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Some algebraic and arithmetic properties of
Feynman diagrams

Yajun Zhou

Abstract This article reports on some recent progresses in Bessel moments, which
represent a class of Feynman diagrams in 2-dimensional quantum field theory. Many
challenging mathematical problems on these Bessel moments have been formulated
as a vast set of conjectures, by David Broadhurst and collaborators, who work at
the intersection of high energy physics, number theory and algebraic geometry. We
present the main ideas behind our verifications of several such conjectures, which re-
volve around linear and non-linear sum rules of Bessel moments, as well as relations
between individual Feynman diagrams and critical values of modular L-functions.

1 Introduction

1.1 Bessel moments and Feynman diagrams

In perturbative quantum field theory (pQFT), we use Feynman diagrams to quantify
the interactions among elementary particles 31, (1, [11, 37]. In this survey, we will
focus on 2-dimensional pQFT, where the propagator of a free particle with proper
mass my takes the following form:

: 2
1 lim // P x—Elp| dzp _ Ko(m0|.’13|) 1)
(27)% ot JIR2  |p|2+md 27

forz € R?~.{0}. Here, Ko(t) := [5” e "*Mdu,t > 0 is the modified Bessel function
of the second kind and zeroth order.
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Some results in 2-dimensional pQFT also find their way into the finite part of
renormalized perturbative expansions of (4 — €)-dimensional quantum electrody-
namics [36]. For example, in Stefano Laporta’s recent computation of the 4-loop
contribution to electron’s magnetic moment [37]], one of the master integrals is the
4-loop sunrise diagram for 2-dimensional pQFT:

=24 /Ooo Io(1)[Ko (1)) rdt

:/“%/‘”%/‘”% "y ! @)
0 X1 Jo x2Jo X3 Jo X4 (1+Z§:1Xk)(1+22:1$)—1

Here, the single integral over the variable ¢ represents the Feynman diagram in con-
figuration space (see [[I} §11, [10, §9.2] or [[L1} (84)1), and Iy(¢) = % el 946 is the
modified Bessel function of the first kind and zeroth order; alternatively, a quadruple
integral over a rational function in the variables x1, x,, x3 and x4 represents the same
Feynman diagram in the Schwinger parameter space (see [10, §9.1] or [44] §8]).

On one hand, Feynman diagrams provide us with many physically meaningful
multiple integrals over rational functions, which are special cases of motivic in-
tegrals [44} 3|], playing prominent roles in the arena for algebraic geometers. On
the other hand, certain Feynman diagrams are (conjecturally or provably) related
to arithmetically interesting objects [42, 11} 150], such as special values of modu-
lar L-functions inside their critical strips, inviting pilgrims to the shrine for number
theorists.

After high-precision computations of Feynman diagrams, Bailey—Borwein—Broad-
hurst—Glasser [1], Broadhurst [[10, [11], Broadhurst—Schnetz [18]] and Broadhurst—
Mellit [[17] had formulated various conjectures on Bessel moments

IKM(a, b;n) :— / o)) [Ko (1)]""dt 3)
0
with a,b,n € Z>¢. The last few years had witnessed rapid progress in these con-
jectures proposed by David Broadhurst and coworkers. In §§1.2) below, we give
precise statements of some recently proven conjectures about Bessel moments, be-
fore presenting in aroad map for their mathematical understanding.

1.2 Some algebraic relations involving Bessel moments

The following theorem about linear sum rules for Bessel moments grew out of nu-
merical conjectures by Bailey—Borwein—Broadhurst—Glasser [[1} (220)], Broadhurst—
Mellit [17, (7.10)] and Broadhurst—Roberts [[12, Conjecture 2]. The first proof ap-
peared in [49]].
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Theorem 1 (Generalized Bailey—-Borwein-Broadhurst—Glasser sum rules and
generalized Crandall numbers).

(2) We have
/O"" [7lo(t) +iKo(t)]™ Jlr [mlo(t) — iKo (1) [Ko(1)]"1"dt = 0 “
Jorm € Zzy,n € Lo, "3 € Lo, and
/0"" [l (t) + iKo (£)]™ : [mlo(t) — iKo(1)]™ [Ko(1)]""dt = 0 ()

for m € Zwo,n € Z>o, mj’*l € Z~q, which generalize the Bailey—Borwein—
Broadhurst—Glasser sum rule [[1] (220)].
(b) The Crandall numbers (OEIS 2262961 [43]])

4 e
A= (2) [0 - K0P} ROKoOP oo ©)

are integers for all n € Z~. More generally, the integral

o 2= DI=0" oo [h0(2) + Ko (1)]™ — [mlo(t) — iKo (£)]™
min = ot 0 i x

X [Ko(t)]" (212 m=3dr )
evaluates to a positive integer for each m,n € Zy.

The next theorem includes two sets of non-linear sum rules, which were orig-
inally discovered by Broadhurst—-Mellit [17, (6.12) and (7.13)] through numerical
experiments on moderately-sized determinants. An analytic proof has recently been
found [52] for Broadhurst—-Mellit determinants that come in arbitrary sizes.

Theorem 2 (Broadhurst—Mellit determinant formulae). Define M, and Ny as k X
k matrices with elements

Moasi= [ o) Ko, ®
(Noas 1= [ o)) Ko ()42 ar ©)

Then we have the following determinant formulae:

k 27 k—jj

detM; = HM, (10)
FIV 2+ 1)
o qpk+1)2/2 ktl (55 yk+1=j

detN; = —~ (2j-1) (11)

NGk+0/2) 14 @)
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where Euler’s gamma function| is defined by T'(x) := Jo e~ dt for x > 0.

