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Abstract

Being aware of the recent work of Andrews, we notice two conjectures concerning
with some variations of odd partitions and distinct partitions posed by Beck, which are
analytically proved by Andrews. Later, following the same method of Andrews, Chern
presented the analytic proof of another Beck’s conjecture related the gap-free partitions and
distinct partitions with odd length. However, the combinatorial interpretations of these
conjectures are still unclear and required. In this paper, motivated by Glaisher’s bijection,
we give the combinatorial proofs of these three conjectures directly or by proving more
generalized results.
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1 Introduction

A partition [1] of n is a finite nonincreasing sequence of positive integers (11, A2,...,As) such
that n = Ay + Ap + - + Ay, We write A = (A1,A2,...,A¢) and call A;’s the parts of A. If a
part i appears m; times for i > 1, we also write A as (1,22, ...), where the superscript m;
is neglected provided m; = 1. The size of A is the sum of all parts, which is denoted by ||,
and the length of A is the number of parts, which is denoted by £(A). The conjugate of A is the
partition A’ = (/\i’/\é""’/\;q)’ where /\Z'. ={Aj:Aj 24,1 <j<m}/for1 <i< Ay, or A’ can be
equivalently expressed as (1“‘”, 2A2-A3 o — 1Ae—Ae phe ). A partition A = (A1, A2,...,Ap) is
called a distinct partitionif A; > A > --- > Ay, and an odd partition if A;isodd forall1 <i < ¢,
respectively. In 1748, by using generating functions, Euler [6] gave the celebrated partition

theorem as follows.

Theorem 1.1 (Euler’s partition theorem) The number of distinct partitions of n equals the number
of odd partitions of n.
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After Euler’s partition theorem proposed, there are many extensions and refinements, the
famous ones of which are Glaisher’s theorem and Franklin’s theorem, and the reader can refer
[11, 12, 14] for more details. Glaisher [10] bijectively proved the following extension.

Theorem 1.2 (Glaisher’s theorem) For any positive integer k > 1, the number of partitions of n
with no part occurring k or more times equals the number of partitions of n with no part divisible by k.

In 1882, Franklin [8, 13] acquired a more generalized result by giving constructive proof of the
following theorem. Franklin [13, p. 268] also asserted that the generating function is easily
obtained.

Theorem 1.3 (Franklin’s theorem) For any positive integer k > 1 and nonnegative integer m > 0,
the number partitions of n with m distinct parts each occurring k or more times equals the number of
partitions of n with exactly m distinct parts divisible by k.

Thus by taking m = 0, Franklin’s theorem degenerates to Glaisher’s theorem, then by taking
k = 2, Glaisher’s theorem gives Euler’s partition theorem.

From the works of Andrews and Chern, we notice three conjectures posed by Beck concern-
ing with some variations of odd partitions and distinct partitions, which are only analytically
proved by Andrews [4] and Chern [5] via differentiation technique in g-series introduced by
Andrews [4]. In this paper, by extending Glaisher’s bijection, we give the combinatorial proofs
of the three conjectures directly or by proving more generalized results. For the consistency
of notations, we utilize the same notations in [4] and [5] in the rest of paper as far as possible.

Let a(n) denote the number of partitions of n with only one even part which is possible
repeated. Beck [15] proposed the following conjecture:

Conjecture 1.1 a(n) is also the difference between the number of parts in the odd partitions of n and
the number of parts in the distinct partitions of n.

Example 1.1 For n = 6, the set of partitions of 6 such that the set of even parts has only one
element is {(6),(4,1,1),(3,2,1),(2,2,2),(2,2,1,1),(2,1,1,1,1)}, which is consist of 6 partitions. The
odd partitions of 6 are {(5,1),(3,3),(3,1,1,1),(1,1,1,1,1,1)} with the sum of lengths is 14, and the
distinct partitions of 6 are {(6), (5,1), (4,2), (3,2, 1)} with the sum of lengths is 8. Thus the difference
is14 -8 = 6.

Let c(n) denote the number of partitions of 7 in which exactly one part is repeated. Let b(n)
be the difference between the number of parts in the odd partitions of n and the number of
parts in the distinct partitions of n. Andrews [4] analytically proved the following theorem by
differentiation technique in g-series, which confirms the conjecture posed by Beck [15]:

Theorem 1.4 [4, Theorem 1.] For all n > 1,a(n) = b(n) = c(n).
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Later Fu and Tang [9, Theorem 1.5] extended the the result of Andrews and gave the analytic
proof.

Note that setting k = 2 and m = 1 in Theorem 1.3 already gives the proof of a(n) = c(n).
Hence, in order to complete the bijective proof of Conjecture 1.1 or Theorem 1.4, we give the
combinatorial proof of a(n) = b(n) by proving a more generalized theorem. For k > 1, let O (1)
be the set of partitions of n with no part divisible by k and Dy(n) be the set of partitions of n
with no part occurring k or more times, respectively. Let O; (1) be the partitions of n with exact
one part (possible repeated) divisible by k. We study the numerical relationship between the
cardinality of O i (n) and the difference between the number of parts in Ok(n) and the number
of parts in Dk(n), where the case of k = 2 gives the combinatorial interpretation of a(n) = b(n).

