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SYMMETRIC DELLAC CONFIGURATIONS AND

SYMPLECTIC/ORTHOGONAL FLAG VARIETIES

ANGE BIGENI AND EVGENY FEIGIN

Abstract. The goal of this paper is to study the link between the
topology of the degenerate flag varieties and combinatorics of the Dellac
configurations. We define three new classes of algebraic varieties closely
related to the degenerate flag varieties of types A and C. The construc-
tion is based on the quiver Grassmannian realization of the degenerate
flag varieties and odd symplectic and odd and even orthogonal groups.
We study basic properties of our varieties; in particular, we construct
cellular decomposition in all the three cases above (as well as in the case
of even symplectic group). We also compute the Poincaré polynomials in
terms of certain statistics on the set of symmetric Dellac configurations.

Introduction

The goal of this paper is to develop further the link between the topology
of the degenerate flag varieties and quiver Grassmannians from one side and
combinatorics of Dellac configurations from the other side.

The PBW degeneration of classical flag varieties of type A was introduced
in [F3] in Lie theoretic terms. The resulting varieties F a

N have very explicit
linear algebra description. Namely, let E be an N -dimensional vector space
with a basis e1, . . . , eN and let prk : E → E be the projection along the
k-th basis vector to the linear span of the rest basis vectors. Then F a

N
consists of collections (V1, . . . , VN−1) of subspaces of E such that dimVk = k
and prk+1Vk ⊂ Vk+1 for all k. Theses varieties are singular, but share
many nice properties with their classical analogues, see [F1, F2, FFi, H, LS].
It was shown that the varieties F a

N can be realized as Schubert varieties
[CL, CLL] and as quiver Grassmannains [CFR1]. The Betti numbers of
the varieties F a

N are given by the normalized median Genocchi numbers
1, 2, 7, 38, 295, . . . [Ba, DR, DZ, B2, B3, B4, De, Du, F2]. These numbers
have several definitions; the initial one due to Dellac (the most important for
us) is based on the notion of Dellac configurations – n×2n tableaux with 2n
marked boxes satisfying certain conditions. The Poincaré polynomials of the
degenerate flag varieties thus provide natural q-analogues of the normalized
median Genocchi numbers (see [F1, F2, HZ1, HZ2, ZZ]). These polynomials
can be explicitly described in terms of certain inversion counting statistics
on the set of Dellac configurations.
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2 ANGE BIGENI AND EVGENY FEIGIN

The PBW degeneration procedure works for arbitrary simple Lie groups.
The case of Sp2n was considered in [FFL]. It was shown that the cor-
responding degenerate flag varieties SpF a

2n can be explicitly described as
follows. Let E be a 2n-dimensional vector space with a basis e1, . . . , e2n
and a non-degenerate skew-symmetric form defined by (ei, e2n+1−i) = 1 for
1 ≤ i ≤ n. Then SpF a

2n is defined as a subvariety of F a
2n consisting of collec-

tions (V1, . . . , V2n−1) such that Vk = V ⊥
2n−k. The combinatorics of the torus

fixed points counting for SpF a
2n is described in [B1, FF]. In particular, it was

shown in [FF] that the number rn of torus fixed points of SpF a
2n is given by

the number of the so-called symplectic Dellac configurations (in what follows
we call them symmetric Dellac configurations, the reason will become clear
shortly). These are 2n×4n Dellac configurations symmetric with respect to
the center. The main theorem of [B1] states that the numbers rn appears in
[RZ] and can be expressed in terms of the surjective pistols. The sequence
rn starts with 1, 2, 10, 98, 1594.

There are several natural questions arising in this context.

• How to define the statistics on the set of symplectic Dellac config-
urations to compute the Poincaré polynomials of SpF a

2n?
• How to compute the number ln of symmetric Dellac configurations
of size (2n + 1)× (4n + 2)?

• Are the numbers ln related to the odd symplectic group?
• Does there exist an orthogonal analogue of the symplectic story?

In this paper we answer all these questions except for the third one, which
is addressed in the companion paper [BF]. In particular, we show in [BF]
that the numbers ln also pop up in [RZ]. Here are the first several entries
of this sequence: 1, 3, 21, 267, 5349.

Let us give a general definition of the varieties we are interested in. Let
E be an N -dimensional complex vector space equipped with a symmetric
or skew-symmetric bilinear form. We assume that the rank of the form is
as large as possible, i.e. the form has one-dimensional kernel in the skew-
symmetric case for odd N and has no kernel otherwise. Let n = ⌊N/2⌋ and
let us choose a basis e1, . . . , eN of E in such a way that (ek, eN+1−k) = 1
for k = 1, . . . , n and (ei, ej) = 0 if i+ j 6= N + 1. We define the variety F a

E
consisting of collections of subspaces V1, . . . , Vn of E such that

• dimVk = k, k = 1, . . . , n,
• prk+1Vk ⊂ Vk+1, k = 1, . . . , n− 1,
• (Vn, Vn) = 0 for even N and (Vn, prn+1Vn) = 0 for odd N .

In particular, if N is even and the form is symplectic, F a
E is isomorphic to

the symplectic degenerate flag variety. In the main body of the paper we
denote the varieties F a

E by SpF a
N and SOF a

N depending on the fixed form.
Here are the first basic properties of the varieties F a

E .

Theorem 0.1. For all N ≥ 1, the variety SpF a
N is irreducible of dimension

⌈N/2⌉⌊N/2⌋. The variety SOF a
N is reducible equi-dimensional of dimension
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⌈N−1
2 ⌉⌊N−1

2 ⌋. The number of irreducible components of SOF a
N is equal to

2⌊N/2⌋.

In particular, SOF a
N are not isomorphic to the degenerate flag varieties

for the group SON (the latter are irreducible).
The main theorem we prove in the paper is as follows.

Theorem 0.2. The varieties F a
E admit cellular decomposition into complex

affine cells. The Euler characteristics of F a
E coincides with the number of

symmetric Dellac configurations. The Poincaré polynomials are computed
via two natural statistics responsible for symplectic and orthogonal cases.

Our paper is organized as follows. In Section 1 we recall basic facts about
flag varieties for classical Lie groups. In Section 2 main results on the degen-
erate flag varieties in types A and C are collected. In Section 3 we construct
and study cellular decomposition of the even symplectic degenerate flag vari-
eties. We construct a statistics on the set of symmetric Dellac configurations
responsible for the Poincaré polynomials of SpF a

N . Section 4 is devoted to
the study of the varieties SpF a

N for odd N . We prove that these varieties are
irreducible, construct cellular decomposition, compute Euler characteristics
and Poincaré polynomials in terms of the symmetric Dellac configurations.
In Section 5 we define and study the varieties F a

E for non-degenerate or-
thogonal form. We find the number of irreducible components, construct
cellular decomposition and compute the Poincaré polynomials in terms of
yet another statistics on the set of symmetric Dellac configurations. Finally,
in Appendix examples of Poincaré polynomials of F a

E are given. Based on
these examples, we conjecture that the Poincaré polynomials in all types are
unimodular.

