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Enumeration of super-strong Wilf equivalence
classes of permutations
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Abstract

Super-strong Wilf equivalence classes in the symmetric group S, on n letters
were shown in [2] to be in bijection with pyramidal sequences of consecutive
differences. In this article we enumerate the latter giving recursive formulae in
terms of a two-dimensional analogue of the sequence of non-interval permuta-
tions. As a by-product, we give a recursively defined set of representatives of
super-strong Wilf equivalence classes in S,,.

1 Introduction

In this work we continue the study of super-strong Wilf equivalence on permutations
in n letters that commenced in [2]. This notion was originally referred to as strong
Wilf equivalence by S. Kitaev et al. in [3]. J. Pantone and V. Vatter in [4] used the
term “super-strong Wilf” to distinguish this from a more general notion they defined
and called strong Wilf equivalence.

First we recall some notation and definitions from [3]. Let IP be the set of positive
integers. For each n,m € P with m < n we let [n] = {1,2,...,n} and [m,n] =
{m,m+1,...,n}. Let P* be the set of words on the alphabet P. Its elements are of
the form w = wy - - - w; - - - w,, with n > 0 and w; € P. If n = 0 then w = €, the empty
word, whereas if n € P and each letter w; appears exactly once, w is a permutation
in n letters. We let |w| be the length n of the word w, ||w|| be the height or norm
of w defined as ||w|| = wy + - 4+ w; + -+ + w, and alph(w) be the set of distinct
letters of P that occur in w. If alph(w) = [n], the set of all permutations on n letters
is denoted by S,,.

Given w,u € IP*, we say that u is a factor of w if there exist words s,v € P* such
that w = suv. If s =€ (resp. v =€) w is called a prefiz (resp. suffiz) of w. Consider
the poset (P, <) with the usual order in P. The generalized factor order on P* is the
partial order — also denoted by < — obtained by letting v < w if and only if there
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is a factor v of w such that |u| = |v| and u; < v;, for each i € [Jul]. The factor v is
called an embedding of u in w. If the first element of v is the j-th element of w then
the index j is called an embedding index of u into w. The embedding index set of u
into w, or embedding set for brevity, is defined as the set of all embedding indices of
u into w and is denoted by Em(u,w).

Let now ¢,z be two commuting indeterminates. The weight of a word w € P*
is defined as the monomial wt(w) = ¢*lzl®ll. A bijection f : P* — P* is called
weight-preserving if the weight of w is preserved under f, ie., |f(w)| = |w| and
|| f(w)]| = [|w]], for every w € P*.

Definition 1. ([3| Section 5]) Two words w,v € P* are called super-strongly Wilf
equivalent, denoted u~gzv, if there exists a weight-preserving bijection f : P* — P*
such that Em(u,w) = Em(v, f(w)) for all w € P*.

In [2] super-strongly Wilf equivalence classes in S,, were characterized using se-
quences of consecutive differences of permutations. The latter are defined as follows.

Definition 2. ([2 Definition 3]) Let u € S, and s = s;-+-8;---s, = u~'. For
i =n—1 down to 1 con81der the g)roper sufﬁx Sit**Sp of s and its alphabet set
Z,-( ) = alph(s; - - n)—{si . Wheres << s We define A;(s) to be
the vector of consecutive diﬁerences in ¥;(s), i.e.,

Ai(s) = (s — st s — 50,

7 )

The sequence
p(s) = (Ai(s), Da(s), ..., Apa(s), Api(s))

has a pyramidal form and is called the pyramid or sequence of consecutive differences
of s € S,.

Example 1. (|2, Example 4]) Let u = 21365874. Then s = u~! = 21385476. The
sequence of differences for s is the following:

The main result of [2] is the following.



Theorem 1. ([2, Theorem 3]) Let u,v € S, and s = u™',t = v™'. Then u~gv if
and only if A;(s) = Ai(t), for each i € [2,n — 1], i.e., if and only if p(s) = p(t).