Let a1(n) denote the number of partitions of n such that there is exactly one part occurring
three times while all other parts occur only once. Beck [15] made the following conjecture:

Conjecture 1.2 a1(n) is also the difference between the number of parts in the distinct partitions of n
and the number of distinct parts in the odd partitions of n.

Example 1.2 Let n = 6, then the corresponding set counted by a,(6) is {(3,1,1,1,),(2,2,2)}. By
Example 1.1, the number of parts in the distinct partitions of 6 is 8 and the number of distinct parts in
the odd partitions of 6 is 6, which implies the difference is 8 — 6 = 2.

Let b1(n) be the difference between the total number of parts in the partitions of n into
distinct parts and the total number of distinct parts in the partitions of n into odd parts. This
conjecture was also proved by Andrews [4] with analytic method.

Theorem 1.5 [4, Theorem 2] a1 (n) = b1(n).

To verify Conjecture 1.2 combinatorially, we prove a extension of Theorem 1.5. Let 7(n)
be the set of partitions of n such that there is exactly one part occurring more than k times and
less than 2k times while all other parts occur less than k times. We prove that the cardinality of
set Ti(n) is equal to the excess of the number of distinct parts of partitions in Di(n), over the
number of distinct parts of partitions in Ok(n). Hence taking k = 2 confirms Conjecture 1.2.

A partition A = (A4,...,A,) is called a gap-free, or compact, partition if 0 < A; — A;4; <1 for
all 1 <i < ¢ -1. Let ay(n) be the number of gap-free partitions of n and Andrews [3] gave the
generating function of a,(n). Beck [16] proposed the following conjecture of a;(n):

Conjecture 1.3 ay(n) is also the sum of the smallest parts in the distinct partitions of n with an odd
number of parts.

Example 1.3 Forn = 6, thereare7 gag-free partitions, whichare {(6), (3,3),(3,2,1),(2,2,2),(2,2,1,1),
(2,1,1,1,1),(1,1,1,1,1,1)}. The set of distinct partitions of 6 with odd length is {(6), (3,2, 1)}, where
the sum of the smallest parts is6+1=7.



Let by(n) denote the sum of the smallest parts in the distinct partitions of n with an odd
number of parts. Chern [5] proved this conjecture analytically by g-series based on method
used by Andrews in [4].

Theorem 1.6 [5, Theorem 1.2] For all n > 1, ax(n) = by(n).

In this paper, we not only give the combinatorial proof of Conjecture 1.3, but also study the
relationship between the gap-free partitions and the distinct partitions with even length, which
leads us to rediscover a classical combinatorial identity found by Fokkink-Fokkink-Wang [7]
combinatorially and proved by Andrews [2] analytically.

The rest of this paper is organized as follows. As our main tool to prove Conjecture 1.1
and 1.2, we introduce Glaisher’s bijection detailedly in Section 2. In section 3, we give the
combinatorial proof of Theorem 3.1, which is a extension of Conjecture 1.1. By proving a more
generalized result (Theorem 4.1), we confirm Conjecture 1.2 in Section 4. The combinatorial
proof of Conjecture 1.3 (Theorem 5.4) and a similar theorem (Theorem 5.5) connecting the
gap-free partitions with the distinct partitions of even length are contained in Section 5.

2 Glaisher’s bijection

In this section, we mainly recall Glaisher’s bijection since it will be used frequently through
this paper. Recall that for any positive integer k > 1, Ok(n) is the set of partitions of n with
no part divisible by k, and Dy(n) is the set of partitions of n with no part occurring k or more
times. Glaisher [10] gave the bijective proof of |Ok(n)| = |Dy(n)l.

Glaisher’s bijection is defined as follows. and one can refer [10, 11, 12, 14] for more details.
Let A = (A1, A2,...,Ar) be a partition in Dy(n), then for 1 < i < £, each part A; can be uniquely
written as k™ f; with k 1 f;. Thus ¢(A) is established from A by replacing the part A; by k™ parts
fifor 1 <i < ¢. Since each f; is not divisible by k, then we have ¢(A) € Ok(n).

Example 2.1 If k = 3 and A = (22,6,8%,9,12) € D;5(47), then 2 =3°-2,6 =31.2,8 =3Y.8,
9=32-1and 12 = 3' - 4. Hence (1) = (1°,2°,43,8%) € O5(47).