1. Classical picture

Let g be a finite-dimensional simple Lie algebra with the Cartan decom-
position g = n ⊕ h ⊕ n− and let b = n ⊕ h be the Borel sualgebra. We
denote by G,N,H,N− and B the corresponding Lie groups. For a parabolic
subgroup P ⊃ B the corresponding flag variety is defined as the quotient
G/P . In particular, if P = B then G/B is called the full flag variety.

Let ωi and αi, i = 1, . . . , rkg be the fundamental weights and simple roots.

Let λ ∈ h∗ be a dominant integral weight (i.e. λ =
∑rkg

i=1miωi, mi ∈ Z≥0)
and let Vλ be the corresponding finite-dimensional irreducible highest weight
g-module. In particular, for a highest weight vector vλ ∈ Vλ on has nvλ = 0
and Vλ = U(n−)vλ. We consider a map G/P → P(Vλ) defined by mapping
the class of an element g ∈ G to the line spanned by gvλ. The map is
obviously G-equivariant and is an embedding if λ is regular, i.e. mi > 0 for
ll i.

Let λ be the sum of all fundamental weights. Then Vλ sits inside the tensor
product of all the fundamental representations as the Cartan component and
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one gets the embedding

G/P ⊂

rkg∏

i=1

G/Pi ⊂

rkg∏

i=1

P(Vωi
),

where Pi is the maximal parabolic subgroup corresponding to ωi. For clas-
sical Lie algebras this embedding can be described very explicitly in terms
of linear algebra, the details are given below.

1.1. Type A. Type AN−1 refers to the group SLN . The type AN−1 flag
variety FN is defined as the variety of collections V1 ⊂ V2 ⊂ · · · ⊂ VN−1 of
subspaces of an N -dimensional vector space E such that dimVk = k for all
k. The group SLN acts transitively on FN .

The coordinate flags (for a fixed basis e1, . . . , eN ) are labeled by the per-
mutation group SN which is the Weyl group of for SLN . For σ ∈ SN the
corresponding coordinate flag is given by Vk = span(eσ(i))

k
i=1. In particular,

there are N ! such flags.
The variety FN can be cut into disjoint union of cells (the so called Schu-

bert cells). Each cell contains exactly one coordinate flag. The dimension
of the cell containing the coordinate flag corresponding to σ ∈ SN is equal
to the length of σ (the number of inversions of σ).

1.2. Type B. Type Bn refers to the orthogonal group SO2n+1 consisting of
square matrices g of size (2n+1) such that det g = 1 and g preserves a nonde-
generate symmetric bilinear form (i.e. (gu, gv) = (u, v) for all vectors u, v).
In what follows we fix a basis e1, . . . , e2n+1 such that (ei, ej) = δi+j,2n+2.

The type Bn flag variety SOF2n+1 is defined as the variety of collections
V1 ⊂ V2 ⊂ · · · ⊂ Vn of subspaces of a (2n + 1)-dimensional vector space E
such that dimVk = k for all k and each Vk is isotropic (it is enough to say
that Vn is isotropic). We have natural embedding SOF2n+1 ⊂ F2n+1 defined
by

(V1, . . . , Vn) 7→ (V1, . . . , Vn, V
⊥
n , . . . , V ⊥

1 ).

The group SO2n+1 acts transitively on SOF2n+1.
The coordinate flags (for our fixed basis e1, . . . , e2n+1 of E) are labeled

by collections (I1, . . . , In) of subsets of {1, . . . , 2n + 1} such that |Ik| = k,
Ik ⊂ Ik+1 and a ∈ In implies 2n+2−a /∈ In. There are exactly 2nn! of such
coordinates flags and this is the cardinality of the Weyl group of type Bn.

The variety SOF2n+1 can be cut into disjoint union of cells (the so called
Schubert cells). Each cell contains exactly one coordinate flag.

1.3. Type C. Type Cn refers to the symplectic group Sp2n consisting of
square matrices g of size 2n such that det g = 1 and g preserves a nonde-
generate skew-symmetric bilinear form (i.e. (gu, gv) = (u, v) for all vectors
u, v). In what follows we fix a basis e1, . . . , e2n such that (ei, ej) = δi+j,2n+1

for i = 1, . . . , n.
The type Cn flag variety SpF2n is defined as the variety of collections

V1 ⊂ V2 ⊂ · · · ⊂ Vn of subspaces of a 2n-dimensional vector space E such
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that dimVk = k for all k and each Vk is isotropic (it is enough to say that
Vn is isotropic). We have natural embedding SpF2n ⊂ F2n defined by

(V1, . . . , Vn) 7→ (V1, . . . , Vn, V
⊥
n−1, . . . , V

⊥
1 ).

The group Sp2n acts transitively on SpF2n.
The coordinate flags (for our fixed basis e1, . . . , e2n) are labeled by collec-

tions (I1, . . . , In) of subsets of {1, . . . , 2n} such that |Ik| = k, Ik ⊂ Ik+1 and
a ∈ In implies 2n + 1 − a /∈ In. There are exactly 2nn! of such coordinates
flags and this is the cardinality of the Weyl group of type Cn (the same as
in type Bn). As before, SpF2n is the disjoint union of Schubert cells each
containing exactly one coordinate flag. We note that the varieties SpF2n

and SOF2n+1 are not isomorphic.

1.4. Type D. Type Dn refers to the orthogonal group SO2n consisting of
square matrices g of size 2n such that det g = 1 and g preserves a nonde-
generate symmetric bilinear form. In what follows we fix a basis e1, . . . , e2n
such that (ei, ej) = δi+j,2n+1.

The type Dn flag variety SOF2n is defined as the variety of collections
of subspaces of our 2n-dimensional vector space V1 ⊂ V2 ⊂ · · · ⊂ Vn such
that dimVk = k for all k and Vn is isotropic. However, in contrast with
the cases above, there is one extra condition: the dimension of the space
Vn/(Vn∩span(ei)

n
i=1) must be even. If one does not impose such a condition,

then the resulting variety is reducible. The group SO2n acts transitively on
SOF2n and as before we have natural embedding SOF2n ⊂ F2n.

The coordinate flags (for our fixed basis e1, . . . , e2n) are labeled by col-
lections (I1, . . . , In) of subsets of {1, . . . , 2n} such that |Ik| = k, Ik ⊂ Ik+1,
a ∈ In implies 2n + 2 − a /∈ In and one extra condition saying that the
cardinality of the set {a ∈ In, a > n} is even. There are exactly 2n−1n! of
such coordinates flags and this is the cardinality of the Weyl group of type
Dn and the Euler characteristics of SOF2n.

