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RECURRENCE RELATIONS FOR BINOMIAL-EULERIAN POLYNOMIALS

JUN MA, SHI-MEI MA, AND YEONG-NAN YEH

ABSTRACT. Binomial-Eulerian polynomials were introduced by Postnikov, Reiner and Williams.
In this paper, properties of the binomial-Eulerian polynomials, including recurrence relations
and generating functions are studied. We present three constructive proofs of the recurrence
relations for binomial-Eulerian polynomials. Moreover, we give a combinatorial interpretation

of the Betti number of the complement of the k-equal real hyperplane arrangement.
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1. INTRODUCTION

Let &,, denote the symmetric group of all permutations of [n], where [n] = {1,2,...,n}. For
each m € G, an index i is called a descent (resp. an ascent) of 7 if 7w(i) > =w(i + 1) (resp.
m(i) < w(i+ 1)), where i € [n — 1]. Define

Des(m) ={nw(i) | 7(i) > w(i + 1),7 € [n — 1]}, des(mw) = |Des ()|,
Asc(m) ={m(i) | 7(i) < w(i +1),i € [n — 1]}, asc (7)) = |Asc (7)],

where |S| denote the cardinality of the set S. The classical Fulerian polynomials A, (x) are

defined by
Ay (z) = Z pdes (M) — Z 225 (™), (1)
€Sy, €6y
Let A, (x) = ZZ;& »ya®, where () are called the Eulerian numbers. The numbers (}) satisfy

the recurrence relation .
n n— n
() -en(r ) o)

with the initial conditions <(1]> =1 and <,1€> = 0 for & > 1 (see [I8, A008292]). In [4], Chung,
Graham and Knuth noted that if we set <8> = 0, then the following symmetrical identity holds:

2 (05 -2 (065) @

where a, b are positive integers. Subsequently, the g-generalizations of the identity (2)) have been

pursued by several authors. See, e.g., [5], 10} 13} [17].
Let G = K1y, be the n-star graph with the central node n+1 connected to the nodes 1,--- , n.

The associated polytope Pg(f, ) is called the stellohedron. Following [16, Section 10.4], the h-

polynomial of the n-dimensional stellohedron is given by
" /n
s, (@) =1+ <k> Ag(z), (3)
k=1
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which is named as the binomial-Eulerian polynomial (see [17]). As usual, let

An(@) = hp,,) (@),

The ~y-positivity of Zn(:n) follows from a general result of Postnikov, Reiner and Williams [16),
Theorem 11.6]. As an application of the -positivity, we see that gn(x) is symmetric. Very
recently, Shareshian and Wachs [I7] further studied ~-positivity of the binomial-Eulerian and
g-binomial-Eulerian polynomials, and noticed that the identity (2]) is equivalent to the symmetry

of gn(a:) The reader is referred to [I] for a survey of the theory of ~-positivity.

Definition 1.1. Let Q,, be the set of permutations of [n| with the restriction that the entry n
appears as the first descent. For convenience, let the identity permutation 12---n be an element
of Q, and we say that the entry n appears as the first descent of 12---n (In fact, the identity

permutation has no descent).

For example, Q1 = {1}, Q2 = {12,21} and Q3 = {123,132,231,312,321}. Postnikov, Reiner
and Williams [I6], Section 10.4] discovered that

‘Zn(x): Z xdes(w)'

WEQn+1

The first few of A, (z) are given as follows:
Ao(z) =1, A1 (z) =1+ z, Ag(x) = 1 + 3z + 22, A3(x) = 1 + Ta + T2? + 2°.

It is clear that the ascent and descent statistics are equidistributed on &,,, since reversing
an element of &,, turns ascents into descents and vice versa. It is less obvious that ascent and
descent statistics are equidistributed on Q,,, since reversing an element of Q, may leads to an
element of &,\Q,,.

This paper is motivated by the following problem.

Problem 1.2. Is there a bijective proof of the symmetry of gn(x) by using the descent and

ascent statistics on Q¢

This paper is organized as follows. In Section 2] we present three constructive proofs of the
recurrence relations for gn(a:) In Theorem 2TT], as a combination of the first two constructive
proofs, we give a solution to Problem In Section Bl we study the generating function of
a kind of multivariable binomial-Eulerian polynomials. As an application, in Theorem BB we
give a combinatorial interpretation of the Betti number of the complement of the k-equal real

hyperplane arrangement.

