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Abstract

An ordered set partition of {1,2,...,n} is a partition with an ordering on the parts. let OP,, 1
be the set of ordered set partitions of [n] with k blocks, Godbole, Goyt, Herdan and Pudwell
[4] defined OP,, 1(c) to be the set of ordered set partitions in OP,,  avoiding a permutation
pattern o and obtained the formula for |OP,, x(c)| when the pattern o is of length 2. Later,
Chen, Dai and Zhou in [2] found a formula algebraically for |OP,, x(c)| when the pattern o is
of length 3.

In this paper, we define a new pattern avoidance for the set OP,, i, called WOP,, i (o), which
includes the questions proposed in [4]. We obtain formulas for [WOP,, \(c)| combinatorially for
any o of length < 3. We also define 3 kinds of descent statistics on ordered set partitions and
study the distribution of the descent statistics on WOP,, i (o) for o of length < 3.
Keywords: permutations, ordered set partitions, pattern avoidance, bijections, Dyck paths

1 Introduction

In [4], Godbole, Goyt, Herdan, and Pudwell initiated the study of patterns in ordered set parti-
tions. In particular, they studied the number of ordered set partitions which avoid certain types of
permutations of length 2 and 3. A partition 7 of [n] = {1,...,n} is a family of nonempty, pairwise
disjoint subsets By, Bo, ..., By of [n] called parts such that Ule B; = [n]. We let ¢(7) denote the
number of parts in 7w and || = n denote the size of 7. We let min(B;) and max(B;) denote the
minimal and maximal elements of B; and we use the convention that we order the parts so that
min(B;) < -+ < min(Bg). To simplify notation, we shall write 7 as By/.../By. Thus we would
write m = 134/268/57 for the set partition 7 of [8] with parts By = {1,3,4}, By = {2,6,8}, and
Bs = {5,6}).

An ordered set partition with underlying set partition 7 is just a permutation of the parts
of m, i.e. 6 = By, /... /By, for some permutation ¢ in the symmetric group Sy . For example,
d = 57/134/268 is an ordered set partition of [8] with underlying set partition = = 134/268/57.
Given an ordered set partition 6 = By, /... /By, , we let the word of §, w(¢), be the word obtained
from § by removing all the slashes. For example, if 6 = 57/134/268, then w(d) = 57134268. We
let OP,, denote the set of ordered set partitions of [n] and OP,,j denote the set of ordered set
partitions of [n] with k parts.

If by, ... b, are positive integers, then we let
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1. OPy,, . p, denote the set of ordered set partitions By/... /By of [by + --- 4 by] such that
|B2| :bl for i = 1,...,bk,

2. OPy qb,,...b,) denote the set of ordered set partitions 7 € OP,, such that the size of any part
in 7 is an element of {by,...,b;}, and

3. OP WPk denote the set of ordered set partitions 7 of [Ele Bib;] which has (; parts of size
1 7k
b, fori=1,... k.

Note that
Uorwp..vu= U OP yon_yony:

n>0 B120,...,8,>0
Clearly, OPp, . 5, = (bl,ﬁ,bk)’ ifoy+---+bp=n.

Given a sequence of distinct positive integers w = w;j ... wy,, we let red(w) denote the per-
mutation in S,, obtained from w by replacing the i-th smallest letter in w by ¢. For example,
red(4592) = 2341. Following [4], we say that permutation ¢ = oy ...0; occurs in an ordered set
partition § = By/... /By, if and only if there exists 1 <4y < --- <i; < k and b;; € B;, such that
red(b;, ...b;;) = 0 and ¢ avoids o if o does not occur in §. For example, if 6 = 57/134/268, then
213 occurs in ¢ since red(518) = 213, but § avoids 123 because every element in the first part {5, 7}
of § is bigger than every element in the second part {1,3,4} of 6. If o is a permutation in S;, then
we let OP,,(«) denote the set of ordered set partitions of [n] that avoid a. We can then define
OPpi(a), OPpy,. 5,)(@), OPp .. 1,1 (), and OP(bfl...bfk>(a) in a similar manner. We let

= |0Pn(01)|,
|0Pn,k(a)|7

= |OP[b17~~~,bk}(a)|7and
= OP sy, (@)l

Godbole, Goyt, Herdan, and Pudwell [4] proved a number of interesting results about these
quantities. For example, they showed that

Opn,k(a) = Opn,k(123) (1)

for all permutations o of length 3. They also proved that

2

3

and
3 — 1)2(2)

n—1

opnn-1(123) = — =

Later, Chen, Dai, and Zhou [2] proved that

n

L+ ") oppi(123)a =
n>1 k=1

—x + 20t — 2t + 2622 + 262 + /1 — 4ot — At + 462z + 4t2
2t(x +1)2(t — 1) '

(4)

The goal of this paper is to study an alternative notion of pattern avoidance in ordered set
partitions. Given an ordered set partition 6 = By/... /By of [n], let w(d) = wy ... w, denote the



word of 6. Then we say that a permutation o = ;... € S; occurs in the word of ¢ if
there exists 1 < i1 < --- < i; < n such that red(w;, ...wij) = «. Thus « occurs in the word
of 0 if «a classically occurs in w(d). We say that an ordered set partition 6 word-avoids « if «
does not occur in the word of 0. For example, if 6 = 57/134/268, we saw that 0 avoids 123 in the
sense of [4], but clearly 123 occurs in the word of § since red(134) = 123. Then we let WOP,,(«)
denote the set of ordered set partitions which word-avoid «. Similarly, we can define WOP,, («),
WOP,,... b, (@), and Wop(bfl...bfk>(a)' Then we let

= [WOP(a)],

= [WOP,(a)l,

= [WOPy, . p(a)],and
= ‘WOP(bTIMbZk>(Oé)‘.

We will also study the corresponding generating functions

WOP,(t) = 14 wop,(a)t", (5)
n>1
WOP,(z,t) = 14+ Zt”Zwopmk(a) z¥, and (6)
n>1 k=1
W@Pa,{b1,...,bn}($v t, qh . qn) — Z e Z Wop(bfl,,,b£k>(a) tZz‘:1 bzﬁz$zi:1 61 qlﬁl e q]fk (7)

p120  Brp>0

Note that wop,, ;(321) = op,x(321). That is, if 321 occurs in the word of an ordered set
partition J, then the occurrences of 3, 2, and 1 must have been in different parts of the partition §
so that 321 would occur in § in the sense of Godbole, Goyt, Herdan, and Pudwell [4]. However, for
other o € S3, it is not the case that wop,, ;(0) = op,r(c). In fact, it will follow from the results
of the this paper that we have 3 Wilf-equivalence for wop, (o) for o € S3, namely wop, (123),
wop,,(132) = wop,,(231) = wop,,(312) = wop,,(213) and wop,,(321).

We shall also study refinements of these generating functions by descents. In fact, there are
three different natural notions of descents in an ordered set partition 7 = By/.../Bj. That is,
we let des(m) be the number of descents in the word of m, w(w) = w;y ...w,. Thus des(w) = |{i :
w; > wiy1}|. Given two consecutive parts B; and Bjy1, we write B; >, Bji; if every element of
B; is greater than every element in B;y1 and we write B; >, Bit1 if the minimal element of
B; is greater than the minimal element of B; ;. We shall call elements ¢ such that B; >, B
part-descents and elements i where B; >, Bit+1 min-descents. Then we define

des(m) = [i:w(n);>w(m)ix1}] = {7 : max(B;) > min(B;11)},
pdes(m) = |{i: B >p Biy1}| = [{i : min(B;) > max(B;;+1)}| and
mindes(m) = |{i: B; >min Bix1}| = {7 : min(B;) > min(B;11)}|.

The statistics des, pdes and mindes are not equi-distributed on OP,, (as can be seen when n = 3).

For each type of generating function above, we consider the refined generating function where
we keep track of the number of descents of each type. For example, we shall study the following



generating functions,

WOPLS(z,y,t) = 1+ " > afmydem, (8)
n>1l  7eWOP,(a)

W@Pgdes(x,y,t) = 1+ Zt" Z 2™ ypdes(™) - and (9)
n>l 7eWOP,(a)

W@Pgindes(l‘, n t) = 1+ Z n Z :Eﬁ(w)ymindos(w). (10)

n>l  reWOP,(a)

Similarly, we shall study

W@Pg??bl,...,bk}(% Yt Qi) = Z Z t\wle(w)ydes(w)qlﬁl L q£k7 (11)

120,....5: 20, TEWOP 5 5 (@)
(o)1 b k)
d HatT " '
WORPYS @y, tar, ) = Y > ] ) ypdes(m) 81 Bk (19)
$120,...8: 20, TeEWOP 5 5, (@)
(1. b k)
WOPR™ (gt a1, ) = Y S dlptmymindestmyg i g (13)

B120,...,8,>0, "EWOP 5 5, (a)
@71 b )

The main focus of this paper is the study the generating functions described above where « is
in Sy or S3. One advantage of our notion of word-avoidance in ordered set partitions is that we can
employ standard techniques from the theory of generating functions such as the Lagrange Inversion
Theorem to give us nice answers. For example, we will show that

t+1—/(t+1)2—4t(z+1)

WOP59(z,t) = 21+ 2) ) (14)
1/m—-—1\/n+k
wop, (132) = z<k - 1) (k ! 1>, (15)
and ) L L
n +
WOP 4y (132) = 5 (51, . ,5,) <n - 1) (16)

where n = 2?21 biB; and k = Z?ﬂ Bi-

Similarly, we will show that

(1+2yt +ayt —t —at) — /(1 + 2yt + oyt —t — at))2 — 4t(1 — t + ty)(z + yx)
2t(y + zy)

WOPS (2, y, 1) =
(17)

k—1
1/n—-1 k n—1 kel
132) = — J 1
wop,, (Y, 132) k<k_1> ' (j) (k_l_j>y (18)

where wop,, 1(y,132) = ZWEWOPn,k(liﬂ) ydes(w(m)),

and

The outline of this paper is as follows. In Section 2, we will compute generating functions
for ordered set partitions word-avoiding patterns of length 2 and prove some symmetries in the



generating functions WOPIS (z, y, t), WOPRS (¢, t), and WOPRS (12 4 #) for o € S; and j > 3.
In Section 3, we will show how to compute generating functions W@ngs(:n, y,t) for all « € S5. In
Section 4 and 5, we will study generating functions WOPRS (2, ¢, ) and WOP™RIS (1 4 1) for o
in S3. In Section 6, we will summarize open problems about our research.

2 Preliminaries

The structures of elements in WOP,,(12) and WOP(21) are quite easy to describe. For example,
if m € WOP,(12), then the word of m must be n(n —1)...21 and hence 7 = n/n —1/... /1.
Similarly, if 7 € WOP,(21), then the word of = must be 12... (n— 1)n and hence m must be of the
form By/Bsy/ ... /By where for each i = 1,...,k — 1, all the elements of B; are smaller than all the
elements of B;yy. It follows that wop,, (21) = (k 1) because to specify an ordered set partition
m € WOP,, 1(21) with k parts, we need only specify where we need to place k —1 /’s in the n — 1
spaces between the letters of 1...n

Thus,
t
WOPSS* (w, y, 1) = 1 L 1
(2,9,1) +n§>:1y v g (19)
and WOPSS® (z,y, t) = WOPPS™ (z, y, 1) = WOPI™(z, , 1). Also,
WOPIS (z,y,t) = 1+ Zt” Z < 1>$k
n>1 k=1
= 1+aty " 12 (n_1> k=
n>1
= 1+aty " '(1+az)"!
n>1
rt
= 1+— 20
Tz t(1+x) (20)

and WOPSSS (z,y,t) = W@PS?CS(:E, y,t) = WOPRERes (1 4 1),

Next consider the generating functions WOPS (z, 1, t), WOPPYS (¢, 1), and WOPRNeS (4 4 1)
when o € S for j > 3. There are some obvious symmetries in our situation. Recall that for a
permutation o = o1 ... 0,, the reverse of o is defined by ¢” = 7, ...01 and the complement of o is
defined by 0¢ = (n+1—01)...(n+1—0y,). It is easy to see that des(o) = des((c")°).