1.5. Odd type C. Following [M, Pe] (see also [Pr]) we consider a (2n+1)-
dimensional vector space E and a skew-symmetric bilinear form of maxi-
mal possible rank (i.e. of rank 2n). We fix a basis e1, . . . , e2n+1 such that
(ei, ej) = δi+j,2n+2 for i = 1, . . . , n, (en+1, v) = 0 for all v. The group of op-
erators preserving this form is called the odd symplectic group Sp2n+1. The
important difference with all the previous cases is that this group is no longer
simple and thus does not fit into the Cartan classification. However, one can
still define the corresponding flag variety in the same way as above. Namely,
we consider the flag variety SpF2n+1 defined as the variety of collections of
subspaces of our (2n + 1)-dimensional vector space V1 ⊂ V2 ⊂ · · · ⊂ Vn

such that dimVk = k for all k and Vn is isotropic. We note that since our
skew-symmetric form has a one-dimensional kernel, the maximal dimension
of an isotropic subspace is not n, but (n + 1). So one can also study an
extended version adding one more isotropic subspace Vn+1 to our chain.
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2. Degenerate flag varieties of types A and C

In this section we recall basic definitions and results on the degenerate
flag varieties of types A and C (see [F1, F2, F3, FFL]).

Let Fs ⊂ U(n−), s = 0, 1, . . . be (increasing) Poincaré-Birkhoff-Witt fil-
tration on the universal enveloping algebra. The associated graded algebra
is isomorphic to the symmetric algebra S(n−), which can be identified with
the universal enveloping algebra U(na−) of the abelian Lie algebra na− whose
underlying space is equal to na−. The PBW filtration Fs induces the increas-
ing filtration Fsvλ on Vλ. The associated graded space is denoted by V a

λ ,
which is naturally a cyclic S(n−) module.

Let Na
− = exp(na−) be the abelian unipotent group isomorphic to the

dimn− copies of the additive group of the field. We define the degenerate
flag variety F a

λ as the closure of the orbit Na
−vλ inside P(V a

λ ). In types A and
C the varieties F a

λ depend only on the regularity class of λ. In particular,
F a
λ ≃ F a

µ if both λ and µ are regular.
It was proved in [F3, FFL] that in types A and C the varieties F a

λ enjoy
very concrete description in terms of linear algebra. This description fits into
the general framework of the quiver Grassmannians theory [CFR1]. We give
the details below.

2.1. Type A. Let us fix a basis e1, . . . , eN of a complex vector space E and
projections prk : E → E such that prkel = (1− δk,l)el. Let Gr(k,N) be the
Grassmannian of k-dimensional subspaces in E. Then the degenerate flag
variety for SLN is given by

F a
N = {(V1, . . . , VN−1) : Vk ∈ Gr(k,N), prk+1Vk ⊂ Vk+1}.

The dimension of F a
N is N(N −1)/2 and the Euler characteristic is given by

the normalized median Genocchi number. More precisely, the variety enjoys
a cellular decomposition and all the cells are of even (real) dimension. The
cells are labeled by the collections I = (I1, . . . , IN−1) consisting of subsets
of the set {1, . . . , N} subject to the conditions

|Ik| = k, Ik ⊂ Ik+1 ∪ {k + 1}.

Each such a collection defines a torus fixed point p(I) ∈ F a
N , whose entries

(Vk)
N−1
k=1 are span(ei)i∈Ik . We denote the cell containing p(I) by C(I). In

order to describe C(I) we prepare some notation. Let us introduce N − 1
different orderings >k, k = 1, . . . , N − 1 on the set {1, . . . , N}. Namely,
for 1 ≤ k ≤ N − 1 we set

(2.1) k >k k − 1 >k · · · >k 1 >k N >k N − 1 >k · · · >k k + 1.

The cell C(I) consists of collections of subspaces (V1, . . . , VN−1) such that
for all k the space Vk has a basis of the form (see [F1])

(2.2) eia +
∑

b<kia,b/∈Ik

xa,beb, a = 1, . . . , k, ia ∈ Ik, xa,b ∈ C.
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As a consequence, we obtain the following formula for the complex dimension
of C(I). Let us call an element i ∈ Ik initiating, if either i = k or i /∈ Ik−1

(we assume that I0 = ∅). Let IDk ⊂ Ik be the set of initiating elements.
Then one has

(2.3) dimC(I) =

N−1∑

k=1

∑

i∈IDk

|{j <k i : j /∈ Ik}|.

Remark 2.1. Formula (2.3) can be easily derived from the explicit descrip-
tion (2.2) by computing the number of free parameters (taking into account
the condition prk+1Vk ⊂ Vk+1).

Remark 2.2. Let us consider the equioriented type AN−1 quiver and its
representation M = P ⊕ I, which is the direct sum of all indecomposable
projective representations and all indecomposable injective representations
(see [CFR1]). In particular, dimMk = N , 1 ≤ k ≤ N − 1 and the
maps Mk → Mk+1 are given by prk+1 (after fixing appropriate bases in
Mk). Then each I gives rise to a subrepresentation S(I) of M of dimension
(1, . . . , N − 1 ): the S(I)k is spanned by ea, a ∈ Ik. Then the initiating ele-
ments are in one-to-one correspondence with the indecomposable summands
of S(I).

Let us note that all the results above generalize to the case of partial
flag varieties. Namely, given a collection d = (d1, . . . , ds) with 1 ≤ d1 <
· · · < ds ≤ N − 1 one defines the partial degenerate flag variety F a

d
as the

projection of F a
N to the product

∏s
i=1Gr(di, N). One easily sees that each

cell C(I) in F a
N projects to a cell C(Id) in F a

d
thus providing a cellular

decomposition of F a
d

(here Id = (Id1 , . . . , Ids)). The dimension of the cell
C(Id) is computed by the formula (2.3) with the only reservation that the
sum in the right hand side of (2.3) is taken over k ∈ {d1, . . . , ds}.

Finally, recall [F1] that a convenient way to parametrize the cells of F a
N

goes through the Dellac configurations DCN [De]. A Dellac configuration
D ∈ DCN is a tableau made of N columns and 2N rows, containing 2N
points such that :

• every row contains exactly one point;
• every column contains exactly two points;
• if there is a point in the box (j, i) of D (i.e., in its j-th column from
left to right and its i-th row from bottom to top), then j ≤ i ≤ N+j.

If a box (j, i) of a configuration contains a point p, we say that p = (j, i).
In [F1], the author proved that if D ∈ DCN corresponds to a given cell C of
F a
N , then dim(C) is the number of inversions of D, i.e., the number of pairs

((j, i), (j′ , i′)) of points of D such that j < j′ and i > i′. For example, in
Figure 1, we depict the 7 elements of DC3, whose inversions are represented
by segments, computing the Poincaré polynomial PF a

3
(q) = 1+2q+3q2+q3.

2.2. Type C. Now let us define the symplectic degenerate flag variety
SpF a

2n. We fix a symplectic (skew-symmetric nondegenerate) form on E =
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Figure 1. The 7 elements of DC3.

C2n by setting (ek, el) = δk+l,2n+1, 1 ≤ k ≤ n. Then the symplectic degen-
erate flag variety SpF a

2n has the following explicit realization (see [FFL]):

SpF a
2n = {(V1, . . . , Vn) : dimVk = k, prk+1Vk ⊂ Vk+1, Vn is Lagrangian}.