Observing the way pyramidal sequences of consecutive differences of a permutation
are constructed, we can see that the transition between two consecutive vectors follows
one of three simple steps (see [2, Lemma 3]), namely: we either decompose a number
into two summands or we add an extra number on the left or on the right of the
vector.

To enumerate such structures it is more convenient to leave aside their connections
to permutations and focus on these simple rules that can indeed construct all possible
pyramidal sequences of this type.

Definition 3. A pyramidal sequence of vectors is a sequence of the form
b= (Ah ceey Aia Ai—l—lv ey An—l)u

where each A; is a sequence of n — i positive integers such that Ay = (1,1,...,1) and
—_——

n—1

if A; = (dy,ds,...,dy—i—1,d,_;) we have the following three options for A, :

(dy, ..., dk—1,dp + dgs1,dgso, ... dp_y), for somek € [n —i — 1], or
Ai-i-l = (d27 SR dn—i—lu dn—i)7 or
(d17 d27 I dn—i—l)-

It is important to note that if A; = (d,d,...,d) for some d € P, the second and
H,'_/
third options coincide.

Let II,, denote the set of all pyramidal sequences of the above form. It is evident
that given a permutation s € S, its pyramidal sequence p(s) is of the above form.
Conversely, given an element p € II, we can construct a permutation s € §,, such
that p = p(s). This construction is similar to the one in [2, Example 5].

It is helpful to view the above definition in the following way. Suppose that we
originally have n walls which define n —1 chambers with one ball in each one of them.
This is precisely the situation in A;. Then at each step the transition from A; to
A1 can be visualized by a removal of one wall. If this wall is internal, the balls at its
left and right chamber will all be concentrated at one unified chamber. On the other
hand, if this wall is external, all corresponding balls to its left (if it is a right wall) or
to its right (resp. if it is a left one) will be removed. This combinatorial game ends
when all the original n — 1 balls will be removed. We want to enumerate the number
of ways that this can be done, considering that two moves are different if they result
to a different set-up of chambers and balls.



For a subset X = {x; <y < -+ < xp_1 < 21} of [n], let
A(X) = (1'2 —T1y..., Tk _xk—l)

be the vector of consecutive differences in X. For a given vector of differences A =
(dy,...,dx_1) we set

x_l(A):{xlaxl_l_dl)"'axl_l_dl_l_"'_l_dk—l}'

Note that when A = A(X) then 77(A) = X.

2 Prefixes of generalized non-interval permutations

A word of length [ > 2 is called periodic when its vector of consecutive differences is

equal to (d,d, ..., d), for some d € P.

-1

Definition 4. For i € [n — 2], we define the set D, ,, as the set of words u of length i
which appear as non-empty prefixes of permutations in S,, whose remaining (n — i)-
lettered suffix is periodic and furthermore this index ¢ is the smallest one attaining
this form of periodicity.

For n = 3 we clearly have D;3 = {1,2,3}. For n > 4 we may construct D,
recursively as follows:

1. For i =1 we have Dy, = {1,n}.

2. For @ > 2, D;,, is the set of prefixes u of length ¢ of permutations in §,, such

that
A([n] \ alph(u)) = (d,d, ... ,d), for some d € P,

n—i—1

and no proper prefix v’ of u of length 1 < j < i lies in D ,.
Set di,n = |Dz,n|

Example 2. For n = 5, by definition D; 5 = {1,5}. To calculate the set of prefixes
Dy 5, observe that the only possible periodic vectors of differences in this case are
(1,1) and (2, 2). These correspond to the sets {1,2,3},{2,3,4},{3,4,5} and {1, 3,5},
respectively. All possible prefixes with letters in the complements of the above sets
are 45,54;15,51;12,21 and 24,42, respectively. The prefixes 54,15,51, and 12 are
rejected since they have a proper prefix in D; 5. Hence, Doy = {21,24,42,45} and
d275 - 4



Definition 5. For i € [n — 2], a trapezoidal sequence of vectors is a sequence of the
initial parts (A1, Ag, As, ..., A1) of an element in IT,, such that A, = (d,d, ..., d),

n—i—1

for some d € P and there is no j € [2,1] such that A; = (e,e, ..., e), for some e € P.
W
n—j
Let A;, denote the set of all such trapezoidal sequences.