2. RECURRENCE RELATIONS

2.1. The descent statistic on Q,,.

It is well known that the Eulerian polynomials A, (z) satisfy the recurrence relation

Apii(x) = (1 +nx)Ap(x) + 2(1 — 2) Al (2),
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with the initial values Ag(z) = Aj(x) = 1 (see [3] for instance), and they can be defined by the

exponential generating function

z" x—1
It is easy to verify that
(1-— a:z)gA(a: z) = Az, z) + (1 — az)gA(a: z) (4)
0z ’ oz 7
Set Ag(z) = 1. We define A(z,z) = > >0 gn(a:)% It follows from (3] that
A(z,z) = €% Az, 2). (5)
Combining (@) and (), we obtain
9 ~ . .
(1- :EZ)%A($, 2) =14z —22)A(x,z) + z(1 — x)a—mA(:E, z). (6)

Let A, (z) = > ko A(n, k)z*. Equating the coefficients of 2¥z"/n! in both sides of (@) leads to

the following result.

Theorem 2.1. For n > 1, we have
An+1,k) = (k+ DA, k) + (n —k+2)A(n,k— 1) —nA(n — 1,k — 1), (7)
with the initial conditions A(0,0) =1 and A(0,k) = 0 for k # 0.

In the following, we present a constructive proof of the recurrence relation (7). Let «;(m) be

the permutation in &,,_1 obtained from 7 by the following two steps:
e Step 1. Delete the entry i from ;
e Step 2. Every entry in 7, which is larger than i, is decreased by 1.
Let 3; j(m) be the permutation in &,,1; obtained from 7 by the following two steps:
e Step 1. Every entry in m, which is larger than or equal to 4, is increased by 1;
e Step 2. Insert the entry i between j-st and (j+1)-st elements of .
In the sequel, we define
Des *(m) = {0} U Des (7),
QD ={m e Qy |des(m)=k}.
Denote by F D, the set of pairs [r,i] such that 7 € QD, 41 and ¢ € {0,1,2,...,k}.

Hence

FDyis] = (k+ 1) A(n, k).
We use RD,, 42 to denote the set of permutations 7 of [n + 2] which satisfy the following three
conditions:

(1) the entry n + 2 appears as the first descent of 7 from left to right;
(2) 7 has k descents;
(3) Either a =1 or m(a — 1) > m(a + 1), where a = 771(1).

Lemma 2.2. There is a bijection ¢ = ¢y 1. from RDy 9y to F Dy .
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Proof. For any ® € RDy 4o, let a = 771(1) and 0 = ay(r). Clearly, 0 € @D, ;. Suppose
that
Des* (o) = {jo, 1, -+ Jk}

with jo < j1 < ... < jg—1 and ji = 0. Note that a — 1 € Des*(0). Suppose that j; = a — 1 for
some i € {0,1,...,k}. Define a map ¢ : RDy o) +— FDyy1 ) by letting ¢(m) = [ (7), 4]

Conversely, for any [o,i] € F'D,41, suppose that Des*(o) = {jo, j1,...,jk} with jo < j1 <
... < Jk—1, Jk = 0 and @ = j;. Let us consider the permutation © = 1 4(c). Then 7(1) =1 if
a = 0; otherwise, m(a + 1) = 1 and m(a) > m(a + 2) since o(a) > o(a+1). So, 1 € RD, 4o .
Thus, for any [o,i] € F Dy, the inverse ¢~ ! of the map ¢ is given by ¢~ 1(0,i) = B14(0). O

Let HDy,11,x—1 be the set of pairs [r, 4] such that 7 € QD,, 1y, and i € {1,2,...,n—k+2}.

Then
|HDpy1 41| = (n — k + 2)A(n, k —1).

Denote by RH D11 k1 the set of pairs [r, ] such that [7,i] € HDpy1 -1 and i > 71 (n+1)—1.
We use RD,, 12 to denote the set of permutations 7 of [n + 2] which satisfy the following three
conditions:
(1) the entry n + 2 appears as the first descent of 7 from left to right;
(2) m has k descents;
(3) Either a =n+2or w(a — 1) < w(a + 1), where a = 77 1(1).