We note that dimSpF a
2n = n2 and the Euler characteristic is given by the

number of symplectic Dellac configurations S ∈ SDC2n defined in [FF].
These are elements S ∈ DC2n such that R(S) = S, where R is the cen-
tral reflection with respect to the center of S. In other words SDC2n is
the subset of DC2n made of the elements that contain a point in a box
(j, i) ∈ {1, . . . , 2n}×{1, . . . , 4n} if and only if the box (2n+1− j, 4n+1− i)
also contains a point. In what follows we refer to the elements of SDC2n as
symmetric Dellac configurations (since we will also need the Dellac configu-
rations with odd number of columns symmetric with respect to the center).

Remark 2.3. We have two natural embeddings of SpF a
2n into the type A

degenerate flag varieties. First, one can embed SpF a
2n into F a

2n by the map

(V1, . . . , Vn) 7→ (V1, . . . , Vn, V
⊥
n−1, . . . , V

⊥
1 )

(note that V ⊥
n = Vn). Second, SpF a

2n obviously sits inside F a
d

for d =
(1, . . . , n).

2.3. Resolution of singularities. Let RN be the variety of collections
(Vi,j)1≤i≤j≤N−1 of subspaces of a vector space E with basis e1, . . . , eN such
that

• dimVi,j = i, Vi,j ⊂ span(e1, . . . , ei, ej+1, . . . , eN ),
• Vi,j ⊂ Vi+1,j, pri+1Vi,j ⊂ Vi,j+1.

Then one can show (see [FFi]) that RN is a tower of P1 fibrations (and thus
smooth) of dimension N(N −1)/2. The map RN → F a

N sending a collection

(Vi,j) ∈ RN to (Vi,i)
N−1
i=1 is a resolution of singularities.

Similar construction works in the symplectic case [FFL]. We fix a sym-
plectic form on a 2n-dimensional vector space E = span(e1, . . . , e2n) such
that (ei, e2n+1−i) = 1 for i = 1, . . . , n. The symplectic resolution SpR2n

consists of collections (Vi,j), 1 ≤ i ≤ n, i + j ≤ 2n of subspaces of E such
that

• dimVi,j = i, Vi,j ⊂ span(e1, . . . , ei, ej+1, . . . , e2n),
• Vi,j ⊂ Vi+1,j, pri+1Vi,j ⊂ Vi,j+1,
• Vi,2n+1−i is Lagrangian in span(e1, . . . , ei, e2n+1−i, . . . , e2n).
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As in type A, SpR2n is a resolution of singularities of SpF a
2n via the map

(Vi,j) 7→ (Vi,i)
n
i=1.

3. Degenerate flags: even symplectic case

3.1. Dimension of cells: algorithm. Let us consider a collection I =
(I1, . . . , In) consisting of subsets of the set {1, . . . , 2n} subject to the condi-
tions

(3.1) |Ik| = k, Ik ⊂ Ik+1 ∪ {k + 1}, a ∈ In implies 2n+ 1− a /∈ In.

Let I2n be the set of these collections. Each such a collection corresponds
to a point p(I) in the degenerate symplectic flag variety defined by p(I)k =
span(ei, i ∈ Ik). Recall (see Remark 2.3) that SpF a

2n sits inside F a
(1,...,n). In

what follows we denote the collection (1, . . . , n) by d.

Lemma 3.1. Assume that a collection I satisfies (3.1) (i.e. I ∈ I2n) and
let CA(I) ⊂ F a

d
be the corresponding cell. Then the intersection C(I) =

SpF a
2n ∩ CA(I) is an affine cell.

Proof. Let I = (I1, . . . , In). Let Īn be the complement to In inside the set
{1, . . . , 2n}. In particular, Īn contains n elements and a ∈ In if and only
if 2n + 1 − i ∈ Īn. Let CA(I) be the cell inside F a

d
corresponding to the

collection I. In what follows we use the notation

(3.2) C(I) = SpF a
2n ∩ CA(I).

We note that C(I) consists of points (V1, . . . , Vn) ∈ CA(I) such that Vn is
Lagrangian.

Recall the ordering <n on the set {1, . . . , 2n} (see (2.1)). Then Vn shows
up as the last component of a point in CA(I) if and only if Vn is the linear
span of the vectors

la = ea +
∑

b<na,b∈Īn

xa,beb, a ∈ In.

We note that the coordinates xa,b form a part of the coordinate system on
the affine cell CA(I). Now Vn is Lagrangian if and only if (la1 , la2) = 0 for
all a, b ∈ In, which is equivalent to the system of linear conditions labeled
by all pairs a1, a2 ∈ In such that a1 <n a2:

(3.3) xa1,2n+1−a2 ± xa2,2n+1−a1 = 0, 2n+ 1− a1 <n a2

(recall that our symplectic form pairs nontrivially ea and e2n+1−a). Hence
C(I) is cut out inside CA(I) by linear equations and hence is isomorphic to
an affine space. �

The proof above allows to compare the dimensions of CA(I) and that of
C(I).

Corollary 3.2. Let I ∈ I2n. Then

dimCA(I)− dimC(I) = |{(a1, a2) ∈ In : a1 <n a2, 2n + 1− a1 <n a2}|.
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Now let us give an explicit (inductive) way to compute the dimension
d(I) of the cell C(I). We will use n different orderings >k, k = 1, . . . , n on
the set {1, . . . , 2n} (see (2.1)). We represent I graphically as follows (which
reflects the latter orderings) : first we draw a parallelogram made of 2n× n
horizontally linked white disks as depicted in Figure 2;
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◦

◦

◦

◦

◦

◦

2

3

4

k + 1
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2n

1
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k

n

1 2 3 k n

Figure 2. Skeletton of a graphical representation P(I).

if a disk D is located in the k-th column (from left to right) and in the row
labeled with the integer l ∈ {k+1, . . . , 2n, 1, . . . , k}, we say that D = [k : l].
We then define P(I) as this parallelogram in which every disk [k : l] with
l ∈ Ik is painted in black.

For example, consider the collection

I0 = ({3}, {3, 7}, {1, 4, 7}, {1, 4, 6, 7}) ∈ I8,

then P(I0) is as depicted in Figure 3.
Note that in general, for all k ∈ {1, 2, . . . , n}, the k-th column Ck(I) (from

left to right) of P(I) contains |Ik| = k black disks, and that if a disk is black,
then all the disks located on the right of it in the same row are also black.
When a black disk is the first (from left to right) of its row, we say it is an
initiating disk. Let IDk(I) be the set of initiating disks of Ck(I). For all
D = [k : l] ∈ IDk(I), the number of white disks of Ck(I) located under D
is denoted by w(D) = w(k : l) ; also, the set of black disks of Ck(I) located
under D is denoted by B(D).
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Figure 3. Graph P(I0).