The following result allows us to enumerate the prefixes D, ,, instead of A, ,,.

Proposition 1. Let n € N and i € [2,n — 2]. There is a bijection between the set of
prefives D, , and the set A, ,,.

Proof. Suppose that v = u;...u; € D;,. We construct a unique element in 4;, in
the following way: First, we define sets X, j € [i + 1], inductively as:

X = [n] and X1 = X; \ {u;}, for j € [i].
The image of u is then defined to be
d(u) = (Ar, ..., Ay, .., Asq), where Aj = A(X)).
By construction and in view of Definitions [ and [Bl, ¢(u) € A; .

For the reverse direction, consider an element L = (Ay,..., A, Ajq, ..., Ajq) in
A; . Suppose that Ajiq = (dy,...,dp—j—1) and A; = (e, €1,...,€,—j_1). We define
sets Y; inductively as follows. Set Y; = [n]. For j € [2,1], let y; = min(Y;) and set

Y o ( 1) lf A]+1 7é (61, ey en_j_l)
Jj+1 —
(A ), if Aj+1 = (617---7€n—j—1)-

We then define ¢(L) = uy - - -u; - - - u;, where {u;} =Y;11\ Y.

To show that ¢ and 1 are inverses of each other it suffices to demonstrate induc-
tively on j that Y; = X.

For the one direction, given the set X, for j € [k], we argue as follows. For j =1
we immediately get Y1 = X7 = [n]. Assuming that Y}, = X}, and thus y, = min(Y}) =
min(Xy) = xx, we have to show that Y11 = Xgi1. If Apyq # (e1,...,€nk_1), then
Yk—l—l = yk(Ak—l—l) = S(Zk(A]H_l). Now since Ak+1 = A(Xk—i—l) we get S(Z_k(Ak_H) = Xk—l—l
and the result follows.

If, on the other hand, Axi1 = (e1,...,€n_k_1), then Y1 = yp + eog(Aps1) =
ZTr + €0(Agy1). Clearly yx ¢ Yjy1 and in fact we have {yx} = Yi\Yir1 and furthermore
Y = Uk- Since Xk+1 = Xk \ {uk}, we obtain Xk—l—l = Yk+1-

For the other direction our argument is reversed starting with the given set Y;. [
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The enumeration of super-strong Wilf equivalence classes is achieved using the
numbers d, ,, as follows.

Theorem 2. The number s, of distinct super-strong Wilf equivalence classes of S,
s given by the recursive formula

n—2
Sp = Sp—1 + E di,n * Sn—i-
=2

PT’OOf. Let 7;,n = {(Al, .. ~Ai>Ai+la .. .,An_l) S Hn : (Al, ce A’bAi-‘rl) S Ai,n}a for
i € [n —2]. We clearly have

Hn:7—1,n|—|7—2,n|—|"'|—|7;,n|—|"'|—|7;—2,n- (21)
Observe that A, ,, consists of just one element, namely (A, Ay), where Ay = (1,1,...,1)
1
and Ay = (1,1,...,1). Then there is an immediate bijective correspondence between
2

I,y and Ty, therefore |71 ,| = sn—1. Now let i € [2,n — 2]. Consider a pyramidal
sequence in 7T;,. Then there exists a d € [n — 1] such that A,y = (d.d,...,d) and
————

n—i—1
for all j € [2,1] there exists no e such that A; = (e,e,...,e).
n—j

Our first claim is that all entries in Ay for k € [i + 1,n — 1] will be multiples
of d. Indeed, suppose that Ay = (di,...,d,_x), where by induction it is assumed
that d|d;, for | € [n — k|. If Apyq is equal either to (do,...,d,—g) or (dy,...,dn—g-1),
then the result follows immediately. On the other hand, if Ay 1 = (dy, ..., dpm_1,dn+
dmi1, Amray - - -y dp_g) it is enough to show that d|(d,,+d,+1) which follows inductively
from d|d,, and d|d, 1.

