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The magnitude of odd balls via Hankel
determinants of reverse Bessel polynomials

Simon Willerton

Abstract

Magnitude is an invariant of metric spaces with origins in enriched
category theory. Using potential theoretic methods, Barcel6 and Carbery
gave an algorithm for calculating the magnitude of any odd dimensional
ball in Euclidean space, and they proved that it was a rational function
of the radius of the ball. In this paper an explicit formula is given for
the magnitude of each odd dimensional ball in terms of a ratio of Hankel
determinants of reverse Bessel polynomials. This is done by finding a
distribution on the ball which solves the weight equations. Using Schroder
paths and a continued fraction expansion for the generating function of
the reverse Bessel polynomials, combinatorial formulae are given for the
numerator and denominator of the magnitude of each odd dimensional ball.
These formulae are then used to prove facts about the magnitude such as its
asymptotic behaviour as the radius of the ball grows.
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1 Introduction

1.1 Background

Magnitude was originally introduced by Leinster [9] as a measure of the ‘size” of
finite metric spaces by formal analogy with his definition of Euler characteristic
of finite categories. It soon became clear [11] that this definition could be
extended to many compact infinite metric spaces, such as compact subsets of



Euclidean space and this was formalized by Meckes [12]. (See Section 1.3 for
more details on the definition of magnitude.) For instance, the magnitude of the
line segment of length 2R — also known as the 1-ball of radius R — is given by
R+1.

Despite its abstract origins, magnitude has been found to have connections
with many areas of mathematics. For instance, in [10] deep connections with
biodiversity measurement were given; in [23] differential geometric methods
were used to relate magnitude to curvature; in [13] analytic methods were
used to relate magnitude to Minkowski dimension and potential theory; in [8]
homological algebraic methods were used to relate magnitude to graph theory
and categorification.

Various computations and calculations led to questions about whether this
Euler characteristic-like invariant satisfied an inclusion-exclusion principle; such
a thing was certainly satisfied in dimension 1, but in higher dimension it seemed
like it might only work asymptotically as the metric was scaled up. Numerical
computations were inconclusive and the exact magnitude of any Euclidean
subset of dimension greater than 1 was unknown.

In a recent paper [2], Barcel6 and Carbery showed, amongst other things,
that the magnitude of any odd dimensional ball could be calculated using ideas
of potential theory introduced by Meckes [13]. In particular, they showed how
the magnitude potential of such a ball is a solution to a boundary value problem
which they were able to reduce to a linear system, and then they applied a
recursive method to compute the magnitude of the odd ball, which is seen to
be, for fixed dimension, a rational function of the radius of the ball, and this
rational has integer coefficients.

Barcel6 and Carbery calculated the following by hand using their algorithm,
where |B "l denotes the magnitude of the n-dimensional ball of radius R.

R
IBr| =R +1
51 R*+6R>+12R +6
|BR| = 3!
B3] = R® + 18 R® + 135 R* + 525 R® + 1080 R? + 1080 R + 360
50(R +3)
187 = R0 + 40R° + 720R® + - - - + 1814400R? + 1209600R + 302400

71(R3 + 12R2 + 48R + 60)

Barcel6 and Carbery observed, but didn’t prove, that the coefficients are non-
negative; one might hope that if they are positive integer coefficients then they
are actually counting something. They also claimed that they could bound

the degree of the denominator by %#. We will prove stronger statements
and give combinatorial formulae for the coefficients of the numerator and

denominator. They used Fourier analysis to prove that |B1’§| —lasR — 0

and that |B1’;| = R"/n!'+ O(R" ') as R — oo; both of these statements will be
consequences of our formulae for the numerator and denominator.

These calculations of Barcel6 and Carbery showed that in general the
magnitude does not satisfy an inclusion-exclusion principle. More recent
work of Gimperlein and Goffeng [6] showed that domains in a fixed Euclidean
space asymptotically satisfy a version of the inclusion-exclusion principle.

Barcel6 and Carbery essentially solved a differential equation to find the



magnitude, we will essentially solve an integral equation. A key ingredient will
be what is basically a special function identity which we will prove in Section 3
using PDE methods inspired by [2].

1.2 The main results

There are three main goals of this paper: firstly to show that the magnitude of an
odd-dimensional ball can be calculated by solving the weight equation, without
necessarily finding a potential; secondly, to give simple and explicit formulae for

the numerator and denominator of the magnitude |B12f H\ in terms of ‘Hankel
determinants’ of the sequence (xi(R))i2, of ‘reverse Bessel polynomials’; and
thirdly to give combinatorial expressions for these Hankel determinants and
thus prove properties of the magnitude of odd dimensional balls. Before stating
the main results precisely we should define the reverse Bessel polynomials and
the notion of Hankel determinant.

Let (xi(R))j=y denote the sequence of reverse Bessel polynomials, so that
Xi(R) is a degree i integer polynomial in R. The sequence begins as follows:

Xo(R) =1;

X1(R) = R;

x2(R) = R* +R;

x3(R) = R* +3R* + 3R;

x4(R) = R* + 6R® + 15R? + 15R.

There are many ways to define this sequence, but we can take the recursion
relation as a definition:

xi+2(R) = R*xi(R) + (2i + 1)xi+1(R). )

A standard reference for these polynomials is Grosswald [7], but wikipedia [22]
is as good a place as any to learn about them; note that the indexing used
can vary from author to author, here we have taken the version which forms a
Sheffer sequence. These reverse Bessel polynomials are related to the functions
¥;: (0,00) — R of Barcel6 and Carbery [2] by xi(R) = eRR*;(R) — see
Proposition 13 — and are related to the modified spherical Bessel functions [3,
Section 10] by xi(R) = ZeRR™*1k;_1(R).

Now we should see what a Hankel determinant is. If (@;);?, is a sequence of
elements in a commutative ring, then, for p =0, 1,2, ..., the pth Hankel deter-
minant of the sequence is the determinant det[«a;+ j]f,].:O, that is the determinant
of the matrix with constant anti-diagonals:

[0 %)) (25} an . oz,,
(25} 4% e . ap+1
ay ... . Oép+2 .
ap - . Oézp

The main results on magnitude that will be proved in this paper can be
collected into the following statement.



The Main Theorem. Suppose that n = 2p + 1 is an odd positive integer. The
magnitude |B | of the n-ball with radius R can be expressed as the ratio of integer
polynomials in the following way:

detlxij2R)T g
LAE
n!R det{xisj(R)I]

1]0

where x;(R) is the ith reverse Bessel polynomial.

There is a common monomial factor in the above numerator and denominator.
Np(R)
nD,R)’

det[Xi+j+2(R)]f,]':0 D.(R det[X1+](R)]1] =0
sf(p)RPH 7 = e

Defining the kth superfactorial via sf(k) := I—[l —o 1!, we can write |B | where

Np(R) :=

These polynomials have combinatorial expressions as sums of weights of collections
of disjoint Schrdder paths (the terminology is explained in Section 6):

Np(R)= > Wa,R),  Dy(R)= ) Wo(o,R),

GEXerl (TEXP,l

where Xy is a certain set of collections of disjoint Schréder paths.

Both Ny(R) and D,(R) are monic integer polynomials with positive coefficients and,
in particular, non-zero constant terms. The constant terms satisfy N,(0) = n! D, (0).
Thus |BR| — 1as R — 0.

The degrees of the polynomials are given by the following:

deg(Ny(R)) = (p + D)(p +2)/2;  deg(Dp(R)) = (p = 1)p/2.
The leading terms are as follows, for x := 3(p + 1)(p + 2):
Np(R) = R¥ + (P+1);(P+2)RK—1 + P(P+1)3(g+2)(P+3)RK—2 + O(RK—?)),
D,(R) = RE-2-1 (pfl)g(pH)RK—zp—z " (p*2)(p*§)P(P+1)3RK—2p—3 + O(RK-274),
Thus there is the following asymptotic behaviour of magnitude:
|BY| = (R” M Rnt y AP Ri-2) 4 O(R™) as R — oo,
Sketch proof. The rest of the paper will flesh out the following strategy.
1. Guess the form of the weighting distribution on the ball Bj.
2. Give an expression for /5125 e~=sl dx in terms of reverse Bessel polynomials.

. Use the above two items to solve the weight equations for the ball.
. Use Cramer’s Rule to express the magnitude as a ratio of determinants.

. Show that these determinants are equal to the Hankel determinants above.

N U1 o~ W

. Use the theory of continued fractions to give combinatorial expressions for
the Hankel determinants in terms of counting weighted Schroder paths.



7. Use these combinatorial expressions to give the degrees of the polynomials,
the positivity of the coefficients and the formulae for the leading and
constant terms. ]

You are invited to perform the exercise of calculating the Hankel determinants
in the theorem when p = 1 and p = 2 and verifying that the correct formulae for
the magnitude are obtained. (Many of the calculations in this paper are verified
in the SageMath notebook available as [24].)

Note by comparison with [2] that we have proved that the degree of the

denominator is bounded by w. This bound is strict in dimensions that
have been calculated numerically, i.e. up to n = 45. In fact, up to that dimension
the numerator and denominator polynomials are all irreducible over Q.

From the above theorem we get the following corollary which Barcel6 and
Carbery proved using Fourier theory [2, Theorem 1]. (This does not necessarily
hold for metric spaces which cannot be isometrically embedded in Euclidean
space [9, Example 2.2.8].)

Corollary 1. If X is a non-empty, compact subset of some Euclidean space and tX
denotes X scaled by a factor of t then

[tX]| —>1 ast — 0.

Proof. As X is non-empty, we have some x € X. As X C R® for some ¢ we can
isometrically embed X in R" for some odd n. As X is compact, it is bounded, so
there is some R with X c Bj. Thus {tx} C tX C tBj = Bj};. By the monotonicity
of magnitude for subsets of Euclidean space [9, Corollary 2.4.4] this means
1= |{tx}| < |tX| < |Bf \ By the theorem above we have |BfR| — last — 0and

R
the result follows from the Sandwich Rule. O

The rest of this introduction will describe how the Hankel determinant
formula is obtained. The details of proofs will be given in the body of the paper.
The combinatorial interpretation of the Hankel determinants and the remaining
results about the magnitude are proved in Section 6.