Lemma 2.3. There is a bijection 0 = 0,, 3, from R—Dn+27k to RHD,, 1 j—1-

Proof. For any m € RDpiay, let a = m71(1) and o = ay(r). Clearly, 0 € QD,,,; , and
asc (o) =n — k + 1. Suppose that

ASC *(U) = {j17j27 o 7jn—k+2}
with j; < jo < ... < jp—k+2 = n+1. Note that a—1 € Asc*(o). Suppose that j; = a—1 for some
i€{1,2,...,n—k+2}. Theni > o '(n+1)—1. Define a map 0 : RD, 124 + RHDp 4151
by letting 0(m) = [ (), 1.

Conversely, for any [0,i] € RHD,, 11 -1, we have asc (0) =n — k + 1. Suppose that
ASC *(U) = {j17j27 o 7jn—k+2}

with j; < jo < ... < jp—kt2 =n+1 and a = j;. Let us consider the permutation 7 = 1 4(0).
Thus, 771(1) = n+ 2 if a = n + 1; otherwise, n(a + 1) = 1 and 7(a) < 7(a + 2) since
o(a) < o(a+1). Hence m € RD, 19 since i > 01 (n+ 1) — 1. Therefore, the inverse 6! of the
map 6 is 07 (0,i) = B1,4(0) for any [o,i] € RHD, 11 1. O

Let HD,, 1 be the set of pairs [r,a] such that 7 € @D,, ,_; and a € {1,2,...,n}. Then
HD,, 1| = nA(n — 1,k —1).

Let RHDy 4141 = HDpy1 -1 \ RHDp 11 1. In fact, RHDy ;1 is the set of pairs [r,]
such that [r,i] € HDyq1 -1 and i € {1,2,..., 7 1 (n+1) — 1}.

Lemma 2.4. There is a bijection ¥ = 1y, from HD,, .1 to RHD, 11 j—1.
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Proof. For any [0,a] € HD,, 1, suppose p = o~ *(n), then 0 = 0(0) < (1) < 0(2) < ... <
o(p) = n since the entry n appears as the first descent of o from left to right. There exists
a unique index i € {0,1,...,p — 1} such that o(i) < a < o(i + 1) since a € {1,2,...,n}.
Then B4i(0) € Q@Dpi1 k-1 and [Bai(0),i+ 1] € RHDyy1 —1. Define a map ¢ : HD,, 1
RHDy 411 by letting 1(0, a) = [B4,i(0),i + 1].

Conversely, for any [0,i] € RHp41 -1, suppose a = o(i), then a € {1,2,...,n} since the
entry n + 1 appears as the first descent of o from left to right and i < o~!(n + 1). Moreover,
aa(0) € QD, ;1 and aq(0)(i — 1) < a < ag(0)(i). The inverse 1! of the map v is

v (0,1) = [0a(0), a].

The proof of the recurrence relation ([0):
Note that
QDn+2,k = RDn—i—Q,k U R—Dn+2,k-

So

A(n+1,k) = |QD, 91| = [RDniog| + [RDpio |-

Lemma implies that |RDp 12| = |FDyy1 | = (k+ 1)A(n, k). Lemmas and 2] tell us
that

|RDyyorl = |RHDpy1k-1|

= |HDpj1p—1| — |[RHDp1 o1

= |HDpy14-1| — [HDp 1|

= (n—k+ 2)gn,k_1 — ngn—l,k—l-
Hence, A(n+ 1,k) = (k + D)A(n, k) + (n — k+ 2)A(n,k — 1) — nA(n — 1,k — 1). O
Corollary 2.5. The polynomials En(:n) satisfy the recurrence relation

Anii(@) = (14 (n+1)2) Ap(2) + 2(1 — 2) A} (2) = nw A, (z),
with, the initial value Ag(z) = 1.
Based on empirical evidence, we propose the following conjecture.

Conjecture 2.6. For any n > 1, the polynomial gn(x) has only real zeros.
2.2. The ascent statistic on Q,,.

Theorem 2.7. We have A(n, k) = |{r € Qny1 : asc (7) = k}|.