We can define reverse and complement on ordered set partitions as well. That is, suppose
that m = By/... /By is an ordered set partition of [n]. Then if B; = {a} < a} < --- < a;'-},
we let complement of B;, Bf = {(n +1 — ag) <o <(n+1-d) < (n+1-ad})}. Then we
define the reverse of m to be 7" = By,/.../B; and the complement of w to be 7¢ = Bf/.../B;j.
Thus (7")¢ = By/.../Bf. It is easy to see that if w(m) = wi ... wy, then the word of (77)° is
m+1—-wy)...(n+1—w) = (w(r)")¢ Similarly it is easy to see that if B; >, Bjii, then



Bf, | >p Bf. Thus the operations of reverse-complement show that

Z :Eé(w)ydos(w) _ Z :Eg(w)ydos(w) and (21)
TEWOP, k(@) TEWOP, k((a7)°)

Z xZ(ﬂ)ypdes(w) — Z $€(7r)ypdes(7r) . (22)
WEWO'P,LJQ(O!) wEWO'Pnyk((aT)C)

It follows that for all 1 < by < --- < by,

WOP}35(z, y,t)
WOP33 (2, y,t)
W©P>1k32,{b1,...,bs}(xv Yoty iy, Qs) W@P§13,{bl,...,bs}(‘r7 Y, t,q1,...,qs), and
WOPYs; 14y, s (@ U tqr, - as) = WOP3, o o (@,y,8,q1,. ., ¢s),

WOP3,5(z,y,t),
W@P§12 (‘Ta Y, t)a

where * is either des or pdes.

Reverse-complement does not always preserve mindes. For example,
Z $£(7r)ymindos(7r) ?é Z xf(ﬂ)ymindos(w).
TEWOP3(132) TEWOP;(213)

In general, reverse and complement by themselves do not preserve these generating functions. For
example,

Z xé(w)ydos(w) 7& Z xf(w) ydos(7r)7

TEWOP,(123) TEWOP,(321)
Z xZ(ﬂ) ypdes(w) 7& Z xZ(ﬂ) ypdes(w) , and
TEWOP,(123) TEWOP,(321)
Z xf(w) ymindos(w) ?é Z xf(w) ymindos(w) )
TEWOP,,(123) TEWOP,,(321)

Our next theorem will show that
WOPSSs (2, y, t) = WOPSSS(x, y, 1) (23)

and
WOPRRIeS (4 ) = WOPSRS (2,4, 1). (24)

Thus there are only three different generating functions of the form W@Pgos(:n,y,t) for a € Ss.
Similarly, our next theorem will show that for all 1 < b; < --- < b,

W@]P)g?;{bl,m,bs}(xa Y, t7 q1,---, qs) = W©Pg‘f;,{bl’...7bs}(1’7 Y, tu q1,--- 7QS) (25)
and . _
W©Pgi1§%gi,,,7bs}(% Y, t7 qi,-- -, qS) = W@Pgil;’%?)i’m,bs}(x7 Y, tu qis-- -, qs) (26)

Theorem 1. There is a bijection ¢y, : WOP,(312) - WOP,,(213) such that for allm = By/ ... /By €
WOP,(213), ¢n(r) = C1/.../Cx € WOP,(312) where |B;| = |Ci| fori = 1,...,k, 1 in posi-
tion k in w(w) if and only if 1 is in position k in w(¢n(m)), des(w) = des(¢, (7)), Des(w(w)) =
Des(w(¢n(m))), and mindes(7) = mindes(¢,()).



Proof. We shall define ¢, : WOP,,(312) — WOP,(213) by induction on n. For 1 < n < 2, we
let ¢, be the identity. Now assume that we have defined ¢ : WOP(312) — WOP(213) for
kE <mn—1. We classify the ordered set partitions 7 in WOP,(312) by the position of 1 in w(r).
First suppose that 1 occurs in position 1 in w(w). If 1 in a part by itself, then 7 is of the form
1/B3y/ ... /By for some k > 2. In this case, if we subtract 1 for each element in By/ ... /By to obtain
a set partition 7* = B3 /... /B} in WOP,_1(312). Then let ¢,_1(B5/.../B;) =C5/.../C} and
let Cy/ ... /Cy be result of adding 1 to each element of C5/... /C}. It is easy to see that if we let
¢n(1/B2/- .. /Bk) = 1/02/. .. /Ck, then 1/02/. .. /Ck € WOP1(213), |BZ| = |Oz| fori=2,...,k,
des(1/Bz/.../B) = des(1/Cy/.../Ck), Des(w(1l/Bs/.../By)) = Des(w(1/Cy/.../Cy)), and
mindes(1/Ba/ ... /By) = mindes(1/Cy/ ... /Ck). If 1 is not in a part by itself, then 7 is of the
form By/.../By where 1 € By and |Bj| > 2. In this case, we can remove 1 from B; and sub-
tract 1 for each of the remaining elements to obtain an ordered set partition 7* = B}/.../Bj}
in WOP,,_1(312). Then let ¢,_1(By/.../B}) = C{/.../C; and let Cy/.../C} be result of
adding 1 to each element of Cf/.../C} and then adding 1 to the first part. Again it is easy to
see that if we let ¢, (B1/.../Bx) = C1/.../Ck, then Ci/.../C, € WOP(213), |B;| = |C;] for
i=1,...,k,des(By/.../By) = des(Ci/.../Ck), Des(w(Bi/.../By)) = Des(w(C1/.../Ck)), and
mindes(B1/ ... /By) = mindes(Cy/ ... /Ck).

Next suppose that 7 € WOUP,(312) is such that 1 is position r in w(w) where r > 2. Then
m must be form By/.../Bj/Bjt1/.../B)y where j > 1 and 1 is the first element in part Bjii.
Since w(m) is 312-avoiding, it must be the case all the elements of B;/.../B; are less than all
of the elements Bj1 — {1}, Bjt2... By. It follows that Bi/.../Bj is a set partition of {2,...,r}
such that w(By/.../Bj) reduces to a 312-avoiding permutation and B;; — {1}/... /By is a set
partition of {r+1,...,n} such that reduction of w(Bj41 ... By) is 312-avoiding. Moreover, r —1 a
descent in w(7) and Bj >min Bj+1. In this case, we let B;H/ ... /Bj be the result of subtracting
7 —1 from each element of B;1 ... By except 1 so that BY /... /By is an ordered set partition of
WOP;,—r+1(312) whose word starts with 1. We let B /... /BJ be the result of subtracting 1 from
each element of By/.../Bj so that Bf/... /B is an element of WOP},_1(312).

Now let ¢x—1(By/.../B;) = C1/.../Cy and ¢p_k-1(Bjq/.../B;) = D1/ ... /Dg—j. We can
then add n—r to each element of Cy/ ... /C; to produce an ordered set partition C7/... /C7 of {n—
r+1,...,n} whose word reduces to 213-avoiding permutation such that des(red(w(C7/... /C}))) =
des(w(Bi1/.../Bj)), Des(red(w(Cy/.../CY))) = Des(w(B1/ ... /B;)), and mindes(Cy/... /C) =
mindes(B1/ ... /B;). Then we let

Gu(m) =Cy/.../C;/D1/ ... [Dy_j.

It is easy to see by induction that des(w(w)) = des(w(¢n(7))), Des(w(m)) = Des(w(¢,(7))) and
mindes(7)) = mindes(¢,(7)). Moreover, by construction 1 is in position r in both w(w) and
w(¢n(m)). The only thing that we have to check is the w(¢, (7)) is 213-avoiding. But this follows
from the fact that all the elements in C7/... /C7 are bigger than all the elements in Dy/... /Dy,
and the word of C7/ ... /C¥ reduces to a 213-avoiding permutation and the word of Dy/.../Dj_;
is a 231-avoiding permutation. ]

Figure 2 shows that ¢5(3/24/15) = 5/34/12. Observe that the number of descents, word descent
set, and the number of min-descents are preserved.

We end this section with two observations. Suppose that 7 = Bi/... /B, € WOP,, 1,(132).
First, we notice that if the last element ¢; of B; is greater than the first element of B; 1 so that there
is a descent in w(7) at position > %_; |Bj|, then it must be the case that min(B;) > min(Bj1).

7



¢r—1(A1)

P(Az2)

n-r

1 1
WOP,(312) WOP,(213)

Figure 1: Bijection ¢, : WOP,(312) — WOP,,(213).

5 5 5
3 d O, — 1 3
® @ 1

Figure 2: w = 3/24/15 S WO'P5,3(312) = @5(7‘1’) = 5/34/12 S WOP5,3(213).

That is, if min(B;) < min(B;41), then min(B;) # ¢; and hence (min(B;),¢;, min(B;11)) would
reduce to 132. It follows that for all 7 € WOP,,(132), des(w) = mindes(r) and, hence,

WOP{$;(2,y,t) = WOP59 (2, y, t). (27)

Second, if we let 7 such that max(B;) > max(B;t1) be a maz-descent and let maxdes(m) be the
number of max-descent of an ordered set partition 7, then for any 7 = B,/ ... /B, € WOP,, 1(132),
i is a max-descent if and only if 7 is a part-descent. Otherwise if min(B;) < max(B;+1), then the
triple (min(B;), max(B;), max(B;;+1)) matches pattern 132. Let

W@]P;rlrgaéxdes (z,y,t) =1+ Z "y Z xf(ﬂ)ymaxdeS(ﬂ')’ (28)
n>1  TEWOP,(132)

then we have W@Pﬁ)ggs(x,y,t) — WOPEEs (2, 5,t). Note that the set WOP(213) is in bijection
with WOP(132) by the action of reverse-complement, and the maxdes statistic of WOP(132) is
correspond with the mindes statistic on WOP(213), hence we have

WOPPSS (2,y,t) = WOPYS(z,y,t) = WOPESS (2, y, t)
= WOPHDS(z, ¢, t) = WOPEDRES (1, y, ). (29)

3 Computing WOP!*(x,y,t) for a € Sy

In this section, we shall derive the generating functions W@chs (z,y,t) for o € S3. We start by con-
sidering WOPSSS (2, ,t). In this case, we shall classify the ordered set partitions 7 in WOP,,(132)
by the size of the last part. That is, suppose that m = By/... /By where By = {a1 < -+ < a,}.
Then we let A, 1 denote the set of elements in By/.../Bj_; that are greater that a,, A; denote
the set of elements in Bi/.../Bji_1 that are less that a;, and A; denote the set of elements j in



Bi/.../Bg_1 such that a; > j > a;—1 for i = 2,...,r. Since w(7) is 132-avoiding, for any ¢ > 2,
every element y in A; must appear to the left of every element x in A; 1 since otherwise xya; would
be an occurrence of 132 in w(w). It follows that the word of m has the structure pictured in Figure
Bl Note that it is possible that any given A; is empty. However, this structure ensures that no part
of m can contain elements from two different A;’s so that if A; is non-empty, then A; is a union
of consecutive parts of m, say A; = BY)/ e /BJ(:) Moreover, if ¢ > 2 and A; # ), then the last
()

element of Bjj is a descent in w(w). That is, either Ay,..., A;_1 are empty and there is a descent

(@)

from the last element of Bjj to a1 which is the first element of Bj, or one of one of Aq,...,A;_1 is
non-empty. Let p be the largest integer 7 such that 1 <r <4 —1 and A, is non-empty, then there
is a descent from the last element of BJ(-:) to the first element of the first part of A,.

ArJrl

A

Ay

By -« Bp By,

Figure 3: The structure of 71 € WOP,,(132).

Let B(z,y,t) = WOPSS (2, y,t). This structure implies that B(z,y,t) satisfies the following
recursion:
Ble,y,t) = 143 at"(1+ y(B(a,,t) — 1) Bz, y,b). (30)
r>1

In (30) the factor xt" accounts for those ordered set partitions m whose last part is of size . We
get a factor 1+ y(B(z,y,t) — 1) for A; for i =2,... 7 + 1 where the 1 accounts for the possibility
that A; is empty and the term y(B(z,y,t) — 1) accounts for the fact that there is descent starting
at the last element of A; if A; is non-empty. Finally the last factor B(x,y,t) corresponds to the
contribution over all possible A;.