1.3 Weightings and weight distributions

In this section we will give the definition due to Meckes of the correct notion
of weighting and weight equation on a convex subset of Euclidean space. The
strategy for finding the magnitude of an odd dimensional ball will be to ‘simply’
solve the weight equation. We will start with a reminder of the notion of
weighting and weight equation on a finite metric space.

Magnitude was defined by Leinster on finite metric space as follows. If A is
a finite metric space then a weighting on A is a function w: A — R such that

Z w(x)e™46*) =1 foralls € A.

X

This is called the weight equation. If a weighting exists then the magnitude is
defined to be the total weight, |A| := 3}, w(x). This is independent of any choice
of weighting. A weighting is known to exist for every finite subset of Euclidean
space.



Following calculations in [11], Meckes [12] showed that magnitude could be
extended to a unique maximal lower semicontinuous function on the space of
compact “positive definite” spaces. This class of metric spaces includes compact
subsets of Euclidean space. One way of calculating the magnitude of an infinite
compact subset X C R” of Euclidean space is by taking a sequence (A;);?, of
finite subsets — A; € X — which tend to X in the Hausdorff topology, then we
have | X| = lim; |A;].

Taking a weighting on A; for each i, gives a sequence of finite signed measures
on X. One might hope that they tend to a measure u on X which satisfies the
obvious analogue of the weighting equation above, namely

/e’d(x's)dy(x) =1 foralls€X,
X

and that one could then calculate the magnitude |X| as the total mass of p,
ie. /X dy. This will work for some spaces such as the closed interval B}, see [23].
Unfortunately, it does not work in general, as a sequence of finite signed measures
which tends pointwise to a limit does not typically tend to a signed measure.
Here is a simple example of that.

Define the sequence (u;)2, of finitely supported signed measures on the
real line R by y; := i69 — i61/;, where 0, is the Dirac delta measure supported at
a € R. Then the sequence converges pointwise because if f is a differentiable
function then

/fd‘uizf(o)_—f(l/i)ﬁf'(O) as i — oo.
R 1/i

But the functional f — f’(0) is not represented by any signed measure. Rather
it is a distribution.

In general terms, a distribution on R” is a linear functional on some suitable
class of functions, say smooth and decaying appropriately to zero at co. We will
describe some specific spaces of distributions below. We will write (w, f) for
the evaluation of a distribution w on a function f .

Here are a few of examples of distributions.

(i) For each (appropriately integrable) function ¢ we have an associated
distribution with (g, ) == [ ., §(x) f(x) dx.

(ii) Foreachsigned measure ;i we have an associated distribution with (i, f) :=
du.
e A

(iii) Generalizing the derivative mentioned above, for any cooriented, smooth,
codimension one submanifold X of R”, and i € N we have the distribution
w; given by

- [
(wi, ) = g 8vif(x) dx,

where % means derivative in the normal direction to the submanifold.

Meckes [13] showed that, for the magnitude of subsets of R”, we need to
consider distributions in the following Bessel potential space:

HY(R") = {w e S'®R") | (1+ 1) d e LAR")},



where S’(R") is the space of tempered distributions and @ is the Fourier
transform of the distribution w.

For non-analysts the definition of Bessel potential space might look a little
intimidating, but we will really only need the theorem below together with the
fact that certain specific distributions, similar to the examples above, live in a
Bessel potential space. These are all proved in Section 2.

Theorem 2 (Meckes [14]). Suppose K is a compact, convex subset of R*, forn = 2p+1,
with nonempty interior, int(K). Suppose that we have a distribution w € H-P*D(R"),
which is supported on K and satisfies

—d(s,

(w, e =1 foreverys € int(K),

then w is the unique weight distribution on K.
Moreover, if 1 is any smooth function which is 1 on K then the magnitude of K is
given by
K| = (w, 1). @

This theorem is essentially a summary of ideas from [13] and [2].

1.4 How we find the magnitude of an odd ball

We will find the magnitude of an odd ball by using Theorem 2 above. So we want
to find a weight distribution w on the n-ball B 1’; c R", this means a distribution

w € H-P*D(R") which is supported on the ball and satisfies the weight equation

(w,e"'_s‘> =1 for all s € R" with |s| < R. 3)
We will guess that the weight distribution w has a particular form, namely some
multiple of the Lebesgue measure on the ball plus some linear combination of

integration of normal derivatives on the boundary sphere; so we will guess that
for a suitably smooth function f the distribution evaluates on f as follows:

(w, ) = = (/ de+Zﬁ(R)/ “Wfdx) @

where, as above, a% means differentiate in the normal direction to the boundary,

where w;, is the volume of the unit n-dimensional ball and where { ﬁi(R)}fzo
is a set of unknown functions of R which will be found by solving the weight
equation (3). This guess is based on low-dimensional calculations following on
from ideas in [2]. The fact that this distribution is in the Bessel potential space
H-(P*D(R") is proved in Section 2.2.

Once we have shown that we can solve the weight equation for this w then
we can find the magnitude using equation (2):

1
n| _ —
|BR| = (w, 1) = PP (/B 1dx + Bo(R) " ldx)
R R
1 _
= o (a)nR" +ﬁ0(R)O‘n_1Rn 1)




- % (R" + npo(R)R" 1), ®)

where 0,1 denotes the volume of the unit (1 —1)-sphere and where we have used
the fact that 0,—1/w, = n. So the goal now is to solve the weight equation (3)
using a weight distribution of the form (4); to do this we will need to prove a
rather non-obvious integral identity.

1.5 The key integral identity and its generalization

The key to the solution to the weight equation (3) lies in evaluating, for s € int(By),
the integral over the sphere
L / e sl gx,
n ' Wy xE Slréfl

where, as usual, w, is the volume of the unit n-ball. By spherical symmetry,
the only dependence of this expression on the vector s is via its magnitude |[s|:
we will write s = |s|. This expression will be thought of as a function of R and
s, with R > s > 0 and we are going to express it in terms of the reverse Bessel
polynomials and another sequence of functions which we will now introduce.

The reverse Bessel polynomials are closely related to the modified spherical
Bessel functions of the second kind. The next sequence of functions we are
interested in are closely related to modified spherical Bessel functions of the first
kind [3, Section 10], but I don’t have a good name for them. Let (Ti);?io denote
the sequence of functions R — R which has t¢ = cosh and satisfies the recursion
relation

Tiv1(s) = —%TQ(S)-

The sequence begins in the following way:

To(s) = cosh(s);

sinh (s
71(s) = —%,‘
cosh (s sinh (s
o) = ) _ snh(s)
sinh (s 3 cosh (s 3 sinh (s
o) = -3E0E) , Jeosh() 3 shs),
cosh(s) 6sinh(s) 15 cosh(s) 15 sinh(s)
T4(S) = S4 - SS + 56 — S7 .

It is not obvious that these functions are well defined at s = 0, but this is proved
in Proposition 11.
We can now state the key result required for solving the weight equation.

Theorem 3 (The Key Integral). For n = 2p + 1 an odd integer, R > 0, with s a point
in the interior of the ball B, and s = |s|, then

1 e (-1)Pe~R P p
Ix=sl 3x = . '
n! Wy ./xlesz—l ¢ dx zpp| Z i XP‘H(R)TZ(S).

i=0




In the process of proving the above key integral we will prove a more general
result. We will need to introduce the sequence of functions ((r));2,,, used by
Barcel6 and Carbery [2]. These can be defined by taking 1o(r) = ™" and using
the same recurrence relation as for 7;, namely,

Yin(r) = =1yi(r).

The sequence begins in the following way:

Yo(r)=e™"
Pi(r) =e™

These are related to modified spherical Bessel functions of the second kind (see
below) and are related to the reverse Bessel polynomials by x;(r) = r?e’y;(r) as
shall be proved in Proposition 13.

We can now state the more general theorem which we shall prove.

Theorem 4. For0 < j < p,s € R¥* withs =|s|and R > s > 0

/. ¢,<|x—s|>dx—<2n)P2e-RZ( iy R 6.

The integral we want, Theorem 3, is then just the case j = 0, as the volume of
the unit radius odd ball has the formula wz,+1 = ((22 f{;,) We will prove this
more general case, because we obtain the case j = 0 by proceeding inductively
downward from j = p. The proof of this theorem is given in Section 3 and uses
PDE methods inspired by results in [2].

It is worth noting here the relationship of the above integral with a Bessel
function identity. One can show that our functions are related to the modified
spherical Bessel functions via

l Ki_
Ti(x) = (- 1)1\/711/—i52) and wi(x)=\/gxi+2/(2x)r

where I, and K, are the modified Bessel functions of the first and second kind
respectively. Using these and polar coordinates on the sphere, we can write the
above integral identity in the following way,

™ Ki_12(w) _
V / ]wl 2 sin(6)do




= (-1 (p - 1)%2( 1y (¥

m=0

— R2m Kp+m—1/2(R) ] Im+j71/2(5)
Rp+m=1/2 gm+j-1/2 7

where w = VR2 + s2 — 2Rs cos 0.
I have not been able to find this result in the literature at all. However, the
‘base case’ for the induction, when j = p, becomes the following

\/7/” Ky-12(w) in2P-1(0)d0 = (p — 1)127 Kp-1/2(R) Ip-12(5)

wh~ T P12 Rp-1/2 gp-1/2 7

and this — or the unmodified analogue — is standard in Bessel function
literature, e.g. [21, 11.42 (16)] or [1, (4.11.6)].

1.6 Corollaries of the key integral identity

In order to solve the weight equation (3) using the weighting w defined in
(4), as well as integrating the expression e"*~%l over the sphere, as in the key
result above, we also need to integrate it over the ball, and to integrate its
normal derivatives over the sphere. Fortunately, these integrals can be obtained
reasonably straightforwardly from the key result. The proofs are given in
Section 4.

Firstly, integrating over the ball we have the following.

