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BOUNCE STATISTICS FOR RATIONAL LATTICE PATHS

DANIEL BIRMAJER, JUAN B. GIL, AND MICHAEL D. WEINER

ABSTRACT. Given two relatively prime positive integers a and 3, we consider simple lattice paths
(with unit East and unit North steps) from (0, 0) to (ak, Sk), and enumerate them by their left and
right bounces with respect to the line y = Jx. We give the corresponding multivariate generating
functions for all such paths as well as for subclasses of paths that start and end with a prescribed
step. For illustration purposes, we discuss the case 8 = 1 and express some of our functions in
terms of the Fuss-Catalan generating function cq (z).

1. INTRODUCTION

Motived by recent work of Pan and Remmel [5], we consider the class Lg/, (k) of simple lattice
paths (with east ‘E’ and north ‘N’ unit steps) from (0,0) to (ak, k), where k, o, and 8 are positive
integers with ged(e, 8) = 1. An AB-path is such a lattice path that starts with an A-step and ends

with a B-step with A,B € {E,N}.

EE-path NN-path EN-path

FIGURE 1. Examples of lattice paths in L3/5(2).

It is easy to see that there are ((O‘Lf)k) lattice paths in L3/, (k), so we get the generating function

g(z) = i ((a zkﬁ)k) 2F

and similarly we have

o0 oo oo

Gee(T) = Z ((azgi—z)xk, Gen(2) = Z ((a;:;f)_kfz)ﬂfkv Gon(7) = Z ((omtgl)gkﬂ)a:k7

k=1 k=1 k=1
where gap(z) denotes the generating function enumerating AB-paths. Note that gne(x) = gen(x), and

B(gee(x) +gen(x)) = a(gnn(x) +gen(x))- (1)
In addition to counting the number of lattice paths in Lg,, (k) that start with an E-step, the function
9E® () = gee(Z) + gen () also enumerates ordered partitions (weak compositions) of Sk into ak parts.
There is a similar interpretation for gng () = gnn(z) + gen ().
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Definition 1.1. We say that a path L has a “left bounce” (resp. “right bounce”) if a vertex of the
form EN (resp. NE) on L touches the line y = gx, see Figure A path is said to be bounce-free
with respect to y = g:v if it has no bounces (left or right) at that line, see Figure Bl We let f(x)
be the generating function enumerating bounce-free rational paths with respect to the line y = gx,

and let fop(2) denote the corresponding function for bounce-free AB-paths.

(p

FiGure 2. Examples of a left and a right bounce, respectively.

T

FIGURE 3. Example of a bounce-free NE-path in L3/5(2).

The main goal of this paper is to derive generating functions Gap(z, s,t) that count AB-paths in
Ls/q(k), where the coefficient of s“¢"a* gives the number of lattice paths from (0,0) to (ak, k)
having exactly ¢ left bounces and r right bounces. For this purpose, we first obtain expressions for
the bounce-free functions f(x) and fap(x) in terms of the known functions g(z) and gap(2).

Finally, in Section [ we discuss the particular case « > 1, § = 1 (which by symmetry is similar
to the case a = 1, 8 > 1) and give expressions for the bounce-free generating functions in terms of
the Fuss-Catalan function c, ().

2. BOUNCE-FREE RATIONAL LATTICE PATHS

Throughout this section we fix «, 5 € N such that ged(a, 8) = 1. As before, we let g.p(2) denote
the generating function for the number of AB-paths from (0,0) to (ak, Sk), and we let fap(2) be the
corresponding function for the AB-paths that are bounce-free with respect to the line y = g:v

Lemma 2.1. The generating function for the number of EN-paths with no right bounces is given by

Jee(Z) frn () 7 Gen()
= . (2)
1- fen(x) 1+ gen(x)
This is the same function as for the number of EN-paths with no left bounces.

nrben () = fen(x) +

Proof. First, recall that the number of bounce-free EN-paths is given by fen(z) = fre(x). On the
other hand, any left bounce on the line y = gx breaks up the path into two path segments: an
EE-path segment and an NN-path segment:
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If a lattice path P has exactly m > 1 left bounces and no right bounces, we can represent P as a
concatenation of m + 1 bounce-free path segments