1.3 Some arithmetic properties of Bessel moments

In what follows, we write fi y for a modular form (see §2.3for technical details) of
weight k and level N, and define its L-function through a Mellin transform:

L(fin»s) (iy)y*~'dy. (12)

A special L-value L( fi v, s) is said to be critical, if s € ZN (0,k). In this survey, we
will be interested in the following three special modular forms:

f315(z) = MBI (52)° + [n(2)n(152), (13)
f16(2) = [N(2)n(22)n(32)n(62)]7, (14)
[n(2z)n (Z)]9+[ n(z)n(62))°
@n62)]*  [n(22)n(32)]*"

where the Dedekind eta function is defined as 1(z) := ™%/ 12T, (1 — €**"2) for
complex numbers z satisfying Imz > 0. For y > 0, one can deduce

Joo(z) = 5)

fin <Niy> = (VNy)* fin (iy) (16)

from the modular transformation n(—1/7) = y/7/in(7) for t/i > 0. Consequently,
the L-functions attached to these three modular forms satlsfy the following reflection
formulae [[11} (95), (106), (138)]:

A(finss) = (\/?N)SF(E)F(S—H) L(fin,$) = Alfin k—s). an

The studies of the Bessel moments IKM(1,4;1) and IKM(2,3;1) had been ini-
tiated by Bailey—Borwein—Broadhurst—Glasser [[1} §5]. Back in 2008, it was analyt-
ically confirmed that

IKM(2,3;1) = ‘/12—5”c (18)

where

! Throughout this survey, we reserve the upright I for Euler’s gamma function, and write I" in
slanted typeface for congruence subgroups (to be introduced in §2.3)).
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1 1 2 4 8
€= roﬁnzr(E)F(E)F(B) F(B) (1%

is the Bologna constant attributed to Broadhurst [9, [1] and Laporta [36]. Later
on, it was realized that (I8) can be rewritten as IKM(2,3;1) = %L(f3715,2) =

23—\/%L( f.15,1) [ (96)—(97)], thanks to the work of Rogers—Wan—Zucker [40,

Theorem 5]. An innocent-looking conjecture IKM(1,4;1) = j—% IKM(2,3;1) was
proposed in 2008 [, (95)], but was not resolved until Bloch—Kerr—Vanhove carried
out a four de force in motivic cohomology during 2015 [3]], and Samart elucidated
the computations of special gamma values in 2016 [42]. We have recently simplified
50, Theorem 2.2.2] the result of Bloch—Kerr—Vanhove and Samart, as stated in the

theorem below.

Theorem 3 (3-loop sunrise via Bologna constant). We have

2

IKM(1,4;1) = m2C = %L(ﬁ’ls’l) — 3_7I'L

2V15

Based on a discussion with Francis Brown at Les Houches in 2010, and encour-
aged by a result of Zhiwei Yun published in 2015 [47/]], David Broadhurst discovered
some relations between IKM(a,6 —a; 1) and L(fa 6, ) [L1l §7.3], as well as between
IKM(a,8 —a;1) and L(fs6,s) [L1, §7.6]. All these conjectures have been verified
recently [50] §§4-5], so they are included in the theorem below.

(f3,15,2). (20)

Theorem 4 (Critical L-values for 6-Bessel and 8-Bessel problems).
(a) We have

%IKM(I,S;I) =IKM(3,3;1) = %L(f%,z), 1)

2 3
IKM(2,4:1) = %L(ﬂ,e, D=3Lfie3), @2

where the first equality in comes from Theorem(I[a)} and the last equality
in descends from (D).

(b) We have
IKM(4,4;1) = L(fs6,3): (23)
%IKM(1,7;1)=IKM(3,5;1)= %L(f6’6,4), (24)
IKM(2,6;1) = ?L(]%@,S), (25)

where the first equality in Jollows from Theorem[l[a)}
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1.4 Plan of proofs

To help our readers navigate through this survey, we present the Leitfaden in Table[1l

Table 1 Organizational chart

Th =
t;r;‘lin BS] Theorem4b)]

| |

Theorem[I[b)] Theorem[2] Theorem H4fa)]

In we begin with a summary of useful analytic properties for Bessel
functions, which result in a proof of Theorem We then present Wick rota-
tions, which are special contour deformations connecting moment problems for
IKM(a, b;n) to those for

IYM(a, B:n) = /0 o) Yo ()]s, (26)

where a+b = o+ 8, and Jo(x) := 2 foﬂ/z cos(xcos 9)dg, Yo(x) := — 2 [ cos(xcoshu)du
are Bessel functions of the zeroth order, defined for x > 0. The JYM problems have
some desirable properties [8 48], which lead us to a quick proof of Theorem [
Further applications of Wick rotations are given in §3] in the context of Theorem[Il

In §2.2] we give a brief overview of Vanhove’s differential equations [44] §9], and
compute certain Wroniskian determinants involving Bessel moments. These prepa-
rations allow us to present the main ideas behind the proof of Theorem[2] in §4l

In we describe how to obtain critical L-values via integrations over products
of certain modular forms, illustrating our general procedures with the proof of The-
orem[@)(b)] Some extensions in §3]then lead to a sketched proof of all the statements
in Theorem 4l

In §6l we wrap up this survey with some open questions on Bessel moments.
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2 Toolkit

2.1 Wick rotations of Bessel moments

As we may recall, for v € C,—n < argz < 7, the Bessel functions J, and Y, are
defined by

= 2betv J, T)—J-

T e T S - L e

= Oka—i-v—i-l) 2 p—v sin(u)

27)
which may be compared to the modified Bessel functions 7, and K :

o 1 z 2k+v T . I (Z) — 1 (Z)
Iy(z) := 7(—) , Ky(z) =3 lim —22 B2 (28
V(@) ,;O KT(k+v+1)\2 vi@i=3 a5V sin(ur) (28)

Here, the fractional powers of complex numbers are defined through w# = exp(Blogw)
for logw = log |w| + iargw, where |argw| < 7.