We define a map 7, : T — Aip X II,,_; as

1
Ti,n(Ah ey Ai7 Ai+17 sy ATL—I) - ((A17 L) Ai7 Ai+1)7 8 : (Ai+17 R An—1>)7 (22)
where Ay = (d,d,...,d). Our previous claim ensures that 7;, is well defined.
n—i—1

Furthermore, it is a bijection whose inverse is the map p;,, @ A, X II,—; = Tin
defined as

!

Pin (A1, Ay D), (A}, A ) = (Ary o Ay Ay, d - AL d A,

r=n—i—1
where A1y = (d,d, ..., d). It follows that |7;,| = d;, - Sn—, for i € [2,n —2]. O
1



Let 7 be a permutation of a set of distinct numbers. Then red(r) is the reduced
form of 7, i.e., the permutation obtained by replacing the smallest entry of 7 by 1,
the second smallest by 2 and so on.

We define &; ,, to be

e _ 1 i=1
| Dimy i€ [2,n—2].

Corollary 1. A set of super-strong Wilf equivalence classes representatives in S, s
described recursively by the set of the inverses of

Rp={u-v : we&,; redv)e R, t€[n—2|},
where red(v) is the reduced form of v.

Proof. In view of Theorem [2 the cardinality of R, is the correct one. Also note that
for a fixed u € &;,,, the set alph(v) is immediately determined. For a such a given set
alph(v) and a particular permutation 7 € R,,_;, there exists a unique suffix v such
that 7 = red(v).

Consider two elements in R,,, namely w = u -v and w’ = u' - v'. We will prove
inductively on n that if w # w’ then w™! ~,, w'~'. To do that it suffices to show
that the corresponding pyramidal sequences of differences are not the same.

If u # ' then the corresponding pyramidal sequences for w and w’ will differ in
the part corresponding to u and o/, respectively. On the other hand, if u = u then
v # v' and by induction the corresponding pyramidal sequences of that part are not
the same. O

Let s;, be the number of super-strong Wilf equivalence classes of order 27 in S,,,
where j € [n — 1]. Note that s, = 0.
Theorem 3. .
n—j—
Sjm = Sj—1n-171 Z A Sjn—k-
k=2

Proof. Let C;,, be the set of all pyramidal sequences in II,, with corresponding super-
strong Wilf equivalence class of order 27. From (2.1) it clearly follows that

ij - (ij ﬂ ﬂ,n) L (ij ﬂ 7‘2771) L---u (ij ﬂ 7:,n) L--- (Cj,n ﬁ 7;_2771). (23)

First observe that the exponent j is equal to the number of transitions from A, =
(d,d,...,d) to Agr1 = (d,d,...,d), for k € [n —1]. Note that for k = n — 1 by

n—k n—k—1
convention Ay, is the empty vector.



Let i € [2,n — 1]. Consider a pyramidal sequence (Aq,...A,_1) € T;,. Observe
that for k € [i] there are no transitions of the aforementioned form, therefore restrict-
ing the bijection 7;, in ([2.2) to C,, the only contribution to the exponent j comes
from the part (A;11,...,A,_1). But the number of transitions there is defined to be
equal to s;,_;.

Now let i = 1. Observe that there is a transition from A; to Ay = (1,1,...,1)
————

n—2
that raises the exponent of the order of the equivalence class by one, hence to get
the desired exponent j we need j — 1 additional transitions on the upper part of the

pyramid; these are precisely s;_1,-1 and the result follows. O

In view of the above results, to calculate s, and s;, we need a formula for the
coefficients d; ,,.

Theorem 4. Letn > 4. For a giveni € [n—2] setm =n—i—1 and let g, and ry,
be the unique quotient and remainder, respectively, of the Fuclidean division of of an
arbitrary integer I with m. Then we have the following recursive formula for the d, ,,

S B (i = k4 1) i (= R = T (i 1)l (24)
k=1

Proof. Let p;, be the number of all prefixes of length ¢ of permutations in S, with
corresponding suffix an m-periodic word, i.e., a word of the form a. .. (a+jd)...(a+
md), for a suitable a € [n].