P = pee pre... pne pnn
- 41 2

m * m+1>

each one starting and ending at the line y = gx Here Piab denotes a bounce-free path starting with
an A-step and ending with a B-step. Therefore, the total number of paths P with no right bounces
and having at least one left bounce is given by the generating function

fee(x)fnn(x)
fee (Zfen )fnn )— 71—fen($) .
e () fon (%)

In conclusion, fen(z) + W gives the number of EN-paths that contain no right bounces.
Let us now examine the right-hand side of ([2)). Recall that ge,(x) is the generating function for
the set £}, of all EN-paths from (0,0) to a point on the line y = ﬁx For i > 1, consider the set

A; = {paths in LF), with a right bounce at the point (ai, 3i)}.

By the inclusion-exclusion principle, the number of paths with no right bounces at the points («i, 57)
fori=1,...,m, is given by

Dol = D AL+ Y AN =D AN A N A+ + (D)™ A NN Ap|. (3)

Since the set of EN-paths with m right bounces has the generating function gen(z)™*!, we get that

the generating function for @) is gen(®) — gen(7)* + - -+ + (=1)™gen(x)™*!. Taking the limit as
m — 00, we get that

“1Yego (2)it = Gen (€)
;( ) Gen () 1+ gen(2)
gives the number of EN-paths that contain no right bounces. This proves (2. 0

Lemma 2.2. The generating functions for the number of EE-paths with no right bounces and for
the number of NN-paths with no right bounces, respectively, are given by

fee(x) _ gee(x) fnn(x) _ gnn(x)
1_fen($) 1+gen(x) 1_fen($) 1+gen(x)'

These functions also give the number of corresponding paths with no left bounces.

nrbee(x) = and nrbnn(:zr) =

(4)

Proof. First of all, it is easy to argue that

ZOO j fee(T) fee(2)
ee\T ne\T J = =

el )jzof (@) 1 = fre(z) 1 — fen()
counts the number of EE-paths with no right bounces.

To show that 7 f;e(w()m) counts the same number of paths, consider the set

; = {paths in L5, with a right bounce at (ai, 8i)}.
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As we did in the proof of the previous lemma, we apply the inclusion-exclusion principle to conclude

that the number of paths with no right bounces at the points (ai, 5i) for i = 1,...,m, is counted
by the generating function gee(7) — gen(2)gee() + gen(2)?gee () — - -+ + (—1)" gen ()™ gee (), thus
- i j Gee ()
—1)¢ 7 _ _ Jee\r)
;( )" gen(2)" gee () 1+ gen()

also counts the number of EE-paths that contain no right bounces. This proves the first of the two
equations claimed in (). The second equation follows by the symmetry between the pair (o, §) with
EE-paths and the pair (8, «) with NN-paths. O

As a consequence of the previous two lemmas, we arrive at the following result.

Theorem 2.3. Let fap(x) be the generating function for the number of AB-paths that are bounce-free
with respect to the line y = Zx. Then

) — gee(x) ) = gnn(x)
Je@® = T g @2 —ga@gm@ ™ = TF g @)? — @)@’

1 + gen(7)
(1 =+ Gen (LL'))2 - gee(x)gnn(x) .
Corollary 2.4. If f(x) enumerates the bounce-free lattice paths in Lg;q(k), then

g(x) +2 (gen ($)2 - gee(x)gnn(x))
(1 + gen(7))? — Gee(T)gnn(z)

fen(x) =1-

flz) =

3. LEFT-BOUNCE AND RIGHT-BOUNCE STATISTICS

Let by,(k) be the number of paths in L3/, (k) having exactly ¢ left bounces and r right bounces

on the line y = g:v, see Figure 2 and let By, (z) be the corresponding generating function.
Let fag(z) denote the generating function for the number of bounce-free paths that start with
an A-step, and let fgg(z) enumerate the bounce-free paths that end with a B-step. Thus

fee(z) = fee(x) = fee(®) + fre(z) and fne(z) = fon(z) = fun(2) + fre().
Clearly, By o(z) = f(z), and for ¢,r € N, we have
Bro = fee(@) foe(@) ™" fue(z) and Bo, = fon() fen(2)" " fes (@). ()