The cylindrical Hankel functions H(g1> (z) =Jo(2) +iYp(z) and H(gz) (z) =Jo(2) —
iYp(z) are both well defined for —7 < argz < 7. In view of and (28)), we can
verify

Jo(ix) = Io(x)  and %Ho(l)(ix) = Ko(x) 29)
along with
HY (x0T = +Jo(x) + i¥p(x) (30)
forx > 0.
As |z] = o0, —1 < argz < m, we have the following asymptotic expansions [46]
§7.2]:
N 2
(. |2 [C(nt3)] !
H =,/ =
0@ nze { Z:: (2iz)"mn! +0 |z|V+1 ’ an
N
@ [2 (5 r(n+3)° 1
H, =4/— 1 0
0@ nz +nZ::1 (—2iz)"n! i zNtL ) (7
which allow us to establish a vanishing identity
S G PG
/‘ H QHP (2)"dz =0, nezZn0,m—1) (32)
oo

by closing the contour rightwards. One can transcribe the last vanishing integral into
the statements in Theorem[lj(a)| bearing in mind that
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4Ky (|t it
oD Ty e - =

]

H (inH (it) = ()|, Vi€ (—e0,0)U(0,00). (33)

Lemma 1 (An application of Wick rotation). We have the following relation be-
tween IKM and JYM:

4
(%) TKM(1,4;1) = — JYM(5,0;1) + 6 JYM(3,2: 1) — JYM(1,4;1).  (34)

Proof. From (29), we know that

2 4 njoo
(E) IKM(1,4;1):—Re'/0 To@H (2)) 2dz, (35)

where the contour runs along the positive Imz-axis.

Noting that the asymptotic behavior of Jy(z) = [Hél) (z) + Héz) (z)]/2 can be in-
ferred from (31)), we can rotate the contour 90° clockwise, from the positive Imz-
axis to the positive Re z-axis (see Fig.[Tk), thereby equating (33) with

—Re '/:JO(X) [H(gl) (x)]4xdx = —Re '/:Jo(x) [Jo(x) + iYo(x)]4xdx, 36)

hence the right-hand side of (34). O

Proposition 1 (Evaluation of IKM(1,4;1)). We have

4
IKM(1,4;1) = ;r—OJYM(S,O; 1) = n2C, (37)

where C is the Bologna constant defined in (19).

Imz Imz
\
< Rez > Rez
(a) (b)

Fig. 1 a Wick rotation that turns an IKM to a sum of several JYM’s. Note that the contribu-
tion from the circular arc tends to zero as |z| — o, thanks to Jordan’s lemma being applicable to
the asymptotic behavior of Hankel functions. b Contour of integration that leads to a cancelation
formula for JYM'’s.
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Proof. For £,m,n € Z> satisfying either { — (m+n)/2<O;m<norl—m={—n<
—1, we can prove

iE+R

/io++m[fo(z)]m[H(§l)(Z)]”zfdz:— lim lim o))" [HY (2)]"2'dz = 0, (38)

0+ —oo €0 R—e Jjg—R
by considering the contour in Fig. [[b. According to (30) and Jo(—x) = Jo(x), we
may reformulate (38)) as

/Om [Jo(x)]™ { Jo(x) + iYo(x)]" + (= 1) [—Jo(x) + iYo(x)]”}xédx =0, ((RE3D)

which is a convenient cancelation formula for JYM’s.

With J(J4 = 6J2V2 4 Y4) = 22 [(J ¥ )P — (—J +i¥ )3 — L2 O 822
in hand, we can identify the right-hand side of with %JYM(S,O; 1). This
proves the first equality in (37). The second equality can be directly deduced from
[8l (5.2)]. O

So far, we have recapitulated an analytic proof of Theorem[3] as originally given
in [50, §2]. It is worth pointing out that Kluyver’s function [35]]

pn(x) = ./(;wlo(xt)[.lo(t)]"xtdt (39)

characterizes the probability density of the distance x traveled by a rambler, who
walks in the Euclidean plane, taking n consecutive steps of unit lengths, aiming at
uniformly distributed random directions. The analytic properties of such probability
densities have been extensively studied [4, 8, [7, 16} 51]. Recently, we have shown
[51, Theorem 5.1] that p,(x) is expressible through Feynman diagrams when n is
odd, as stated in the theorem below.

Theorem 5 (p,;1(x) as Feynman diagrams). For each j € Z-, the function
P2j+1(x),0 < x < 1is a unique Q-linear combination of

/omlo(xf)[lo(t)]zrnﬂ [Ko_(t)} 2(j-m)

j—1
xtdt, wherem € ZN [0, J—] . (40)
b4 2

(When j =1, the same is true for 0 < x < 1.)
2.2 Vanhove’s differential equations and Wroriskians of Bessel
moments

In [44] §9], Vanhove has constructed n-order differential operators Z,, (written in the
variable u in this survey) so that the relation
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i / To(y/ait) [Ko ()] 1dlt = const (41)
0

holds for all n € Z-q and u € (0, (n+ 1)?). The first few Vanhove operators L, are
listed in Table[2] where D" = 9" /du" for n € Z-~q and D? is the identity operator.