In another direction, given a partition u = (u1, to, . . ., ti¢) € O(n), assume that there are m;
partsiin u for 1 <i < n. Then for each m; > 1, m; can be uniquely expressed as

m; = bilk“fl + bizk“iz +-o0 4+ bl.pik”ip,-,

where a;, > a;, > - > aj, = Oand 1 < bi]. <k-1for1l < j<p; Hence we can construct ¢(u)
by u via substituting m; parts i by b;, partsi- k"1, b, partsi-k™,..., b partsi- ki whenever
m;j > 1for1 <i < n. ltis clear that ¢(u) € O(n) because 1 < b; < k—1for1 <i<nand
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1<j<pj,andi-k" = j-k if and only if both i = j and r = s hold since i and j are not divisible
by k. Actually, we can describe the process of producing ¢(u) more simply. It is easy to check
that ¢(u) is obtained from u by keeping gluing k same parts into one part until there is no part
occurring at least k times.

Example 2.2 Ifk = 3and u = (1%,2°,43,82%) € O5(47), then 9 =1-32,5=1-31+2.3Y, 3 =1-3!
and 2 =2 - 3% Thus p(u) = (22,6,82,9,12) € D5(47).

Therefore, the maps ¢p: Dy — O and ¢: Op — Dy are well defined bijections inverse to
each other: ¢ = ¢!, which gives Glaisher’s bijection. In the rest of paper, according to the
specific circumstances, we are free to choose Glaisher’s bijection as ¢ mapping D(n) to Ox(n)
or ¢ mapping Ox(n) to D(n).

3 Combinatorial proof of Conjecture 1.1

Recall that O, x(n) is the set of partitions of n containing exactly one part divisible by k which
is possible repeated. To verify Conjecture 1.1, we prove the following generalized theorem
combinatorially.

Theorem 3.1 Fork > 2 and n > 0, we have

km@=£7(2am—26w)

AeO(n) AeDy(n)

where €(A) is the number of parts in A.

Thus, letting k = 2 in Theorem 3.1 reduces the set O, x(n) to the set of partition of n with only
one even part which is possible repeated, and the set Ok(n) (resp. Di(n)) to the set of odd (resp.
distinct) partitions of 1, which gives the combinatorial proof of Conjecture 1.1.

In this section, we use Glaisher’s bijection ¢: Ok(n) — Dy(n). First we introduce some
notations. Let m be a positive integer, then denote by p(m) the sum of nonzero digits in the
k-adic representation of m and a(m) the highest digit in the k-adic representation of m. Precisely,
m can be uniquely written as b1 k" +byk™ +- - - + b,k withay > ay > --->a, >0and 1 < b; <k-1
for1 <i<p, thenp(m) = Z?zl bj and a(m) = a;.

Lemma 3.2 Let A = (1™,2™2,...) € O(n), we have

) = UpL) = Y (m; = plmy). (3.1)

m;#0



Proof. Assume that A contains m; parts i with m; # 0, then by the construction of Glaisher’s
bijection ¢: Ok(n) — Dy(n), for each m; # 0, we rewrite m; as by k"1 + b, k"2 +--- + bip]_k”ipi and
replace m; parts i by b;, parts i- k", b;, parts i-k™, ..., b;, parts i-k"i. Therefore the number
of parts of p(A) is decreased to )., .o p(m;), which implies (3.1) since the number of parts of A
is ZWH#O m;. |

Next we will construct a series of subsets of Oy x(n) by A € Ox(n). Let A = (1™,2™,...) €
Ok(n), for‘ each m; > k, we establish a set of partit}ons n?/r from A by replacing r - k/ parts i by r
partsi-k/, where 1 < j <a(m;) and 1 < r < |m;/k ]. Define

Opki = {”j‘,r: 1<r<|mi/k/]and 1< j< a(ml-)}.
Example 3.1 Let k = 3and A = (111,42,57) € O5(47), then it follows that my = 11 and ms = 7. For

my = 11 and a(my) = 2, we have n%ll = (18,3,42,5), 7'(%12 = (1°,3%,4%,5), 7'(%13 = (12,3%,4%,5),

and n;l = (12,47,57,9). For ms = 7 and a(ms) = 1, we have n?l = (1M,42,5% 15), and ”?2 =

(111, 42,5,152). Therefore, we conclude that O, 31 = {(18,3,42,57), (15,32, 42,57), (12, 33,42, 57), (12,
42/ 57/ 9)} and 0/\,3,5 = {(111/ 42/ 54/ 15)/ (111/ 42/ 5/ 152)}

From the above example, we find that |0, 31| = 4 and |0, 35| = 2, which are equal to
(my —p(m1))/2 = (11 = 3)/2 = 4, (m5 — p(ms))/2 = (7 — 3)/2 = 2, respectively.
Lemma 3.3 Let A = (1"™,2"2,...) € Ok(n), then for each m; > k, we have O, x.; € O x(n) and

m; — p(m;)

|O/\,k,z‘| T

Proof. By the construction of O, for 1 < j <a(m;)and 1 < r < [m; /Kl |, we know that there
exists only one part i - k/ divisible by k which occurs r times in 7'(? .- Moreover, substituting 7 - ki

parts i by r parts i - k/ preserves the size of partition. Thus we have né.r € Oy (1), which leads
to Oy ki € Oy x(n) for each m; > k.