Lemma 3.1. The generating function for the number of paths in Lg,q (k) with no left (or right)
bounces on the line y = g:v is given by

= _ — ) = g(x) +gen(x)2 - gee(x)gnn(x)
; Byo(z) = ;Bo,r( )= T ,

Proof. Using equations ({), () and (@), we get
> Bio(x) = Boo(x) + Y fee(®) fre(@) " fuo (@)
£=0 =1
= fee(@) + fon(2) + 2fen(z) + [fee(®) + fen(@)][fan(z) + fen(@)]

1 — fen(z)
_ Gee(T) + gnn(T) + Gen(T) Jen(T)
o 1+ gen(x) + 1- fen(x) (6)
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Now, by the third equation of Theorem 2.3 we have

1 _ (1+ gen(x))2 — Gee(T)gnn ()
1— fen(2) 1+ Gen() ’
and therefore
fen (17) _ 1 1= Yen (17) =+ Gen (517)2 - gee(x)gnn(x)
1_fen(x) 1_fen(x) 1+gen(‘r) '
Putting this expression into (@) and simplifying gives the claimed identity. O

Lemma 3.2. Let By.(x) be the generating function for the number of paths in Lg,o (k) having
exactly £ left bounces and r right bounces on the line y = gx For 0,r > 0, we have

Pt _jzi ( )( >f®E ) e () (fee (@) fan () fon ()72
<T )f®E( )% fee (@) 7! fan (@) fen(2) T2

(T : 11) Fan(®)? fee ()" fan(2) 7! fon ()72

41
+ Z (f - ;> (Z — 11) fan () fes () (fee(x)fnn(x))l 1fen (x)“_r_%“'
Proof. We adopt the standard convention (’Z) = 0 whenn > m > 0. We are interested in counting all
paths P having exactly r right bounces and /¢ left bounces. The vertices of such bounces correspond
to lattice points on the line y = g:v We group the right bounces into segments with no left bounces,
and such that there must be at least one left bounce between two groups. If there are i such segments,
this grouping induces a composition of r into ¢ parts r = r; + -+ + r;, where r; is the number of
right bounces in the jth group. There are (::11) such compositions.

Assume that P is a path with 7 such groups of right bounces. The /¢ left bounces must then be
distributed between the origin and the first right bounce, the gaps between the ¢ segments defined
above, and between the last right bounce and the end of the path. There are four disjoint cases.

CAsSE 1: The first and last bounces are left bounces. In this case there are ¢+ 1 segments to place the
left bounces, which can be done in (lzl) different ways (compositions of £ into ¢ + 1 parts). Assume
the bounces are distributed according to the compositions r =ry +---+7r; and £ =01 + - - - + £;41.
Thus between the origin and the last right bounce of the first group, the path is of the form

U1,0 E|Nu1,1 E|N E|N U1,0,-1 E|N w1 NlE'Ul,l NlE-'-N|E’U1)T1_1 NlE,

¢1 left bounces r1 right bounces

where the symbol | indicates a bounce and the w; ;,v; j, w; represent bounce-free path segments.
Since there are ¢; left bounces and r; right bounces in this group, the enumeration of such path
segments can be achieved by the generating function feg () fae()" ™! fan(2) fen (z)™ 1.

The first path segment is then followed by ¢ — 1 segments of the form

E’u]‘70 ElNUj)1E|N-"E|NUj7gj_1 ElN wy N|E’Uj)1N|E'"N|E’Uj7Tj_1 N|E, QSJSZ, (7)

£; left bounces r; right bounces
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where the first E-step is the last step of the previous group. The number of all possible such segments
can be counted using the generating function

fee(x)fne(x)éj_lfnn(x)fen (x)rj_la 2< <. (8)
Finally, the last group (containing only left bounces) must be of the form

Eui+170 E|N ui+171 E|N e E|N ui+17[j+1,1 E|N Wi+1,

£;+1 left bounces

and the corresponding generating function takes the form fee(z) fne(z)%+ =1 fng (z). Multiplying all
the pieces together we arrive at the generating function