It follows that
wtB(z,y,t)(1 +y(B(z,y,t) — 1))

B(z,y,t) =1+ 31
ot L1+ y(B(r,y,0) 1) oy

Multiplying both sides of (3I]) by 1 — t(y(B(z,y,t) — 1)) leads to the quadratic equation,
0=(1—t+ty) — Blz,y, t)(1 — 2yt + ayt — t — ta) + t(zy + y) B(z,y,t)? (32)

and solving for B(z,y,t) gives that

B = (1+ 2yt +ayt —t —tx) — /(1 + 2yt + ayt —t —tz)2 — 4(1 — t + ty) (t(y + zy))
(Z’,y, ) - 2t(y + yt) .
(33)




If we let f(z,y,t) = B(z,y,t) — 1, then ([BI]) gives that

t(f(z,y,t) + DA +y(f(z,y,1))
1- t(l + yf(a:,y,t))

The Lagrange Inversion Theorem implies that the coefficient of z* in f(z,vy,t), f(x,y,t)|, is given
by

f(:Evyvt) =T (34)

1
f(.Z', Y, t)’:ck = Er(x)k‘xk*h
where I'(z) = HztD)(+yz) Using Newton’s binomial theorem, we can compute that

1-t(1+yx)

|wk71tn

1tR(1 4+ )R (1 + ya)
f@y Dl = 7 (1+2)F(1 + yz)

(1 —t(1+yx))k

=

(14 (1 + ) (Z ("r2T e | Lo
(1+ aj)k(l + yx)"

- 1G)%0)

J=0

=

(
< " > yE1-d (35)

Thus we have the following theorem.
Theorem 2.

WOP$3 (2, y,t) =

(1+2yt+ayt —t —tz) — /(1 + 2yt + ayt —t —tz)2 — 4(1 —t + ty)(t(y + zy))
2t(y + y)

> peeol(2]) 5 (Bt ) (37)

TEWOP,, 1,(132) 3=0

(36)

and

Setting y = 1 in Theorem [21 and observing that Z;:é (];) (1 j) = (Zi'lf), we have the following

corollary.
Corollary 3.

(1+t)— /A +1)2—4(1+x)
2t(1 + z)

wopy ;(132) = % (: B 1) <Z J_r f) (39)

It follows from Theorem 2 that wop,,(132) is the number of rooted planar trees with n+1 leaves
that have no vertices of out degree 1. The reason is that the generating function F' of both objects
when only track object size n satisfies the recursion that

F(t)=1+> t"F(t)"™.
r>1

WOP{$5 (%, 1,t) = (38)

and

10



A Dbijection follows naturally from the generating function. Figure M shows an example of the
bijection. Based on the recursion, the number of non-leaves is equal to the number of blocks of the
ordered set partition, and the out-degree of the root is one more than the size of the last block.

v () () () ()
CLIRIOB] < (g 2) (s
(13]

Figure 4: Bijection between WOP,,(132) and rooted planar trees with no vertices of out degree 1.

Given any sequence of positive numbers 1 < by < by < - -+ < by, we let

A= A(ﬂj, Y, t7 q1,--- 7qs) = W@P(f§;7{bl7___7bs}($v Y, t) qi,--. 7qs)- (40)

It follows from the block structure pictured in Figure [3] that

A=14> 2gt"(1+y(A-1)"A. (41)
=1

If we set F = F(x,y,t,q1,...,9s) = A(x,y,t,q1,...,qs) — 1, then we see that

F=a(F+1)) gt +yF)". (42)
=1

It follows from Lagrange Inversion that

1

Flo = 7

5k(a:)]xk71, (43)

where 0(z) = (z+ 1) 35, ¢it% (1 + yz)¥. Thus

1 k Kb o) TT
F|:Ekt’” = E(:E + 1)k E <a1 o >tzi—1 albl(l + yx)(Zzzl a;b;) H qlaz |mk*1t”
9t S .
apz =1
al‘l’"'igls:k '
1 k n k : o
S Rt D S SRR § I
a1+---+a5:k 17 T $ i=1

a1bi+-apby=n

(A Ty I > PR 1 (N

a1+---+as:k
a1bi+apb=n

k

> =

<

If Y a;b; = n, then taking the coefficient of g7 ...¢%* on both sides of the above expression
yields the following theorem.

11



Theorem 4. Suppose that 0 < by < --- <bs, >0 | =k, and Y o;b; = n. Then

k—1
1 k k n .
des(m) _ = k—=1—j
2 Y k(al,...,a) 2 (j)(k—l—j)y - @)

7r€W(979<b(111mbgs>(132) Jj=0

Setting y = 1 in Theorem M and observing that Z?;ol (];) (k_rll_j) = ("+k) yields the following
corollary.
Corollary 5. Suppose that 0 < by < --- <bs, > i ;i =k, and Y ;_; a;b; =n. Then

n+k k
w2 = (Y F ) "

Next we turn our attention to ordered set partitions 7 such that w(m) avoids 123. In this case,
all the parts of m must be of size 1 or 2 since any part B of size kK > 3 immediately yields a
consecutive increasing sequence of size k in the word of its ordered set partition.

Thus we will compute the generating function

W@Pilze;,{l,z} (z,9,t,q1,92) Z Z yades(m)pht20 kb kgl (47)
k>0 meWOP(1k2¢)

To compute WOPY 193 {1, 2}(x, Y,t,q1,q2), we must first review a bijection of Deutsch and Elizalde
[3] between 123- av01d1ng permutations and Dyck paths.

Given an n x n chessboard , we set the origin (0,0) at the lower left corner, and label the
coordinates of the columns from left to right with 0,1,...,n and the coordinates of the rows from
bottom to top with 0,1...,n. A Dyck path is a path made up of unit down-steps D and unit
right-steps R which starts at (0,n), which is at the top left-hand corner, and ends at (n,0), which
is at the bottom right-hand corner, and stays weakly below the diagonal y = n — x. Given a Dyck
path P, we let

Return(P) = {i > 1: P goes through the point (i,n —1i)}

and we let return(P) = |Return(P)|. For example, for the Dyck path
P=DDRDDRRRDDRDRDRRDR

shown on the right in Figure B, Return(P) = {4,8,9} and return(P) = 3.

Given any permutation o = 01 ...0, € S,(123), we write it on our n x n chessboard by placing
o; in the i*" column and a}h row, reading from bottom to top. Then, we shade the cells to the
north-east of the cell that contains o;. The path (o) is the path that goes along the south-west
boundary of the shaded cells. For example, this process is pictured in Figure [ for the permutation
o = 869743251 € S9(123) which maps to the Dyck path DDRDDRRRDDRDRDRRDR.

Given any Dyck path P, we construct W~—!(P) = o193(P) as follows. First we place an “x” in
every outer corner of P. Then we consider the rows and columns which do not have a x. Processing
the columns from top to bottom and the rows from left to right, we place an x in the it" empty
row and i*" empty column. This process is pictured in Figure Bl The details that ¥ is bijection
between S,,(123) and D,, can be found in [3].

12



Figure 5: S,,(123) to D,,.

Figure 6: D,, to S,(123).

We shall classify the ordered set partitions 7 € WOP,,(123) by the first return (from left to
right) of the path ¥(w(7)) = P. Suppose that the first return of the path P is at the point (n—k, k),
then the path P is divided by the first return into 2 paths, path DAR and path B, as shown in
Figure[7 (a). The numbers in the corners above the point (n — k, k) must come from {k+1,...n}.
Because we place the xs in the columns which are not occupied by the xs in the outer corners of
P, in a decreasing manner, reading from left to right, it follows that by the time we have reached
column n — k, we must have used all the numbers {k + 1,...,n}. This means that there can be
no xs in the red area of the diagram so that all the xs in the last & columns must lie in lower k
rows. In particular, this implies in that in w(7), all the elements in {k + 1,...,n} preceed all the
elements in {1,...,k}. The elements in {k+1,...,n} are based on path DAR and the elements in
{1,...,k} are based on path B, and there is a descent between the last of occurrence of a letter in
{k+1,...,n} in w(mr) and the first occurrence of a letter in {1,...,k} in w(w) if £ > 0. Hence we
must be able to break any ordered set partition m# = By/.../B; such that ¥(w(w)) = P into two
parts, B1/ ... /B; which contains all the letters in {k+1,...,n} and B;;1/ ... /B; which contain all
the letters in {1,...,k}. Let A(x,y,t,q1,q2) = W@IP’?§§7{172} (z,y,t,q1,q2). It is easy to see that the
contribution to A(z,y,t,q1,¢2) by summing over the weights of all possible choices of Bj11/ ... /B;
as k varies over all choices of k > 0 is y(A(z,y,t,q1,92) — 1) and is equal to 1 if k£ = 0.

To analyze the contribution from parts By/.../B;, we need to work on path DAR, which can
be seen as lifting the path A one unit higher. We let lift(P) be the path DPR. For o € S,,(123) and
P = ¥~1(0), we write lift(c) for the permutation ¥~1(lift(P)) = ¥~1(DPR) € S, corresponding
with path lift(P).

The lifting operation is pictured in Figure 8l We say that a pair of consecutive DR steps is a

13



lift (U1 (A))

S

T~
~

Figure 7: The first return of P.

peak of a Dyck path, and in the corresponding 123-avoiding permutation, the numbers in rows that
contain peaks are called peaks of a permutation. A number is called non-peak if it is not a peak. It
is easy to see that the peaks of Dyck path P and lift(P) are labeled with the same numbers under
U~!. Since we label the rows and columns that do not contain peaks from left to right with the
non-peak numbers in decreasing order under the map U~!, we see that n + 1 will be in the column
of the first non-peak and that all the remaining shifts over one to the next column that does not
contain a peak. Figure[illustrates the labeling of non-peaks of o = (8,6,9,7,4,3,2,5,1) € Sy(123).

It is not difficult to see that o and lift(c) have the same descent set in the first n — 1 positions,
and there is a descent in the n'" position if and only if o, is a non-peak. It is very important that
the lift operation preserves descent set in the first n — 1 positions, as we have to break descent
positions to transform a permutation into an ordered set partition. Further, the word of an ordered
set partition in WOP(123) is determined by a pair of Dyck paths, A and B. When analyzing
ordered set partitions word-avoiding 123, we simply analyze the small permutations corresponding
to the paths A and B and discuss a few cases at the first return position.

10
9 919

Figure 8: 0 = (8,6,9,7,4,3,2,5,1) and lift(c) = (8,6,10,9,4,3,2,7,1,5).

The computation of the contribution to A(x,y,t,q1,q2) from the parts By/.../B; which con-
tains all the letters in {k +1,...,n} depends on the following four cases.

14



Case 1. The first return of P is at the point (1,n — 1).

In this case, P starts of DE and n is the first corner. This means that w(w) starts out with
n, ¢ = 1, and By = {n}. It is easy to see that in this case the contribution to A(z,y,t,q1,q2) is
xtqr(1+y(A(z,y,t,q1,92) —1)). That is, if n = 1, then we get a contribution of ztq; and otherwise,
n will cause a descent in w(m) which will give a contribution of xtq1y(A(z,y,t,q1,q2) — 1).

Case 2. The first return of P is at the point (2,n — 2).

In this case, P starts of DDFEFE, n — 1 is the first corner of P and n in the square (2,n) so
that w(m) starts out with (n — 1)n. Then it is either the case that ¢ = 2, By = {n — 1}, and
By ={n} ori=1and By = {n—1,n}. It is easy to see that in the first case, the contribution
to A(x,y,t,q1,q2) is 22t2¢?(1 + y(A(z,9,t,q1,q2) — 1). That is, if n = 2, then we get a contri-
bution of 22t} and otherwise, n will cause a descent in w(m) which will give a contribution of
2?t2¢3 (y(A(z,y,t,q1,q2) — 1). Similarly, in the second case the contribution to A(x,y,t,q1,q2) is
2t2qo(1 + y(A(x,y,t,q1,q2) — 1)). Thus the total contribution to A(z,y,t,q1,g) from Case 2 is

(2*t°q} + 2t?q2) (1 + y(A(z, Y.t q1, q2) — 1)) (48)

Case 3. k<n—2and k+1isin columnn —k— 1.