Table 2 The first few Vanhove differential operators (abridged from [44] §9, Table 1])

Ln

N

u(u—4)D' + (u—2)D°

u(u—1)(u—9)D* + (3u® —20u+9)D' + (u—3)D°

u?(u—4)(u—16)D? + 6u(u® — 15u+32)D? + (7Tu® — 68u+64)D' + (u—4)D°

w2 (u—1)(u—9)(u —25)D* 4 2u(5u® — 140u? +777u — 450)D> + (251> — 518u> 4 1839u —
450)D? + (3u—5)(5u—57)D' + (u—5)D°

AW N =

In general, for each n € Z>, Vanhove’s operator Zn satisfies
Lalo(i) = G L R, @)
1L, Ko (v/ut) = (;—ln)nLLzM’

where L, is the formal adjoint to the Borwein—Salvy operator L, 1> [3], the lat-

ter of which is the (n+ 1)-st symmetric power of the Bessel differential operator

(td/dt)* —1? that annihilates both Io(¢) and Ko (¢). Using the Bronstein-Mulders—

Weil algorithm [19] for symmetric powers, we have shown [52, Lemma 4.2] that the

following homogeneous differential equations

Zn |;/()m10(\/ﬁl‘)[K()(t)]n+1tdt+ (n+ 1)./OmKo(\/ﬁt)lo(t)[[{o(t)]ntdt} —0, 43)

L, /mlo(\/ﬁt)[lo(t)]j’l [Ko(t)]”“’jtdt =0, VjezZn {2, - + 1} ,  (44)
0 2

n+1

L [ Koo (o) rar =0, vj ez [z, '

} (45)
hold for u € (0,1).

For N € Z~, we write W[f(u),..., fn(u)] for the Wroriskian determinant
det(D" ! f;(u))1<i j<n- In [52, §4.1], we have constructed some Wrofiskians as pre-
cursors to Broadhurst—-Mellit determinants M and N, (see Theorem2)). Concretely
speaking, for each k € Z>,, we set

1y (u) = 52 Jo {To(Vut) Ko (1) + 2kKo (v/ut ) Io (t) } [Ko (1)1 de,
Wi () = Jo~ To(/ut) [Io (1))~ [Ko (1)K 7" 1de,Vj € Z01[2,4],
ul () = 5 Ko(y/at) (1)} [Ko(6)PF1 72 de ¥ j € ZN [k + 1,2k — 1],

(46)
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and
Vi () = sty Jo” o (V) Ko (1) + (2K + 1)Ko (v/ur)lo (1)} [Ko ()14,
vi () = fo Io(\/—t)[lo( )~ [Ko(f)]z"”""f.zz”dfvvj €ZN[2,k+1],
Vi () =[5 Ko(/ut) o ()} [Ko (1) =/~ 1de,Vj € Z0 [k +2,24],
(47)
and consider the Wroriskian determinants Qp;_1(u) := [/.tkll( ), ...,uk k_q (1 )]

o (u) == W[vk (@), v !« ()]. For k € Z>, Vanhove’s operators Loy and Ly
take the followmg forms [44 9.11)—(9.12)]:

2k—14d
Log—1 = mgp 1 (u)D* 1+ —— 3 m%l()DZk*Z—i—L.O.T., (48)
u
d
Lo = no(u)D* + k ”é’i“)Dz"*I +LOT., (49)
where
k R
mZk,l(u):ukH[u—(Zj)z], nox(u) =u Hu— 2j—1)7 (50)
=1

and “L.0.T.” stands for “lower order terms”. Therefore, we have the following evo-
lution equations for Wroriskians:

2k — 1
D' Qi (u) = —-QZk 1(u)D'log , ;
2 Wk T2, [(24) — u]

1
W T [(2) = 12 —u]”

where 0 < u < 1. These differential equations will play crucial roles in the proof of
TheoremP2lin §4l

(51

D' @ (u) = ke (u)D' log (52)

2.3 Modular forms and their integrations

=22

be the Hecke congruence group of level N € Z. A modular form M y(z) of weight
k and level N is a holomorphid] function that transforms like

Let

a,b,c,dEZ;ad—bc_1;c:0(m0dN)} (53)

2 For technical requirements on holomorphy at ieo, see [23] Definition 1.2.3].
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b
My (Z——:—_d) = (cz—i-d)kMk,N(z), (54)

where (‘Z Z) runs over all the members of Ig(N), and z is an arbitrary point in the
upper half-plane $) := {w € C|Imw > 0}. Modular forms of weight O (relaxing
the requirement on holomorphy at i) are called modular functions. These Iy(N)-
invariant modular functions are effectively defined on the moduli space Yy (N)(C) =
IH(N)\$ (see Fig.[2) for isomorphism classes of complex elliptic curves.