-1
Z (ﬂ i 1) (: _ 11) fee(z) fne (2) (fee(x)fnn (x))lfen(x)g—i_T_%_l'
i=1

CASE 2: The first bounce of P is a left bounce and its last bounce is a right bounce. In this case,
there are i segments to place the left bounces, which can be done in (f:i) different ways. The
partition of the path into groups is similar as in CASE 1, except that the last segment has now no
left bounces. Thus the function fee(z) fne(z)%+ 7! fyg () from before should be replaced by feg (z).
Multiplying the pieces together we arrive at

ZZ: <€: i) <T : i) FoE(T)? fee(2) T fan (@) fon ()21

: v i
=1
CASE 3: The first bounce of P is a right bounce and its last bounce is a left bounce. Again, this
may happen in (fj) different ways. With a similar argument as for the previous step, we get

Zei (lf: i) (7.” _ 1)f®N(x>2fee<x)ifnn<x)i‘1fen(x>f+r—2i.

; ) 1 —1
1=1

CASE 4: The first and last bounces of P are right bounces. Thus there are only i—1 segments to place
the left bounces, which can be done in (f:;) different ways. These i — 1 path segments containing left
bounces are of the form (7)) and can therefore be counted by (). The first segment must be of the
form wy N|Ew; 1 N|E---N|Ew; -, —1 N|E with 71 right bounces, and P must end with a bounce-free
segment that starts with an E-step. These two segments are counted by fen(z)fen(7) ™! fee (7).

Combining the information for the various pieces of P, we get

> (4 _ 1) ( _ 11) fon (@) few (@) (fee(w) fon (@)~ fen () T2,

, 1—2)\4
=2

Finally, By -(z) is just the sum of the functions obtained above for the four disjoint cases. 0

Theorem 3.3. Let By .(x) be the generating function for the number of paths in Lg;q (k) having
exactly € left bounces and r right bounces on the line y = Zx. Then for the multivariate generating
function G(z,s,t) =32, 5o By ()", we have

9(33) + (2 —S5—= t) (g<en(33)2 - gee(x)gnn (17))
1+ (2—=5—1)gen(z) + (1 = 5)(1 = t)(gen ()2 — Gee(®)gnn(z))"

G(z,s,t) =
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Moreover, if Gap(x, s,t) denotes the restriction of G(x,s,t) to AB-paths, then

gee(m)
Gee(z,5,1) = 14+ (2—5—t)gen(z) + (1 — 8)(1 — 1) (gen (%)% — Gee(®)gnn())’
Gnn(z,8,t) = gnn (2) 7
14+ (2 —5—1)gen(z) + (1 — 8)(1 — t)(gen(7)2 — Gee(T)gnn (7))

Genlz, 5,1) = gen (%) 4 (1 = 5)(gen(%)? — gee(2)gnn ()

T 14 2= 5= H)gen(®) + (1= 8)(1 = 1) (Gen () — Gee()gmn ()
G (:Z? s t) = gen(:c) + (1 )(g‘m(x) gee( )an(ac))

ne\Zx, S, 1+ (2 -5 t)gen(w) + (1 — S)(l — t)(gen( )2 _ gee(w)gnn(:v))'

Proof. First, split G(x,s,t) = f(x) + Y_;2; Beo(x)s’ + 32,21 Bor(2)t" + 3, 51 Ber(x)s't". Using
the identities from equation (&), we get

- = . sfeE(@)fne(@) | tfee(®)fne (@)
B+ 3ot = ST

Furthermore, by the previous lemma and the basic identity

2 2 ()0 - () )

l=j+1 r=1

the term >, By(2)s'" can be written as the sum of the following four functions:

s > Stfee(x)fnn(x) '
Jee(@)fve (@) 7705 g [(1 — s fen(@)) (1 = tfenu))] ’
5 1 > Stfee(x)fnn(x) i
f®E(x) fee(w) Z [(1 - Sfen(x))(l - tfen(l'))] ,
1 > Stfee(x)fnn(x) i
f®N fnn(fE g [ 1—Sfen ))(1_tfe"(x)):| 7