Along the same lines of the proof of Theorem 2] we shall present a constructive proof of
Theorem 2.71
For any n > 1 and 7 € G,,, we define

Asc™*(m) = {n} U Asc (),
QA ={m € Qu | asc(m) = k}.
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Suppose that the number of permutations in Q,,+1 with k ascents is E(n, k). Let HAp 1 k-1
be the set of pairs [r, 7] such that 7 € QA,, 1, and 7 € {1,2,...,n — k+2}. Then

[HApi1 -1 = (n =k +2)B(n,k - 1).
We use RA, 2} to denote the set of permutations 7 of [n + 2] which satisfy the following
three conditions:

(1) the entry n + 2 appears as the first descent of 7 from left to right;
(2) m has k ascents;
(3) Either a =1 or m(a — 1) > 7(a + 1), where a = 7~ 1(1).

Lemma 2.8. There is a bijection 6 = énk from RA, 1o to HA, 1 1.

Proof. For any m € RAu oy, let a = m71(1) and 0 = ay(w). Clearly, 0 € QA ; and
des (0) =n — k + 1. Suppose that

Des *(U) = {j17j27 cee 7jn—k+2}
with j1 < jo < ... < jn—k+1 and ju_g+o = 0. Note that a—1 € Des*(¢). Suppose that j; = a—1
for some i. Define a map 0 : RA, o5 — HAp g -1 by letting O(n) = [ay (), 4.
Conversely, for any [0,i] € HA, 41 ;—1, we have des (0) =n — k + 1. Suppose that

Des*(a) = {j17j27 cee 7jn—k+2}
with j1 < jo < ... < Jn—k+1, Jn—k+2 = 0 and a = j7;. Let us consider the permutation
7 = Bra(0). Then 771(1) = 1 if a = 0; otherwise, 7(a + 1) = 1 and 7(a) > 7(a + 2) since
o(a) > o(a+1). Hence m € RA, 12 ). Therefore, the inverse =1 of the map 0 is

é_l(a,z') = f1,4(0)
for any [0,4] € HAp 41 1. g

Denote by F'A, 1 the set of pairs [r,i] such that 7 € QA , and i € {1,... k} U{n+1}.
Hence

[FApikl = (k+1)B(n, k).
Let RFA,+1 be the set of pairs [r,4] in F A1, such that i > 7~ 1(n+ 1) — 1. Use RA, 24
to denote the set of permutations m of [n + 2] which satisfy the following three conditions:

(1) the entry n + 2 appears as the first descent of 7 from left to right;
(2) m has k ascents;
(3) Either a =n+2or w(a — 1) < w(a + 1), where a = 77 1(1).
Lemma 2.9. There is a bijection qg = énk from mn%k to REA, 1.
Proof. For any m € RAy oy, let a = 771(1) and 0 = ay(w). Clearly, 0 € QA, ;. Suppose
that
ASC*(J) = {j07j17 s 7]k}
with jo < j1 < ... < jk—1 < jr = n+ 1. Note that a — 1 € Asc*(0). Moreover, suppose

that j; = a — 1 form some 7. Then i > o~'(n + 1) — 1 since @ > 7~ *(n + 2). Define a map
¢ RAp ok = RFAp 1 by letting o(m) = [ (7),1].
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Conversely, for any [0,i] € RF A, 11 1, suppose that

ASC*(U) = {j07j17 e 7]k}
with jo < ji1 < ... <Jk—1 <jr =n+1and a = j;. Let us consider the permutation m = 1 ,(0).
Then m(n+2) = 1 if a = n+1; otherwise, m(a+1) = 1 and 7(a) < w(a+2) since o(a) < o(a+1).
So, € MMM since i > 0~ *(n + 1) — 1. Thus, for any [o,i] € RF A, 111, the inverse qg_l of
the map ¢ is given by Qg_l(a,z’) = B1,q(0). O
Let HA, ;1 be the set of pairs [r,a] such that 7 € QA,,;,_; and a € {1,2,...,n}. Then
HA, ;1| =nB(n -1,k —1).

Let REA, 11 = FAyp11 \ REA, 1. Note that RF A, is the set of pairs [, ] such that
[m,i) € FApp1p and i € {1,2,..., 7 (n+1) — 1}.

Lemma 2.10. There is a bijection 1[1 = zﬁnk from mn,k_l to RF A, 41k

Proof. For any [o,a] € HA, 1, suppose p = 0~ (n), then 0 = 0(0) < o(1) < 0(2) < ... <
o(p) = n since the entry n appears as the first descent of o from left to right. There exists a
unique index i € {0,1,...,p — 1} such that o(i) < a < o(i + 1) since a € [n]. Then 5,,(0) €
QA1 and [Bi(0),i+1] € RF A, 41 Define a map e HA, -1+~ RFA, 1) by letting

U(0,a) = [Bai(0),i+1].