Corollary 5. For n = 2p + 1 an odd integer, R > 0, s a point in the interior of the ball
Bzg' and s = |s|, then

1 e (=1)pe R p Xp+z+1(R)
[x—s| -1z - -
mp /XEB”e dx =1 i Z(l 7i(s).
R

i=0

This is proved in Section 4.1.
For integrating the normal derivatives over the sphere, it makes sense to
simplify the notation by introducing the operator 6 defined on functions of R by

5f(R) := e—RRZPdiR (eRR™? f(R)) .

Remember that p is supposed to be a fixed integer, so although 6 depends on p
we won't include it in the notation.

Corollary 6. For n = 2p + 1 an odd integer, R > 0, s a point in the interior of the ball
B, and s = |s|, then

1 . (-1)PeR P p\ .
2 ehxslgx = ' ‘
Tl! Wy _/xesn—1 81/] ¢ dX - 2pp| Z 1 6JXP+1(R)T1(S)'

i=0

This is proved in Section 4.2. '
We will see below in Lemma 23 that 6/ x;,+i(R) can be expressed as a suitable
linear combination of reverse Bessel functions.

10



1.7 Solving the weight equation

We can now use the corollaries of the key integral identity to solve the weight
equation for an odd ball. The weight equation (3) for the weighting w defined
in (4) is the following:

1
sl —x=sl gy | =
i (/B de+zﬁ (R)/esmaw de) 1 forall|s| <R.

We want to solve this to find the set {f j(R)};’:O. Substituting in the expressions

from Corollaries 5 and 6 we find
—1)yPeR & +1(R
_ (=1)re Z (P) Xp+1+1( )’L’i(S)
i=0

27p! i R
+Z BRI Z(f)afxp+i<R>n(s)=1.

i=0

Rearranging and simplifying leads to the following;:

p
Xp+i+1(R)
j o
% ( ) Z Bi(R)S xp+i(R)Ti(s) = Z ( ) ——i(s).
As this needs to be true for all s < R and as the set of functions {7;} " is linearly

independent, we can compare the coefficients of 7;(s) foreachi =0, ...,p and
obtain the following linear system:

4
Z & xp+i(R)B;(R) = xpsis1(R)/R  fori=0,...,p.
=0
We have thus obtained the following theorem.

Theorem 7. The set of functions {f j(R)}f’ZO satisfies the linear system

Xp(R) 6Xp(R) Xp(R) e 6po(R) Bo(R) Xp+l(R)/R
Xp+1(R) 5Xp+l(R) 6 Xp+1(R) . 6po+1(R) ﬁl(R) Xp+2(R)/R
® oxn®) i ® o @GR R

if and only if the distribution w defined in (4) is a weight distribution on the ball By.

Solving this linear system will lead to expression for the magnitude, as
from (5) we have that the magnitude is given by [B%| = & (R" + nfo(R)R" ™).
We will see below how to use this to get a formula for the magnitude without
explicitly finding Bo(R), but first it is worth pausing for an example.

1.8 An example

It is very easy from the above theorem to get a computer algebra system such
as SageMath calculate the entries in the linear system and solve it (for instance,

11



see [24]). The entries are almost polynomials in the sense that multiplying
through by RP~! will give all entries being integer polynomials which means
that computation can be done quite efficiently.

For example, we can look at the case where n = 5, i.e. p = 2. There the
system looks as follows.

R%2+R —R2-3R-3 (R3+5R?+12R+12)/R Bo(R)
R3+3R%+3R —R3-4R2-9R-9 (R*+5R3+17R?+36R+36)/R B1(R)
R*+6R3+15R2+15R —R*~6R3-21R2—45R—45 (R>+6R*+27R3+87R2+180R+180)/R / \ f2(R)

R2+3R+3
= R3+6R2+15R+15
R*+10R3+45R%+105R+105

And the solution is

Bo(R) | (3R®+27R*+ 105R® + 216R? + 216R + 72
Bi(R)| = ————| (3R*+29R° + 108R? + 180R + 120)R
a(R)] (R+3)R (R® + 9R2 + 27R + 24)R2

We are really interested in the magnitude and this can be calculated using the
formula (5):

1
[BR| = — (R" + npo(R)R"),

R® .\ 3R5 + 27R* + 105R3 + 216R2 + 216R + 72

51 4R +3)

1 R®+18R5 + 135R* + 525R? + 1080R? + 1080R + 360
T 5! R+3 '

Reassuringly, this is the same as the formula given at the beginning of the paper.

1.9 Hankel determinant formula

We can now get to the formula for magnitude in terms of Hankel determinants
of reverse Bessel polynomials.

We know from (5) that the magnitude of an odd dimensional ball satisfies
the following equation

—nR"Bo(R) + n!|Bi| = R".

We can include this in the linear system from Theorem 7 to get the extended
linear system

Xp(R) 5Xp(R) e 5po(R) 0\ /Po(R) Xp+1(R)/R
Xp+1(R) 6Xp+1(R) e 5po+l(R) 0 |[B1(R) Xp+2(R)/R
: : : : D= f (6)
Xop(R)  0xop(R) ... 0P xp(R) O [[Bp(R)] | x2p+1(R)/R
—nR"1 0 o 0 n!/\ [B| R"

Cramer’s Rule then gives us a formula for the magnitude |B£| as a ratio of
determinants. Then by various properties of the reverse Bessel polynomials and
sequences of row and column operations that are detailed in Section 5 we obtain
the following theorem.

12



Theorem 8. For n =2p + 1 the magnitude of the n-dimensional radius R ball can be
expressed as the following ratio involving Hankel determinants:

B, det[Xi+j+2(R)]Zj:0
R

n!'R det[)(iJrj(R)]f,]':O .

We have now achieved the second of our goals. This formula is a very
compact and beautiful way of expressing the magnitude of an odd ball. The
formula, however, remains somewhat mysterious. It is not clear why such a
formula should exist. Certainly the heavily computational way it is obtained in
Section 5 does not shed any light on this. I was able to guess the formula as I
spotted patterns in some other calculations.

All that aside, this formula does give an easy and memorable way to
implement the calculation of magnitude in computer algebra such as SageMath
or Maple. However, as it stands it does not tell us much about the actual
polynomials in the numerator or denominator. For instance, I do not know how
to show directly from the above definition what the degrees of the polynomials
are or that the coefficients are all positive. Fortunately, there are deep connections
between Hankel determinants, continued fractions and combinatorics that can
be exploited here.

1.10 Combinatorial formulae via Schroder paths

There is a classical theory allowing the calculation of the Hankel determinants
of a sequence of numbers (a;);7, using a continued fraction expansion of the
generating function Y, a;t' of the sequence. A stumbling block in using this
approach in the current context is that this usually gives a simple factorization
of the Hankel determinants whereas the Hankel determinants here turn out to
typically be irreducible polynomials (up to trivial factors of R). This is basically
means that the generating function of the reverse Bessel polynomials can not
have a continued fraction expansion of the usual Stieltjes-type or Jacobi-type.
There has been more recent work on the case when the sequence consists of
polynomials rather than numbers; in particular, Alan Sokal has a large work
in progress [19]. I asked Sokal about the reverse Bessel polynomials, and he
was able to find a Thron-type continued fraction expansion (see Theorem 31).
This made the revesrse Bessel polynomials the first non-trivial example he had
come across of a sequence of polynomials which has a Thron expansion but no
Stieltjes or Jacobi expansion.

With this continued fraction expansion in hand, one can apply combinatorial
techniques — such as the Karlin-McGregor-Lindstrom-Gessel-Viennot Lemma
(Theorem 33) — to give formulae for the Hankel determinants appearing in
the magnitude in terms of counting weighted ‘Schroder paths’. We see in
Theorem 26 that

det [xi+j(R)]] |y = R¥sf(p) ), Wo(o,R),

(TEXV,]

det [Xi+j+2(R)]f,j:O = RP*lsf(p) Z Wa(o, R),

OEX;Hl
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400 1

log,,(coeff)

power of R . —40; !

Figure 1: On the left is a graph of the base-10 logarithm of the coefficients
of the polynomial N (R), which is the numerator of the magnitude of the
45-dimensional ball; this clearly illustrates the log-concavity. On the right is a
plot in the Argand plane of the complex roots of N (R); these all lie between
the pictured rays {z | arg(z) = 3nt/4} and {z | arg(z) = 57/4}. Both sets of data
were computed numerically with SageMath.

where the sums are over certain collections of Schréder paths. In fact, each
summand in the two sums above is a monomial so it is possible to give
combinatorial expressions for each of the coefficients in the numerator and
denominator polynomials. These expressions are used in Section 6 to prove all
of the remaining results about the magnitude of odd balls in the Main Theorem.

1.11 Further observations about the magnitude of odd balls

We finish the introduction with a few observations which merit additional study.
You might have noticed that the numerator and denominator at low degree
are unimodal — so the coefficients rise to a maximum and then fall — or more
specifically are log-concave — a polynomial with positive coefficients Y,; a;R" is
log-concave if al.z > a;j-1ai41 for all i. According to SageMath, both N,(R) and
D,(R) are log-concave for p < 22; however, I do not even know how to prove
that they are unimodal. Sokal [19] has other examples of Hankel determinants
of sequences of enumerative polynomials that appear, according to computer
calculations, to be log-concave, so this is perhaps a more general phenomenon.
To give an example, in Figure 1, the logarithms of the coefficients in the
numerator polynomial N2, (R) are plotted and they are seen to form a concave
set of points. Plotting the coefficients of the denominators gives similar looking
results. An alternative way to think of the polynomials is in terms of their roots.
The roots of N»(R) as pictured in Figure 1 were calculated using high-precision
arithmetic in SageMath [24]. The pattern is typical for all numerators and
denominators that have been calculated (i.e. up to p = 22) in that the roots all lie
in the sector {z | 3t/4 < arg(z) < 5n/4}. This gives added weight to the idea
that the polynomials are log-concave as any real polynomial with all of its roots
in the sector {z | 21/3 < arg(z) < 4m/3} is log-concave (see [20, Propostion 7]).
Two further intriguing observations are the following:

14



d|B},
1. the derivative (lﬂfl appears to involve the Hankel determinant with a shift

of one, det[xi+j+1(R)]

1 .. d’log|By . .
2. the second logarithmic derivative dil &l appears to be minus one times

a ratio of polynomials with positive coefficients, implying, in particular,
that | B | is log-concave as a function of R (investigating this was suggested
by Mark Meckes).