Now, for 1 ≤ k ≤ n and a, b ∈ {1, . . . , 2n}, a + b 6= 2n + 1 we define
s(a, b, k) as follows:

s(a, b, k) =

{
1, a, b ≥k 2n− k + 1 and 2n+ 1− b <k a,

0, otherwise.

Remark 3.3. s(a, b, k) is either one or zero. It is equal to 1 if both a and b
are from the set {k, k−1, . . . , 1, 2n, 2n−1, . . . , 2n−k+1} and 2n+1−b <k a
(note that if b ≥k 2n− k + 1, then 2n + 1− b ≥k 2n− k + 1).

Remark 3.4. Corollary 3.2 can be rephrased in terms of the function s :
let dA(I) = dimCA(I), then d(I) = dA(I)−

∑
1≤a<nb≤n s(a, b, n).

Now let us describe the inductive algorithm for computing the dimensions
d(I) = dimC(I). We do it in n steps defining numbers d1 ≤ · · · ≤ dn = d(I)
adding a nonnegative integer at each step.

We start with d1. Let I1 = {i}. We define d1 as the number of elements
x ∈ {1, . . . , 2n} such that x <1 i.

Now let us define d2. Let I1 = {i}. We consider two cases. First, assume
2 /∈ I1. Let I2 \ I1 = {j}. We define

d2 = d1 + |{x : x <2 j, x /∈ I1}| − s(j, i, 2).

Second, let 2 ∈ I1. Let I2 = {j1, j2}, j1 >2 j2. Then

d2 = d1 + |{x : x <2 j2}|+ |{x : x <2 j1}| − 1− s(j1, j2, 2).

Now assume dk−1 is already defined. Let us define dk. We consider two
cases. First, assume k /∈ Ik−1. Let Ik \ Ik−1 = {j}. We define

dk = dk−1 + |{x : x <k j, x /∈ Ik−1}| −
∑

i∈Ik−1

s(j, i, k).
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Second, let k ∈ Ik−1 and let I ′k−1 = Ik−1 \ {k}. Let Ik \ I ′k−1 = {j1, j2},
j1 >k j2. Then

dk = dk−1 + |{x : x <k j2, x /∈ I ′k−1}|+ |{x : x <k j1, x /∈ I ′k−1}| − 1

− s(j1, j2, k)−
∑

i∈I′
k−1

(s(j1, i, k) + s(j2, i, k)).

In terms of the graphical representation P(I), we obtain

(3.4) dk = dk−1 +
∑

D=[k:l]∈IDk(I)


w(D)−

∑

[k:l′]∈B(D)

s(l, l′, k)




for all k ∈ {1, . . . , n}, where d0 is defined as 0. For the example I = I0 ∈ I8
of Figure 3, we obtain :

• ID1(I0) = {[1 : 3]} and d1 = w(1 : 3) = 1;
• ID2(I0) = {[2 : 7]} and

d2 = d1 + (w(2 : 7)− s(7, 3)) = 1 + (3− 0) = 4;

• ID3(I0) = {[3 : 4], [3 : 1]} and

d3 = d2 + w(3 : 4) + (w(3 : 1)− s(1, 7) − s(1, 4))

= 4 + 0 + (3− 0− 0) = 7;

• ID4(I0) = {[4 : 6], [4 : 4]} and

d4 = d3 +w(4 : 6) + (w(4 : 4)− s(4, 1) − s(4, 7)− s(4, 6))

= 7 + 1 + (4− 1− 1− 1) = 9.

Theorem 3.5. For all I ∈ I2n the number dn is equal to the dimension of
C(I).

Proof. Let CA(I) ⊂ F a
d

be the cell corresponding to I. Let tk : F a
d

→∏k
i=1 Gr(k, 2n) be the projecton to the first k components, i..e.

tk(V1, . . . , Vn) = (V1, . . . , Vk).

By construction (see (2.2)) the image tkCA(I) is an affine space. We prove
by induction on k that for any 1 ≤ k ≤ n one has dim tkC(I) = dk (recall
CA(I) ⊃ C(I)). Note that the k = n case is exactly the claim of our theorem.

The base of induction k = 1 is clear, since t1CA(I) = t1C(I) is an affine
space of dimension d1. Now assume the claim is proved for some k− 1 < n.
We consider two cases. First, assume k /∈ Ik−1. Let Ik \ Ik−1 = {j}. Then

dim tkCA(I) = dim tk−1CA(I) + |{b : b <k j, b /∈ Ik−1}|,

since dim prkVk−1 = k− 1 and in order to determine Vk we need to add one
more vector of the form

l = ej +
∑

b<kj,b/∈Ik

xj,beb.
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Now in order to ensure that the resulting point (V1, . . . , Vk) belongs to
tkCA(I) we need to impose

∑
i∈Ik−1

s(j, i, k) linear relations on the coef-

ficients xj,b. Indeed fkVk is Lagrangian in Wk if and only if the vector fkl
is orthogonal to the space fkprkVk−1. Recall that Vk−1 has a basis labeled
by i ∈ Ik−1 of the form (2.2). For i ∈ Ik−1, consider the product

π =


fk


ej +

∑

b<kj,b/∈Ik

xj,beb


 , fk


ei +

∑

c<ki,c/∈Ik

xi,cec




 .

Since fkVk is Lagrangian in Wk, we have π = 0. Let us now expand π in
the products (eb, ec). If s(j, i, k) = 0, then all of them equal 0. Otherwise,
we obtain 0 = π = xj,2n+1−i(e2n+1−i, ei) + xi,2n+1−j(ej , e2n+1−j), hence an
equation of the kind xj,2n+1−i = ±xi,2n+1−j. Therefore,

dim tkC(I) = dim tk−1C(I) + |{b : b <k j, b /∈ Ik−1}| −
∑

i∈Ik−1

s(j, i, k),

which is equal to dk. The second case k ∈ Ik−1 is proved in the same way,
by showing that and if Ik \ (Ik−1 \ {k}) = {j1, j2}, j1 >k j2, then

dim tkCA(I) = |{x : x <k j2, x /∈ I ′k−1}|+ |{x : x <k j1, x /∈ I ′k−1}| − 1

and

dim tkC(I) = dim tkCA(I)− s(j1, j2, k)−
∑

i∈I′
k−1

(s(j1, i, k) + s(j2, i, k)).

�

3.2. Symmetric Dellac configurations. Recall the set SDCN of sym-
metric Dellac configurations (these are the elements of S ∈ DCN such that
RS = S, where R is the central reflection). For S ∈ SDC2n, let INV (S) be
the set of inversions of S. We say that two inversions (p1, p

′
1) and (p2, p

′
2)

are equivalent, if R({p1, p
′
1}) = ({p2, p

′
2}).

Definition 3.6. Let ĨNV (S) be the set of equivalence classes of inversions

of S and let ĩnv(S) be the number of elements in ĨNV (S).

For example, in Figure 4, we depict the 10 elements S ∈ SDC4, each of
which has its inversions represented by segments. Equivalent inversions are

drawed in a same color (the integer ĩnv(S) is then the number of different
colors used in S).