Conversely, for any [0,i] € RF Ay, 41, suppose a = (i), then a € [n] since the entry n + 1
appears as the first descent of o from left to right and i < o~ !(n + 1) — 1. Moreover, a,(c) €
QA, k1 and ag(0)(i—1) < a < ay(0)(i). The inverse Y1 of the map 9 is ¥ (0,1) = [ (0), a).

g

The proof of the theorem [2.77:
Note that QA,, 19, = RAnt2 ks URAn 2k So B(n+1,k) = [QA, 54| = [RAu o k| +[RA 2 k]

Lemma 2.8 implies that |[RA, 2% = [HApt1k| = (n —k+2)B(n,k —1). Lemmas 2.9 and 210
tell us that
RAniok| = |RFAn 1
= |FApiik — [RFAu 1]
= |FApprl — [HAp -1
= (k+1)Byj —nBp_15-1.
Thus B(n+1,k) = (k+1)B(n, k)+ (n—k+2)B(n,k—1)—nB(n—1,k—1) and so B(n, k) has the

same recursion as A(n, k). It is easy to check that B(0,0) = A(0,0) = 1, B(1,0) = A(1,0) = 1
and B(1,1) = A(1,1) = 1. Hence B(n, k) = A(n, k). O

Theorem 2.11. There is a bijection Q, from Q, to itself such that des () = asc (Q,(7)).

Proof. we can give a recursive definition of the bijection €2,,. For n = 1, we have Q; = {1}. Let
Qy(1) = 1. For n =2, we have Qo = {12,21}. Let Q5(12) = 21 and 25(21) = 12.
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For any m = 1,2,...,n + 1, suppose that {2, is a bijection from Q,, to itself such that
des () = asc (, (7)) for any © € Q,,. Furthermore, for any pair [r,i] with 7 € Q,, and a
nonnegative integer ¢, we let

Qm(ﬂ',i) = [Qm(ﬂ-)vl] and Qr_nl(T‘-’i) = [Qr_nl(ﬂ-)vz]
For any m € Q,,42, suppose that m € QD,, 5}, for some k. Note that
QDTH’ZIC == RDn+27k U R—Dn+2’k.

Combing the bijections in Lemmas 2.2] 23] 2.4] 2-8] and 210l and the induction hypothesis,
we give the bijection 1o from Q, 1 to itself as follows:

(¢1) If 7 € RDyy oy and Q41 0 ¢(7) € RE A, 11, then let
Qnaa(m) = ¢ 0 Q1 0 ¢(7);
(c2) If m € RDyy0) and Qnﬂ o¢(m) € RFA,41, then let
Qnia(m) =0 o Qpyr oo Ot oh™ 0y 0 p(m);
(c3) If e R—Dn+27k, then let

Qnio(m) =071 o Qi1 00(n).

U
By Theorems 2.1l and 2.7] we get
Z xasc Z " des (o Z xdos
UGQnJrl UGQnJrl UGQnJrl
Hence
~ 1
Ap(x) =2a"A, <E> ,
which implies that A, (z) is symmetric.
2.3. The nth-order recurrence relations.
Recall the following recurrence relation which is attributed to Euler (see [11] for instance):
n—1 n
Ap(z) = Z < >(33 — )" A(z) forn > 1. (8)
k=0 k

As an analog of (8], we now present the following result.

Theorem 2.12. The polynomials A n(x) satisfy the recurrence relation
n

:Z<>x—1J1AnJ()+x" (9)

=1

<.

for n > 1, with the initial value go(:n) = 1. Equivalently, we have

_ - (Z) (z — )" 1A (z) + 2™ (10)

k=0
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Proof. Let = be a positive integer. For any n > 0, let Q,,+1(z) be the set of pairs (7, ¢) such
that 7 € Q,4+1 and ¢ is a map from Des () to {0,1,...,2 — 1}. Thus
Ag(@) = > 2% = Qi (a)].
TEQn+1

For any (7, ¢) € Qpt1(x), there is a unique index k& > 1 which satisfies 7(k — 1) < 7(k) and
(k) > m(k+1) >--- > m(n+1). For the sequence w(k),w(k+1),...,m(n+1),if ¢(7(i)) = 0 for
some k < i < n+1, then let ¥’ be the largest index in {k,k+1,...,n+1} such that ¢(7 (k")) = 0;
otherwise, let k' = k. Let

and
B={r(k'+1),...,7(n+1)}.
Then o is a permutation defined on the set {1,2,...,n+ 1} \ B and the entry n + 1 appears as
the first descent of o from left to right.
Now, we distinguish between the following two cases:
Case 1.7(k') =n+1 and ¢(n(k')) # 0.