One way to calculate p; ,, is to count first all m-periodic words in [n] and multiply
each one of them with the ¢! choices of the remaining prefix letters. For this purpose
let ¢,.m and 7y, be the unique quotient and remainder respectively of the Euclidean

dn,m
division of n with m. It is straightforward to see that d € [g,,.,n] and p;,, = Z(n— Jjm).
d=1

It follows that the number of all m-periodic words is equal to Q"Tm(n + T — M) =

n,m

(rpm + @+ 1). In this way p;, is shown to be equal to the number on the right

hand side of the formula of our theorem.

An alternative counting method is to start from the prefixes themselves. Consider
a prefix u of length ¢ such that the remaining n — i lettered suffix is a periodic word.
Then there exists a unique k& € [i] such that the prefix «’ of u lies in Dy,,. For this
particular k-lettered prefix u’ let us count the number of all m-periodic words in the
remaining n — k letters. As before, it is straightforward to see that this is precisely

Un—k,m ( ) = n—km (Pp—k,m +1—k+1). Now as the choices

equal to n—k+r,_gm—m

for the suffix of v/ in u are (i — k)! due to the remaining i — k letters in u, and as the
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number of prefixes u' is equal to di ,, pin is also equal to the sum appearing on the
left hand side of our formula. O

Remark 1. The aforementioned numbers d;,, are related to the number a,, of non-
secable or non-interval permutations. These are all permutations s = $189 - s, of
size n > 2 such that any prefix s; - --s; of length 2 <[ < n is not, up to order, equal
to the interval [k, [+k—1] [1 4.4]. This is the sequence 2, 2,8, 44,296, 2312, 20384, . . .
(also known as |b,|, where b, is Sequence A077607 of [5]) with recurrence formula

i:ak+1-(z'—k+1)!:(z'+1)!.

k=1

I3

Let i < [§]. Recall that m = n —i — 1. Then it follows that m > |

Gnm = Qn—tm = L and 7 =n—m, rp_pm = (n—k) —m, for k € [i

in (2.4) we obtain

|1 — 1, so that
. Substituting

[ Y

idkvn-(z’—kjtl)! = (i4+ 1)

k=1
It follows that di, = a1, for all k < | 3], since dy , = ay = 2.

This equality of cardinalities is not a mere coincidence. There is actually a deeper
connection between D;,, and the corresponding non-interval permutations.

Proposition 2. There is a bijection between the set of prefives Dy, for k < |5] and
the set Axy1 of all non-interval permutations of length k + 1.

Proof. Let u = ujug---uy be a prefix in Dy,,. Let a = min([n] \ alph(u)). It is
more convenient to find a bijection from Dy, to the set Bji; of all permutations
b = biby---bpbry1 of size k + 1 > 2 such that any suffix by_;1o---brrq of length
2 <l < k+1is not, up to order, equal to the interval [k,] + k — 1]. This is due to
the fact that By is clearly equipotent to A1, via the bijection w — .

Then we define a map ¢ : Dy, — Bgi1 as ¢(u) = red(ua), where red(r) is the
reduced form of 7, i.e., the permutation obtained by replacing the smallest entry of 7
by 1, the second smallest by 2 and so on.

For the reverse direction we define a map v : Byy1 — Dy, as (by - - - bpbgy1) =

vy -+ - U, Where
o — bi, b <bpy
)i+ (n—k—1), b > b

Let w = uy...uy € Dg,. Observe that since k < [n/2] the vector of consecutive
differences of [n] \ alph(u) is necessarily equal to (1,1,...,1), hence the word m =
——

n—k—1



up-ruga(a+1)---(a+n—k—1) €S,. This implies that if red(ua) = by - - - bpbgs1,

then we must have
i i <
b = {“ tisd (2.5)

u—(n—k—1), wu; > a,

for i € [k] and b1 = a. We will first show that red(ua) € Byii. Suppose, for the
sake of contradiction, that this is not the case. Then there exists an index j € [k]
such that {b;,...bp1} ={a—1,...,a—1,a,a+1,...,a+r}, for some I, € [k — j].
Observe that we have | +r =k — j. In view of (23] we have that