The polynomial
∑

S∈SDC4
qĩnv(S) = 1 + 2q + 3q2 + 3q3 + q4 turns out to

be the Poincaré polynomial of SpF a
4 . To prove the general statement (see

Theorem 3.7), let us prepare some notation.
For all k ∈ {1, . . . , n} and l ∈ {k+ 1, . . . , 2n, 1, . . . , k}, we define lk as l if

l ∈ {k + 1, . . . , 2n}, and as 2n+ l otherwise.
For a point p = (j, i) of a symplectic Dellac configuration S ∈ SDC2n,

the point (2n + 1 − j, 4n + 1 − i) of S (symmetrical to p with respect to
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Figure 4. The 10 elements of SpDC4.

the center of S) is denoted by psym. Note that if p = (j, lj), then psym =
(2n+ 1− j, (2n + 1− l)j).

Theorem 3.7. Consider a collection I = (I1, . . . , In) ∈ I2n, the correspond-
ing cell C(I), and the corresponding symmetric Dellac configuration S(I).
We have

dimC(I) = ĩnv(S(I)).

Proof. Recall [F1] that the bijection I ∈ I2n 7→ S(I) ∈ SDC2n consists of:

(a) drawing an empty tableau S made of 2n columns and 4n rows;
(b) printing the parallelogram P(I) in such a way that the disk [1 : 2]

of P(I) is located in the box (1, 21) = (1, 2) of S;
(c) erasing all the disks, except the initiating ones (which we paint in

blue);
(d) for all i ∈ {1, 2, . . . , n}, if the i-th row (from bottom to top) of S is

still empty, then printing a red disk in the box (i, i);
(e) finally, applying the central reflection with respect to the center of

S to the points of its n first columns.

For the example I = I0 ∈ I8 of Figure 3, we obtain the following :
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(e)

In the computation of d1 ≤ d2 ≤ . . . ≤ dn = dim(C(I)), it is then straight-
forward that d1 is the number of inversions whose first element is the upper
point p1 of the first column of S(I), which is also the number of elements of

ĨNV (S(I)) containing an inversion whose first point is p1.
Suppose now that for some k ≥ 2, the integer dk−1 is the number of el-

ements of ĨNV (S(I)) containing an inversion whose first point is located
in one of the first k − 1 columns of S(I). Let [k : l] ∈ IDk(I). By defi-
nition of S(I), the box (k, lk) of S(I) contains a point p. Here again, it is
straightforward that w(D) is the number of inversions of S(I) whose first
point is p. Afterwards, let D′ = [k : l′] ∈ B(D) for some l′ <k l, and let
k′ ≤ k such that (k′, l′) ∈ IDk′(I), hence the box (k′, l′k′) of S(I) contains
a point p′. Consider the points psym = (2n + 1 − k, (2n + 1 − l)k) and
p′sym = (2n + 1 − k′, (2n + 1 − l′)k′) = (2n + 1 − k′, (2n + 1 − l′)k) of S(I).
The following properties are equivalent :

(i) (p, p′sym) ∈ INV (S(I));

(ii) (p′, psym) ∈ INV (S(I));
(iii) lk > (2n + 1− l′)k;
(iv) s(l, l′, k) = 1.

The equivalences (i) ⇔ (ii) ⇔ (iii) are obvious. Now, since the dots of a
Dellac configuration are located above the line y = x, the existence of the
point p′sym = (2n + 1− k′, (2n + 1− l′)k) implies

2n− k ≤ 2n− k′ < (2n+ 1− l′)k,

so (iii) is equivalent to

2n − k <k 2n+ 1− l′ <k l,

which is equivalent to (iv). In Figure 5, we illustrate a situation with 3
points p, p′, p′′ where p and p′ have the properties (i), ..., (iv), as opposed to
p and p′′. The inversions (p, p′sym) and (p′, psym) having the same class in
INV (S(I)) are expressed by drawing them in red.
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p′sym 2n + 1− l′

p′′sym 2n + 1− l′′

1

k

2n − 1

1 2 k n n+ 1 2n + 1− k 2n

Figure 5. Symmetric Dellac configuration S(I).
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In general, the equivalence (i) ⇔ (iv) implies that the integer w(D) −∑
D′=[k:l′]∈B(D) s(l, l

′, k) is the number of elements of ĨNV (S(I)) that con-

tain an inversion of S(I) whose first point is p, but no inversion whose first
point is located in one of the k − 1 first columns of S(I). By hypothesis of
induction, and in view of formula (3.4), we obtain that dk is the number of

elements of ĨNV (S(I)) containing an inversion whose first point is located
in one of the first k columns of S(I). By induction, we have in particular

dim(C(I)) = dn = |ĨNV (S(I))|. �

4. Degenerate flags: odd symplectic case

Let us consider a (2n + 1)-dimensional vector space E with a fixed basis
(e1, . . . , e2n+1) equipped with the skew-symmetric bilinear form of maximal
possible rank with non-trivial pairings (ei, e2n+2−i) = 1 for i = 1, . . . , n. In
particular, en+1 spans the kernel of this form.

We define the variety SpF a
2n+1 as the variety of collections of subspaces

(Vk)
n
k=1, Vk ⊂ E such that dimVk = k, prk+1Vk ⊂ Vk+1 and Vn is isotropic.

We note that Vn is isotropic if and only if (Vn, prn+1Vn) = 0. The coordinate
flags in SpF a

2n+1 are labeled by collections (Ik)
n
k=1 of subsets of {1, . . . , 2n+

1} such that Ik ⊂ Ik+1 ∪ {k + 1} and a ∈ In implies 2n + 2 − a /∈ In for
1 ≤ a ≤ n. We denote the set of such collections by I2n+1.

Lemma 4.1. The number of the coordinate flags in SpF a
2n+1 is equal to the

number of odd symmetric Dellac configurations.

Proof. Recall (see [F1] and the proof of Theorem 3.7) the bijection S between
coordinate flags in F a

2n+1 and Dellac configurations. One easily sees that the
restriction of this map to the set of coordinate flags of SpF a

2n+1 is a bijection
to the set of odd symmetric Dellac configurations. �

Let us denote the number of elements of SDC2n+1 by ln, n ≥ 0. These
numbers start with 1, 3, 21, 267, 5349.

Remark 4.2. According to [BF] the numbers ln show up in the paper [RZ].

For 1 ≤ k ≤ n we use the order <k on the set {1, . . . , 2n+ 1}:

k + 1 <k k + 2 <k · · · <k 2n+ 1 <k 1 <k · · · <k k.

We now construct cellular decomposition of SpF a
2n+1. Given an element

(Ik)
n
k=1 ∈ I2n+1 we define the cell C(I) as the set of collections (Vk)

n
k=1 ∈

SpF a
2n+1 such that Vk has a basis of the form

ea +
∑

b<ka

ca,beb, a ∈ Ik.