In this case, we have the situation pictured in Figure[@ Thus w(r) = w; ...w, where w,_p_1 = k+1
and wy,_j = p where k+1 < p. It follows that either B; = {k+1,p} or B;_1 = {k+1} and B; = {p}.
We claim that the contribution to A(x,y,t,qi,q2) in the first case where B; = {k + 1,p} is

y(Alz,y,t,q1,q2) — Dat*e(1 + y(A(z, v, t,q1,¢2) — 1)). (49)

That is, the first factor of y comes from the fact that there is a descent caused by the last ele-
ment of B;_1 and the first element of B; which is k + 1. The next factor (A(x,y,t,q1,q2) — 1)
comes from summing over the weights of the reductions of By/.../B;_1 over all possible choices
of By/.../B;_1. The factor xt?qy comes from B;. If Bi;1/ ... /Bj is empty then we get a factor of
1 and, if Bj41/.../B; is not empty, then we get a factor of y coming from the descents between
the last element of B; and the first element of B;1; and a factor of (A(z,y,t,q1,q2) — 1) coming
summing the weights over all possible choices of Bj11/.../B;.

n

+N(n — k, k

0 n

Figure 9: The situation in Case 3.
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Similar reasoning shows that the contribution to A(x,y,t,q1,q2) in the first case where B;_1 =
{k+ 1} and B; = {p} is

y(Alz,y,t, q1, ¢2) — Da* 7 (1 + y(A(z,y,t,q1,q2) — 1)) (50)
Thus the total contribution to A(x,y,t,q1,q2) in Case 3 is

y(A(z,y,t,q1,q2) — 1) (2t g2 + 222 (1 + y(A(z, 9, t, q1,.q2) — 1)). (51)

Case 4. k<n—2and k+ 1 is in column r where r <n —k — 1.
In this case, we have the situation pictured in Figure [0} Thus w(w) = w; ... w, where w, = k+1
and wy41 ... w,_k is a decreasing sequence of length at least 2. In this situation, B; must be a
singleton part {w,_r}. We claim that the contribution to A(x,y,t,q1,q2) from the ordered set
partitions in Case 4 is

y(A(z,y, t,q1,q2) — 1 — atqr — zytqr (A(z, v, t,q1,q2) — 1))ztqr (1 + y(A(z, y,t,q1,92) — 1)).  (52)

That is, the first factor of ¥ comes from the fact that there is a descent caused by the last element of
B;_1 and the element in B;. The next factor comes summing over the weights of the reductions of
Bi/.../Bj;_1 over all possible choices of By/ ... /B;_1. It is not difficult to see that this corresponds
to the sum of the weights over all non-empty ordered set partitions 7w where 1 is not the last element
of the word of m. Let

An(z,y,qr )= Y. afmydestum)gone el (53)
TEWOP,(123)

where one(7) is the number of parts of size 1 in 7 and two(7) is the number of parts of size 2 in
m. It is easy to see that A, (z,y,q1,q92) — zytq1 An—1(x,y,q1,q2) is the weight over all ordered set
partition 7 of size n such that 1 is not the last element of the word of w. Thus the sum of the
weights over all non-empty ordered set partitions 7 where 1 is not the last element of the word of
T equals

Z tn(An($7 Y,4q1, q2) - ythIAn—1($7 Y,q1, q2)) =
n>2

(A($7 Y, t) q1, Q2) -1- QI$t) - yﬂft(h (A($7 Y, t) q1, Q2) - 1) (54)

Finally we get a factor of 1if B;11/.../B;j is empty and a factor of y(A(z,y,t,q1,92) — 1) over
all possible choices of Bjyi/.../Bj if Biy1/.../Bj is non-empty.

Summing the contributions from Cases 1-4, we see that

Az, y,t,q1,2) = 1+ (y— D} quat + gat® — Gt (y — 1)) —
2A(z,y,t,q1,¢2) (y(y — 1) (quat + goat?® — @222 (y — 1)) +
A(‘T7 Y, t7 q1, q2)2y2(qlxt + Q233t2 - q%x2t2(y - 1)) (55)

Because (B3] involves both linear and quadratic terms in x, we can not apply the Lagrange
Inversion Theorem to get an explicit formula for W@]P’(ligg (12} (z,y,t,q1,q2)| - Nevertheless, (B3]
gives us a quadratic equation which we can solve for A(x,y,t,q1,q2) to prove the following theorem.
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k4 n—kk

0 n

Figure 10: The situation in Case 4.

Theorem 6.

P(%%@Qla%) - Q(‘Tuyat7Q17q2)

Wopdes T,y t g, q2) = 56
133,01, (9,01, @) R(z,y,t,q1,q2) (56)

where
P(z,y,t,q1,q2) = 1+2y(y— Dqat + 2y(y — Dgoat® — 2y(y — 1)*¢i2*t2, (57)
Qz,y,t,q1,q2) = 1—4dyqat — dygeat® + 4(y(y — 1)gi2*t*, and (58)
R(z,y,t,q1,q2) = 2y°quat + 2y°qat? — 2% (y — 1)gi*t>. (59)

Setting y = 1 in WOP; 93 11 23(%, ¥, 1, q1,q2) gives us the following corollary.
Corollary 7.

one(m wo (7 1- 1—4t
1 Y g () o) _ Vv z(q1 + 7q2)

2
n>1  TEWOP,(123) 2tx(q1 + £42)
and the coefficient
1 2001 + 209\ (a1 + g
« « 123 =
WOD(1e1 2 2>( ) a1+a2+1<a1—|—a2 >< o s

1 [2k k
Wopn,k(123) = Wop(12k7n72n7k>(123) = kj——l—l < ]{j) <7’L _ ]{,‘) .

Proof. Let A193(z,t,q1,q2) = WOP 93 11.9y(%,1,%, 41, g2), then the recursion becomes

Aros(z,t,q1,q2) = 1+ tqzAlys (3,1, q1, q2) + tqor® Alyg(z, t, 1, g2).-

The formula for Aje3(x,t,q1,q2) is obtained by solving the quadratic equation, and the formula for
the coefficients are obtained by applying Lagrange Inversion. O

Thus, we can calculate the number of ordered set partitions in WOP,,(123) with certain numbers
of blocks of size 1 and size 2. Now we give a formula for the number of ordered set partitions in
WOP,(123) with a certain block size composition. In [4], Godbole, et al. showed that

OP[by,...bs bist,bi] (321) = 0D, by by (321)
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by constructing a bijective map between OPp,,  p. 5., 1,...6,](321) and OPp,, 4, b (321).

i+1,0i--05

For our new definition of pattern avoidance, We prove the similar result that the order of block
sizes in block size composition does not affect wopp, . ,1(123), and then we calculate the formula
for wopy, | ,1(123).

Theorem 8. We have

WOp[bL---,bi,biH7---7bk](123) = Wop[bl7---7bi+1ybi---7bk](123)
and
Wop[bl7~~~7bi7bi+1,---7bk](321) = Wop[bl7---7bi+17bi---7bk](321)'

Proof. The second equation is included in the bijection constructed by Godbole, et al. that

WOD (b, bibisybi] (321) = 0Dy bbii,. ] (321)
= Op[b17---,bi+17bz‘7---7bk](321)
= WOp[bl,---7bi+1,bi,---,bk}(321)' (60)

For the first equation, we prove by a bijection.

For a block size composition B = [by,...,b;,bit1,...,bg], since we are considering the 123-
avoiding ordered set partitions, all the blocks are of size either 1 or 2. We only need to show
equality in 2 cases.

(1) Ifbi =bit1 =1o0r 2, then Woppy, 4, p.q,..5,(123) and woppy, 4,1 b, 5, (123) are exactly the
same enumeration.

(2) If b; # biy1, then without loss of generality, we suppose b; = 1 and b; 1 = 2. We show that there
is a bijective map between WOPy, 19 4,1(123) and WOPy,, 21, 5,1(123). We suppose the
3 integers filled in blocks b; and b; 11 are a; < as < ag. Since there is no 123 pattern-match,
there are only 2 possible fillings for both [...,1,2,...] and [...,2,1,...] cases. They are as/ajas
and ag/ajag for [...,1,2,...], asas/a; and ajag/ag for [...,2,1,...]. We construct a map, as
showed in Figure [[I, mapping as/ajas to agas/a; and ag/ajas to ajas/as.

as ai|as < ail|as as

as ailas <~ aslas aq

[...1,2,..] [..,2,1,..]

Figure 11: Bijection between WOPp, 19 ,1(123) and WOPp, o1 ,1(123).
It is not difficult to check that the map is bijective and preserves 123-avoiding condition. Thus
WOp[bl,---7bi7bz‘+1,---7bk}(123) = Wop[bly---ybiJrl7bi---7bk}(123)' O

The formula about wopy, 4,1(123) follows the bijection.
Theorem 9. For any composition [by, ..., bg] such that b; € {1,2}, we have

WOp[bL...,bk] (123) = Ck,

here Cy, = kJL-i-l (2,5) is the k™ Catalan number.
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Proof. Let oy be the number of 1’s and a3 be the number of 2’s in [by,...,bx]. From Corollary [1]
we have the formula

1 2001 + 29 a1 + ag
WOP (ja1 902 (123) = m( o1+ >< a ) (61)

altag

o ) ways to permute

Since the order of block sizes does not affect wopy,, ,1(123) and there are (
the block size, we have

1 (20042 +
wop (123) = arertt (arres) (™) 1 20 +202) 1 (2R o
[b---,b] (0‘1;'10‘2) ar+ar+1\ a;+ oo E+1\ k '

O

Setting y =q1 = g2 =1 1in W@Plgg,{l,g}(:n, y,t,q1,q2) gives us the following corollary.

Corollary 10.
1— V1 — 4tz — 4t2x
1 tn ) — : 62
2 2. @ 2(zt + at?) (62)

n>1  1eWOP,(123)

We pause to make some observations about some special cases of elements of WOP,,(123). First
consider the case of ordered set partitions in WOP,,(123) where every part has size 1. In this case,
we are just considering the generating function of y9¢(?) over all 123-avoiding permutations. We
can obtain this generating function from WOP; 93 11 2} (z,y,t,q1,q2) by setting x equal to 1/z, t
equal to tx, and then setting x = 0. We carried out these steps in Mathematica and obtained the
following corollary which was first proved by Barnabei, Bonetti, and Silimbani [1].

Corollary 11.

—1-2 —1) 4 2t2y(y — 1)2 1 — 4ty — 42y (y — 1
LY Y e - ty(y — 1) +2%y(y — 1) + / y —4t2y(y — 1)
2ty (—1 + t(y — 1))

. (63)
n>1l  0€S8,(123)

We can do a similar computation starting with the generating function WOP{$S (, y, ) to obtain

the following corollary.
Corollary 12. For any o € {132,231, 312,213},

e Y ydos(cr):1+t(y_1)_\/1+t2(y_1)2_2t(y+1) (64)

n>1l  oeSy(a) 2yt

In this case, the coefficients are the coefficients of the triangle of the Narayana numbers T'(n, k) =
(") (=) which is entry A001263 in the OEIS [L1].

The final generating function that we shall consider in this section is WOPSS; (x,y,t). Since a

permutation o is 321-avoiding if and only if its reverse ¢” is 123-avoiding, we shall again appeal to
the bijection ¥ of Deutsch and Elizalde between 123-avoiding permutations and Dyck paths and
classify the ordered set partitions 6 which word avoid 321 by ¥(w(d)). The main difference in this
case is that we obtain the permutation w(d) by reading the elements in the diagram from right
to left, rather from left to right, and we classify the ordered set partitions by the last return of
U(w(d)). In this situation, we have two cases for any § € WOP,,(321).

Case 1. The last return of U(w(d)) is at position (n — 1,1) in which case o starts with 1.
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In this case, 1 can not be part of an occurrence of 321 in the word of the ordered set partition.
Thus either 1 is in a part by itself in which case we get a contribution of xtW@ngi (z,y,t) to
W@]P’ggi (x,y,t) or 1 is part of the first part of the ordered set partition arising from the part of the
ordered set partition above and to the left of 1 which will give a contribution of t(WQPSSS (2, y,t)—1)
to WOPSSS (z,y,t). Thus the total contribution to WOPS; (x,y,t) of the ordered set partitions

whose word avoids 321 and starts with 1 is

TtWOPS; (¢, y, 1) + t(WOPLS; (2, 1) — 1). (65)

Case 2. Either ¥U(w(4)) has no return or the last return is at position (n — k, k) where k > 1.

Let us first consider the cases of ordered set partitions 6 € WOP,,(321) such that ¥(w(d)) hits
the diagonal only at (0,n) and (n,0) and n > 2. For such ordered set partitions, we have two
subcases.

Subcase 2.1 The second element of w(d) equals 1.

w1

Figure 12: Ordered set partitions in Subcase 2.1.