RSV S sthee(@)fun(@) 17
f@E( )fN®( )1 — tfen(x) ; |:(1 — Sfen(fr))(l - tfen(x)):| '

Adding these functions and simplifying, we arrive at

f — (5 + t)(fe2n B feefnn)
(1 = 8fen)(1 = tfen) — stfeefon’

G(z,s,t) =
which by Theorem 23] gives

g + (2 -85 — t) (ge2n - geegnn)
14+ (2 — s — t)gen =+ (1 — S)(l — t) (ggn - geegnn)

Finally, the claimed equations for the restricted functions Gap(x, s,t) can be obtained in a similar
way after making the appropriate adjustments to Lemma O

G(z,s,t) =

Note that when s = t = 0 we recover the expression for f(z) (bounce-free case) from Corollary 241
Also, with s =0 and ¢ = 1 (or equivalently s =1 and ¢ = 0) we recover Lemma [31]
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4. THE CASE WHEN =1
For the special case when 8 = 1, we have

o) =3 (W,;”’f)xk,

k=1

which is related to the generating function for the Fuss-Catalan numbers alirl ((O‘H)k) Also,

o0 oo

[e'S)
oc+1k 2 aJrlk 2 k oc+1k 2
geel(@) = 3~ (CTA)aE, genlw) = D (128, gunle) = D (1Y
k=1

k=1 k=1
and equation (1)) simplifies to
Gee(T) = Gnn () + (@ — 1) gen ().
Moreover, one can prove (combinatorially) the related identity
fee() = fan(2) + (@ — 1) fen(2),

and we get gen(%)? — gee()gnn(®) = gnn(x). This allows us to simplify some of the identities from
the previous sections. In fact, Theorem becomes

gnn(x) + Gen (JJ)
14 g(x) — gee()

gnn(x)
L+ g(%) = gee(w)’

fee(w) = Gee(7) y Jen(x) = ; fan(x) =

14 g(2z) — gee()
and the function G(z, s,t) takes the form

9(x) + (2 —5—t)gm(x)
1+(2-s— )gen(x) + (1 - S)(l - t)gnn(x)'

Moreover, in terms of the function

=1 (a+DEY 4
Ca() —Zm( i )”” ’
k=0
the generating functions for the bounce-free AB-paths can be written as

(aca(r) = D(calz) = 1)

G(z,s,t) =

fee(x ) (l_a)ca(x)2+(a+1)ca($)—17
B (Coz(x) - 1)2

fon(z) = (1 —a)ca(2)? + (a+ D)ea(z) — U

fenl) = ca(®)(Ca(®) 1)

(1 —a)eq ()2 + (a+1)eq(z) — 17

For av > 1 there seems to be no results in the literature that address the bounce statistics encoded
by G(z,s,t). Only for o = 2, the OEIS [4, A000259, A000305] gives matches for the bounce-free
functions

fee() = o + 42 4 1827 + 892 + 4662° 4 253720 + 1420927 + 8131625 4 - - - |
fen(®) =z + 322 + 1323 + 632" + 3262° + 176125 + 980827 + 558952° + - - - |

which are connected to the enumeration of certain rooted planar maps, see [1} [6]. We leave it as an
open problem to find corresponding bijections.
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If « = g =1, we can use properties of the Catalan generating function c¢(x) = c¢;(z) to further
simplify the functions above. In this case, we have

fee(x) = fnn(x) =

Moreover,

xe(x)?

, Jfen(z) = m, and f(x)=2(c(x) —1).

re(r)? — we(w)
1+ ze(x)

2ze(z) + (2 — s — t)(ze(x) — x)
1—2zc(x)+ 2—s—t)z+ (1 —s)(1 —t)(zc(z) —2)

For this special case (« = = 1), our results coincide with the bounce statistics obtained by Pan
and Remmel in [B]. We refer to their work for other related statistics and information regarding
some combinatorial applications. Here we would like to mention the interesting case of lattice paths
having exactly b bounces (left or right) for which the generating function becomes

_ DL bt ()42 — b1 (2k+2bY 4
Gp(z) = 2(c(x) — 1)’ =22 =2 Z Tl ( )x . (9)
For b = 1,...,6, these sequences are listed in the OEIS (A002057, A003517, A003518, A003519,
A090749, A268446) with corresponding combinatorial interpretations, including the enumeration of
lattice paths, permutation patterns, standard Young tableaux, and other interesting families.
An interesting application of (@), not discussed in [5], is the following connection between lattice
paths with a prescribed number of bounces and standard Young tableaux.