For the cardinality of O, ;, we may compute directly as follows. Assume that
m; = by K + bk + - + bipik”if’f,
where a;, > a;, > --- > a; 2 0, then p(m;) = 7}’;1 bz-]. and a(m;) = a;. Thus we see that
o[22
= [bill&‘l +hp k4t bl-p]_k“"r’i'lj + [bilk“"l bk e by K '2J +
e [bil + DK T 4 by K '“ilJ
= (bilk‘“l‘1 +h KT+ bil) + (bizk“fz‘l + bk 4t biz) +
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et (bipik”ipi_l + bipikaipi -2 4o+ bipi)

K =1 K =1 K =1
=bi g YO g b S
]. . . a;
= (b K + bk + -+ by K — (by, + by, + -+ by, )
_ mj— p(m;)
k-1 7
which completes the proof. 1

Theorem 3.4 Forn > 1, we have
O1x(n) = U ( U O/\,k,i)/
A0k () N mizk

where the sets O, 1 ;s are pairwise disjoint.

By Theorem 3.4 with Lemma 3.2 and Lemma 3.3, we can easily give the proof of Theorem
3.1.

Proof of Theorem 3.1. We have

) (Uow)

A€Ok(n) \ mi=k

-y Zml‘k‘_’?(lmf):kil-( Y, f(A)—f«p(A)))

A€O(n) m;>k A€O(n)

(T - ¥ o)

Ae0(n) AeD(n)

|01(m)| =

- ¥ (L 0w

A€O(n) ‘Y m;=k

where the last but one equation is due to the fact that p(m;) = m; if m; < k, and the last equation
is due to Glaisher’s bijection. 1

Proof of Theorem 3.4. By Lemma 3.3, it is obvious that (J,eo, (1) (Um2k Ork,i) S O1x(n). Hence
to prove the theorem, we only need to show that for each © € O, x(n), there exists an unique
pair (A, 1) satisfying € O, x;, where A € Ox(n) contains m; parts i with m; > k. Fix a partition
1t € O1 (1) and suppose that the only part divisible by k in 7t is a, we write a asa = k/ - i, where
ifkand j > 1. Let A be the partition constructed from 7 by replacing every part a by k/ parts
i, thus we obtain A € Ok(n). Noting that kI > k since j =1, hence A contains at least k parts i,
implying m; > k. Therefore we find the unique required pair (A, i) such that @ € O, s ;, which
completes the proof. |



A € 03(9) (L) € D5(9) 0,3, € 01309

(1°%) ) ((1%,3),(1%,3%,3%, 9)}
(17,2) (1,2,3%) {(1%,2,3),(1,2,3%)}
(15,22 (12,22,3) {(12,22,3)}
(1%,2%) (3,6) {(23,3)}, {(13,6))
(1,24 (1,2,6) {(1,2,6)}
(1°,4) (12,3,4) {(12,3,4)}
(13,2,4) (2,3,4) 12,3,4)}
(14,5) (1,3,5) 11,3,5)}

Table 3.1: the correspondence among the subset of O3(9), the subset of D3(9) and O, 3(9)

Example 3.2 In Table 3.1, we give the correspondence among O3(9), D3(9) and O3(9), where each
row contains a partition A € O3(9), the corresponding partition p(A) € D3(9), and the corresponding
sets O, 3,i's arranged in the increasing order of i. Note that for the brevity, we just list the pair (A, p(A))
whose the difference of the number of parts are nonzero.

Remark 3.1 Let D, \ denote the set of partitions of n with exactly one part occurring at least k times.
Let Ex(n) denote the difference between the number of parts congruent to 1 modulo k in partitions of
Ox(n) and the number of distinct parts of partitions in Dy(n). Fuand Tang [9, Theorem 1.5] analytically
obtained that for n > 0 and k > 2, Oy x(n) = D1 x(n) = Ex(n), which remains the combinatorial proof
still unsolved. By letting k = 2, this theorem implicates the validity of Conjecture 1.1, where the part
of O1 x(n) = D1 (n) is ensured by Franklin’s theorem.

4 Combinatorial proof of Conjecture 1.2

Denote by 7(n) the set of partitions of n such that there is exactly one part occurring more
than k times and less than 2k times while all other parts occur less than k times. Motivated by
Glaisher’s bijection, in stead of proving Conjecture 1.2 directly, we prove a more generalized
theorem as follows.

Theorem 4.1 Let k > 2 be any positive integer, then for n > 0, we have

Tieml = Y A= Y N,

AeDi(n) A€O0k(n)



where €(A) is the number of distinct parts in .

Thus by taking k = 2, 7,(n) becomes the set of partitions of n with exactly one part occurring
three times and other parts occurring only once while D,(n) and O;(n) become the set of
distinct and odd partitions of 1, respectively, which gives a positive answer to Conjecture 1.2.