In this case, suppose that w(d) = wy ... w, where wy = 1. Then we have the situation pictured
in Figure In this case, since wi > wy = 1, it must be that case that w; is in a part by itself so
that it will contribute a factor of zyt to the weight of 4. If we remove the row and column containing
wy and keep the same outside corner squares, and possibly re-label the x in the columns with no
outside corner squares by having the x in those columns decrease, reading from left to right, we
will obtain an arbitrary ordered set partition 7 € WOP,_1(321) such that w(w) starts with 1.

Hence the ordered set partitions in this subcase will contribute to W@ngi (z,y,t) a factor of

eyt (et WOPSS; (2, y, t) + t(WOPSS (2, y, 1) — 1)). (66)

Subcase 2.2

In this case, suppose that w(d) = wy ... w, where w; =1 for i > 2. Then we have the situation
pictured in Figure M3l In this case, since w1 < wo < --- < w;_1 > w; = 1, it must be that case
that w; starts a new part in 0. If we remove the row and column containing w; and keep the same
outside corner squares, are possibly re-label the X in the columns with no outside corner squares
by having the x in those column decrease, reading from left to right, we will obtain an arbitrary
ordered set partition 7 € WOP,,_1(321) such that w(w) does not start with 1. The sum of the
weights of the ordered set partitions 7w such that w(m) does not start with 1 is

W@ngi (l‘, Y, t) -1- $th@ngi ($7 Y, t) - t(W©P§§§ (l‘, Y, t) - 1) (67)
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w1

Figure 13: Ordered set partitions in Subcase 2.2.

Then w is either in a part by itself in which case it contributes a factor of xt or is in the part with
wo in which case it contributes a factor of ¢. Hence the ordered set partitions in this subcase will
contribute a factor of

to WOPSS (x4, ).

Thus the ordered set partitions 6 € WOP,,(321) such that U(w(d)) hits the diagonal only at
(0,n) and (n,0) and n > 2 contribute a factor of

NR(z,y,t) = zyt(ctWOPSS; (2, y, ) + t(WOPSS; (2, y, 1) — 1)+
(.Z't + t) (W@]P)gg:sl (.’1’, Y, t) —-1- xth(O)PgS:Sl (‘Ta Y, t) - t(W(@PgS:SL (.’1‘, Y, t) - 1)) (69)

to WOPSS (2, 4, ).

word: 314256897

Figure 14: The general situation in Case 2.

Now consider in the general case in Case 2 where the last return is at (n — k, k) where 1 <
k < n — 1. This situation is pictured in Figure [[4l Because we fill the columns which do not have
outside corner cells in a decreasing manner, reading from left to right, it is easy to see that there
can be no x in the cells of the red area in Figure [4l This means that the X corresponding to
1,...,k must all be in the bottom k& x k squares. What we don’t know is how the final increasing
sequence of the elements 1,...,k in w(J) union of the initial increasing sequence of the remaining
elements break up into parts in §. For example, in Figure 4] k& = 4 and the last increasing
sequence of the elements 1,...,5 in w(d) is 2 and the initial increasing sequence of the remaining
elements is 6,7,9,10. Then we have two cases. The first case is when there is no overlap between
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the parts containing 1,...,k and the remaining parts. In this case, we get a contribution of
NR(x,y,t)(WOPLS (z,y,t) — 1) to WOPSS; (,y,t). If there is an overlap, then we need to remove
the z corresponding to the last part in the generating function N R(z,y,t) so that we would get a
contribution of 2D(z,y, t)(WOPSS; (z,y,t) — 1).

It follows that the total contribution to WQOPLSS (x,y,t) from the ordered set partitions § €
WOP(321) in Case 2 is

1
Hence we see that
WOPSS; (2, y,t) = 1+ stWOPSS; (z, y,t) + t(WOPSS; (, y,t) — 1) +
1
NR(:E7 Y, t) + (1 - E)D(:Ev Y, t)(W@ngi (337 Y, t) - 1) (71)

where NR(z,y,t) is defined as in (63). This is a quadratic equation in WOPSSS (z,,t) which we
can solve to obtain the following theorem.

Theorem 13.
WOPSS; (z,y,t) =

2t(1+z)(1+t((x(y — 1) = 1)) —z — /22(1 — 4t(1 + 2)) (1 + t((z(y — 1) — 1))
2t(1 4+ 2)2(1 +t((z(y — 1) — 1)) ‘

(72)

Setting y = 1 in (72]), we obtain the following corollary which recovers the result of Chen, Dai,
and Zhou [2].

Corollary 14.

202(1 4 z) — 2t(1 +2) —x — x\/1 — 4t(1 + z) + 4t2(1 + 2)

WORS . 1,1) = 20t — 1)(1 + 2)

. (73)

The recursion that we used to compute W@ngi (z,y,t) does not allow us to control the size of

the parts of the ordered set partitions 7 € WOP,,(321) so that we have not been able to compute
generating functions of the form W@Pf{igf,...,bk}(:ﬂv Y,t,q1,-..,qr) in general.

4 Generating functions for min-descents

Based on the analysis in Section 2, we need to study the following 5 kinds of generating functions,

W@quigd“(x, y,t) = W@]P’gﬁ‘des(x, Y, t),

WOPERIes (1 4 1), WOPERIES (14 1),
WOPRRIes (1 4 1), WOPLRIeS (1 4 ).

We are able to explicitly determine the functions WOPERAS (1 ¢, ¢), WOPHRS (2,5, ¢) and
W@Pg}gd%(a;, y,t) = WOPERS (1 4 t), and write the functions WOPE®S (2, y, ¢) and
WOPEIes (2 4/ 1) as roots of polynomial equations.
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4.1 The function WOPT(z, 4, 1)
As we observed in Section 2,
WOPSS; (2, ,1) = WOP3* (, 3, 1), (74)

Thus we have the following theorem.
Theorem 15.

WOPS (2, y, t) = WOPS ™ (x, y, 1) =

(1+2yt+ayt —t —tz) — /(1 + 2yt + ayt —t —tz)2 — 4(1 —t + ty)(t(y + zy))
2t(y + yx)

;O <§> </<: - j> yt (76)

(75)

and

—_

k
Z ymindes(w) _ l n—1
k\k—-1) 4

TEWOP,, 1,(132)

<

4.2 The function WOPE (1, y, 1)
Next consider WOPERAS (1 ¢, ). Let

On (:E, y) _ Z xf(w)ymindes(w) ) (77)
TEWOP,, (231)

We can classify the 7 = By /... /By € WOP,,(231) by the position i of n in the word of 7. Assume
n > 2.

Case 1. i = 1.

In this case w(7) starts with n which means that n must be in a part by itself so that B; = {n}.
Then B; will contribute a factor of zy since it will automatically cause a min-descent with Bs.
Thus the ordered set partitions 1 € WOP,,(231) in Case 1 will contribute xyC,_1(z,y) to Cp(z,y).

Case 2. i =n.

In this case w(m) ends with n. Now if n is in a part by itself, then By, = {n}. Thus there will not be
a min-descent between Bj_; and Bj. Hence we will get a contribution of Cy,_1(z,y) in this case. If
n € By where |Bg| > 2, then we can simply remove n from By and obtain an ordered set partition
in WOP,(231) with the same number of parts and the same number of min-descents. Thus the
ordered set partitions m € WOP,,(231) in Case 2 will contribute (1 + z)C,_1(z,y) to Cp(z,y).

Case 3. 2<i<n-1.

In this case, n must be the last element in some part B;. Because w(w) is 231-avoiding, it must be
the case that all the elements in By/ ... /B;—{n} must be less than all the elements in B;11/ ... /Bj.
If B; = {n}, then B; will contribute a factor of zy since B; will cause a min-descent with B;;;. Our
choices over all possibilities of By/.../B;—1 will contribute a factor of C;_1(z,y) and our choices
over all possible choices of B;;1/ ... /By will contribute a factor of C),_;(x,y). Thus we will get a
contribution of zyC;_1(z,y)Cp—1(z,y) in this case. If |B;| > 2, then we can eliminate n from B;.
Our choices over all possibilities of By/.../B; — {n} will contribute a factor of C;_1(x,y) and our
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choices over all possible choices of B;y1/... /By will contribute a factor of C),_;(z,y). Hence we
will get a contribution of C;_1(x,y)Cp—_1(x,y) in this situation. Thus the ordered set partitions
T € WOP,(231) in Case 3 will contribute (1 + zy)Ci_1(x,y)Cn—i(x,y) to Cy(z,y).

It follows that for n > 2,

n—1

Cn(z,y) =1+ x4+ 2y)Croq(z,y) + Z(l + 2y)Ci—1(x,y)Cp—i(z,y). (78)
i=2

Hence,

WOPERAeSs (14, 1)

= l+at+ Z Ch(x,y)t"
n>2

n—1
— Ltat+ Qo+t Y Cola gt + L+ an)t S S Cooi(@,y)Comi(a, y)
n>2 n>2 k=2

= 14 at+ (1+z + zy)t(WOPES (2 4, 1) — 1) + (1 + zy)t(WOPERES (14, ¢) — 1)2. (79)

This gives us a quadratic equation in which we can solve to prove the following theorem.
Theorem 16.

. 1+t—t try — /(1 +t—t try)? —A(t+t
W@ng{ldes(aj, yt) = + T +tzy \/( + x + txy) (t+ ﬂfy) (80)
2(t + txy)

4.3 The functions WOPRES (2, y, 1) = WOPE2Y (2, 1, 1)
As we observed in Section 2,
WOPRRAS () 1) = WOPRSS (2, y, t).

Then we can work on the set W(’)P(l32) and track the maxdes statistic to compute the function
WOPHEAeS (1 ¢, ) in stead of WOPSRS (1 4, ¢).

We shall again classify the ordered set partitions m € WOP,(132) by the size of the last part
and we will use the structure in Figure Bl Now suppose that C(z,y,t) = W@Prf}g"des(x,y,t). In
this case, we get a factor of xt" from the last part {ai,...,a,}. Next we have to analyze when the
last part from any A; will cause a max-descent in 7. Let s be the smallest index i such that A; is
non-empty. If s = r+1, then there will be a max-descent from the last part of A,11 to {a1,...,a,}
so that we would get a factor of y(C(z,y,t) —1). If s <r, then the last part of A5 will not create a
max-descent with {aq,...,a,} so it will just contribute a factor of (C(x,y,t) —1). However, each
non-empty A; with j > s will create a max-descent between the last part of A; and the first part of
the next non-empty A; which immediately follows it so that each such A; will contribute a factor
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of 1+ y(C(x,y,t) —1). Thus C = C(x,y,t) satisfies the following recursive relation.

C(a:,y,t) = 1+Za}tr ((l—i—y —1 +Z 1_|_y C 1))r+1—s)

r>1
= 1+z(1+y(C-1) Zt’“( (1+y(C—1))H>
r>1
= 1+a(l+yC-1) ;ﬂ<1+ 1) 1?;%?3;:;)
= 1+z(l+yC-1) Zt’“<1 (1+y(C 1)) 1)
r>1

_ 1+xwzmy—1+<1+y<c—n>">

Yy r>1
N € A (Cht))) <t(y— ), _tl+yC—1)) >
y 1—t 1-t(1+y(C—-1))
ta (y—1) (1+y(C—-1))
= 14+ —(1 Cc-1 . 81
+y( +ul ))<1—t T g0 1) (81)
Clearing the fractions gives a quadric function in C' which we can solve to show that
P($7y7t)) - (Q(ﬂi‘,y,t)
C t) = 82
(.Z',y, ) R(w,y,t) ( )
where
P(x,y,t) = 1—2t+t> —tx+ 2ty — 2%y + toy + 2t2zy — 2%y
Qz,y,t) = 1—4t+6t% —4t3 +t* — 2x + 4%z — 232 + 222 — 2ay +
4t xy — 2632y — 26222y + t22%y?, and
R(z,y,t) = 2ty —t?y + tay — t2zy?).
If we let f(z,y,t) = C(z,y,t) — 1, then (8I]) gives that
-1 1+yf
Y, t 1+ + 83
flat) =at ) (43 + o ) (53)

The Lagrange Inversion Theorem implies that the coefficient of z* in f(z,y,t), f(x,y,t)| ., is given
by

1
f(xvyvt)‘xk = EA(‘T)k‘xk*h

where

A(x)=§(1+yx)<y_1 1 +yx >

1—t  1—t(1+yx)
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Thus

f(:Ea Y, 75)|gvkt”

DFe (1 +ay)®

1t* e (R (v -
= ——(1
RyRt o) 2() (1= t)F=a
RN AN
B E_kz<a> (1 —t)k=
By Newton’s Binomial Theorem

a=0
1 —at+u—1
(17_ Pl — 2; ( " > and

1
(1t +ay) Z(

(1 4 zy)kte

It follows that
n—k

11 E\ (a+v—1\[(k—a+(n—k—v)—

s ()0
E\ (fa+v—1\[(k—a+(n—k—v)—
a v n—k—wv
132’3 Lk fatv—1\[(k—a+(n—k—v)—1\/k+a-+v
k‘ya:OU:O a v n—k—w k—1

Thus we have the following theorem.