Clearly, C(I) is non empty if and only if I defines a coordinate flag of
SpF a

2n+1.
The proof of the following lemma is very similar to the proof of Lemma

3.1 and Theorem 3.5.
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Lemma 4.3. C(I) is an affine cell, whose complex dimension is computed
by the following rule: we first consider all initiating elements in all Ik and
compute the number of empty slots (not belonging to Ik) below these initiat-
ing elements (in the order <k). After that we subtract the number of pairs
a, b ∈ In such that 2n+ 2− b >n a >n b.

Recall the bijection S between I2n+1 and the symmetric Dellac configu-

rations of size (2n+1)× (4n+2). Recall the statistics ĩnv(D) on the set of
symmetric Dellac configurations (counting the number of inversions modulo
the central symmetry).

The proof of the following proposition is very similar to the proof of
Theorem 3.7.

Proposition 4.4. dimC(I) = ĩnvS(I).

Remark 4.5. Given a point (Vk)
n
k=1 ∈ SpF a

2n+1 there is no canonical way to
complete it to an element of F a

2n+1 (i.e. to complete it with Vn+1, . . . , V2n).
The reason is that the form is degenerate and thus the orthogonal comple-
ment to, say, Vn can be of dimension n + 1 or n + 2. We note however
that a symmetric Dellac configuration D of size (2n + 1) × (4n + 2) does
define an element of F a

2n+1 (a coordinate flag). The meaning of the last n
components is not clear from symplectic point of view, but is very natural
from the orthogonal story below.

Theorem 4.6. The variety SpF a
2n+1 is irreducible of dimension n(n + 1).

It carries an action of abelian unipotent group with an open dense orbit.

Proof. We construct the resolution of singularities of SpF a
2n+1 in the spirit of

[FFi, FFL] (see also section 2.3). Let SpR2n+1 be the variety of collections
Vi,j, 1 ≤ i ≤ n, i + j ≤ 2n + 1 of subspaces of E satisfying the following
conditions:

• dimVi,j = i, Vi,j ⊂ span(e1, . . . , ei, ej+1, ej+1, . . . , e2n+1),
• Vi,j ⊂ Vi+1,j, prj+1Vi,j ⊂ Vi,j+1,
• Vi,2n+1−i is isotropic.

We note that Vi,2n+1−i is a subspace of span(e1, . . . , ei, e2n+2−i, . . . , e2n+1)
and the restriction of our form to this space is non-degenerate. Hence each
Vi,2n+2−i is an element of the corresponding Lagrangian Grassmannian.

One easily sees that SpR2n+1 is a tower of P1 fibrations of dimension
n(n + 1). Now let SpR0

2n+1 ⊂ SpR2n+1 be the open subvariety defined by
the condition that the Plücker coordinates X1,...,i of Vi,i do not vanish for
all i = 1, . . . , n. Then the natural forgetful map

π : SpR2n+1 → SpF a
2n+1, π(Vi,j)i,j 7→ (Vi,i)

n
i=1

is surjective and restricts to an isomorphism on SpR0
2n+1.

Finally, let us construct the action of an additive unipotent group on
SpF a

2n+1. An element of this group is a collection (g1, . . . , gn) of auto-
morphisms of the space E. The operators gk should satisfy the following
properties:



DELLAC CONFIGURATIONS AND FLAG VARIETIES 19

• the matrix elements (gk)i,j are zero unless j ≥k 1, i <k 1,
• prk+1gk = gk+1prk+1 for k = 1, . . . , n− 1;
• gnspan(e1, . . . , en) is isotropic.

Analogously to the even symplectic case [FFL] one sees that this group is
abelian, unipotent and the orbit through the point (span(e1, . . . , ek))

n
k=1 is

an open dense subset of SpF a
2n+1. �

Remark 4.7. It is tempting to conjecture that SpF a
2n+1 is isomorphic to

the orbit closure in the projectivized PBW degenerate representation of the
odd symplectic group.

5. Degenerate flags: orthogonal case

In this section we introduce and study the orthogonal couterpart of the
symplectic story. We define the corresponding algebraic varieties and study
the link between their topology and the combinatorics of the symmetric
Dellac configurations. We do both odd and even orthogonal cases simulta-
neously providing some details separately for types B and D if necessary.

Let us consider an N -dimensional vector space E with basis e1, . . . , eN
equipped with symmetric non-degenerate bilinear form (ei, ej) = δi+j,N+1.
We fix n = ⌊N/2⌋.

Definition 5.1. The orthogonal version SOF a
N of the type A degenerate

flag variety is a subvariety of F a
N such that V ⊥

k = VN−k. In other words,
SOF a

N consists of collections (Vk)
n
k=1 of subspaces of E such that dimVk = k,

prk+1Vk ⊂ Vk+1 and

(Vn, Vn) = 0 for even N and (Vn, prn+1Vn) = 0 for odd N.

Remark 5.2. The following example shows that in contrast to the type A
and type C cases the varieties we get in the orthogonal case are no longer
irreducible. In particular, our SOF a

N is NOT isomorphic to the PBW degen-
eration of SON/B, where B is a Borel subgroup. However, an irreducible
component of SON/B might be an appropriate candidate.

Example 5.3. Let dimE = 3. Then SOF a
3 consists of pairs (V1, V2 = V ⊥

1 )
of subspaces of E such that pr2V1 is isotropic. If ae1 + be2 + ce3 is the
spanning vector of V1, then one needs ac = 0. We thus conclude that SOF a

3

is reducible with two irreducible components isomorphic to P1 glued at a
point.

Let dimE = 4. Then SOF a
4 consists of triples (V1, V2, V

⊥
1 ) of subspaces

of E such that V2 is isotropic and pr2V1 ⊂ V2. Recall that the isotropic
Grassmannian of 2-dimensional subspaces of a four dimensional space has
two irreducible components both of dimension one. One can see that SOF a

4

is of dimension two and has four irreducible components.

We start with adopting the resolution of singularities construction to this
case.
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Definition 5.4. SORN (N = 2n or N = 2n+1) is the variety of collections
(Vi,j), 1 ≤ i ≤ j ≤ n, i+ j ≤ N such that

• dimVi,j = i, Vi,j ⊂ span(e1, . . . , ei, ej+1, ej+1, . . . , eN ),
• Vi,j ⊂ Vi+1,j, prj+1Vi,j ⊂ Vi,j+1,
• Vi,N−i is isotropic.

In particular, each point of SORN is determined by N2/4 subspaces for
even N and by (N2 − 1)/4 subspaces for odd N (i.e. has ⌊N2/4⌋ compo-
nents). We note that Vi,N−i is a subspace of span(e1, . . . , ei, eN+1−i, . . . , eN )
and and hence an element of the orthogonal Grassmannian OGr(i, 2i).

Theorem 5.5. SORN is smooth disjoint union of 2n components. Each
component is a tower of P1 fibrations of dimension (N−1)2/4 for odd N and
N(N − 2)/4 for even N . The map SORN → SOF a

N forgetting off-diagonal
elements of a collection (Vi,j) is surjective and a birational isomorphism.