Then the entry n + 1 is the unique descent of the permutation 7. Thus, we have

¢(m(i)) # 0

for all 7(i) € Des (7). Note that 1 < |B| < n and there are (|]"3|) ways to form the set B. Since
Des (m) = {n+ 1} U (B \ {m(n+1)}), there are

(z — )Pl = (z — 1)IBl

ways to form the map ¢. This provides the term > (z — 1)/Bl = 27
BCin]
Case 2. Either (i) m(k') #n+1 or (i1) 7(k') =n+ 1 and ¢(n(k’)) = 0.
Let
red (o) :=red (0(1)),red (0(2)),...,red (o(k)) € Gy,
where red is an increasing map from {o(1),0(2),...,0(k")} to {1,2,...,k"} such that red (o (7)) <
red (o(j)) if o(i) < o(j) for all 4,j. Then the entry k' is the first descent of the permu-
tation red (o) from left to right since red(n + 1) = £k’ and red (o) € Q. Define a map
¢ : Des (red (0)) — {0,1,...,2 — 1} by letting
¢ (i) = ¢(red 71 (4)) if red 71 (i) # w(K').

Then (red (0),¢’) € Qs (x). Moreover, ¢(i) € {1,2,...,x — 1} for any i € B\ {m(n+ 1)}. Note
that 1 < |B| < n, ¥ =n+1—|B], there are (|g|) ways to form the set B and Qp_1(x) ways to
form the pair (red (o), ¢'). Moreover, we have ¢(i) € {1,2,...,x— 1} forany i € B\ {m(n+1)}.
This provides the term
> (1) -1 A
=1
Hence we derive the recurrence relation ([@). Setting k = n — j in (@), we immediately get (I0]).

This completes the proof.
O
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Let an =3 co. ., 2des (™) Note that

- 622

A(2,2) = 7 or

Let {Z} be the Stirling number of the second kind, which counts partitions of [n] into k£ nonempty

subsets. It is easy to verify that a, = 2> _, k'{Zﬁ — 1. In particular, ag = 1,a1 = 3,as =
11, a3 = 51. The numbers a,, have been studied by Gross [9], Nelsen and Schmidt [I4]. It should

be noted that a, is the number of chains in power set of [n] (see [I8, A007047]).

Corollary 2.13. Forn > 1, we have

n
n
ap = Z (j)an_j + 27,

J=1

3. MULTIVARIABLE BINOMIAL-EULERIAN POLYNOMIALS

Let m = 7(1)7(2)---7(n) € &,. An excedance in 7 is an index ¢ such that 7(i) > i and
a fized point in 7 is an index ¢ such that 7(i) = i. As usual, let exc (), fix(7) and cyc ()
denote the number of excedances, fixed points and cycles in 7 respectively. For example, the
permutation 7 = 3142765 has the cycle decomposition (1342)(57)(6), so cyc (7) = 3, exc (w) = 3
and fix (7) = 1. There is a large of literature devoted to various generalizations and refinements
of the joint distribution of excedances and cycles, see, e.g. [12] [15] 19] and the references therein.

Define

An(z,y,q) = Z e (1) fix () geye ()
€Sy
Let A(z,y,q;2) =1+ ,+, An(x,y,q)%. Brenti [3, Proposition 7.3] obtained that
1— q
Alx,1,q;2) = <ﬁ> .

Note that each object of &,, is a disjoint union of one object counted by A(x,0,q; z) and some
fixed points. Since each fixed point contributes no excedance but one cycle, by rules of exponen-
tial generating function one has A(x, 1,q; 2z) = e A(x,0, ¢; z) and A(x,y, ¢; z) = e¥?* A(x,0, q; 2).