Following the notation of Chan—Zudilin [20], we write W3 = % (2 :%) and con-

struct a group Ip(6) 3 = (I(6),Ws) by adjoining W5 to Iy(6). This group is of
particular importance to the following motivic integral [3] §2]:

Imz Imz
) 20 ol 7o
i
. ol
; §r25 5T\ /5t swes
E N S72 s g
— Re: Rez
-1 -4 3 1 284 STSt | ST $2287
(a) (b)
Imz Imz Imz Imz
t t !
D De2 D63 D6

MReZ '/-\?\

(c) d)

11
32

=

®

Fig. 2 (Adapted from [26] Fig. 61]) a Fundamental domain © of I(1) = SL(2,Z). The moduli
space ¥y (1)(C) = SL(2,Z)\$) is a quotient space of © that identifies the corresponding sides of the
boundary 99 along the arrows. b Tessellation of the upper half-plane $) by successive translations
[generator T =1%"1:7z+— z+1] and inversions [generator §=81:7~-1 /7] of the fundamental
domain ©. Each tile is subdivided and painted in gray or white according as the pre-image satisfies
Rez < 0 or Rez > 0 in the fundamental domain ®. ¢ Fundamental domain D¢ of Ij(6), dissected
with SL(2,7Z)-tiles (cf. panel b). Gluing the three pairs of boundary sides of D¢ along the arrows,
one obtains the moduli space ¥, (6)(C) = I5(6)\$). d—f Fundamental domains D j for the Chan—
Zudilin groups I5(6) 4 = (Io(6), Wi), where Waz = (22— 1)/(6z—2), Waz = (3z—2) /(62— 3),
and Wez = —1/(62).
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|t Ko (o) ra

0

71/°°dX/'°"dY dz 1

“8Jo XJo Yo Z(Urx+Y+2)(I+i+ T+ D) —u

(35)
As pointed out in Verrill’s thesis [45, Theorems 1 and 2], the differential equation
L3 f(u) = 0 (cf. Table) is the Picard—Fuchs equation for a pencil of K3 surfaces:

1 1 1

whose monodromy group is isomorphic to I(6) 3, the image of I9(6) 3 after quo-
tienting out by scalars. As a consequence, the general solutions to L3 f (¢) = 0 admit
a modular parametrization

f(u) = Zs3(2)(co+ 12+ c2z%), (57)

where cg,c1,cr € C are constants, and

B _ [2n2)n(62)]°
u= —64X6)3(Z) = — [W} , (58)
Z3(2) = In@nGa” (59)

[n(22)n(62)*

Here, X¢ 3(z) is a modular function on I'(6)3 [20, (2.2)], while Zs 3(z) is a modular
form of weight 2 and level 6 [20} (2.5)].

Since [5° Jo(v/—ut)lo(t)[Ko(r))*rdr is annihilated by Vanhove’s operator L3, we
can establish the following modular parametrization

71.2

16263 (2) (60)

/ o (8VXe3 (21 ) To(r) [Kol0)rd =
0

through asymptotic analysis of both sides near the infinite cusp z — ico [whereupon
the left-hand side tends to [y I(#)[Ko(¢)]*tdt = IKM(1,3;1) and the right-hand side

tends to ’f—é = IKM(1,3;1)]. Here, the positive Imz-axis corresponds to /—u =
8V Xe6,3(z) € (0,00). In a similar fashion, one can show that

|90 (8VXea @) o) PIKo (01t = 22632 (61)
0 1

holds for z/i > 0. Now, we can prove Theorem[[b)|by throwing (60)—(61)) into the
Parseval-Plancherel identity for Hankel transforms [1} (16)]

/0 " F)e(t)ede = | /0 B [ /0 " Jo(xt) f(t)tdt} [ /0 mJo(xT)g(T)TdT] wx,  (62)

and noting that [50, Theorem 5.1.1]
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dX,
[Z6’3 (Z)]2 %(Z) = 27'L'l'f6,6 (Z) (63)

Actually, we can say a little more about the §-Bessel problem than what has
been stated in Theorem F[(b)] With heavy use of Wick rotations and integrations of
fo6(2)7",n€{0,1,2,3,4} over the boundary 0D 3 of the fundamental domain D 3
(Fig.[2k), one may show that [50, §5]

L(f6,675) _ 2752
L(fo6.3) 21° %

Comparing this to Theorem F[b)] one confirms a sum rule 97>IKM(4,4;1) =
14IKM(2,6;1), which was originally proposed in 2008 [[I} at the end of §6.3, be-
tween (228) and (229)].

3 Some linear sum rules of Feynman diagrams

The contour integral in is no longer convergent when n € Z N [m,), so the
methods in §2.11do not directly apply to Theorem[[b)} which involves Bessel mo-
ments IKM(a, b;n) with high orders n > (a+b —2)/2. In [49] §3], I used a real-
analytic approach (based on Hilbert transforms), to circumvent divergent contour
integrals while handling Theorem[Ib)] After email exchanges with Mark van Hoeij
on Oct. 24, 2017, about the asymptotic expansion of [Ip(x)Ko(x)]* for large and
positive x (see van Hoeij’s update on [43], dated Oct. 23, 2017), I realized that the
divergence problem in the complex-analytic approach can be amended by subtract-
ing Laurent polynomials from [H(gl)(z)H(gz) (2)]™. This amendment is described in
the lemma below.

Lemma 2 (Asymptotic expansions and Bessel moments). We have the following
asymptotic expansion as |z| — o0, — T < argz < T:
T\ 2m 1 )
(3) " @ @)

_ ]zv: (Z;,:r),:Jrzl /000 [ﬂ]o(t) + IKO(t)]m ;.[TCIO(Z‘) - lKo(t)]m [KO (t)]mt2n+m73dt
n=1 !

+

1
0 v ) (©5)

where m,N € Z~.

