k odd.

and for k >0

We begin by determining the coefficient [y"~12"~!] using Cauchy integration,

1o 1 dy dz
n, n—1_n—1 . n g
[.I Yy z ]F(Iayvz) - (27T’L)2 ’YJ‘XJ;[I ]F(xvyaz)yn Zn,

where the contour of integration 7 consists of two pieces: a part 7; inside the disk of radius
around 1, which connects the points 1 446 and passes 1 on the left hand side, and a part s,
which is just a circular arc around 0 connecting the points 1 £ 4.

By (3.1) and (3.2) the integral along 72, is of order O(8(}=2)") which will turn out to be
exponentially smaller than the main part arising from the integral along ~;. Therefore we may
replace v by 71, obtaining

[:Cnyn—lzn—l] F(x,y, Z) — 0(8(1—8)11)

1 1 —Yz G(f(y,z),y,z) —n—1
+ (27i)? ff 1—9)Q—2) H.(f(y,2),y,2) (f(y,z)yz) dydz.

Y1 X71

For y, z € 1 we set
s .t
— and z=14i—

4 +Z\/ﬁ vn

and obtain after this substitution

[z"y" 2" F(2,y, 2) =

(2 1')2 n(S,t)ef("Jrl)gn(s,t)
e F
‘S|7|t\§6\/ﬁy%(s),3(t)>0

dsdt
(1—e)n
— O(8 )

where C(f(y.2) )
Yz Y,2),Y, 2
Pl = T g 20 2)

y=1+is/y/n, z=1+it//n
and

gn(s,t) = (log f(y,2) +logy + 108 2)|,_14is/ /m 21 tit/ i -
Using the Taylor expansion of f(z,y) and a computer algebra system, we obtain
—Yz G(f(ya Z)a Y, Z)

Hz(f(?J, Z)v ya Z)
from which it follows that

1 s 12 Is| + [t]3

1 1 1
= (-1 =(-124+0(y—-1P+z—1]

Lemma 3.6 implies

1 1 1 1
log f(y,2) + logy + logz = —log 8 — Z(y —1)? - Z(Z —1)% + Z(y — 1)+ Z(Z —1)3
7 a7 a1 2 2
W1 =517 = 2y -1z 1)

+ O(|y — 1P+ |z - 1|5),
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so that
2 t2 3 t3 2 t2
(4 1) ga(s,t) =logsmtt — 2 T 4 5 4, v % T
(n+1) gn(s,) = log R W R T
75t n 7t n 5212 40 |s|® + |t]®
32n  32n  48n n3/2

(3.3)

As a next step we want to use the expansion e* = 1+ + 2%/2+ O(23) for x = o(1) on the part
involving exponents in s and ¢ of order 3 and higher. Therefore we need to split the contour v,
into 3 parts. (Remark. At this point the argument in [9] is incomplete, but can be repaired in
the same way.)

For their definition we need to choose a sequence A, such that A, = o(n’l/ 3) and A, =
w(n~1/2). Thus, we choose 4, = n~/2*" for 0 < v < 1/6. Then we define a part y2,; which
connects the points 1 £ idA,, inside the disc of radius dA,, around 1 and passes 1 on the left
hand side, a part 722 which connects 1+ i6A,, and 1+ 6 by a straight line, and a symmetric
part 72 3 that connects 1 —i0A,, and 1 —id by a straight line.

Due to (3.3) we get the bound

2 42
R (~(n+ 1gn(s, 1)) < log(8") — =~ 2.
for large enough n. Hence, the integral along v2 2 (and also 73 3) is negligible as

/ e~ (T gn(s:t) gs gt = o (8”6_#) .
onv <[s|,[t|<8v/m

The lower bound is computed as A,v/n = n”, where the choice of A, is crucial.
What remains is to treat the integral along 2 ;. On this part we may use the expansion of
e” to obtain

e~ gu(st) _gnil—tott ({248 S+ Tt s
4n 4y/n 32n 48n
st S Lo (|s|5 + [s|" + [t + |t|7))
32n 16n n3/2
for |s| < n” and [¢t| < dn”. This leads to
1 dsdt
Pn t —(n+1) gn(s,t)
(27”-)2 (Sv )6 ot
s, |t]<on”,S(s),3(t)>0
8" _22 (1+is3+it3+7s4+7t4+s2t2
= —— e -—
N2
(271) sl [E]<om S5(5), S(£)>0 4\/n 32n 48n
6 4 46 3,3 n
st s7t7 dsdt 40 8
32n 16n st n3/2
8" _2l2 1+is3+it3+754+7t4+52t2
= —— e -—
(2mi)? 4y/n 32n 48n

—00<8,t<00,3(s),3(t) >0

sS4+ 16 33\ dsdt 8"
- o +0 .
32n 16n st n3/2

Finally by writing this as a sum of products of integrals and applying Lemma 3.7 term by term

this expression equals
1 1 1
=8" (- ———+—+0n??).
<4 2y/mn + 4mn +0(n )




19

Summing up we arrive at the asymptotics

1 —1,n-1 1 1 L —3/2
— [yl B -4+~ 10 .
Sl T Py, ) = ¢ - 5+ T+ Ol )

By extending the above argument, which is only a computational issue, we obtain more terms
in the asymptotic expansion, which yields the statement of Proposition 3.4. For details see the
accompanying Maple worksheet [1].
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