Therefore,

A(m,y,q;z):< ik )Z>q, (11)

e?(@=y) _ pe(l-y
which was also obtained by Ksavrelof and Zeng [I2, p. 2]. In the rest of this section, we study
multivariable binomial-Eulerian polynomials.

A right-to-left mazimum of o € Q is an element o; such that o; > o; for every j € {i+1,i+
2,...,n} or i = n. Let RLMAX(0) denote the set of entries of right-to-left maxima of o. Let
rlmax(c) = | RLMAX(c)|. For example, RLMAX(163254) = {4,5,6} and rlmax(163254) = 3.
A block of o is a substring which ends with a right-to-left maximum, and contains exactly this
one right-to-left maximum; moreover, the substring is maximal, i.e., not contained in any larger
such substring. Clearly, any permutation has a unique decomposition as a sequence of blocks.
Let bk (¢) and bkone () be the numbers of blocks and blocks of length one of o, respectively.
Let fcyc(o) be the length (number of terms) of the first block of o from left to right. For example,
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the block decomposition of 163254 is given by [16][325][4], bk (163254) = 3, bkone (163254) = 1
and fbk (163254) = 2.

For any ¢ € G,,, we can write ¢ in standard cycle form satisfying the following conditions:

(1) each cycle is end with its largest element;

(74) the cycles are written in decreasing order of their largest element.

In the following discussion, we shall always write the cycle structure of o € &,, in standard

cycle form.

Definition 3.1. Let @n be the set of permutations of [n] with the restriction that the sequence

i the cycle containing n is increasing.

For example,
Q3 ={(3)(2)(1),(2,3)(1),(3)(1,2), (1,3)(2), (1, 2,3)}.
Define & to be the word obtained from o € O, by writing it in standard cycle form and

erasing the parentheses. Then o € Q,,. Thus, we get a bijection from @n to Q. Suppose that

g = (017027 LI 70i1)(0i1+170i1+27 L 7Ui2) T (O"ik,1+17o-ik,2+27 L 7Uik) S Qn

Then 04,,04,,...,0;, are the largest elements of their cycles, and o;, > 04, > ... > 0y,. Hence
o(o;) > o; if and only if 0; < 0;41. Let fcyc(o) be the number of elements in the first cycle of o.

From the above discussion, we can now conclude the following result.

Proposition 3.2. For any n > 1, we have

Z e (o)ybkono (o)qbk (cr)pfbk (o) — Z 7exe (o)yﬁx (o) qcyc (cr)pfcyc(o) )

o€Qn gc Qn

Let gn(a;, Y, q,p) = Zaeén+1 zexe (0)yfix (o) geye (o) pfeye(o) - The first few gn(x, Y,q,p) are given
as follows:
Ao(x,,9,p) = ypa,
Ai(w,y,9,p) = ¥°pg” + 2p’q,
As(,9,4,0) = pa*y® + pa’xy + 20° Py + pPoa’.

Theorem 3.3. Let A(z,y,q,p;z) = > >0 gn(x,y,q,p)%. We have

Alz,y,q,p;2) = (e +y — 1) pgA(z,y, q; 2). (12)

Proof. Let n be a fixed positive integer. Given w € Qn+1' Suppose the first cycle of 7 is given
by o = (c1,¢2,...,¢ck,n+ 1). So m can be split into the cycle o and a permutation 7 on the set
{1,2,...,n+1}\{c1,¢2,...,ck,n+ 1}, i.e., =0 - 7. When k = 0, we have

exc (m) = exc (1), fix (7) = fix (1) + 1, cyc (7) = cyc (1) + 1, feye(m) = 1.

This provides the term ypgA,(x,y,q). When 1 < k < n, there are (Z) ways to form the set

{c1,¢a,...,cr}. Moreover, we have

exc (1) = exc (1) + k, fix (7) = fix (1), cyc (7) = cyc (1) + 1, feye(n) = k + 1.
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This provides the term z ( )x gpttlA,,_ k(,y,q). Therefore, we obtain

An(,y,4,0) = ypaAn(z,y,q) + Y <k> gt AL k(2. q). (13)
k=1

Multiplying both sides of ([I3) by 2" /n! and summing over all nonnegative integers n, we get
that

~ ) . . e n n k Zn
Alw,y,4,052) = ypg Az, y,4;2) +pg »_ Y <k> (p)* Ap—k (2, y,0) —

n=1 k=1
— ypgA : kA, S A iz) —1
ypgA(z,y, q; 2) +pqn§::1kzzo <k> (p)* An—i(2,9,0) 3 = pa (Alw,y,4:2) = 1)
= ypqA(x,y, q; 2) + pq (eP*A(x,y,q;2) — 1) — pq ((A(z,y,q;2) — 1)
= (e +y—1)pgA(z,y,q; 2).
This completes the proof.