Proof. From (31, we know that as |z| — oo, —7 < argz < 7, there exist certain
constant coefficients a,, , such that the following relation holds:
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(1)) N gy @) am N A 1
Fun(2) :=[Hy (2)H,” (2)]" — Z2n+m72:0 v ) (66)

n=1

To determine a,, v, we consider

—ie iT
lim lim ( / + + / )me(z)zz’v““dz, (67)
Je. i

e—0t T—eo \ J—iT €

where Cg is a semi-circular arc in the right half-plane, joining —i€ to i€. For each
fixed € > 0, the contour integral in question tends to zero, as T — oo, because we can
close the contour to the right. Recalling (33)), and integrating the Laurent polynomial
over C¢, we arrive at the claimed result. O

Before moving onto the proof of Theorem[I(b)]in the next proposition, we point
out that one can also generalize the method in the last lemma into other cancelation
formulae. For example, in [53, Lemma 3.3.1], we used a vanishing contour integral

1 2 1 2 4
Jim ‘TH()()HO()(z){[Hé>(z)Hé>(z)]2—n2—Zz}z3dZ—0 (68)

to prove

[ oo ea =% [ noro {mormor- 4 e ©

which paved way for the verification of a conjecture [53| (1.2.4)] due to Laporta [37,
(29)] and Broadhurst (private communication on Nov. 10, 2017).

Thanks to van Hoeij’s observation that led to Lemma[2] we see that the expression
Cinn in (@) evaluates to a rational number [cf. (31)], and these sequences of rational
numbers satisfy a discrete convolution relation with respect to the power m. To show
that Gy, , is in fact a positive integer, it now suffices to prove that, for each ¢ € Z~,

20—-2)113 20-2
and
L [(20—2k)17 [(2k—2)!)?
S P oy

are both integers. Here, we have (k) k,(n k), € Z forn € Z>o,k € ZN[0,n], and

(2n—1)!1:= (2n)!/(n!2") € Z for n € Z>, so the statement C; ; € Z holds true.
The integrality of C; ¢ will be explained below.

Proposition 2 (An integer sequence). For each { € Z~q, the number o := Cy ¢ is
a positive integer.
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Proof. In [41} Theorem 3.1], Mathew Rogers has effectively shown that the follow-
ing identity holds for |u| sufficiently small:

oo _ 2n
3n 1) 1 u 72)

oy —ZZ(XZ o
L uf=3n;[<2n—1>n]2( o ) EE T

Comparing the coefficients of #" on both sides, we see that, for each n € Z~, the
expression o, — n’a, equals a sum of finitely many terms, each of which is an
integer multiple of (k!!)? € Z for a certain odd positive integer k less than n. There-

fore, we have oy = 1, 041 — £ 0y € Z for { € Z, which entails the claimed result.
O

4 Some non-linear sum rules of Feynman diagrams

As we did in §3] we will build non-linear sum rules of Feynman diagrams without
evaluating individual Bessel moments in closed form. In what follows, we describe a
key step towards the proof of Broadhurst-Mellit determinant formulae (Theorem[2),
namely, the asymptotic analysis of the Wroriskians €5, (#) and @ (u) introduced
in §2.2]

As in [52] §4], we differentiate (@6) with respect to u and define

i (u) :=23/uD' i (), VjeZN[1,2k—1]. (73)

Through iterated applications of the Bessel differential equations (uD?+ D' )Iy(\/ut) =
%Io(\/ﬁt) and (uD? + D") Ko (\/ut) = %Ko(\/ﬁt), we can verify

/Jkil(”) /Jki,qu(”)
(2y/u)* Do) (u) = det By () =+ Py gy (1) 7 74)

where the u (resp. [1) terms occupy the odd-numbered (resp. even-numbered) rows.
Since W{ly(u),Ko(u)] = —Ip(u)K; (u) — Ko(u)I; () = —1/u, we can show that

{ wl (1) =l (1),

. F (75)
nulf,kJrjfl(l) _.ulf,j(l) = _“157171',1(1)

for all j € ZN[2,k]. Thus, we obtain, after column eliminations and row bubble
SOrts,
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2(/(71)(2/(71)92,(71 (1)

=det) " T PR
e (1) - g ()0 0
M] 0
k(k—1
=(—1)"7 det ; (76)
(1) - gl (1
A - Bl _MT
k-1 k-1 k—1
M (1) " Mgk (1)
which factorizes into
*=1(k=2) detMy_
Q-1 (1) =(=1)""2 W(zkk,ll)deth 77

for each k € Z>,. By a similar procedure (see [52, Proposition 4.4] for detailed
asymptotic analysis), one can show that

2 2
k(2k—1)/2 _ el k[T(k/2)]7 (detNg_p)
ulg<1)1+u Q) = (=1)72 (2k+1) 20=1)@k=D+1"

(78)

Consequently, the evolution equation in (31)) admits a solution

(k— l)(k 2) i1
_ (=D K[C(k/2)]* (detN;_1)* i)? 2
Qoj—1 (u) = A2k 1) 26D+ I:I (79
for u € (0,1].
Comparing and (79), we arrive at
k—1L
k[T(k/2)])?(detN;_1)? £ )2 2
detM;_;detM; =
etMj_ | detMy 202k 1 1) ,I_I ; (80)

for all k € Z>,. A similar service [52, §4.3] on @, (u) then brings us

detN;_jdetN;, =

2k+1(deth)2k+l{ (2j—1)? ]k (81)
( P-1]