You can verify these observations by using the SageMath notebook [24]. It looks
like there is still plenty of structure to be found in the magnitude of odd balls.
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2 Bessel potential spaces and weight distributions

In this section we will prove the results we need about Bessel potential spaces,
proving Theorem 2 about the characterization of weight distributions for subsets
of R" and proving that the individual terms in our guess for the weight
distribution of an odd ball are all in the correct Bessel potential space.

2.1 Characterization of weight distributions in R"

Here we will give the proof of Theorem 2 due to Meckes [14].
Note first that the Bessel potential space H™*(R") is the linear dual of the
following Sobolev space:

H'R") = {f e L*(R") | £+ f € LA(R") for all |a| < i},

where a is a multi-index.

Now denote by Z: H~P*D(R") — HP*!(R") the canonical isometry between
the dual spaces which can be described explicitly in terms of Fourier transforms
[13, Section 5]. Suppose that w € H~P*D(R") is a distribution which satisfies
the hypotheses of the theorem. Let h = Zw, so that w = %@H(I — AP 1, where
A is the Laplacian on R".

Then

h(x) = (w,e”4*)y =1 forall x € intK.

But since all functions in H?*1(R") are continuous we have

h(x) =1 forall x € K. ?)
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If f is compactly supported in the complement of K, then
(L= AP h, f) = ntwx(w, f) =0,
as w is supported in K, so
(I— A" h =0 in the weak sense on R"\K. 8)

By [2, Proposition 2], there is a unique & in H? H(R") satisfying equations (7)
and (8), so by [13, Proposition 5.7], & is the potential function of K, and therefore
w is the weighting of K.

The final part of the theorem, equation (2), follows from [13, Proposition 4.2].

2.2 Examples of distribution in H~(*1)(R")

Here we give examples of distributions in Bessel potential spaces. These in fact
show that our putative weight distribution w, defined by (4), lives in H~(P*D(R")
as required.

The following lemma was suggested by Michael Renardy [18] as part of the
strategy to prove the theorem which follows.

Lemma9. If M is a compact subset of R" and we have a continuous differential operator

of order i of the form D = ¥, ea%, where o runs over multi-indices. Then the
distribution w defined by

(w, f):= ./Ml)f dvolgn

lies in the Bessel potential space H™'(R").

Proof. As H7/(R") is dual to the Sobolev space H(R"), as mentioned in the
previous subsection, it sufﬁces to show that there exists a A € R such that for
any smooth function f € H'(R") we have

[w, A < Allfllezien-

Here we will use the norm || f||gi(rn) = 2jaj<i ”%J(”LZ(R") which is equivalent
to the Hilbert space norm on this Sobolev space.

Let Ep := maX|y|<j SUpP,.cp €a(x); this is finite as D is continuous and M is
compact. We have

= ./ D eager f dvolg

|ar|<i

[Kw, )] = ‘/M D f dvolgs

<Ep ) / | £ f| dvoler < Ep ) Vol(M)?|
M

lel<i || <i

;x_a“f”Lz(M)

< EpVolM)? " || % fll,2(en = En VOLM)21If llicar,

lal<i

as required, where the second-to-last inequality comes from the Cauchy-Schwarz
inequality. O
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Note in particular that the identity operator is of order 0 and thus of order
p + 1, this means that for the n-dimensional ball By ¢ R” the distribution w

given by (w, f) := /B” f dvolgs is in H=P+D(R").
R

Theorem 10. Suppose L"~1 ¢ R" is a smooth submanifold which bounds a compact
subset M C R". Define the distribution w;, for 0 < i < p, by

(wi, f) = /Z%dvolz

where % denotes differentiation in the outward pointing normal direction. Then

w; € H-P+D(R").

Proof. Extend the normal vector field v on X to a smooth vector field ¥ on R”, this
can be done using the Tubular Neighbourhood Theorem so that ¥ vanishes away
from some neighbourhood of X.. We have % = v -V, so using the Divergence

Theorem we have

o (d1f o-1f
(wi, f) = ./Zz (avi—l) dvoly = ./Zv -V (avi‘l) dvoly
ai—lf
_ 2
= ./MV (817i—1) dvolg:.

1 . . . .
As V2o ;17',._1 is a continuous differential operator of order i + 1 and hence

of order p + 1, because i < p, so by the lemma above we have that w; €
H-PD(R™). O

3 Proof of the generalized key integral

In this section we wish to prove Theorem 4, which says that for 0 < j < p,
s € R?¥*1, withs = |s|and R > s >0

p=j .
[ wtxmshax= 22 3 (77 . ©)
X€ok i=0
The result we want for solving the weight equation is the case when j = 0.

3.1 Sketch of the proof

Before going in to the proof, let us sketch the proof here.

The principal ingredient is an observation of Barcel6 and Carbery [2]. We
consider the functions ¢;(r) and 7;(r) as spherically symmetric functions on R"
(where n = 2p + 1) so that r represents the radial coordinate. We denote by A the
Laplace operator on R”. Then the observation is that the differential operator
(I = A) will ‘move us up” each of our sequences of functions, more precisely,

(I=A)&i(r) =2(p — )&in(r)

17



where &;(r) is either 1;(r) or 7;(r). From this we can show that if £ is a
spherically symmetric smooth function defined in a neighbourhood of the origin
and (I — A)¥&(r) = 0 for p > k > 1 then &(r) is a linear combination of the set of
functions {Ti(r)}f:p7k+1.

By differentiating under the integral sign we deduce that

(I—As)r’—j+1/ Wi(lx—s])dx =0
XESRF

(where A indicates that we are differentiating with respect to s) and thus by the
above we have

P-J

[ wilx=shax= Y a, R0,

=
for some functions (ap, j,i(R))f:_O] , which we need to identify.

In the simplest case of j = p we can substitute s = 0 and show that the sole
unknown function a, , o(R) has the form we want, thus giving the integral in
this case. We work ‘“downwards’ to j = 0 from there.

Applying the operator (I — Ag) to both sides of (3.1) we find

p=j
0= [ wpalix=shidx= 3= = Dy (R
Xeop i=0

We assume that the integral for ;1 is in the form we want so we know the left
hand side of the above equation. From the linear independence of the set of

functions {7;}; we can deduce the correct formulae for {ap,]-,i}fz_oj _1, which just
leaves a, ;,-; and this can be calculated by substituting s = 0 into (3.1). In this
way we obtain the generalized key integral (9), and, in particular for j = 0, the
key integral, Theorem 3.

3.2 Basic properties of our functions

Here we will obtain some useful facts about the sequences of functions (;(r))?
and (7;(r));2,,. Firstly their initial terms are as follows:

Yo(r) =e™’; To(r) = cosh(r)
Both sequences satisfy the same recurrence relation
Ein(r) = -L&(r). (10

For r # 0, the second sequence is the even part of the first: 7;(r) = %(lp,-(r) +
Yi(—r)). It is not completely obvious, but is easy to prove, that 7(0) is well-
defined.

Proposition 11. For i > 0 the function t;(r) is an even function defined on all of R,
in particular at r = 0. It has Taylor expansion

r2k

wi(r) = (-1) ;) (k) - (2k +1)- 2k +3)--- 2k +2i = 1)’

18



and so ,
(=1
1-3-5---(2i=1)°
Proof. It suffices to prove the expression for the Taylor series. This is a straight-
forward induction using the recursive definition 7;41(r) = —%T;(I’). ]

7(0) =

The functions satisfy the following recursion relation.

Theorem 12. For i > 1, both sequences (¢i(r));2, and (Ti(r)):2,, satisfy

Ein(r) = (Eima(r) + 2i = DEi(r)) /7™

Proof. We will prove the formula inductively. It is easily checked for the case
i =1 for both sequences of functions. Then, by the recursion formula (10),

Eiva(r) = =1&i(r)
_ 1 (&) + (2i=3)&ia ()Y

r r2
&P = Eina(n)2r + (2 = 3)E]_ (r)r? = (2i = 3)Ei(r)2r
= =
_=&ina(n)r® = (2i = 3)&i(r)r? = 2(&i-a(r) + (2i = 3)&i-1(r))
= !
_ &ia(n)r? + (20 = 3)&i(r)r? +2r2&i(r)
= -
_ i)+ (2i - 1)&i(r)
= - ,
and the result follows by induction. O

From this we can express the relation between the function ¢; and the reverse
Bessel polynomial y;.

Proposition 13. Fori > 0 ‘
xi(r) = e gi(r).

Proof. By the above theorem we have

Visa(r) = (Qi(r) + 2 + Vi (r) /12

Multiplying through by e”r*** we find that "% ;(r) satisfies the defining
recursion relation (1) for the reverse Bessel polynomials. You can check that for
i = 0,1 the functions agree, therefore they agree for all . |

The above recursive relation can be written in the following fashion.
Eim1(r) = =(2i = DE;(r) + r* & (1) (1)

If this is thought of as writing the ‘decrease the index by one’ operation as
‘identity times a scalar depending on the index plus increase index by one times
1%, then decreasing the index by k is doing the sum of those two operations k
times. In general, if we have two commuting operations A and B then there is a

Leibniz formula (A + B)* = XX _ ( ’];)Ak‘mB’”. The following expression, which
we will use in Theorem 4 below, ought to be seen in that context, but I don't see

how to make that rigourous.
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Lemma 14. Fori > 1and 0 < k < i, both sequences (Yi(r));2, and (7i(r))2,, satisfy
the following formula:

k i
Eik(r) = ) ( , )( [ -ec- 1))r2mei+m(r>.
m=0 t=i+1—(k—m)

Proof. Let’s simplify the notation by writing A/ = [T}_, +-j—(2¢ =1). The
formula holds vacuously for k = 0. We use the recursion relation (11) and then
proceed inductively.