O
From (I2)), we see that
e -z __ —xz
Alw1,-1-112) = e A, 1,-132) = 27
—x
~ 2uz—z _ Tz
Alx,1,-1,1;2) = =" A(z,1,-1;2) = e Tre
r—1
It is routine to check that
e % — 1 — gntl n
- Z T
e22—1)z _ 4wz B i (1- 2x)2n _ p2n+l Z2n i — 27) 2n—1 4 20 2n-1 10
vl = z—1 — 11—z (2n —1)I"

Therefore, we get the following corollary.

Corollary 3.4. For n > 0, we have

En(% 1,-1,-1) = Z :Eexc(a)(_l)cyc (0)+feyc(o) (—1)™(1+z+ 224t 2");
0€@n+1

gn(a:,l,—l,l) = Z xexc(a cyc(a an kz z 12n—i<7‘7‘>.

— 1
UEQTL+1

It would be interesting to present a combinatorial proof of Corollary 3.4l
Let

B(n, k) = g(—l)’f—izn—i (7;)

It should be noted that the numbers B(n, k) are known as the (k — 2)-nd Betti numbers of the

complement of the k-equal real hyperplane arrangement in R™ (see [7, Theorem 4.1.5] for in-

stance). The Betti number B(n, i) was first studied by Bjorner and Welker [2], and subsequently
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studied by Green [7, 8]. The reader is referred to Green [8], page 1038] for various interpretations
of the numbers B(n,i).
From Corollary B.4] we see that

n

Z 2CxC (o)(_l)cyc (o) _ Z(—l)k+lB(n, k‘)l‘n_k (15)

0'6@n+1 k=0

An anti-excedance in m € &,, is an index ¢ such that 7(i) < i. Let aexc () be the number of
anti-excedances of 7. Clearly, exc () +aexc (1) = n for 7 € &,. For m € Qpyy, if exc () = n—Fk,

then aexc (w) = k + 1. Therefore, using (I3, we get the following result.

Theorem 3.5. Forn > 0, we have

B(n,k) = Z (—1)¥e (m)+aexc (7).

We@nJrl
exc (m)=n—k

Using Theorem (B.5]), one may introduce some g-analogs of the Betti numbers B(n, k).
Let B, (x) = > }_y B(n,k)z*. Combining ([4)) and (I5), we obtain the following result.

Proposition 3.6. We have

peg e? +xe(2+m)z
Z B"(x)ﬁ B 1+x
n>0
Define
n+1
Tu@)= Y. ¢ =Y T(n k)"
0€én+1 k=1

Let T(q,2) = 3,50 T(q)%;. It follows from (IZ) that

T2 =0 X3 1] 5 = (16)

n>0 k=0

where [Z] is the signless Stirling number of the first kind, i.e., the number of permutations of

S, with k cycles. Using (I0), we immediately get the following result.
Proposition 3.7. Forn > 2, we have T),(—1) =3 __5 +1(—1)CyC @) =n—1.

Let F,(q) = > p_o [¢]¢". Combining (I6) and the well known recurrence relation F,(q) =

(n—14q)F,—-1(q), one can easily derive that the polynomials T},(q) satisfy the recurrence relation
To+1(q) = (n + 14+ q)Ta(q) — nTy-1(q), (17)
with the initial conditions Ty(q) = ¢, T1(q) = ¢ + ¢*>. Equivalently, we have
Tn+1,k)=n+1)T(nk)+T(nk—1)—nT(n—1,k).

Recall that the Charlier polynomials are defined by

@ (z) = Zn:(—a)"—’f (Z) <i> kl, a 0.

k=0
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These polynomials are generated by e”**(1+ 2)" =} i (x)% Hence

To(g) = (~1"qCD(~q) = qké(—l)k ()

It is well known that Charlier polynomials are orthogonal polynomials and have only real zeros.

Hence the polynomial 7},(q) has only real zeros for any n > 0.
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