1 —t(1+ay))°

’xkfltn

A1+ gy

) (1 + zy)”.

)(y — 1)

Theorem 17.
. . P t) — t
OB (z,y.1) = WORYS" (z,y,t) = WORJE™(z,y,1) = L ¥l) —W{Q3.1)
R(z,y,t)
where
P(z,y,t 1 — 2t + 12—t + 2ty — 2tY + tay + 2622y — 2622y,
Qx,y,t) = 1—4t+6t% —4t3 +t* — 2x + 4%z — 2632 + 222 — 2ay +
Aty — 23y — 2%2°%y + t22%y?, and
R(z,y,t) = 2(ty — %y + tay — txy?),
and

%iin_kﬁi)(a—i—z—l)(/ﬁ—a—i—n(i;f;v)—

26

1><kzi41rv>(y_1)k_

(84)

1
>(y = DF - ay) e =

1 k+a+'l) k— k—1
>< b1 )(y )"y

(87)

(92)



We can compute the limit as y — 0 of W@]P’g’li??des(a;,y,t) to obtain the generating function
of ordered set partitions in WOP,,(213) which have no min-descents. In this case, we obtain the
following corollary.

Corollary 18.

2 _
n>1l  7eWOP,(213),mindes(7)=0 L+t t(2 + ‘T)

Seting z = 1, the coefficient list in the Taylor series expansion is
1,1,2,5,13,34,89, 233,610, 1597, 4181, 10946, 28657, . . .

which is sequence A001519 in the OEIS [II] which has a large number of combinatorial interpreta-
tions.

Given any sequence of positive numbers 1 < by < by < - -+ < by, we let
ind
A= A(ﬂj, Y, t7 q1,--- 7qs) = W@Pgil?r,l,{(l;i___7bs}($v Y, t) q1,--- 7qs)-

It follows from the part structure pictured in Figure [B] and our analysis above that

s bi
A = 1+4) a1 +y(A—1)+ ) (A— 1)1 +y(A—-1)kH)
i=1 a=1
S .
. L+y(A—1)% -1
= 1+quitbl(1+y(A— 1)) <1+ (1 +y( ” ) > . (94)
i=1
If we set F' = F(z,y,t,q1,...,qs) = A(x,y,t,q1,...,qs) — 1, then we see that
- (1+yF) -1
F=x) gt"(l+yF) <1+yT>’ (95)
i=1
It follows from the Lagrange Inversion Theorem that
Lo,
where 0(z) = >°7_; q;t% (1 + yx) <1 + %) .
One can use this expression to show that if aj,...,as are non-negative integers such that
S =kand Y} | b =n, then
1 k (1+zy)k 2 b, o

Hence it is possible to get a closed expression for F x,» s, We shall omit the messy details.

«
q g
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4.4 The function W@Pﬂiﬁfz} (z,y,t,q1,q2)

Next let us consider the computation of the generating function

A(ﬂf, Y, t7 q1, q2) = W@PIFQI??%?Z} (33‘, Y, t7 q1, q2)

We will again consider that the case analysis of elements m = By/.../B; € WOP,, 1 9,(123) by
the first return of the path ¥(w(m)) so we will keep the same notation. That is we shall assume
the first return is at (n —k, k), B1/ ... /B; are the parts containing the numbers {k+1,...,n} and
Biy1/ ... /Bj are the parts containing the number {1,... k}.

Case 1. The first return of P is at the point (1,n —1).

In this case, we showed that By = {n}. If n = 1, then we get a contribution of xtq; and otherwise, n
will cause a min-descent between By and By which will give a contribution of ztqy(A(z,y,t, q1,92)—
1). Thus, the contribution in this case is

ztqi(1 + y(A(z, y,t,q1,q2) — 1). (98)

Case 2. The first return of P is at the point (2,n — 2).

In this case, we showed that either By = {n — 1} and By = {n} or By = {n — 1,n}. It is easy to
see that in the first case, the contribution to A(w,y,t,q1,q2) is 2?23 (1 + y(A(x,y,t,q1,q2) — 1).
That is, if n = 2, then we get a contribution of 22t?¢? and otherwise, By will cause a min-descent
between By and Bs which will give a contribution of #2t2¢3(y(A(z,y,t,q1,q2) —1). Similarly, in the
second case the contribution to A(z,y,t,q1,qo) is 2t?qa(1 + y(A(x,y,t,q1,q2) — 1)) as there will be
min-descent between B; and By if By exists. Thus the total contribution to A(z,y,t,q1,q2) from
Case 2 is

(@8q; + 2t2q2) (1 + y(A(z,y,t, 41, g2) — 1)) (99)

Case 3. k<n—2and k+1isin columnn —k — 1.

In this case, we have the situation pictured in Figure@ Thus w(w) = w; ...w, where w,_p_1 = k+1
and wy,_p = p where k+1 < p. It follows that either B; = {k+1,p} or B;_; = {k+1} and B; = {p}.
We claim that the contribution to A(x,y,t,q1,q2) in the first case where B; = {k + 1,p} is

y(Alz,y,t,q1,¢2) — Dat’q(1 + y(A(z, v, t,q1,¢2) — 1)). (100)

That is, the first factor of 4y comes from the fact that there is a min-descent between B;_1 and B;
since the first element of B; is k + 1 which is the smallest element in By/.../B;. The next factor
(A(x,y,t,q1,q2) — 1) comes from summing over the weights of the reductions of By/.../B;_1 over
all possible choices of By/.../B;—1. The factor zt?qs comes from B;. If B;y1/.../B; is empty
then we get a factor of 1, and if B;1/.../B; is not empty, then we get a factor of y, coming from
the fact that the minimal element of B;, k+1, is greater than the minimal element of B; 1 which is
some element in {1,...,k}, and a factor of (A(z,y,t,q1,q2) — 1) comes from summing the weights
over all possible choices of Bjy1/.../Bj.

A similar reasoning will show that the contribution to A(z,y,t,q1,q2) in the first case where
Bi_1 ={k+1} and B; = {p} is

y(A(:Ev Y, t) q1, q2) - 1)332752(]%(1 + y(A(ﬂj‘, Y, t7 q1, Q2) - 1)) (101)
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Thus the total contribution to A(x,y,t,q1,q2) in Case 3 is

y(A(z,y,t,q1,02) — 1)(atq2 + 2°°¢]) (1 + y(A(2, 5, t,q1, ¢2) — 1)) (102)
At this point, our analysis differs from WOP23 (1 21(,v,,q1,q2)-

Case 4. k<n—2,k+1isincolumnr=n—k—2and B;_y ={k+1,p1}.

Refer to Figure[I0, the word w(w) = wy ... w, where w,__o =k+1 and w,_p_1 = p1, Wp_k = P2,
where k + 1 < po < p;. It follows that B; = {py}. Since B;—1 = {k + 1,p1}, there will be no
min-descent between B;_1 and B;. Refer to the Dyck path structure in Figure [I8] that if the path
ends with 3 right steps RRR and it does not have a return, then there are two sub-Dyck path
component denoted B in the picture — the part tracking back from last step before the last down
step to the step that it first reaches the first diagonal, and the part from the next step back to the
start point. The corresponding part in ordered set partition side is parts B, ..., B;_o that can be
seen as 2 ordered set partitions that avoid 123, whose contribute is (1 + y(A(x,y,t,q1,q2) — 1))2.
The contribution of part B,_; and B; is t3¢q1¢g2 and the contribution of blocks Biy1/.../Bj is
(1 +y(A(x,y,t,q1,q2) — 1)) for the same reason as Case 3. Thus the contribution of this case is

(1 + y(A(:Ev Y, t) qi1, Q2) - 1))2“3%(12(1 + y(A(ﬂj‘, Y, t7 q1, Q2) - 1)) (103)

1B\

B

NN

Figure 15: The situation in Case 3.

Case 5. k <n — 2 and 7 does not satisfy Case 4.
This case is similar to Case 4 of W@]P"ligg (1,2} (z,y,t,q1,q2) in Section 3. In this case, B; must be a
singleton, and we claim that the contribution of this case is

Yy (A(.Z', Y, tu q1, Q2) —1- xtQ1(1 + y(A(.Z', Y, tu q1, q2) - 1)) - ‘Tt2q2(1 + y(A(‘Tu Y, t7 q1, Q2) - 1))2)
That is, the first factor of y comes from the fact that there is a descent caused by the last element
of B;_1 and the element in B;. The next factor comes summing over the weights of all possible

satisfying choices of Bi/.../B;—1. The contribution of part B; is tq; and the last factor (1 +
y(A(z,y,t,q1,q2) — 1)) is the contribution of blocks B;y1/ ... /B;.

Adding up the contribution lead to the following theorem.
Theorem 19. The function W@P%‘;ﬁl{ﬁfz}(m,y,t, q1,q2) is the root of the following degree 3 polyno-
mial equation about A,

A=1+txq(1+y(A—1) + (Pag + "2 (1 + y(A — 1)* + Peqg(1 + y(A - 1))°
+tzyq (1 +y(A—1))(A—1—teq(1+y(A - 1)) — tPzg(1 + y(A - 1))%).  (105)
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4.5 The function WOPLM(z, 4, 1)

We write C(z,y,t) = WOPERS (5 4 ). To study the function C(z,y,t), we use the fact that the
reverse of the word of any m € WOP(321) is 123-avoiding. In other word, if we let WOP(123) be
the set of ordered set partitions whose numbers are organized in decreasing order inside each part
and the word is 123-avoiding, then each m € WOP(321) is correspond with a 7 € WOP(123). The
mindes of 7 is then equal to the rise of the minimal elements of consecutive blocks (or minrise) of
7. We want to work on WOP(123) and the statistic minrise to compute the function C(z,y,t).

We also need to define Cy(x,y,t) as the generating functions tracking the number of minrise
without tracking the minrise caused by the last two parts of ordered set partitions in WOP(123)
that

CZ(JE, v, t) =14+ Z g Z :Eé(w)y\{i:i<€(7r)—1,Bi<mmBi+1}|' (106)

n>l  rEWOP,(123)

We will always use the shorthand C and Cj for C(x,y,t) and Cy(z,y,t).

We begin with studying the function C'(x,y,t). Note that the action lift defined in Section 3 pre-
serves the min-descents of any ordered set partitions in WOP,,(123), which makes it possible to do
recursions of WOP,,(123) using the Dyck path bijection. For any 7 = By/--- /B, € WOP,(123),
we let w(m) = wy - wy, € 5,(123). Let the first return of the corresponding Dyck path be at the
n — k"™ column and let the number w,,_j, be in the block B;.

Then there are 5 Cases.

Case 1. B; has size 1 and w,,_p_1 = k + 1.