{u,...;upp1} ={a—1.....,a—la,a+(n—k),...,a+r+(n—k—-1)}. (2.6

Combining the form of the permutation 7 and (2.6) we obtain that uy---u;_1 €
D;_1,n, which contradicts the definition of Dy,,,. O

Example 3. Let us calculate the number s;q of super-strong Wilf equivalence classes
of S1p. In view of Theorem [2] we need to calculate the numbers d; 10, for i € [8].
Since [10/2] = 5, Proposition 2 immediately yields dy 10 = a2 = 2, do19 = a3 = 2,
d3710 = Q4 = 8 and d4710 = a5 = 44.

To evaluate ds 19 set i = 5 and m = 4 in ([2.4) and since q104 = o4 = ¢s4 = 2;
qr4a = Q64 = 1; 10,4 = T6,4 = 2, T94 = 1, rg4 = 0 and 74 = 3, we obtain

2 2 1 1
5 (145) 2414 2 (04-4) 2314 - (3+43)-8- 2045+ (2+42) 44 1 eds a0 = 5-(2+46)-5.

2
It follows that ds 19 = 488.

To evaluate dg 19 set ¢ = 6 and m = 3 in (2.4)) and since ¢ip3 = go3 = 3; ¢33 =
73 =0G63 =2, ¢s3 =1, 1103 =174=1, 193 =163 =0 and rg3 =T53 = 2, we obtain

N DO

N W

(0 +3) 442!
3
2

N DO

2 2
(046)-2-504+ 2+ (2+5) 241+ - (1+4)-8-31+

1
+5(2+2) 488 14 dguo =5 - (1+7)-6.

It follows that dg 19 = 4, 664.
To evaluate dr7 19 set @ = 7 and m = 2 in (2.4). Calculating all the necessary
quotients and remainders of the divisions with 2 we obtain

4 4 3
5-(1+7)-2-6!+§-(O+6)-2-5!+g-(1+5)-8-4!+§-(O+4)-44-3!
2 2 5
+§-(1+3)~488-2!+§-(0+2)-4,664~1!+d7,10:§~(0+8)-7!.

It follows that d7 19 = 58, 336.
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Finally, for dg 10 set i = 8 and m = 1 in (2.4]). Then we immediately obtain
2-91 428148714+ 44-6! + 488 - 5! + 4,664 - 4! + 58,336 - 3! + dg 190 = 10!,

which yields dg 10 = 1, 114, 944.

Substituting the above values of d; 19, i € [2,8] and the values sy = 1, s3 = 2,
sy = 8, s5 = 40, s¢ = 256, s; = 1,860, sg = 15,580 and sg = 144,812 for i < 10 to
the recursive formula of Theorem [2] we finally obtain sy = 1,490, 564.

Using the same reasoning we calculate all the numbers s, for n € [12]. The
calculation is based on the numbers d; ,,, for 1 <i <10 and 3 < n < 12 (see Table 2
in the Appendix).
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Appendix

li\n|3[4]5] 6] 7 | 8 | 9 | 10 [ 11 | 12 |

13]2]2] 2] 2 2 2 2 2 2

2 6]4] 2] 2 2 2 2 2 2

3 24| 16 | 14 8 8 8 8 8

4 168 | 100 | 80 68 44 44 44

5 1212 [ 712 500 488 416 296

6 10,824 | 6,376 | 4,664 3,704 3,512

7 103,992 | 58,336 43,592 33,152

8 1,114,944 | 630,544 444,992
9 12,907,824 | 7,167,802
10 162,773,970

Table 1: The numbers d;,, for 1 <7 <10 and 3 <n <12

[ n]1][2[3]4]5] 6 |

7 ] 8

E

| 10

| 11

| 12

| sn [1]1]2[8]40]256 | 1,860 | 15,580 | 144,812 | 1,490,564 | 16,758,972 | 205,029,338 |