k1 (k=11 15[ (2j—1)72-

The last pair of equations, together with the initial conditions detM; = IKM(1,2;1) =
% (1 (23)] and detN; = IKM(1,3;1) = ’zr—j [, (55)], allow us to prove Theorem
2Iby induction.
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As a by-product, we see from that Qo () = W[ukl‘l(u), M (w)]
is non-vanishing for u € (0, 1]. Therefore, the functions g | (), ..., 1} 5, (u) (re-
stricted to the interval (0,1]) form a basis for the kernel space of ng, 1. Conse-
quently, for each k € Z>,, the function py(v/u)/+/u,0 < u < 1 (where py(x) =
5> Jo(xt) [Jo(¢)]*xtdt is Kluyver’s probability density) is an R-linear combination
of the functions ,uli (u),... nukl,Zkfl (u). Unlike our statement in Theorem 3] where
the Bessel moment representation of pyj1(x), j € Z>, leaves a convergent Taylor
expansion for 0 < x < 1, the representation of po;(x),0 < x < 1 through a linear
combination of Bessel moments may involve O(xlogx) singularities in the x — 0"
regime, attributable to the Bessel function K. Such logarithmic singularities had
been previously studied by Borwein—Straub—Wan—Zudilin [8].

S Ciritical values of modular L-functions and multi-loop
Feynman diagrams

As in the proof of Theorem H|(b)|in §2.3] we need to fuse Hankel transforms in the
Parseval-Plancherel identity to prove -
Fusing the following Hankel transform (cf. [S0, (4.1.16)])

(3w n(6w)]* T n(Bw)[n2w)?°
J ’°([n<3w>12[n<2w>14”> WO KO = e P 2

(Where w=3 L 1 iy,y > 0 corresponds to 0 < %i < 00) with itself, we
obtain (cf. [0, Proposition 4.2.1])
m3i e
IKM(2.41) =5 /l Fas(w)dw. (83)

v 2

This is not quite the statement in (22)) yet, as the integration path still sits on the
“wrong” portion of 09 » (Fig.2l). To compensate for this, we need another Hankel
fusion, together with some modular transforms on the Chan—Zudilin group I)(6) 2,
to construct an identity [50, Proposition 4.2.2]:

L
5 e

JYM(6,0;1) / fas(w)dw — E Fas(w)dw. (84)

Now that Wick rotation brings us IKM(2,4;1) = ’31—3 JYM(6,0;1) [50, (4.1.1)], we
can deduce 22) from the last two displayed equations.

It takes slightly more effort to verify (21). Towards this end, we need a “Hilbert
cancelation formula” [50, Lemma 4.2.4]
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/Om [/OmJo(xt tdt} [/ Yo(xt)F Td‘c]xdx 0 (85)

for functions F(z),r > 0 satisfying certain growth bounds, along with modular
parametrizations of some generalized Hankel transforms, such as (cf. [S0, (4.1.31)])

« (3 Rin(en)*
[ (s et ) Kotorras
am e (3P,
L (Gt ) Kot P
_ 22w-1) 00w ) (36)
2¢/3i  [n(w)P[n(6w)]?

for w = % +iy,y > 0. We refer our readers to [50, Proposition 4.1.3 and Theorem
4.2.5] for detailed computations that lead to 1)).

6 Outlook

6.1 Broadhurst’s p-adic heuristics

In §1.3] the modular forms f3.15, fa6 and fg ¢ were not picked randomly, but were
discovered by Broadhurst via some deep insights into p-adic analysis and étale co-
homology [22}[33]]. In short, Broadhurst’s computations of Bessel moments at finite
fields led him to local factors in the Hasse—Weil zeta functions, which piece together
into the modular L-functions, namely, L(f3 15, s) for the 5-Bessel problem, L( f4¢,5)
for the 6-Bessel problem, and L(fs 6,s) for the 8-Bessel problem.

On the arithmetic side, Broadhurst investigated Kloosterman moments (“Bessel
moments at finite fields”), with extensive numerical experiments [11, §§2-6]. A
Bessel function in a finite field [39], with respect to the variable a € Fq = Fpk
is defined by the following Kloosterman sum:

KIZ(FP,(,Q) = Z e TrIFq/IF,,(lerxz Z e p Tr]Fq/]Fp (x+ ) (87)

x1,0€F] xix=a xeFy

where the Frobenius trace Trp,/p, acts on an element z € F, as Trg, /r, (z) =
Z’;;(l) 7. Writing Klz(IFpk,a) = —a,— B, where o, 3, = q, and introducing the n-th

symmetric power K1 := Sym" (Klp) as KI (F x,a) := ¥ _ 0a B2/, we may further
define Bessel moments in a finite field as the following Kloosterman moments:

):=Y KI(Fya)=Y, Z”:agﬁg*f. (88)

aEIF; aEIF; Jj=0
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With ¢, (gq) = —%g‘q) for a prime power g = p¥, one defines the Hasse—Weil local
factor by a formula

) k
Zu(p,T) —exp( X (,f ) (89)

Following the notations of Fu—Wan [238]], we set L, (]P)]i,p N\ {0,00}, Sym™ (K1), s) =
1/Z,(p,p~*), and define the Hasse—Weil zeta function

Gua(s) HL (B, ~ {0,00}, Sym" (Kl»), Hz 7 (90)
P l‘l

where the product runs over all the primes. It is known that {51 (s) = L(f3,15,5)
[38]] and s 1(s) = L(fae,s) [34]. The structure of 7 (s), which involves a Hecke
eigenform of weight 3 and level 525, had been conjectured by Evans [25, Conjecture
1.1], before being completely verified by Yun [47, §4.7.7]. The story for the 8-Bessel
problem is much more convoluted (see [47, Theorem 4.6.1 and Appendix B] as well
as [[11] §7.6]).