Eick = =231 = k) + D&j_par(r) + P2 Eigsa(r)
o (k-1
=-Q2>G-k)+1) Z ( " )Ak_l_mrzméim(?)
m=0
k-2

] e

m=0

;TA

-1
(kml) ~(@i = K+ DA (1)

+ i‘
>T‘o

k 2 2m+2 Z + é +1\7
0

m

2
t+7r £p+m+2)

=

Il
i gl
—_—

k-1
m

)( Qi k) + )AL (r)

k-

M7 2

3

Z)Ak_z_m72m+2(_(2i +2m + 1))5i+m+1(”)

+
»i’
No

R

5
(k

2\ oo
Ak 2 mr2m+45p+m+2,

§
S

reindexing the sums,
ST(k-1 k-2
= W;H N )(21 —2k+1)- (m _ 1)(21 +2m —1)

—(;:éyy+2m—2k+1)Ahkmﬂm&ﬂgﬂ,

using (“Nm = (F2)(k - 1),

[ Y B |

(—(2i = 2(k — m) + 1)) AK=1p2m e, ()

M
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k
_ k k—-m_2m ¢
= § (m)A r €1+m(7’)/

m=0
as required. ]

We finish this subsection by showing that our functions satisfy a second
order differential equation.

Theorem 15. For i > 0 and r > 0O, both {; and 7; satisfy the following differential
equation:

&)+ EE(r) - &i(r) =0.

Proof. This is proved by induction. It is clearly true for both 19 and 7. To prove
the inductive step, begin by substituting in the inductive definition (10).

” 2i+2 ¢ _ 1ery 2i+2(_1cry
Sl + 58 = (38)" + 2 (=58)
— 2 2 1 2i+2 1 1
=—(5& - 5& + &) -8+ 2E)
__1 2i 2i
= ley v gy - B

__1 2y _ _ler_
=—[&M+5E&) =38 = &in.

The next to last equality comes from the inductive hypothesis. |

3.3 The Laplacian and spherically symmetric functions on R”

As throughout this paper n = 2p + 1 is a fixed odd integer. Here we will think
of functions of r as being spherically symmetric functions on R”. Our proof of
the generalized key integral will rely on the behaviour on the set of functions
{¢;} U {7;} with respect to a certain differential operator defined in terms of the
Laplacian operator A. Indeed, we will show that this set of functions spans the
solution set of a certain differential equation. Theorem 16 and Corollary 17 were
obtained in [2], but the proofs given here are more direct.

The Laplacian operator A is a differential operator defined on functions on
R"; for a spherically symmetric function g(r) the Laplacian is given by

Ag(r)=g"(r)+ =1 g'(r).

A fundamental property (observed in [2]) is that the operator (I — A) moves us
along the sequence of functions.

Theorem 16. For i > 0 both sequences (i(r));2, and (ti(r));2, satisfy the following
formula:

(I=A)éi(r) =2(p = i)Eia (7).

Proof. The result follows from the differential equation in Theorem 15 and the
defining recurrence relation (10):

(I = A)Ei(r) = &i(r) = & (r) = 2L E(r)
= 2gl(r) - =LEl(r)

=(n—1-2i)&1(r). .
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Corollary 17. Fork > 1and i > 0 both sequences (¢i(r)):2, and (ti(r))?2, satisfy the
following formula

I-M&=2"p-i)p-i-1)...(p—i—k+1)&.
So if, further, i < p and i +k > p then
(I- A& =0.

We can use this to show how subsets of our functions span a certain solution
sets.

Theorem 18. For p > k > 1, if g is a spherically symmetric smooth function defined
on a neighbourhood of the origin in R with (I — A)*g(r) = 0 then there exists a set of
constants {Ci}f=p—k+l such that

p

g =), auln).

i=p—k+1

Proof. By Corollary 17, the set {{p_x41,..., ¥p, Tp—k+1,. .., Tp} gives us of 2k
linearly independent solutions to the order 2k linear differential equation
(I - A)¥g(r) = 0, so this set spans the space of solutions. The function 1;, for
i > 1 has a singularity of order 2i — 1 and the function ¢o(r) is e which is
not differentiable at the origin as a spherically symmetric function; thus any
solution which is smooth at the origin must be a linear combination of the set of
functions {tp_k41,...,Tp}- O

3.4 Proof of the theorem

We will begin with the following first approximation to Theorem 4 and then
find the functions a, ;,i(R).

Proposition 19. For p € Nsgand 0 < j < p, there is a set of functions {ap,]-,i(R)}f:_({
such that for 0 < Rand 0 <s < R

p-j

/ g Pilx—sldx= 2-2n) ), (P 1_ j)aPrj,i(R)THj(S).
xSy g

Proof. For the moment, fix R > 0. Observe that 1;(r) is smooth for r # 0 so for
fixed x € R?*! with |x| = R and [s| < R we have ¢(|x — s|) is a smooth function
of s. As (I - Ag)P/*1¢j(|s|) = 0, and the Laplacian is translation invariant,
(I = As)P=I*1y j(Ix=s]) = 0. Averaging over a sphere will not reduce smoothness
so for all [s| < R we have fx es¥ Yi(|x — s[) dx is a smooth, spherically symmetric

function of s. Then differentiating under the integral sign we find

(=a0 [ wcshax= [ 0= a7k shax
xGSR’ xeSRp

=0.
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Now we can just apply the lemma above to find that there is a set of constants
{ci}f:_()] so that

p-j
[ bilx=shax= 3 e
xesy i=0

But these ‘constants” depend on our fixed R, so rescaling these functions of R
appropriately we find a set of functions {a,, ]-,i(R)}f:O] such that

p-j

p=i
[ vitshax=2200 3 ("7 oy Ry o),
R i=0
for s < R, as required. o

We now just have to prove that for given p and 0 < j < p we have a, ;i(R) =
R?*214,,i(R). I cannot see any obvious reason why these are independent of ;.
We will inductively work down from j = p to j = 0. First we will do the base
case of j = p. (As mentioned in the introduction, this is equivalent to a known
result in the literature about modified spherical Bessel functions.)

Proposition 20. For R > s = |s| we have
/xeslz;’ Pp(Ix—sl)dx = 2(_2n)pR2p¢p(R)Tp(5)-
Proof. By Proposition 19 we have
[y xS =227 o), )

for some function a, , o(R). Substituting s = 0 and writing o3, for the volume of
the unit 2p-dimensional sphere, the left hand side of (12) becomes

/ N Yp(Ix])dx = / N Pp(R)dx = aszz”tpp(R)
XESy X€Sy

3 2(2m)P
1. 3:.5---(2p — 1)R2P¢P(R)

= 2(=21)’ Ty ()R, (R),

where the formula for 7,(0) was given in Theorem 11. The result follows from
comparing with the right hand side of equation (12). |

Now we can prove the general case.

Proof of Theorem 4. We work inductively downwards. Assume that for given p,
the theorem holds for all j satisfying 0 < k < j < p. We will prove that it holds
for j = k. We know that

p—k

[ wstx=shax= 2200 3 (7 Hss(Rrmiao)

i=0
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Thus

p—k
(1-Ay) / Uil = sl dx = (1= 2020 Y (77t i (R) i),
i=0
So
p—k
[ = B09ix= s =220 3 (7)1 (R = A)Tio),
X€op i=0
Then, by Theorem 16 and the translation invariance of As,
p—k
[ r =0 =shax = 22007 37 (7R =k = ik ().
X€op i=0

By the inductive hypothesis, the left hand side of the above equation has the

form
p—(k+1)

221 >0 () (p - R, i (R) T 4i(5).
i=0
But as (¥ _I;_l)(p -k)=(" Z_,k)(p — k — i), the previous equation becomes

1

k—
D7) p - DR, (R) T 4(s)
i=0

P-

1

k-
Z P k 1 (p K)ap k,i(R)Trr14i(s)-

=0

pP-

From the linear independence of the set of functions {Ti(s)}fzo we deduce that
apk,i(R) = R?*214,.i(R) fori =0,...,p — k — 1. It just remains to find Ap k,p—k-
To do this we will consider the case s = 0.

We now know

p—k-1

2(—;71)” /xeszp Pl —shdx = ) (P i k)R2p+2i¢p+i(R)Tk+i(S)

i=0
+ ap,k,p_k(R)Tp (S) (13)

Taking s = 0, and writing 02, for the volume of the unit 2p-dimensional sphere,
the left hand side becomes

1 R¥yr(R)
m/ Yr(x]) dx = W 7p(0)R7 Pi(R)

because as noted above, in Proposition 20, 02, = 2(=27)P 7,(0).
Writing Yx(R) = ¢p_(,—)(R) we can use Lemma 14 and find this is equal to

p—k p—k 4 .
Tp(0>R2PZ( l. )( [ —(zz—n)Rzle(R)

i=0 (=1+k+i
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p—k
p = k\ Tk4i(0) o;
= T,,(O)Rz”;( ; )—;‘p 0 R*Yp4i(R)

—k

= (p : k) T+ (O)R¥ 1, i (R).
i=0

Comparing this with the right hand side of equation (13) shows that a, x , (R)
is of the required form and the theorem is proved. |

We have now proved the key integral identity for solving the weight equation.

4 Proofs of the corollaries of the key integral

In this section we will prove Corollaries 5 and 6 which are needed for solving
the weight equation.
4.1 Integration over a ball

Here we will prove Corollary 5 about integration of e”*~3I over the ball of given
radius by using the result on the integration over the spheres of various radius.
Note first the following two lemmas.

Lemma 21. Forn > 1ands € R" we have

1 lx—
' e Pslax = 1.
n: Wy Jxern

Proof. By translating the origin and noting that the volumes of the unit (n — 1)-
sphere and unit n-ball are related by 0,-1 = nw,, we have

[s+]
/ e""_sldx=/ e_l"ldx=/ e "o, qdr
xeR™ xeR™ r=0

=T(n)oy-1=(n—-D'nw, =nlw,.