To prove Theorem 4.1, we first recall Glaisher’s bijection ¢: Dy (1) — Ok(n) in Section 2.
Let A be a partition in Di(n), then for 1 < i < {(A), each part A; can be uniquely written as
k™ f; with k 1 fi. Thus ¢(A) € Ok(n) is consist of k™ parts of f;, where i ranges from 1 to £(A).
Define fi(n) be the largest factor of n which is not divisible by k. For any positive integer d with
k td, define Fy g = {n > 1: fi(n) = d}. Therefore, by the construction of ¢, we easily obtain the
following lemma.

Lemma 4.2 For any A € Dy(n), we have

-t =Y. (Fana|-1), (4.1)
ktd

here we view A as a multiset.

Proof. Let A € Dy(n), then we know that £(A) = Yy |Fxa N Al and £(P(A)) = Ly [Fra N P(A)]
since {Fy4: k 1 d} is a partition of the positive integer set. By the definition of Glaisher’s
bijection ¢, [Fy4 N ¢(A)| # 0 if and only if |Fxy N A| # 0 for any k 1 d. Thus, the difference
between £(A) and £(¢(A)) is the sum of the differences between |Fy s N A| and |Fy 4 N (¢p(A))] for
any |Frg N A| # 0. Therefore (4.1) holds since Fy; N ¢p(A) € {{d}, 0} for all k + d by Glaisher’s
bijection. |

Example 4.1 Letk = 3and A = (2,32,4?,6%,12,18) € D5(58), then we see that [F31NAl=1{3}| =1,
IF320 Al = 12,6, 18] = 3, [F34 Al = [{4,12}] = 2, Thus ZA) —E(p(A)) = (1=1)+(3=1)+(2-1) = 3.

Let A € Dy(n), if [Fy g N Al > 2 for some k 1 d, we construct 7 g € Ti(n) of size |[Fr g N A| - 1.
Assuming |Fi s N A| = p > 2, then A contains

{ Kid khd, ... knd, K2d kd, . KRd, . K d Kvd, L Krd }

<k-1 <k-1 <k-1

as parts with 0 <a; <ay <--- <a,. For1 <i<p-1, we construct T‘ii from A by substituting
one part k“+1d in A by k parts k"d, k — 1 parts Kitld k-1 parts Kit2d, ... k-1 parts krin-1g,
Since

k-Kid+ (k= 1) - K d + (k= 1) - K2 4 -4 (k= 1) - K7 = KFind,

it follows that ITZII = |A|. Moreover, the number of parts k%d in T; is between k + 1 and 2k — 1

while other parts in 7’

|, occur less than k times, Therefore T; € Ti(n).
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Example 4.2 From Example 4.1, we have |[F3,NA| = 3and |[F34NA| = 2, then T} = (2*,3%,4%,6,12,18),
T% =(2,3%,42,6°,12) and T}l =(2,3%,4%,6%,18) belong to Ti(58).

Theorem 4.3 Fork > 2 and A € Dy(n) with |Fyz N Al = p > 2, define

— (.12 -1
TArkrd_{Td’Td""’TZ }

Then the sets T xq's are pairwise disjoint and

Tim = | ( | TA,k,d).

A€ ktd
D) IFy, 30122

Therefore by the combination of Theorem 4.3 and Lemma 4.2, we can give the proof of
Theorem 4.1.

Proof of Theorem 4.1. We obtain that

Tiwi= Y Y )= Y Y (Funa]-1)

AEDi(m) \Fk;isuzz AEDi(m) pk%i@
= Y ([ -tean)= Y, an- )Y, W,
AeDy(n) A€D(n) A€Ok(n)
where the last equality is due to Glaisher’s bijection. 1

Proof of Theorem 4.3. By the construction of 7,4, it is clear that fix any A € Dy (n), then
TA,k,d1 N T/\,k,dz = 0 if dy # dr with |Fk,d1 N A, |Fk,d1 N Al > 2 since Fk,dl N Fk,dz = (. Hence to
complete the proof, we only need to show that for arbitrary partition t € 7(n), there must
exists one and only one partition A € Dy (n) such that T € 7, ;4 for some k 1 d.

Assume T € T(n) and there is only one part k?d in A for some a > 0 and k 1 d, the time
of occurrence of which is more than k and less than 2k. We replace k parts k”d by one part
k+1d, which preserves the size of partition and reduces the number of parts k?d to at most
k — 1. If it cause the number of parts k**1d increased to k, which is possible, then we continue
to replace k parts k**1d by one part k**2d. Thus as long as the number of parts k**'d is k, we
replace these k parts k*'d by one part k**"*1d. This process would stop at a + m for some
m > 1 since the number of parts of A is finite. Then we obtain the desired A € Dy(n) since
the number of parts k**d is less than k for all 0 < i < m and other parts of T whose time of
occurrence is less than k originally are unchanged. Note that {k"d, K4, ... kemdy C Frana,
which implies |Fy 4 N Al > m +1 > 2. Therefore we deduce that 7 € 7, ;4. For example, let
k =3and 7 = (12,24, 4) € T73(14), then we find that the part 2 occurring four times, which gives
us A = (12,2,4,6) € D5(14) by substituting three parts 2 by one part 6, hence T € 7 3. This
completes the proof. 1
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A€ D3(12) P(A) € 05(12) Taza € T5(12)