On the geometric side, Broadhurst’s L-functions L(f35,s) and L(fs6,s) are
closely related to the étale cohomologies of certain Calabi—Yau manifolds. Con-
cretely speaking, one may regard the 4-loop sunrise [quadruple integral in (2)] as a
motivic integral over the Barth—Nieto quintic variety [2 30, 34], which is defined
through a complete intersection

N::{[u02u1:u2:u3:u4:u5]6P5

5 5 1
Zuk=Z—:O}. 91)

k=0 k=0 Yk

The projective variety N has a smooth Calabi—Yau model Y. Its third étale cohomol-
ogy group H3 (Y) is related to 2-dimensional representations of Gal(Q/Q) [34 §3],
so that for each prime p > 5, one has L, (H3 (Y),s) = [l —a,(Y)p~ + p>~>]~! for

ap(Y) = tr(Frob}, H(Y)) = 1+ 50p+ 50p*+ p* — #Y (F,), (92)

where #Y (IF,,) counts the number of points within Y in the finite field F,,. The mod-
ular L-function L(f3,s) coincides with L(HZ (Y),s) =1, L,(HZ(Y),s) for all the
local factors L(-,s) corresponding to primes p > 5 and Res sufficiently large. A
similar p-adic reinterpretation for L(f3 15,s) also exists. Let A, be the Fourier coef-
ficient in f315(z) = Yo Ane?™, and () be the Legendre symbol for a prime p
other than 3 and 5, then 38, Theorem 5.3]

1+p2+p(16+4(§))+AP 93)

counts the number of [ ,-rational points of a K3 surface that is the minimal resolu-
tion of singularities of
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4 4 1
Zuk:Z—:O}. (94)

[u0:u1:u2:u3:u4] €]P’4
k=0 k=0 Uk

Behind the aforementioned results on p-adic Bessel moments is a long and heroic
tradition of algebraic geometry. Back in the 1970s, building upon the theories of
Dwork [24] and Grothendieck [32,[33]], Deligne interpreted Hasse—Weil L-functions
as Fredholm determinants of Frobenius maps [21, (1.5.4)]. This tradition has been
continued by Robba [39], Fu—Wan [27, 29, 28] and Yun [47], in their studies of
p-adic Bessel functions and Kloosterman sheaves.

While Broadhurst’s p-adic heuristics give strong hints that L(f3 15,5), L(fa¢,5)
and L(fs 6, 5) are appropriate mathematical models for 5-, 6- and 8-Bessel problems,
our proofs of Theorems 3] and 4 described in this survey do not touch upon the p-
adic structure. It is perhaps worthwhile to rework these proofs from the Hasse—Weil
perspective, using local-global correspondence. We call for this effort because there
are still many conjectures of Broadhurst (see §6.2] for a partial list) that go beyond
the reach of this survey, but might appear tractable to specialists in p-adic analysis
and étale cohomology.

6.2 Open questions

There are three outstanding problems involving 5-, 6- and 8-Bessel factors, origi-
nally formulated by Broadhurst-Mellit [[17, (4.3), (5.8), (7.15)] and Broadhurst 11}
(101), (114), (160)].

Conjecture 1 (Broadhurst—Mellit). The following determinant formulae hold:

IKM(0,5:1) IKM(0,5:3)\ 2 45
det (IKM(2,3,1) IKM(2,3;3) 5L(f3.15,4), (95)
IKM(0,6;1) IKM(0,6;3) 1
det (IKM(2,4,1) IKM(2.4:3) ) = gm2tfa6:3), (96)
IKM(0,8; 1) IKM(0,8;3) — 2IKM(0,8;5)\ 2 6075
dt(IKM(2,6;1)IKM(2,6 3) —2IKM(2,6;5) —WL(J%,M)- o7

Here, one might wish to compare the last conjectural determinant evaluation to
the following proven result:

58 IKM(1,7;1) IKM(1,7;3) IKM(1,7;5)
Sty = detN = det | TKM(2,6;1) IKM(2,6;3) IKM(2,6;5)
IKM(3,5;1) IKM(3,5; )IKM(S,S,S)
77r_2dt IKM(1,7;1) IKM(1,7;3) — 2IKM(1,7;5 98)
— 8 IKM(2,6;1) IKM(2,6;3) — 2IKM(2,6;5
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To arrive at the last step, we have used the Crandall number relations [Theorem
INB)) IKM(3,5; 1) — BMUZ — o 1k (3,5;3) - BMUT3) — 22 1K (3, 535)

. 2 . o . .
%;’7’5) = 72’—8, along with row and column eliminations.

"lghe special L-values L(fi y,s) in Conjecture [Il all lie outside the critical strip
0 < Res <k, so they do not yield to the methods given in §2.3 or §31
Working with Anton Mellit at Mainz, David Broadhurst has discovered a numer-

ical connection (see [17, (6.8)] or [11} (129)]) between &71(s) =1, % and
the 7-Bessel problem, which still awaits a proof.
Conjecture 2 (Broadhurst—Mellit). We have
9 512
IKM(2,5:1) = HCZI(Z)- (99)

In a recent collaboration with David Roberts [12, {13} 14, 15, [16], David Broad-
hurst has discovered a lot more empirical formulae relating determinants of Bessel
moments to special values of Hasse—Weil L-functions, which are outside the scope
of the current exposition. Nevertheless, we believe that one day such determinant
formulae will reveal deep p-adic structures of Bessel moments, as foreshadowed by
pioneering works on Hasse—Weil L-functions and Fredholm determinants for Frobe-
nius maps [21 (39} 38} 134} 127, 29| 128, 147].
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