Lemma 22. Fori=0,1,2,... and R > 0 we have

e *xi1(R)
/R xi(rye " dr R .

Proof. Observe first that

d [ e"xialr)) _d i+
I (—f) =3 (—¢i+1(7)72 1)

= 1 (r)r* T — i (r)(2i + 1)1
=e'r? (Xis2(r) = (20 + 1) xi41(7))
=e "xi(r).
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So, by the Fundamental Theorem of Calculus,

00 =T . o0 -R ..
/ e_’)(i(r)dr _ [_6 X1+1(7)} _ e X1+1(R)’
r=R r r=R R

as required. o

We can now do the integral over the ball:

1 / e~ Pslgx = 1 (/ e~ Px=slgx — / e—lx—sldx)
ntwy x€By nlwy XxeR" [x|>R
=1 —/ ! / e sldx dr
r=R nlwy xesH1
0 —_r P
_ (=DPe™ X0 (P
=1 —[ o ; ; Xi+p(r)Ti(s)dr

=R
.yl [ e
1 27p ; ; [_Re X1+p(7’) r|Ti(s)
(~1yPe R & (p)\ xisp1(R)
-1 S S )R

which is as required.

4.2 Integration of the normal derivatives over a sphere

Here we will prove Corollary 6 about integration of the normal derivatives of
e sl for fixed s, over a sphere of given radius.

We want to do differentiation under the integral sign, but the region we
are integrating over — the radius R sphere — depends on the thing, R, we are
differentiating with respect to. The trick is to rescale and write the integral as an
integral over the unit radius sphere. Then differentiation in the normal direction
just becomes differentiation with respect to R. We will write X for a vector on
the unit sphere S .

! / i (e""_sl) dx
n! Wy XESIZJ’ &V]
! / 2 (e—lR*—Si) R¥dx
! wy Jgesw OV
T
n! Wy Jxes?r dR/
_rw & (L / e IR%=sldg
dRJ n! Wy Jzes?r

=R2Pi(R—2PL / e IRx=sl RZVdﬁ)
dR] n!wn %eS2r

= Rzpi R—ZPL / e X8l 4x
dR] Tl! (L)n XGSIZQP
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. _ _R p
- & (R—zp% > (’j)x,-+p<R)n(s>)

i=0

_R P j
= Y (Mot S ke, )

2P p! i\
_]_ pe_R P .
= (Zz—pl Z (;Z)(SJXH;H(R)W(S),
i=0

as required.

5 Magnitude in terms of Hankel determinants

[In this section, everything will be a function of R, so we will remove it from the
notation, writing x; and §; instead of x;(R) and 8;(R).]

The goal of this section is to prove Theorem 8 which gives the following
formula for the magnitude in terms of Hankel determinants of reverse Bessel
polynomials.

det[)(i+j+2]f,]':0

n!RdEt[XH'f]Zj:O

Bkl =

The proof will be computational and not give much insight as to why such a
compact formula in possible.

We start here with the linear system (6) which has the magnitude as one
of the unknowns. Then Cramer’s Rule immediately gives us a formula for the
magnitude in terms of determinants.

Xp oxp - OFxp Xp+1/R

Xp+1 OXp+1 --- 6po+l Xp+2/R

X2p Ox2p oo OPxzp  xop+1/R

-nR"1 0 0 R" N
n| _—_ —_
Bl = - =5 (14)

Xp oxp .- OPxp O
Xp+1 6Xp+1 e 6po+1 0
X2p 6)(2p ce 6p)(2p 0
-nR™t 0 ... 0 n!

We define N and D, respectively, to be the numerator and denominator of
this expression. We can, with a bit of work, express them in terms of Hankel
determinants. First, here is a lemma, the second part of which makes good
on our promise — from after Corollary 6 — that we will see that &/ x,, will be
written as a suitable linear combination of reverse Bessel functions.

Lemma 23. Suppose that m € {0,1,2,...},0 < j < mand k € Z then
1 6(Rk)(m) = _Rk+1Xm—1 - Rk_l(zp k- 1))(111;
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2' 6ij = (_1)] (R]Xm—] + Z{:l f(prjl t)Rj_ZtXm—j+t)/ where f(p: j/ t) iS an
integer which is independent of m;

3. IR xm) = (D) (RIT e+ 20, 8P, j, ORITH Xzt ), where g(p, j, t)
is an integer which is independent of m.
Proof. For part 1 we will proceed by induction on m. First note that
5(R") = eRR¥ & (e RR™7RF)
= eRR% (=e RR™R* + (=2p + k)e RR™#R*1)
= —RF —(2p - k)R,
Wehave yo =1, x1 =Rand y» = R+ R, so
5(R¥x1) = 6(R*1) = —R*1.1 - (2p -k - 1)R*1.R
and
6(Rk)(2) — 6(Rk+2 + Rk+1) — 6(Rk+2) + 6(Rk+1)
— _Rk+2 _ (ZP —k _z)Rk+1 _ Rk+1 _ (zp — k= 1)Rk
= —RM1.R —(2p —k - 1)RF'(R? + R),

thus the result holds for m =1, 2.
Now suppose the result is true for m < m’, we use the recursion relation (1)
for the reverse Bessel polynomials to show that it holds when m = m’ + 1.

S(R xtnr+1) = O(RE(R? X1 + (21 = 1) X))

= O(RM*2)tpra) + 2m = DO(R )

= =R 2 = R¥(2p = k = 3) X
—@m = DRy = R*12m - 1)(2p — k = D)

= —REU R e + (2 = 3)xtwr-1)
= R (2p = k= (R )1 + 2m = 1))

= =R* = RFN@p =k = Dt

Thus the result for part 1 follows by induction.
For part 2 we proceed by induction on j. Here the second equality uses the

inductive hypothesis and the fact that 6 is Z-linear, while the third equality uses
part 1.

6j+1()(m) = 6(5j()(m))

_ (1) [6<fom_]-> e S Fpy DO )
= (-1 [RjﬂXm—f—l +RITN2p = j = D j+

Sy fo i DRI
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= (=20~ DR |

= (- [Rj X1y + RUD22p — (j + D) Xm—(jrner+
Zi=1 f(p/ j/ t)Rj+1_2tXm—(j+1)+t+

2{:1 f(pr j/ f)(Z(P + t) - ] - 1)R(j+1)_2t_2)(m—(j+1)+t+1]

= (-1y*! [Rj+l)(m—(j+1)+
RUD2(2p = (j+ 1) + f(p, o ) Xm—(e1yr1+
21:2 f(p/ j/ t)R(j+l)_2tXm—(j+l)+t+
Zi:z flp,js— 1)(2(P +8)—j— S)R(j+1)_2sxm*(j+1)+s+

Fp,j, @p +(j+1) = 2)R-U*D xm]

= (_1)j+1 [Rj+er11—(j+l)+
(@p =G +D)+ f(p, , D)RID2xjanyi+
Tl Fp i+ fp, it =D+ 1) = j = 3))X

R(j+1)_2t)(m—(j+1)+t+

ﬂnLDQP+U+D—2RW“%4

The last line means that we can define f(p, j, t) inductively: for j > 0 we have
fp,j,00=1,f(p,j,j+1)=0andfort=1,...,j+1

flp j+1,0)=fp,j)+Qp+t)—j=3)f(p,jt - 1).

Part 3 is proved by using part 2 together with the easy-to-check Leibniz-type
formula

i .
SR 1) = 3 (1) R0

a=0
You will find that g(p, j, t) = Xj_o i f(p, j = £t = 0). 0

Armed with this lemma we can now prove that the denominator and
numerator can each be written in terms of a Hankel determinant of reverse
Bessel functions.

Lemma 24. The denominator of the magnitude of the n-ball as given in (14) can be
expressed in the following form:

D = ntRPP2 det{xi)1] .
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Proof. We see immediately, by expanding along the final column, that

Xp oxp ... OPxp
0 co. OF
D=nl Xp:+1 X:p+1 )fp+l '
Xy Oxzp ... OPxyy

We can use part 1 of the above lemma to rewrite the second, j = 1, column and
then add (2p — 1)R™! times the first, j = 0, column to obtain

Xp —Rxp-1- R71(2p - Dxp 62)(p e 0P )y
D=nl Xp+1  —Rxp— R_l(ZP - Dxpn 52Xp+1 s O xpn
X2p _RXZp—l - R_l(ZP - 1))(277 52)(2;7 cee 5pX2p
Xy —Rxp-1 %xp ... OPxp
o Xp+1 _RXp 62Xp+1 e 6po+1
Xy —Rxop-1 0xp ... OFxop

Now we work to the right, inductively, column-by-column, using Lemma 23
part 2 and adding a suitable linear combination of the columns to the left and
find the following expression for D.