In this case, there is a minrise between part B;_; and B;. The numbers before k + 1 reduce to an
ordered set partition in WOP,,_j_2(123). Either B;_; only has the number k+ 1 or contains other
numbers, and in the later case the minrise caused by last two parts in the previous numbers will not
be counted. Thus the contribution of numbers before k + 1 to function C(z,y,t) is tz(C + %)
Since the numbers after w,_j can form any ordered set partition in WOP(123) and the minrise
is not affected, the contribution to function C'(x,y,t) of this case is

222y (C + ng— 1> C. (107)

Case 2. B; has size> 1 and w,,_p_1 = k+ 1.
In this case, B; contains no numbers in {wy,...,w,__1} and there will not be a minrise between
parts B;_1 and B;. The contribution of the numbers before w,,_ is tx(C + C‘_l), and the con-

x
tribution of the numbers from w,,_j, is tx (%), and the contribution to function C'(z,y,t) of this
case is

#252 <C+ng—1> <C;1>. (108)

Case 3. B; has size 1 and w,,_p_1 # k + 1.
In this case, there will not be a minrise between parts B;_1 and B;. The contribution of the

numbers before w,,_ is (C’ —tx (C + %)) Since the numbers after w,,_; form an ordered

set partition in WOP(123) and the first part can either joint (contain) the number w,_j or not
without changing the minrise, the contribution of the numbers from w,,_y, is tx (C + %), and the
contribution to function C(z,y,t) of this case is

tw <C+C;1> (C—ta: <C+Cé;1>>. (109)
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Case 4. w,_,_1 € B; but w,_,+1 ¢ B;.
In this case, there will not be a minrise between parts B;_1 and B;. We have w,_r # k + 1 and
Wp—k—1 # k+ 1 in order to satisfy that w,_p_1 € B;. wy_ky1 ¢ B; implies that the first part of
the ordered set partition after w,_j does not joint (contain) the number w,,_. Thus the numbers
up to wy,_j, contribute ¢ <C’ —1—tz (C’ + %

function C(z,y,t). Thus the total contribution of this case is

tC(C—l—tm(C—kCé_l)). (110)

x

) and the numbers after w,,_j, contribute C to the

Case 5. wy,_g_1 € B; and wy_x11 € B;.

In this case, there will still be no minrise between parts B; 1 and B;. We have w,,_; # k + 1 and
Wp—k—1 7 k4 1 in order to satisfy that w,_r_1 € B;. wy_gy+1 € B; implies that the first part of
the ordered set partition after w,_j joints (contains) the number w,_;. As part B; connects the
numbers before w,,_; and the numbers after w,,_j, the mindes caused by the last two parts before

Wy, Will not be count. Thus the numbers up to w,,_ contribute ¢ (Cg —1—tx <C’ + %)) and

the numbers after w,,_j contribute % to the function C(x,y,t). The total contribution of this

case is O—1 o )
t<;> <Cg—1—m<0+ L >> (111)
x T

Summing over all the five cases, we have that

Cla,y,t) = 1+ (y — D)t2a2C <0+ ng_ 1> 4 t2C <(;+ C; 1>

+t0<0—1—m <C+Cé;1>> +t<%> <Cg—1—tﬂ;‘ <O+Cé;1>>. (112)

We can do similar analysis for Cy(x,y,t). We have the following 7 cases, of which the first 5
cases are similar to that of C(x,y,1).

Case 1. B; hassize 1, w,_p_1 =k+ 1 and k& > 0.

The argument is same as Case 1 of C(z,y,t) except that the contribution of the numbers after
wp—t is Cp — 1 instead of C, since k£ > 0 implies that B;11 is not empty, and we are not counting
the minrise between the last two parts of . Thus the contribution to Cy(x,y,t) of this case is

Cy—1
x

222y <C - > (Cp—1). (113)
Case 2. B; has size> 1 and w,,_p_1 = k + 1.

Similar to Case 2 of C(x,y,t) that the contribution is t?z> (C + %) (%) . The only difference

Ce

is that the contribution of numbers after w,,_ is T_l instead of % as we are not counting the

minrise of last two parts.

Case 3. B; hassize 1, w, -1 # k+1and k > 0.
Similar to Case 3 of C(x,y,t) that the contribution is tx (Cg -1+ %) (C —tx (C + %)) .

The difference is that the contribution of numbers after w,,_j is (C’g -1+ %) as we are not

counting the minrise of last two parts and the collection of numbers after w,,_j is not empty.
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Case 4. wy,_,_1 € B;, wy_ky1 ¢ B; and k > 0.
Similar to Case 4 of C(z,y,t) that the contribution is t(Cy — 1) <C’ —1—tzx (C’ + %)) . The

difference is that the contribution of numbers after w,,_j is (Cy — 1) since k > 0 implies that the
collection of numbers after w,,_; is not empty.

Case 5. wy,—;—1 € B; and w,_;4+1 € B;.
Similar to Case 5 of C(x,y,t) that the contribution is ¢ (%) (C’g —1—tx (C’ + %)) . The

difference is that the contribution of numbers after w,,_, is % as we are not counting the minrise
of last two parts.

Case 6. k=0 and w,,_x_1 ¢ B;.

In this case, B; has only the number w,,_;. Since we are not counting the descents of the last two
parts, we do not care whether w,,_; is bigger or smaller than the minimum of the previous last
part. The contribution of this case will be tzC.

Case 7. k=0 and w,_,_1 € B;.
In this case, B; can be seen as enlarging the last block before the number w,_; to w,_r. The last
minrise before w,,_; will not be counted, and w,,_, w,_r_1 # k + 1. The contribution of this case

iSt(Cg—l—t"E(C—F%)).

Summing over all the 7 cases, we have that

—1 —1
Colz,y,t) = 1+ (y—1)t2z*(Cp—1) (C’ + Cex > + taC (Cg -1+ CZ > + taC

-H(Cg—l—tx(C-FCéx_l))+tw<Cg—l+Céx_1> <C—taz<C+Cé;1>>

+H(Cy — 1) (C—l—ta: <C+CF1>>. (114)

X

With these equations about C(z,y,t) and Cy(z,y,t) computed, we can compute the Groebner
basis of the functions to find an equation that C(z,y, t) satisfies, and we have the following theorem.
Theorem 20. The function W@ng{ldes(x,y,t) is the root of the following degree 4 polynomial
equation about C',

L+t(—1+t—t2+2(2+ 22 — zy))
+C (=24 t(-3+t(B+x(—4+3x(-2+y))) +a(-5+z(=3+7y)) + 32+ z(3 + 3z — 22y))))
+C*(1+t((3+2)* —t?(=3 4 2?) + t(3+ 2)(—1 + 2z(1 + x))
—2(10+z(6 + 23+ z(4 + 2(=2+ 1) (=1 4+ y) — 3y) — 1))
+C% (=5 -3z +t(-7T— 28+ 2(B3+2)(1 +y)) + (-6 + 2(—6 +z(—3+ 5y + 2(1 + = + y — 2y))))
+t(18 + (17 4+ 2(6 — 6y +z(2+ 2z — (4 +2)y))))))
+CH22+z —t(l+z+2?) +tzy) B+ 2z + (-3 —z(3+ ) +22(2+ z)y)) = 0.
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5 Generating functions for p-descents

In this section, we shall study the generating functions WQPP®S (2, 5, t) for certain o € S3. Based
on the analysis in Section 2, we need to study the following 4 kinds of generating functions,
WOPS® (2,y,1) = WOPES (z,y,1),
W@]P’Sgles(x,y,t) = W@]P’gf;s(x,y,t),
d d
WOP53" (2,9, t), WOPEs, " (x, y, t).

We are able to explicitly determine the function W@Pﬁ’ggs (z,y,t) = W@nggs(x, y,t), and write the

functions W@ngfs(a:, y,t) = W@]P’gf;s(a:, y,t) and W@]P’ggles (x,y,t) as roots of polynomial equations

respectively. We don’t have results about the function W@Pﬁ’ggs (z,y,t).

5.1 The functions WOPYSS (z, 1y, t) = WOPYSS (., t)

As we observed in Section 2,
WORs5™ (2, y, t) = WOPS* (x, , 1),

Thus we have the following theorem.
Theorem 21.
des des
WOPY55" (2, y,t) = WOPH S (z,y,1) . |
= W@]P’%%Xdos(x,y,t) = W@]P’gﬁldes(x,y,t) = W@Pgﬁldos(a;,y,t)
P(ﬂ?,y,t) - (Q(:Evyvt)

_ 115
Rt "
where
P(x,y,t) = 1—2t+t> —tx+ 2ty — 2t + tay + 2t2xy — 2622y, (116)
Q(z,y,t) = 1—4t+6t% —4t3 +t* — 2x + 4%z — 2632 + 222 — 2ay +
Aty — 23xy — 26%2°%y + t22%y?, and (117)
R(z,y,t) = 2(ty — t?y + tey — Py, (118)
and

n—k
11 E\ (a+v—-1\(k—a+(n—k—-v)—1\[k+a+v _
§ : pdes() — __2 : _1\k—a
Y ky <a>< v >< n—k—wv >< k-1 >(y T

TEWOP, 1 (132) a=0 v=0
(119)

5.2 The functions WOPLS (z, 1, t) = WOPLSS (2, y, 1)

We compute the function W@]P’gf;s(x,y,t) and write D(z,y,t) = W@nggs(az,y,t). As this is
different from the 132-avoiding case, we will consider a new structure for the set WOP(312).

Given any ordered set partition m € By/.../B € WOP,(312), if the size n = 0, then it
contributes 1 to the function D(x,y,t). Otherwise, 7 has at least one part and we suppose the last
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part By = {a1,as,...,a,} has r > 1 numbers. Note that there will not be any number number
a > ag in the previous blocks By,..., Bi_1, otherwise the subsequence (a,ai,as) of w(w) is a
312-match. Thus, the subsequence {as,...,a,} must be a consecutive integer sequence.

Now, We divide the numbers in the previous blocks By, ..., Bi_1 into 2 sets: let Ay = {1,...,a1—
1} be the numbers smaller than a; and As = {a; + 1,...,a2 — 1} be the numbers bigger than a;.
The numbers in set A; must appear before the numbers in set A as otherwise there will be a
312-match in the word. Thus, an ordered set partition 7 = By/.../Br € WOP,(312) has the
structure pictured in Figure

oo,
@ — Qpr—1
] @
Ao
S, ay
Ay
Bi---Bi_1 By,

Figure 16: Structure of an ordered set partition in WOP(312).

We let A;(m) be the restriction of 7 to the set A;. Then each A;(w) is also an ordered set
partition in WOP(312). However, if both A;’s are not empty, then it is possible that the last block
of A joints the first block of A, i.e. the two blocks are contained in the same block in 7. In
that case, the pdes caused by the last two blocks in A; (if there is) and the pdes caused by the
first two blocks in Ay (if there is) will not contribute to pdes(w). We let Dy(z,y,t), D¢(x,y,t)
and Dys(x,y,t) be the generating functions tracking the number of pdes without tracking the pdes
caused by the last two parts, the first two parts, and both last and first two parts that

Dy(z,y,t) = 1+ Z iy Z xg(ﬁ)y\{iii<f(ﬂ)—1,Bi>pBi+1}\7 (120)
n>1  reWOP,(312)

Dy(x,y,t) = 1+ Z g Z xé(w)y‘{i:i>1vBi>pBi+l}‘7 (121)
n>l  weWOP,L(312)

Dyf(z,y,t) = 1+ Z n Z :ng(ﬂ')y‘{i:1<i<z(ﬂ)_1,3i>p3i+lH, (122)

n>1  meEWOP,(312)

then we can compute the recursive equations of functions D(z,y,t), De(x,y,t), Ds(x,y,t) and
Dy (x,y,t) respectively.

We first consider the function D(z,y,t).

Case 1. The last part By has size > 1.

Then there will always be no pdes involving the part B as the last part will contain the number
: R 2 3 L2
az greater than any numbers in By, ..., Bx_1. The last part has contribution tz* +tz° +--- = 15,

and the contribution of By,...,By_1 is D?(z,y,t) when the last block in A; does not joint the
first block of As, and De(@y) DD @yH=Y o hen the last block in Aj joints the first block of As.

xT
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Thus, The contribution of this case to the function D(z,y,t) is

(Dg(l’,y,t) - 1)(Df($7y7t) - 1)) )

ta?

1-t¢

<D2(a:,y,t) + (123)

Case 2. By, has size 1, Ay part only contains 1 block and joints with part Aj.
In this case, the set A; cannot be empty and there will still be no pdes caused by the last two parts
of . The contribution will be

ta ((Dg(:p,y,t) _ 1)%) . (124)

Case 3. By, has size 1, Ay is empty.
In this case, there will be no pdes caused by the last two parts of 7 and the contribution will be

teD(z,y,t). (125)

Case 4. By, has size 1, and 7 does not satisfy Case 2 and 3.
In this case, there will be a pdes caused by the last two parts of . Since it is possible that the last
block of A; joints the first block of Ay, we can compute that the contribution of this case is

(Dg(ﬂ?,y,t) - 1)(Df(33,y,t) - % - )) .

txy <D(:E,y,t)(D(:E,y,t) -1+ (126)

Summing over all the 4 cases, and we write D, Dy, Dy, Dyy on the right hand side for short of
D(ﬂi‘,y,t),Dg(!E,y,t), Df(ﬂi‘,y,t),Dgf(ﬂj,y,t), then we have

D(x,y,t):ultft <D2_|_(Df—l)gng_l)>+(y_1)t$ <D(D_1)+(Dg—1)(pi_%_ )

(127)

For the function Dy(z,y,t), we do not need to consider the contribution involving part By, thus
the analysis is like Case 1 of function D(x,y,t) and we have

Dy(z,y,t) =1+ % <D2 L De= 1);Df — 1)> . (128)

For the function D¢(x,y,t), we have similar cases to function D(x,y,t), but one more case when
last part is of size 1.