(12,22,32) (18,22 1(15,2,3)}
(1,22,3,4) (14,22,4) {(1%,22, 4)}
(12,32,4) (18,4) {(1°,3,4)}
(1,3,4%) (1%,4%) ((1%,4%)
(12,2,3,5) (1°,2,5) {(1°,2,5)}
(1,32,5) (17,5) {(1%,3,5)}
(1%,2%,6) (1%,2°) ((1%,2%)

(1,2,3,6) (14,24 1(1%,2,6)}, {(1,24,3))
(2,4,6) (2%,4) (2% 4)
(1%,3,7) (1°,7) ((1%,7))
(1,3,8) (1%8) {(1%,8))
1,2,9) (119,2) {(1%,2,3%)}

3,9) (1) (3%

Table 4.1: the correspondence among the subset of O3(12), the subset of D5(12) and 73(12)

Example 4.3 We give the correspondence among Os(12), D3(12) and T(12) in Table 4.1, where each
row contains a partition A € D3(12), the corresponding ¢(A) € O3(12), and the sets T 3 4 arranged
in the increasing order of d. For the sake of conciseness, we just list the corresponding pairs (A, p(A))
whose differences of the number of distinct parts are nonzero.

5 Combinatorial proof of Conjecture 1.3

In this section we are going to prove Conjecture 1.3 as follows. Let Dy(n) be the set of distinct
partitions of n with odd length, and G(n) be the set of gap-free partitions of size n. First we
build a one-to-one correspondence between the set Dy(n) and one special kind of gap-free
partitions of size n denoted by Gr(n). Then by using A € Gr(n) as indices, we partition G(n)
into |Gr(n)| pairwise disjoint subsets denoted by G,. For any A € G, we can prove that the
number of partitions in G, equals the smallest part of the partition in Dp(1n) corresponding to
A. Hence, the conjecture 1.3 is true.

Based on the following lemma, we will give the definition of Gr(n), and the one-to-one
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correspondence between Gr(n) and Dp(n).

Lemma 5.1 Let A = (A1, Ay, ..., Ap) € D(n), then the conjugateof A, A" = (1"™,2™2, ... £") satisfies
that m; > 1 forall 1 <i < {and mg = Ag. Thus A" € G(n).

Proof. By the definition of the conjugate of partitions, we see thatm; = A;—A;y; for1 <i<{-1
and m, = A. Since A € D(n) is a distinct partition satisfying A; = Aj.q > 1for1 <i<{¢-1,1itis
obvious that m; > 1 and A’ € G(n). |

Hence if we take A from Dp(n) then take its conjugate, we obtain a gap-free partition
A" with the smallest part is 1 and the largest part is odd. Denote by G the set of gap-free
partitions satisfying that the smallest part is 1 and the largest part is odd, and Gr(n) the set of
such partitions of size n. Then Lemma 5.1 gives a one-to-one correspondence between Dp(n)
and Gy(n). For any partition A, let s(1) be the smallest part of A and m(A) be the times of the
largest part of A repeats. Then we have the following lemma.

Lemma 5.2 There exist a bijection a: Gr(n) — Do(n) such that for A € Gr(n), m(A) = s(a(A)).

Example 5.1 Let (A) = (1,23,3,42,5%) € G7(38), then a(A) = (11,10,7,6,4) € Do(38) and m(A) =
s(a(A)) = 4.

For convenience, we need to introduce some notations and operators on partitions. Let
A= (1™,2", ., K")be a partition with m; > 0 for 1 <i < k. We call every i" the block of i if
m; > 1 and denoted by B;. Define B; < B;if and only if i < j, and B; to be odd (resp. even) if and
only if i is odd (resp. even). The number of blocks of A is exactly the number of distinct parts
in A denoted by (1) as used in Section 4. Hence if a partition A is gap-free, then A contains
{(7) continuous block(s), and G7 is consist of the gap-free partitions whose smallest block is
B; and the largest block is odd. Let A be a gap-free partition of form

(koo k+ 1, k41, k=1, k+r—1,. k+l-1,. k+£—1),

———
By Byt Biyr—1 Biie-1

then for any 0 < r < £, we can define increasing operator &, which can increase the size of A by r
and preserve its property of gap-free. To be more specific, notice that By, Bx1, . . ., Br4r—1 are the
r smallest blocks of A, then for each 1 < j < r,add 1 on the last k + j — 1 part in the block By, -1,
which is in bold type. Let &,(1) be the resulting partition, then it is also gap-free and of size
IA| + r. For example, if A = (3%,4,5%,6) € G(31), then &(A) = (3,4,5%,6) € G(33). Symmetrically
we can define decreasing operator &, , where 0 < r < {. Note that By_,+1, Br—r+2, ..., B¢ are the
r largest blocks of A. &, (A) is obtained from A by subtracting 1 from the first £ — j + 1 part in
the block By_jy1 for each 1 < j < r. Thus & (A is a gap-free partition of size |[A| — 7. As the
above partition A, we have &, (1) = (3%,4%,5) € G(29).