Xp —Rxp-1 Rsz—Z o (=R)Pxo

Xp+1 —Rxp  R*xpo1 ... (-R)x
D=nl}". : : N

X2p  —Rxzp-1 RPxpp—2 ... (=RPPxp

If we now reverse the order of the columns, then we pick up a minus sign for
each pair of columns we switch and these precisely cancel out the minus signs in
the matrix. Then taking out the factor of R/ in each column we find the required
form of the denominator:

Xo ... XP
D = 1 Re+0p/2 [X1 Ap+1
Xp -+ Xop

O

Lemma 25. The numerator of the magnitude of the n-ball as given in (14) can be
expressed in the following form:

N = Rw+Dp/2-1 det[)(;’+j+2]]:]':0'

Proof. By adding n/R times the final column to the first column and expanding
along the bottom row we have

Xp+nxpa /R Oxp ... OFxp
N =R" Xp+1 + nXp+2/R2 6Xp+l e 6po+1
Xop + X1 /R* Oxap ... OFxzp
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For the first, j = 0, column we have N; o = xp+i + nXp+it1/ R2. By the recursion
relation for the reverse Bessel polynomials we have R? Xp+i+2p+2i+1)xpriv1 =
Xp+i+2, butn =2p +1andso N;g = Xp+i+2/R2 + 2i)(p+i+1/R2-
For the second, j = 1, column we have
Nip = 0Xp+i = ~Rxp+i-1 — R7'(2p - Dxpei
= =R (Xp+is1 = 2p +2i = Dxpser) = R 20 = Dxpsi
= _R_1Xp+i+1 - 2iR_lXp+i-
For the rest of the entries we have, by the Z-linearity of 6,

Ni,j = 5j)(p+i = 6]‘716Xp+i = _6]‘71(R71Xp+i+1) - Ziéjil(Ril)(pﬂ')

This gives
Riz)(wz —Ril)(pﬂ —bpil(RilXpH)
" Risz+3+2R72Xp+2 *RilXp+2*2R71Xp+l e —0P71 (Ril/\'p+2)*25pil(R71Xp+l)
N =R R72Xp+4+4R72Xp+3 _RilXp+3_4R71)(p+2 _5;)71(RilXp+3)_46p71(R71Xp+2)
R72x2p12+2pR 2 x0p11 =R x2p11=2pR 7 x2p oo =P (R xps1)-2p8P (R x2yp)

Now we can work inductively from the top row down, subtracting two lots of
the top row from the second row, then subtracting four lots of the resulting row
from the third row, and so on downwards. This gives

R_z)(p+2 _R_l)(p+1 _6(R_1Xp+1) s _5p_1(R_1Xp+1)

R_sz+3 _R_l)(p+2 _6(R_1Xp+2) s —67’_1(R_1)(p+2)
N =R" R_ZXp+4 _R_l)(p+3 _6(R_1Xp+3) e _6p_l(R_1Xp+3) .

R_2X2p+2 _R_1X2p+1 _6(R_1X2p+1) v _6p_1(R_1X2p+1)

Now using Lemma 23 part 3, and the same argument as in Lemma 24 above, we
get

R2xpr2 =R Xp oo (=R 7)o
R2xp3  —R7Vxpsa xps1 - (=R)P2x3
N =R" R_ZXP+4 _R_lXp+3 Xp+2 .- (—R)p_2X4
R72 . —R‘l' . -R p'—2
X2p+2 Xope1 Xop oo (CRPPTxpa

Again, as in the proof above, switching the order of columns removes the minus
signs, and taking out the appropriate factor of R from each column gives the
required form of N as Rp+Dp/2-1 det[)(i+j+2]zj=0. O

Theorem 8, which we were aiming to prove, on the magnitude in terms
of a ratio of Hankel determinants, now follows from the expressions for the
numerator and denominator in Lemmas 24 and 25.

6 Schroder path formulae for the determinants

So far we know that the magnitude of an odd ball can be obtained from the ratio
of two Hankel determinants of reverse Bessel polynomials. In this section we
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Figure 2: A 3-collection ¢ with the associated weights of Wy marked on
(neglecting the trivial weights on the ascending steps). Thus Wy(o, R) = 120R5.
Subtracting two from each marked numerical weight gives Wa(g, R) =2 X 3 X
4 X R =24R%.

use the fact that the generating function of reverse Bessel polynomials has a
continued fraction expansion in order to get combinatorial expressions for the
Hankel determinants in terms of ‘Schréder paths’. This will allow us to give the
degrees of the numerator and denominator, to give their leading terms and to
show that all of the coefficients are positive.

6.1 Main results

In this section we will state the combinatorial expression for the Hankel deter-
minants of reverse Bessel polynomials (this will be proved in the next section)
and then use this to prove all the remaining results about the magnitude of odd
balls.

There is a beautiful theory relating Hankel determinants of sequences with
a continued fraction expansion to counting weighted Schroder paths. Let us
begin with some notation.

A Schréder path is a finite directed path on the lattice Z> where each step in
the path is either an ascent, going from (x, y) to (x + 1, y + 1), a descent, going
from (x, y) to (x + 1,y — 1), or a flat step, going from (x, y) to (x + 2, y). Four
such paths are shown in Figure 2 (one of the paths is an empty path).

For i € {0,1,2,...} define points P; := (—=i,i) and Q; := (i,i). Define
a disjoint k-collection to be a set of disjoint Schréder paths from {Pi}f.‘:O to
{Qi}f.‘zo, where disjoint means that they have no vertices in common. (Note that
paths cannot cross as the vertices will lie on the sub-lattice of points where the
sum of coordinates is even.) A 3-collection is shown in Figure 2. Let X be the
set of such k-collections.

As an aside, it is perhaps worth mentioning, although it does not seem to be
important here, that the disjoint k-collections are in bijection with the perfect
matchings of an Aztec diamond (see [4]) and thus there are 2(*1)/2 of them. All
eight disjoint 2-collections are shown in Figure 3.

A path weighting will be a way to associate a weight to each step in a path.
Let Wy be the following path weighting: associate 1 to each ascending step, the
indeterminate R to each flat step and y + 1 to each descending step which starts
at height y. See Figure 2 for an example. For a k-collection ¢ we define Wy(o, R)
to be the product of the weights of all of the steps in the collection.

Similarly, let W» be the path weighting which associates 1 to each ascending
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step, R to each flat step and y to each descending step which starts at height
y—1

We can now state the theorem, proved in the next subsection, which gives
a combinatorial expression for each Hankel determinant of reverse Bessel
polynomials that we are interested in, in terms of weighted sums of k-collections
of Schroder paths.

Theorem 26. Recalling that sf(k) := Hi;o il is the kth superfactorial, we have

det [xi+j(R)]] _o = R7sf(p) ) Wo(o,R)

(76pr1

det [Xi+j+2(R)]Z]-=0 = R"*1sf(p) Z Wa(o, R).

UEXP.H

Before proving this we will see some examples and prove the important
consequences for magnitude. Combining the above with Theorem 8 we imme-
diately get the following combinatorial expression for the magnitude of an odd
ball.

Corollary 27. For n = 2p + 1 the magnitude of an n-ball of radius R is as follows:

ZO'GX’«H] WZ(O'I R)

B%| =
| R| n! Zanp_l Wo(o, R)

This leads us to define the pth numerator polynomial and pth denominator
polynomial, respectively, as follows:

Ny(R) := Z Wy(0,R);  Dy(R):= Z Wo(a, R).

UEXFH.] GEXP_1

We can calculate some examples. The 2-collections in X, are shown in
Figure 3 labelled with the weightings from Wy. From that we see

D3(R) = Z Wo(o,R) =R®> + (4 + 4 + 4)R? + (12 + 16 + 20)R + 60

0eXp

= R®+12R? + 48R + 60,

and, subtracting 2 from each numerical label, we also see

Ni(R) = Z Wa(o,R)=R3+(2+2+2)R*+(2+4+6)R+6

geXp

=R3+6R%*+12R +6.

You can check that these are indeed the denominator and numerator polynomials
of the magnitudes |B%| and |B3|, respectively, as given in the introduction.

We can now prove some basic facts about the numerator and denominator
which you would hope to be true if you had stared at the examples in the
introduction and done some further computation. These are not at all obvious
from the Barcel6 and Carbery algorithm nor from the determinantal formulae.
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Figure 3: The eight 2-collections of Schroder paths in Xj, labelled with the
weightings from Wj.

Theorem 28. 1. The numerator polynomial N,(R) is monic of degree w

with all coefficients positive.
2. The denominator polynomial Dy (R) is monic of degree Z2— (p
positive.

L with all coefficients

3. The constant terms are related by Ny(0) = n! D,(0).

Proof. 1. The highest degree monomials contributing to N,(R) come from
(p + 1)-collections with the maximal number of flat steps; there is precisely
one of those, where all of the steps are flat, as in the last picture of Figure 3,
and its weighting is R?*V#*2/2 thus N,(R) is monic of the required
degree.

Clearly each coefficient in N,(R) is non-negative. To show that the
coefficient of R’ is non-zero for each 0 < i < (p + 1)(p +2)/2 it suffices to
show that there is a (p + 1)-collection with i flat steps. We can start with
the (p + 1)-collection with (p + 1)(p + 2)/2 flat steps as above, then remove
flat steps from the top line, one at a time, until we have a roof shape, i.e. a
single inverted ‘v’. Then we can remove flat steps from the second-to-top
line, and so on, until we have no flat steps, but just a decreasing sequences
of roofs as in the first picture of Figure 3.

2. This is proved similarly to the above.

3. The constant term of Ny(R) is given by Wz(a R) where oroof is the

(p + 1)-collection consisting of p + 1 roofs on top of each other and no
flat steps. Similarly, the constant term of D,(R) is glven by Wo(amof, R).
In Figure 4 you can see that you can identify a welghted with Wy

as 51tt1ng inside o' welghted with Wy. The extraneous weights are
1,2,3,. 2p+1andthus

p+1 _ pr-1
Wa(o, ¢ R) = n!Wo(o, ;- R)

roof”
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Figure 4: The constant terms in the polynomials N3(R) and D3(R), seen here as
Wz(ofoof, R) and Wo(af R).

oof”’

as required. O

These polynomials also appear to be log-concave, as do some other polyno-
mials arising as Hankel determinants of sequences of classical polynomials [19];
however, it is not clear how to go about proving this.

Now we can examine the combinatorics a little deeper to obtain the leading
terms of the numerator and denominator polynomials.

Theorem 29. Writing x := %(p + 1)(p + 2), we have
NP(R) — RK + (P+1);(P+2)RK—1 + P(P+1)3(g+2)(P+3)RK—2 + O(RK—3),
DP(R) - RNM 4 (P—l)lzj(P"'l)Rx—n—l n (P—Z)(P—Sl)ﬂ(l""l)sRK—n—Z T O(Rx—n—S)_

Proof. We will prove the result for the numerator polynomial N,(R), the denom-
inator polynomial proof is almost identical.