Table 2: The numbers s,, for 1 <n <12

j\nf2]3]4]5]6 ] 7 [ 8 [ 9 | 10 | 11 | 12 |
1[1]1]6]28]196] 1,452 ] 12,632 | 119,744 | 1,260,432 [ 14,389,600 | 178,692,748
2 1]1]10] 46 | 330 | 2,416 | 21,216 | 197,120 | 2,067,024 | 23,263,418
3 L[ 1] 12] 62 | 442 | 3204 | 28276 | 262,080 | 2,707,296
4 1] 1] 14 72 546 3,992 34,680 318,408
5 1 1 16 82 630 4,744 41,108
6 1 1 18 92 718 5,412
7 1 1 20 102 810
8 1 1 22 112
9 1 1 24
10 1 1
11 1

Table 3: The numbers s;, for 1 < j <11 and 2 <n <12
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L] Bn

3

123, 213

4

1234, 1324

2134, 2314, 2413, 3124, 3214, 3412

12345, 12435, 13245, 13425, 13524, 14235, 14325, 14523;

21345, 21435; 24135, 24315; 42135, 42315; 45123, 45213;

23145, 23415, 23514, 25134, 25314, 25413, 31245, 31425, 31524, 32145, 32415, 32514,
34125, 34215, 34512, 35124, 35214, 35412, 41235, 41325, 41523, 43125, 43215, 43512

123456, 123546, 124356, 124536, 124635, 125346, 125436, 125634,

132456, 132546, 135246, 135426, 153246, 153426, 156234, 156324,

134256, 134526, 134625, 136245, 136425, 136524, 142356, 142536, 142635, 143256,
143526, 143625, 145236, 145326, 145623, 146235, 146325, 146523, 152346, 152436,
152634, 154236, 154326, 154623;

213456, 213546, 214356, 214536, 214635, 215346, 215436, 215634;
561234, 561324, 562134, 562314, 562413, 563124, 563214, 563412;

231456, 231546; 246135, 246315; 261345, 261435; 264135, 264315; 312456, 312546;
315246, 315426; 321456, 321546; 351246, 351426; 426135, 426315; 456123, 456213,
462135, 462315; 465123, 465213; 513246, 513426; 516234, 516324; 531246, 531426;
546123, 546213;

234156, 234516, 234615; 235146, 235416, 235614; 236145, 236415, 236514;
241356, 241536, 241635; 243156, 243516, 243615; 245136, 245316, 245613;
9251346, 251436, 251634: 253146, 253416, 253614; 254136, 254316, 254613;
256134, 256314, 263145; 263415, 263514, 265134; 314256, 314526, 314625;
316245, 316425, 316524; 324156, 324516, 324615; 325146, 325416, 325614;
326145, 326415, 326514; 341256, 341526, 341625; 342156, 342516, 342615;
345126, 345216, 345612; 346125, 346215, 346512; 352146, 352416, 352614;
354126, 354216, 354612; 356124, 356214, 356412; 361245, 361425, 361524;
362145, 362415, 362514: 364125, 364215, 364512; 365124, 365214, 365412;
412356, 412536, 412635; 413256, 413526, 413625; 415236, 415326, 415623;
416235, 416325, 416523; 421356, 421536, 421635; 423156, 423516, 423615;
425136, 425316, 425613; 431256, 431526, 431625; 432156, 432516, 432615;
435126, 435216, 435612; 436125, 436215, 436512; 451236, 451326, 451623;
452136, 452316, 452613; 453126, 453216, 453612; 461235, 461325, 461523;
463125, 463215, 463512; 512346, 512436, 512634; 514236, 514326, 514623;
526134, 526314, 526413; 524135, 524316, 524613; 523146, 523416, 523614;
521346, 521436, 521634: 532146, 532416, 532614; 534126, 534216, 534612;
536124, 536214, 536412; 541236, 541326, 541623; 542136, 542316, 542613;
543126, 543216, 543612;

Table 4: The sets R,, for 3 <n <6.
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