Lemma 5.3 Let A be a gap-free partition with s(A) > 1, then the following hold:
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(1). L) < UEW)), LEF (V) < EA) + L ifr = E(A);
(2). LA) =1 < (&N, LE(A) <) ifr=E(A) - 1;
(3). &1 =& ifr € {€(A) — 1,0(A)}, where &1 is the inverse operator of &,.

Proof. LetA = (K", (k+1)™+1, ..., (k+{—1)"1) be the gap-free partition withk > 1and £(A) = ¢.
Setr = ¢, then &p(A) = u = (k™ (k+ 1)™+1, ..., (k + € — 1)1 k + £). Note that m; — 1 can be
zero, which means that £ < (u) < € + 1. Hence the acting of &, isvalid and &, (1) = (K™, (k +
DMt L, (k+ € —1)"+-1) = A, On the other hand, SE()\) =v=(k—1,k™,..., (k+—1)"ke271),
implying that £ < {(v) < € + 1. It follows that E,(v) = (K™, (k + 1)1, ..., (k + £ — 1)™+1) = A,
Thus we have verified (1) and the case of r = £(A) in (3). The proof of (2) and the case of
r = {(A) — 1 in (3) are completely the same so we leave them to the reader. |

Let A = (1™,2™, ..., ™) € G(n) be a gap-free partition with the smallest block B; and
{(A) = €. Note that here we do not require the constraint that B; is odd. Then we shall define
a series of operators g; for 1 < i < my as follows. First We delete i — 1 parts ¢ from A then A
becomes /\i1 = (1"™,2m2, .., "=+ Tt is clear that /\i1 is also gap-free and of F(Ali) = ¢{. For
2<j<i, let Alj = Eg(Alj_l) iteratively and finally let g;(A) = Al It is easy to see that g;(A) and
0j(A) are different whenever i # j. We will use the following example to illustrate how these
sophisticated operators work.

Example 5.2 Let A = (12,23,3,4,5%). Trivially p1(A) = A = (12,23,3,4,5%). For i = 2, deleting
one part 5 from A then obtain /\% = (12,23,3,4,5%), A% 65(/\%) =(1,23,3,4,5%,6), hence we have
o(A) = (1,2%,3,4,5%,6). For i = 3, by subtracting two parts 5, A becomes A} = (1%,2°,3,4,5%).
Thus we deduce that Ag = 55(/\§) = (1,23,3,4,5%,6) and Ag = 65(/13) = (23,3,4,5%,6%), which
leads to p3(A) = (2°,3,4,5%,6%). For i = 4, we take three parts 5 out from A, which change A
fo A+ = (12,23,3,4,5). Then A% = &%) = (1,2%,3,4,5,6), At = (M%) = (23,3,4,5,62) and
/\3 = 55(/\;1) = (22, 3,4,5,62, 7). Hence we arrive at g4(A) = (22, 3,4,5,62, 7).

Theorem 5.4 Forany A € Gr(n), define
G\ = {Qi()\) 1<i< m()\)}
Then the sets G,’s are pairwise disjoint and

gm= ] 6

AeGr(n)

Combining Theorem 5.4 and Lemma 5.2, we see that

U &f= Y 6= Y nw= Y sw,

AeGr(n) AeGr(n) AeGr(n) A€Do(n)

IG(n)| =

which confirms Conjecture 1.3.
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Proof of Theorem 5.4. We first clarify that the operators g;’s are well-defined. To this end, by the
definition of increasing operator &, for r > 0, we only need to show that when we act &, on
some partition A, the number of the blocks of A is no less than r. Actually, we can claim that
forany A € Gr(n) and 1 <i < m(A), we have (1) < f(/\l].) <lA)+1forl1<j<i LetAeGr(n)
be a gap-free partition with £(1) = £ and m(A) = m, then for any 1 <i < m, it is evident that A}
is also of £(A]) = . By induction, we assume that £ < £ ()\}) <t+1forl<j<m-1. Byacting
&p on /\lj, it produces 55(/\?) = /\lj+1. If {’(A;) = {, then by Lemma 5.3 (1), ¢ < f(/\}H) <{+1.
If {’(A}) = { + 1, then by Lemma 5.3 (2), we still have £ < f(/\’].+1) < £ + 1, thus we derive
< f(/\l].) <{+1forl < j<m. Thus@"'s are well-defined.

Next, for every A € Gr(n), we shall show that Gy C G, which implies that U ,eg, () Gr €
G(n). Since for any A € Gr(n) and 1 <i < m(A), A] is gap-free of size n — (i — 1){(1) and each
time acting &g,y preserves the property of gap-free and increases the size by {(A), then after
(i — 1)-time composition of &g, it is clear that g;(1) is gap-free and of size n. Thus we have

Gr € Gn then U g, () G2 € G().