The subleading term in N, (R) comes from summing over (p + 1)-collections
in Xp+1 which have exactly one ascending and one descending step. This must
happen on the top path, as if both the path above and below are flat there is no
room for ascending or descending. We will split the path from P; to Q; into i
‘zones’, numbered from 1 to i, each zone is of width two, so that a flat step could
lie in either one or two zones. Consider a (p + 1)-collection with one ascending
and one descending step, these occur on the top path. Let C; be the zone that
the ascent lies in and (; be the zone that the descent lies in. Then

1< <G <p+], iel<G<O+1<p+2,

and such a pair of numbers determines the collection uniquely, see Figure 5, so

there are (V}?) such collections and each has W, weighting of (p +1)R*"!. Thus

the total contribution is (p;Z) (p + )R*! = 1(p + 1)%(p + 2)R*7L, as required.

Similarly, the subsubleading term in N,(R) comes from summing over (p +1)-
collections in X, +1 which have exactly two ascending and two descending steps.
There are three kinds of such collection and these are pictured in Figure 6.
In each case the zones of the ascents and descents are given by four number
C1, s, C3, C4 which satisfy

1< <0O<GBG<p+],
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o o o 2 DN o ¢
Pps: : : : : : : : (Qp+

O S

Figure 5: The single type of (p + 1)-collection with one ascent and one descent,
with the zones of the ascent and descent marked on.

[N S A L S A S O

P, Qp
pp—l prl

AT N X

P, - : : A A Q)
Py Qp

Figure 6: The three types of (p + 1)-collection with two ascents and two descents,
with the zones of the ascents and descents marked on.

ie. 1< <O+1<G+1<+2<p+3.

Thus there are (7}°) collections of each type. The W,-weightings on the three

types are respectively (p +1)(p +2)R*72, (p +1)*?R*"2 and p(p +1)R*~2. Hence the
total contribution is (pf)(p +D)((p+2+(+D+p)=p(p+12(p+2)(p+3),
as required.

For the denominator polynomial D,(R) we consider essentially the same

collections as above but in X,_1 with the path weighting Wy. Then there are (” ;1)
collections with one ascent and one descent, each of which has Wy-weighting of
(p + 1R*""! giving the required contribution.

For the three types of collections with two ascents and two descents there
are (’}') of them with Wo-weightings respectively of (p + 1)(p + 2)R*™"2,
(p + 1)2R*™"=2 and p(p + 1)R*""~2, giving the required contribution. O

Using the above leading terms of the polynomials together with long division

and the fact that |By| = nl!\]g—% gives the following corollary.

Corollary 30. Asymptotically, the magnitude of an odd dimensional ball has the
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following form:

By = — (R + 2o Rn=t oy oLl gio2) L O(R™) asR — 0. O
n!

Gimperlein and Goffeng [6] have shown that the first two subleading terms in
the asymptotic expansion of the magnitude of a domain in R??*! are proportional
to, respectively, the volume of the boundary and the total mean curvature of the
boundary. They use the above result to pin down the constants of proportionality.

6.2 Proof of the combinatorial formulae

In this section we will prove Theorem 26 giving combinatorial formulae for the
Hankel determinants of the reverse Bessel polynomials.

A classical first step in obtaining an interpretation of the Hankel determinants
of a sequence is to find a continued fraction expansion of the generating function
of the sequence. Usually, Stieltjes or Jacobi-type continued fraction expansions
are used, but when I gave Alan Sokal the reverse Bessel polynomials for
considerations he was excited by the fact that this was the first instance of a
“combinatorially interesting” sequence of polynomials for which there was no
Stieltjes-type or Jacobi-type expansion but there was a Thron-type expansion.
(See also Barry’s formula given at [15].)

Theorem 31 (Sokal [19]). There is the following Thron-type continued fraction
expansion for the generating function of the reverse Bessel polynomials.

o 1
D Hx(R) = 7
i=0 1- ;

1-

2t
1-Rt -

1-Rt- 3t

4t
1-Rt -

1-...
Proof. In [19, Proposition 31.3] Sokal gives a Thron-type continued fraction for
the augmented Bessel polynomials {Y;_1(x)};2, but xi(R) = R"Y;-1(1/R) and
on substitution we get the above theorem. ]

The next step is to give a path-counting interpretation to the terms in the
generating function of a continued fraction expansion. We will need some
notation first. Given sequences o = (a1, a2, ...) and 6 = (61, 62, . . . ) of elements
in some commutative ring R, let W, s be the path weighting which assigns 1
to each ascending step, assigns «a; to each descending step coming down from
height i and assigns 0,41 to each flat step at level i.

Theorem 32 (Fusy-Guitter-Oste-Van der Jeugt-Sokal, [5, 17, 19]). If (T:)2, is
a sequence of elements in a commutative ring R whose generating function has the
following Thron-type continued fraction expansion

[ee]

i 1
tlTl‘ = s

= e ait
i=0 1- 061t oY

1 - 6ot —

ast
1—(53t—1 3
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for some sequences o = (a1, arp,...) and 6 = (01, 02, .. .) of elements in the ring R,
then T; counts the W, s—weighted Schroder paths from (a, 0) to (a + 2i,0) for any a:

Ti= > Was(y). =
y: (a,0)w(a+2i,0)

Clearly in the reverse Bessel polynomials case we are working in the ring
R = Z[R] with a = (R,1,2,3,4,...)and 6 = (0,0,R,R,R,...). We will write
the corresponding path weighting just as W;g.

The next ingredient is the wonderful result relating Hankel determinants to
collections of non-intersecting paths in a graph.

Theorem 33 (Karlin-McGregor-Lindstrom-Gessel-Viennot Lemma, unpermuted
version). Let G be a directed acyclic graph and let {Ki}f.‘:o and {L j};.‘:o be two sets of
vertices. Let W be a weighting on the edges of G, taking values in the commutative ring
R. Let M;j fori,j =0,...,k denote the weighted count of paths from K; to L;:

M; = Z W(y)

y: KiwLj

Suppose that every disjoint collection of k + 1 paths from {Ki}f.‘zo and {Li}f.‘:O must
connect vertex Kj to Lj fori =0, ..., k. Let X(Ko, ..., Ky; Lo, ..., Lx) denote all such
disjoint collections. Then the determinant of the matrix M gives the weighted count of
disjoint collections of paths:

det[M; ¥, = > W(o). o
UEX(KO ..... Kk,‘L(] ,,,,, Lk)

To apply this, we let G be the graph whose vertices are the points in Z? and
whose edges are the three types of steps in Schréder paths. Then defining points
in 72 by U; := (-2i,0) and V; := (27,0) for i € {0,1,2, ...} and combining the
above two theorems we obtain the following.

Theorem 34. If (T;);? , is a sequence having a Thron-type continued fraction expansion
as in Theorem 32 then the Hankel determinants of the sequence (T;)7, count the
W, s—weighted disjoint collections of Schrdder paths:

det[TiJrj]f,j:O = Z Wa,s5(0)
OEX(UO ..... uk;Vo ..... Vk)
and
def[Ti+j+z]f,]~:o = Z Wa,s(0). m|

oeX(Uy,...,Ugs1;V1,00, Vies1)

We now apply this theorem to the reverse Bessel polynomials, to obtain
combinatorial formulae for their Hankel determinants. However, the formulae
given in the above theorem are not quite those in Theorem 26 as they do not
have the factor taken out and the end-points are incorrect.

Let’s look first at det| x;+ ]-(R)]f’ i=o° By Theorem 26, this involves a sum over

disjoint collections in X(Uy, ..., Up; Vo, ..., V) weighted by W;g. Consider the
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Figure 7: A disjoint collection ¢ in X(Uy, ..., Uy Vo, ..., V) with the path
weighting W,z marked on. The dashed lines mark the region in which the
collection can do something interesting.

example given in Figure 7. This is typical in that everything outside the marked
sector is fixed, one could have a flat step from (-1,1) to (1,1) but as 6, = 0
this would carry a weight of 0 and thus this collection would be ignored in the
sum. It is clear from the picture that the fixed part outside the marked sector
contributes a factor of R7sf(p) to the weighting of the collection. The part inside
the marked sector can be moved down so that the apex is at the origin, then it
becomes precisely a (p — 1)-collection in X},_1, and in this new position the path
weighting is precisely Wy. Thus

det [xi+j(R)]} o = R7sf(p) > Wolo,R).

GEXP,1

as required.
The case of det|x;+ j+2(R)]fj:0 is similar but involves one subtlety. We have
det[)(i+j+2]i‘(,]‘=0 = Z WrB(O)~
oeX(Uy,.e)Ugs1;V1,0e Vies1)

We are going to take the region marked by the dashed lines in Figure 8. There are
two things to consider which essentially cancel out. Firstly, there is no vertex at
(0,0). In theory we could have a horizontal path from Uj to V7, but the weighting
assigns 0 to such flat steps at height 0, so we can ignore these. However, we can
have a path which dips down to (0, 0) as in the left hand picture of Figure 8. This
carries a weight of R so cannot be ignored. Secondly, any flat step from (-1, 1)
to (1,1) carries a weight of 0 so will be ignored in the count. However, we have
an involution on the collections in X(Ujy, ..., Uk+1; V1, . . ., Vis1) which replaces
a dip down to (0, 0) by a flat step from (-1, 1) to (1, 1) and vice versa, such that
the weighting W;g gets replaced by the weighting in which the dip is weighted
by zero and the flat step from (-1, 1) to (1, 1) is weighted by R. (For example,
we go from the weighted collection on the left hand side of Figure 8 to the one
on the right hand side.) As above we can take out as a factor all of the weights
appearing outside the marked sector as these will appear in all diagrams. On
the other hand, the weighting inside the marked region is W». This gives us

det [xirjn2(R)]] _y = RP'sf(p) > Walo,R)

(TEX’,Jrl
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Figure 8: On the left, a disjoint collection ¢ in X(U;, Uy, Us; Vi, V2, V3), which
includes a dip down to the origin, with the path weighting W;g marked on.
On the right, the dip is replaced with a flat step with the alternative weighting
(essentially W) marked on it. The dashed lines mark the region in which
collections can do something non-trivial.

as required.
Thus Theorem 26 is proved, and we have proved all the combinatorial facts
we wanted to prove about the magnitude of odd balls.
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