Case 1. The last part By has size> 1. ,
Then there will always be no pdes involving part By. The last part has contribution %, and the
contribution of By, ..., By_1 is (D¢(z,y,t)—1)D(x,y,t) when A; is not empty and the last block in

A1 does not joint the first block of Ay, and D (z,y,t) when A; is empty, and (Def(x’y’t)_liwf (@.9,)=1)
when the last block in A; joints the first block of As. Thus, The contribution of this case to the
function D(zx,y,t) is

ta?

1—-1¢

(129)

<(Df(l’,y,t) _ 1)D(:E,y,t) —|—Df(ll7,y,t) + (Dgf(l’,y,t) - 1)(Df(33,y,t) - 1)) ]

X

Case 2. By has size 1, As part only contains 1 block and joints with part A;.
In this case, the set A; cannot be empty and there will still be no pdes caused by the last two parts
of . The contribution will be

ta <(Dgf(a:,y,t) _ 1)%) . (130)
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Case 3. By, has size 1, Ay is empty.
In this case, there will be no pdes caused by the last two parts of 7 and the contribution will be

teDy(z,y,t). (131)

Case 4. By, has size 1, Ay is empty, and As only has one block.
In this case, the pdes caused by the only two parts of 7 is not counted as we do not count the first

pdes, and the contribution will be
tx

1—t
Case 5. By, has size 1, and the numbers in sets A, As does not satisfy Case 2, 3 and 4.

In this case, there will be a pdes caused by the last two parts of 7. Since it is possible that the last
block of A; joints the first block of A5, we can compute that the contribution of this case is

ta (132)

t:Ey <(Df($7y7t) - 1)(D($7y7t) - 1) + (Df($7y7t) —-1- 1tft)

L P,y t) =)Dy (@) — =i 1)> . (133)

X

Summing over all the 5 cases, we have

tx
1—1¢

Dy(z,y,t) =1+

((Df ~1)D+ Dy + (Def — 13:(Df - 1)>

+(y— 1)t ((Df YV P o i kel U) . (134)

1—1¢ x

For the function Dy¢(z,y,t), we do not need to consider the contribution involving part By,
thus the contribution is like Case 1 of function Df(x,y,t) and we have

Dy =12y 1)),

tx

D t)=1
Zf(x7y7) +1—t

((Df ~1)D+ Dy + (135)

With these equations about D(x,y,t), De(x,y,t), Df(x,y,t) and Des(z,y,t) computed, we can
compute the Groebner basis of the functions to find an equation that D(z,y,t) satisfies, and we
have the following theorem.

Theorem 22. We have the following equations about D(x,y,t), De(x,y,t), Df(x,y,t) and Dys(z,y,t),

_ tw
D(x,y,t):1+%<D2+W)+(y_1)tx <D(D—1)+(Dl 1)(Dy—+2; 1)>7

xT x

T

Dyl y,1) = 1+ 2 (D? + PP

_ __tex
Df(l’,y,t):1+%((Df_1)D+Df+M)+(y—1)t$((Df—1)D—%+(DU D(Ds—1% 1))’

x

T

Dyg(a,y,t) = 1+ 2 ((Dy =)D + Dy + LD

and the function W@]P’gf;s(a:, y,t) is the root of the following degree 3 polynomial equation about D,
1—t+D(—1+t)(1+t(1+2z(—1+y)) +D*(1—t)t (1 +tz* (-1 +y)> + z(-1+ t(-1+y) + 2))
+ D32a(—1 + y) (=1 + t(1 + 2(—1 4+ y)) — ay) = 0.
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5.3 The function WOPLS (x,y, )

We write D(z,y,t) = W@ngfs(x,y,t). As we defined in Section 4.5, WOP(123) is the set of
ordered set partitions whose numbers are organized in decreasing order inside each part and the
word is 123-avoiding. Each m € WOP(321) is correspond with a 7 € WOP(123), and the pdes of
7 is then equal to the part-rise (or prise) of 7. We want to work on WOP(123) and the statistic
prise to compute the function D(x,y,t).

We also need to define Dy(x,y,t), Df(x,y,t) and Dys(x,y,t) as the generating functions tracking
the number of prise without tracking the prise caused by the last two parts, the first two parts,
and both last and first two parts of ordered set partitions in WOP(123) that

Dg(x, v, t) = 14+ Z g Z xé(w)y\{i:i<€(7r)—l,Bi<pBi+1}\7 (136)
n2l  7eWOP,(123)

Df(a:, v, t) = 14+ Z g Z xé(w)y\{i:i>1,Bi<pBi+1}\’ (137)
n2l  7eWOP,(123)

fo(lv,y,t) — 1 + Ztn Z ;UZ(W)y‘{’i:l<’i<€(ﬂ)—l,Bi<pBi+1}" (138)

n>l  reWOP,(123)

We will always use D, Dy, Dy and Dy for short of D(x,y,t), D¢(z,y,t), Ds(x,y,t) and
Dy¢(x,y,t). As we are generally looking at the same cases as Section 4.5, we shall briefly de-
scribe the classification of cases and give the contribution of each case for each function.

For any m = By/ -+ /By, € WOP,(123), we let w(r) = wy - - - wy, € S,(123). Let the first return
of the corresponding Dyck path be at the n — k™ column and let the number w,,_j be in the block
B;.

For the function D(x,y,t), there are 4 Cases.

Case 1. Both B;_; and B; are of size 1.
The contribution to function D(z,y,t) is t?z?yD?.

Case 2. w,_k_1 ¢ B; but 7 does not satisfy Case 1.
The contribution to function D(z,y,t) is tz D (D + ?) — 222 D2,

Case 3. w,,_k_1 € B; but w,_r11 ¢ B;.
The contribution to function D(z,y,t) is (D —1—uxt (D + %)) -tD.

Case 4. wy,_;_1 € B; and w,_;+1 € B;.

The contribution to function D(z,y,t) is (Dg —1—uxt (D + %)) N ity

xT

Summing over all the 4 cases, we have that

Df—1
D(x,y,t) = 1+t2x2(y—1)D2+t:cD<D+ fx )

+tD <D— 1 - at <D+ Dgx_ 1>>
+t<Df$_1> <Dg—1—a;t <D+DZ$_1>>. (139)
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For the function Dy(z,y,t), there are 6 Cases.

Case 1. Both B;_1 and B; are of size 1, and k > 0.
The contribution to function Dy(z,y,t) is t?z>yD(Dy — 1).

Case 2. w,_,_1 ¢ B; and k > 0, but 7 does not satisfy Case 1.

The contribution to function Dy(z,y,t) is txD <Dg -1+ %) — t222D(Dy — 1).
Case 3. w,,__1 € B; and k > 0, but w,_,11 ¢ B;.

The contribution to function Dy(z,y,t) is <D —1—ut <D + %)) ~t(Dp —1).

Case 4. wy,_g_1 € B; and wy_g11 € B;.
The contribution to function Dy(z,y,t) is <Dg —1—ut <D + sz—1)> -t

D(f—l
z .

Case 5. k=0 and w,,_x_1 ¢ B;.
The contribution to function Dy(x,y,t) is tzD.

Case 6. k=0 and w,_,_1 € B;.
The contribution to function Dy(x,y,t) is t (Dg —1—tx (D + %)) .

Summing over all the 6 cases, we have that
2,2 Dy —1
Dy(z,y,t) = 1+taD+t2*(y—1)D(Dy—1)+taD | D;—1+ —
Dy—1
+t(Dy — 1) <D—1—:13t <D+ Z:U >>

Dy —1 _
+t< 2 ><Dg—1—a:t<D—|—DZ 1))
X XT

+t <Dg—1—ta: <D+D£x_1>>. (140)

The functions D¢ (z,y,t) and Dyg(x,y,t) have exactly the same 4 cases and 6 cases as D(x,y,t)
and Dy(z,y,t). The main difference on the right hand side expansion is that some D and Dy
becomes Dy and D;y. We omit the classification of cases and organize the terms of the expressions
of D¢(zx,y,t) and Dyg(x,y,t) in the same way as functions D(z,y,t) and Dy(x,y,t), then we have

Dr—1
Di(z,y,t) = 1+t*2%(y—1)(Dy —1)D +tzDy <D + >

x
Dyp—1
+tD<Df—1—xt<Df+ L >>

Df—1 Dy —1
+t< fx ><Dgf—1—mt<Df+%>>, (141)
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and

Dy —1
Des(z,y,t) = 1+taDs+ t22*(y — 1)(Dy — 1)(Dy — 1) + taDy <Dz —14 %)

+t(Dg - 1) <Df 1t (Df+ Dyy — 1>>

x
Dy —1 Dp—1
+t< i ><Dgf—1—:17t<Df+ Y >>
X X
Dyp—1
+t<DZf—1—tx<Df+ L )) (142)

With the recursive equations of the four functions computed, one can compute the Groebner
basis of the functions to find an equation that D(z,y, t) satisfies, and we have the following theorem.
Theorem 23. The function W@]P’ggfs(a:, y,t) is the root of the following degree 6 polynomial equa-
tion about D,

D((=1+D)z+tD(-1-D?*(1+2)?>+2DD(14+x+2*(—14y)D) —22*(—1+y) D)+ D332 (—1+y)3 +
Dt 3(—1+y)3(—2+2D(1+z)+x(1+x—2y)) +2D(1+ 2+ D(-2+2(2(-2+y) + (4 + 2 (— 1+
) (~1+1))) = 2D(@*(~1+y)? +yD) - D*(1+2)(~1 +x(~2 + 32(~1+y) +y))D) + Dt*x(~1
y)D(1+D?*(1+2)? +2x(—1+z(—1+y)) + DD(—2+2?(4+ 32 — 2y — 3xy)D)D)D)D(1+ DD(—2
DD(1+tD(1+x —tD(1+ x4+ 2%°D) + D(=1+t)D(1 + 2 + tz*(—1 + y)D) + ta®>yD)D) D)D) =

6 Open problems

In this paper, we mainly use the classical recursion of 132-avoiding permutations and the Dyck
path bijection of 123-avoiding permutations to prove results on the generation functions of ordered
set partitions that word-avoid some patterns of length 3 tracking several statistics. Our definition
of word-avoidance of an ordered set partition differs from pattern avoidance defined by Godbole,
Goyt, Herdan, and Pudwell [4]. Notwithstanding, our definition of 321-word-avoiding ordered set
partition coincides a-avoiding ordered set partition in the sense of [4] for any pattern « € Ss.

Due to this coincidence, we spent a lot of pages on the problems on the set WOP,,(321) of
ordered set partitions word-avoiding 321. In Section 3, we solve all the generating functions tracking
the statistic descents about WOP,,(«) for any pattern « of length 3, and obtain many beautiful
symmetries and multinomial formulas with multinomial coefficients. However, the enumeration for
WOD[p, ... 5] (321) = opp, ... p,)(321) and wop<b§x1mbgk>(321) = 0p<b$1___b:k>(321) are still open. As a
first question, an explicit formula of wop (1B >(321) is desired.

In Section 4 and Section 5, we get nice result about all the generating functions tracking the
statistics mindes and pdes, except that we do not have any result about W@P?ggs(:n,y,t). In
particular, we have polynomial equations about the generating functions W@Pgéi{‘des(a:,y,t) and
W@ngfs(:n, y,t) stated in Section 4.5 and Section 5.3, which still make sense when using pattern
avoidance definition in the sense of [4]. The polynomial equations have all the information of the
generating functions, and one can come up with efficient recursions easily with the equations. The
open problem in this part is the function W@]P’lfggs (z,y,t). We are not able to get recursions about

W@P?ggs(:n, y, 1) since the pdes statistic changes abnormally at the action lift.
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