G(z,s,t) =

Corollary 4.1. For by,n € N and n > b, the set of lattice paths from (0,0) to (n,n) that start with
an E-step and have ezactly b bounces (left or right) is in one-to-one correspondence with the set of
standard Young tableaux of shape (n +b,n —b—1).

Horizontal crosses. In the context of this paper, a cross on a lattice path L € Lg/,(k) is a point

where L traverses the line y = gx In general, enumerating the elements of L3/, (k) by the number
of crosses (vertical or horizontal) is more involved due to the fact that crosses may happen on a
non-lattice point. However, for 5 = 1, horizontal crosses (if any) occur on a lattice point and can
be easily handled with an inclusion-exclusion argument as we did for the enumeration of bounces.

Lemma 4.2. Let nhcay(x) denote the generating function for the number of AB-paths in Ly, (k)
with no horizontal crosses. Then

- gee(x) - - gen(x)
nheee(x) = T+ (@) and nhcen () = nhepe(x) = T+ ge@)’

Thus, lattice paths in Ly (k) that start with an E-step and never cross the line y = éx horizontally
are enumerated by the generating function

Gee(T) + Gen () _ i ala +2) ((a—l—l)k-i-l)xk
( )

h
eo () = 1+ gee() — (a+ 1)k +1 k—1

Using the same technique, it is rather straightforward to combine the avoidance of horizontal
crosses with the avoidance of left and right bounces.

Lemma 4.3. Let E“hc( ) be the set of paths in Ly, (k) with no horizontal crosses. The generating

function for the number of paths in E“hc( ) that start with an E-step and have no right bounces is
given by
heo(z) ges(x)

Heg (z) = 1 +nhcen(z) 1+ gee(x)

= a(ca(z) - 1),

1Using Lemma together with the additional simplification fge(z)fne(z) = c(z) — 1.
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where cq(x) is the Fuss-Catalan generating function.

Observe that any path in 01]73 (k) that starts with an N-step will remain above the line y = 2z
and must necessarily end with an E-step. This is precisely the set of rational Dyck paths with slope
1/a, which is enumerated by the Fuss-Catalan numbers. Thus Hye(z) = co(z) — 1.

Once again, for a > 1 we did not find results concerning the enumeration of horizontal crosses.

Only for o = 2 the OEIS contains the sequence A046646 corresponding to
Heg(x) = 22 4 622 + 242° + 1102* 4 5462° 4 285625 + 1550427 + 8652625 + - - -

This function enumerates certain rooted planar maps, see [IJ.

5. SUMMARY AND FINAL REMARKS

The main focus of this paper has been the enumeration of lattice paths from (0,0) to (ak, Sk) by
their bounces with respect to the line y = gaz A complete solution is provided by the generating
functions in Theorem B.3] all expressed in terms of the simpler binomial functions gee, gen, and gnn.

The special case a = § = 1 was recently studied by Pan and Remmel [5] from the enumerative
and combinatorial points of view. For this case, we give a connection between lattice paths with
exactly b bounces and standard Young tableaux of shape (n+ b,n —b — 1), see Corollary T}

It is worth mentioning that for b = 2 or 3, the function given in (@) is connected to certain permu-
tation patterns. In fact, z3c(z)® counts the number of permutations containing a single occurrence
of an increasing subsequence of length three, cf. [3, 2], and 2°¢(x)® enumerates permutations with a
single increasing subsequence of length three, with no two elements adjacent, cf. [2].

For other values of o and 3 there seems to be very little information in the literature. Only for
the case a = 2, § = 1, we found connections between bounce-free paths and the enumeration of
certain rooted planar maps, cf. [I]. However, the fact that the case 8 = 1 leads to the Fuss-Catalan
numbers suggests connections with other combinatorial structures.
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