Finally, we prove that for any u € G(n), there must exists only one A € Gr(n) such that
€ Ga, which simultaneously demonstrates that G,’s are pairwise disjoint and (g G =
G(n). Given u € G(n), if u € Gr(n), then we have done; otherwise let u = (K"*, (k+1)"+1, ..., (k+
¢ — 1)"™e+-1) with {(u) = €. Set yy = pand r = 2[€/2] — 1, i.e. r is the largest odd number that
do not exceed ¢, so that r < €(u1) < r+ 1. Fori > 2, we will keep constructing p; by letting
pi = &; (ui—1) until first getting u,, € Gy for some m > 2. This could be done since for ¢ > 1,
we have r > 1and for 1 <i <m, r < {(y;) < r+1by Lemma 5.3 (1) and (2). Since &; is the
inverse operator of &, by Lemma 5.3 (3), it can be checked that the largest block of u,, is B,.
Hence, by adding m — 1 parts r back to y,,, we obtain the unique A € Gr(n). For example,
if u = (33,4, 52, 6) € G(29)\G1r(29), then r = 3 and we have u; = (34,4, 52), Uz = (2, 3% 4, 5),
ug = (22,34, 4)and us = (1,2%,3*) € G7. Thusm = 5and A = (1,2%,3%) € G7(29), implying that
(33,4, 52, 6) € Q(Lzzﬁs). This completes the proof. ]

Example 5.3 We list Dp(12), Gr(12) and G(12) in Table 5.1, where each row contains a gap-free
partition A € Gr(12), the corresponding distinct partition a(A) € Dp(12), and the set G, of which
partitions are arranged from p1(A) to gmy(A).

Let Dg(n) be the set of distinct partitions of n with even length. We can also investigate
the quantitative relationship between the cardinalities of Dg(n) and G(n). Denote by G’/ (1)
the set of gap-free partitions of n whose the smallest block is B; and the largest block is even.
By Lemma 5.1, we know that the conjugate also gives a bijection f: G’.(n) — Dg(n) such that

m(A) = s(B(A)) for any A € G (n).

Theorem 5.5 Forany A € G'/(n), define Gr = {0i(A) : 1 < i < m(A)} as before. Then the sets G,'s are
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a() € Do(12) Aegr(12) Gr < 6(12)

(5/4,3) 1,2,3% ((1,2,3%),(2,3%,4),(3,4,5))

(64,2) (12,22,3?) {(12,22,32),(1,22,3,4)}

6,5,1) (1,2%,3) {(1,24%,3)}

(7,3,2) (14,2,3%) ((1%,2,3?),(13,2,3,4))

(7,4,1) (13,23,3) {(13,23,3)}

(8,3,1) (1°,22,3) {(15,22,3)}

9,2,1) 17,2,3) ((17,2,3)}

(1'%),(1",2),(1%,2%),(1°,2%),

(12) (1) (1%,2%),(12,29), (2°), (2%,3%),

(3%, (4%), (6%, (12)}

Table 5.1: the correspondence among Dp(12), G7(12) and G(12)

pairwise disjoint and
gm\g’m = | 6

1eG ()

where G°(n) is the set of gap-free partitions of n with only one block.

Proof. The proof is exactly the same as Theorem 5.4 except for setting r = 2| £/2], i.e., r is the
largest even number that do not exceed ¢. [

Example 5.4 We list Dg(12), G7(12) and G(12) \g0(12) in Table 5.2, where each row contains a
gap-free partition A € G".(12), the corresponding distinct partition (1) € Dg(12), and the set G, of
which partitions are arranged from 01(A) to 0p(1)(A).

Remark 5.1 Note that the number of gap-free partitions of n with only one block equals the number of
divisors of n, which is usually denoted by d(n) in number theory and combinatorics. Thus by Theorem
5.4 and 5.5, we rediscover the following identity

s(A) - Z s(A) = d(n), (5.1)
AeDp(n) AeDg(n)

which is first obtained by Fokkink, Fokkink and Wang [7] via the sum of polynomial quotients for n.
Andrews [2] asserted that (5.1) is a corollary of the differentiation of the q-analog of Gauss’s theorem
[1, Corollary 2.4] then gave the analytic proof of (5.1) by g-series.
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B() € De(12) Aeg,(12) G) € 612)\6°(12)

(54,2,1) (1,22,3,4) (1,22,3,4)
(6,3,2,1) (13,2,3,4) (13,2,3,4)
12,2%), (1,2%,3), (23,32),
(7,5) (12,2%) ( ) ) )

(2,3?%,4), (3,4,5)

(1%,2%), (13,23,3), (12,22,32),

(8,4) (1%,2% 1,23

9,3) (16,2%) (16,2%), (1°,22,3), (1%,2,3%)
(10,2) (18,22) (18,22), (17,22,3)

(11,1) (119,2) (119,2)

Table 5.2: the correspondence among Dg(12), G(12) and G(12) \g0(12)
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