Proof. A point of SORN is determined by the collection (Vi,j) with 1 ≤
i ≤ j ≤ n, i + j ≤ N . We approximate SORN by the chain Rk, k =
1, . . . , ⌊N2/4⌋ of varieties such that R0 = pt ⊔ pt, R⌊N2/4⌋ = SORN and

each Rk is either fibered over Rk−1 with a fiber being P1 or Rk is isomorphic
to a disjoint union of two copies of Rk−1.

We order all pairs (i, j), 1 ≤ i ≤ n, i+j ≤ N into the sequence (ik, jk), k =
1, . . . , ⌊N2/4⌋ in the following way: (i1, j1) = (1, N − 1) and (ik+1, jk+1) =
(ik+1, jk) if (ik+jk < N and ik < jk) and (ik+1, jk+1) = (1, jk−1) otherwise.
The last pair in our sequence is (1, 1). For example, for N = 6 our ordering
looks as follows:

(1, 5), (1, 4), (2, 3), (1, 3), (2, 3), (3, 3), (1, 2), (2, 2), (1, 1).

We define Rk as the collection of Vil,jl , l ≤ k such that all the conditions
from Definition 5.4 hold.

Let us compare Rk with Rk−1. First, let k = 1. Then R1 consists of 1-
dimensional isotropic subspaces of a 2-dimensional vector space spanned by
e1 and eN with (e1, eN ) = 1. Clearly, R1 is a disjoint union of two points.
Second, assume ik + jk < N . Then the same argument as in [FFi, FFL]
shows that the natural map Rk → Rk−1 forgetting the component Vik ,jk is a
P1 fibration. Third, assume ik + jk = N . We consider the natural forgetful
map Rk → Rk−1. Assume we are given a point (Via,ja)a≤k−1 ∈ Rk−1. Then
the preimage of such a point is isomorphic to the variety of of isotropic
subspaces Vik,jk such that

span(e1, . . . , eik , ejk , . . . , eN ) ⊃ Vik,jk ⊃ Vik−1,jk .

Since dimVik−1,jk = ik−1, the preimage is isomorphic to a disjoint union of
two points. We note that the disjoint components of SORN are determined
by the parity of the dimensions dimVa,N−a ∩ span(e1, . . . , ea).

The last claim of the theorem is proved in the same way as in the sym-
plectic case. �
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Corollary 5.6. dimSOF a
N = dimSON/B = dim n−.

Corollary 5.7. SOF a
N is reducible and equi-dimensional. The number of

irreducible components is equal to 2n.

Let us count the number of coordinate flags in SOF a
N .

Lemma 5.8. The number of coordinate flags in SOF a
N is equal to the num-

ber of symmetric Dellac configurations of size N × 2N .

Proof. We are interested in collections (I1, . . . , In) of subsets of {1, . . . , N}
such that Ik ⊂ Ik+1 ∪ {k+1} and a ∈ In implies 2n+1− a /∈ In. As shown
above the number of such collections is equal to the number of symmetric
Dellac configurations (these are exactly the numbers rn and ln from [RZ,
BF]). �

Finally, let us give a combinatorial rule to compute the Poincaré poly-
nomials of the varieties SOF a

N . We construct cellular decomposition of the
varieties SOF a

N in the same way as we did in other types: if a coordinate
flag is given by a collection I = (Ik)

n
k=1 (N = 2n or N = 2n + 1), then the

cell C(I) is the subset of SOF a
N consisting of subspaces (Vk)

n
k=1 such that

Vk has a basis of the form

ea +
∑

b<ka

ca,beb, a ∈ Ik.

One easily sees that each C(I) is isomorphic to an affine cell whose dimension

can be computed via the following statistics ĩnv
′
on the set SDCN .

Definition 5.9. Let D ∈ SDCN . Then ĩnv
′
(D) is equal to the half of the

number of inversions which are NOT symmetric with respect to the center.

For example, the values of the statistics ĩnv
′
on the configurations of

Figure 4 are given by

0 0 1 1 1

1 2 2 2 2.

Recall that to each I ∈ IN we have attached an element S(I) ∈ SDCN .

Theorem 5.10. Each C(I) is an affine cell. SOF a
N is equal to the disjoint

union C(I) for all I ∈ IN . The dimension of C(I) is equal to ĩnv
′
(S(I)).

Proof. The first and the second claims are proved in the same way as Lemma
3.1. The proof of the third claim is analogous to the proof of Theorem
3.7. �

We thus arrive at the following formula for the Poincaré polynomials.

Corollary 5.11. P (SOF a
N ) =

∑
D∈SDCN

qĩnv
′

(D).
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Appendix A. Examples of Poincaré polynomials

Based on the computations below, we put forward the following conjecture
(which we are not able to prove even in type A).

Conjecture A.1. The Poincaré polynomials in all five types (type A, odd
and even symplectic and orthogonal) are unimodular.

A.1. Type A.

PF a

1
(q) =1,

PF a

2
(q) =q + 1,

PF a

3
(q) =q3 + 3q2 + 2q + 1,

PF a

4
(q) =q6 + 6q5 + 10q4 + 10q3 + 7q2 + 3q + 1.

A.2. Odd symplectic.

PSpF a

1
(q) =1,

PSpF a

3
(q) =q2 + q + 1,

PSpF a

5
(q) =q6 + 3q5 + 5q4 + 5q3 + 4q2 + 2q + 1,

PSpF a

7
(q) =q12 + 6q11 + 16q10 + 29q9 + 40q8 + 45q7

+ 43q6 + 35q5 + 25q4 + 15q3 + 8q2 + 3q + 1.

A.3. Even symplectic.

PSpF a

2
(q) =q + 1,

PSpF a

4
(q) =q4 + 3q3 + 3q2 + 2q + 1,

PSpF a

6
(q) =q9 + 6q8 + 13q7 + 18q6 + 20q5 + 17q4 + 12q3 + 7q2 + 3q + 1,

PSpF a

8
(q) =q16 + 10q15 + 36q14 + 79q13 + 134q12 + 186q11 + 220q10 + 229q9

+ 211q8 + 175q7 + 130q6 + 87q5 + 52q4 + 27q3 + 12q2 + 4q + 1.

A.4. Odd orthogonal.

PSOF a

1
(q) =1,

PSOF a

3
(q) =2q + 1,

PSOF a

5
(q) =4q4 + 7q3 + 6q2 + 3q + 1,

PSOF a

7
(q) =8q9 + 27q8 + 47q7 + 56q6 + 52q5 + 38q4 + 23q3 + 11q2 + 4q + 1.
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A.5. Even orthogonal.

PSOF a

2
(q) =2,

PSOF a

4
(q) =4q2 + 4q + 2,

PSOF a

6
(q) =8q6 + 20q5 + 26q4 + 22q3 + 14q2 + 6q + 2,

PSOF a

8
(q) =16q12 + 68q11 + 150q10 + 230q9 + 276q8 + 272q7

+ 228q6 + 164q5 + 102q4 + 54q3 + 24q2 + 8q + 2.
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