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Abstract

In this note we associate a sequence of non-negative integers to any
convergent series of positive real numbers and study this sequence for the

series > . n~" where k is an integer > 2.

1 Introduction

o0 L o0
Let (x;)72, be a sequence of positive real numbers such that >, x; converges.
Given such a sequence one can associate a sequence of non-negative integers
(an)32.y by defining
1
an = | S
Ding1 i

where [z] = the largest integer < z, for a real number z.

This problem has been studied for some special class of sequences. For example,
Ohtsuka and Nakamura [I] derived a formula for x; = F%_, where F; denotes the
i'" Fibonacci number. Since then several results have been discovered about
the case in which z; s are reciprocals of a sequence given by linear recurrence
relations (for example see [2]).

In this note we consider the case z; = i~ * where k is a positive integer > 2.

The first theorem that we prove is following:

Theorem 1.1 : Let k be an integer > 2. Then there is a polynomial f(X) €
Q[X] of degree (k — 1) (unique upto the constant term) and an integer Ny (de-
pending on f) such that
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fn) < PR

< f(n)+1

holds for all n > Nj.

In section-2 we prove a lemma which is central to our treatment. In section-3
we prove theorem 1.1 and indicate how to compute a closed form formula for a,,
and compute it for k£ = 2,3,4,5. In section-4 we prove a generalization which is

as follows :

Let P(X) be a polynomial over R of degree > 2 such that the leading co-
efficient is positive. Let ig € R be large enough so that P(z) > 0 for all x > 4.
Put z; = m for all ¢ > 1. Clearly Zizo x; < 0o. Then we have an analogus

result :

Theorem 1.2 : There is a polynomial f(X) € R[X] depending on P (unique
upto constant term), an integer Ny depending on f and iy so that degree of f

is (k—1) and
1

f(n+io) < =so——
Zi:nJrl T

<f(n+i0)+1

holds for all n > Nj.

2 An Important Lemma

We begin by proving a useful lemma.

Lemma 2.1: Fix an integer k, k > 2. Let xg,z1, -+ ,2r—1 be k unknowns.
Consider F(X, 20, - ,&p_1) = 2o X" 1 + 2 XF 2 4o b op o X + a1 €
R[X, o, ,zk—1]. Let g(X) € R[X] be a polynomial of degree k. Assume that

g(X +1)=ao X"+ + ar.
Put

F((X+1),20, - ,25-1) = 2o X" (z14+y1) X724+ (@p—2+yh—2) X +(@r—1+yr—1),



H(X) = F((X+1),£L'Q, o ,l’k_l)F(X, Zo,: - ,l’k_l) = p0X2k_2+' . '+p2k—3X+p2k—27
G(X) = g(X+1)(F(X+1), 20, ,2h-1)—F(X, 20, ,2-1)) = g0 X" 2+ - +qor_3X +q2r—2

where y;,pj, @i € Rlzg, - ,xp—1] forall 1 <i<k—-1,0<j <2k—2and
0<I<2k—2.

Consider the system of k equations

pi=¢, VO<i<k—-1

in k unknowns xq, -+, Tk_1.
This system of equations has a unique solution (cg,--- ,cr_1) € R¥ with ¢ # 0.
Further, if ¢ is defined over Q then (cq,--- ,cx_1) € QF.

Proof: First notice that the coefficient of X* in F((X + 1), 0, -+ ,25_1) is
indeed zg and degrees of G(X), H(X) in X are indeed at most (2k — 2). Hence
the hypothesis of the lemma is justified.

Now an application of binomial theorem gives

k—1i k—i+1 k-1
yz'—( 1Z)$i1+( ;+ >Ii2+"'+< ; )xo (2.1)

foreach 1 <7<k —1.

A direct calculation gives

j
pi= Y w (T +Yjr) (2:2)
r=0

for all 0 < j < k — 1 where yo = 0.

Similarly,
l
q = Zarylfqul (23)
r=0

forall 0 <1 <k — 1 where y; = 0.

Thus po = 2 and qo = y1 = a, (kzl)xo = ag(k — 1)zo.

Hence xzg = ag(k — 1) is a solution to pg = qo. Clearly ag(k — 1) # 0.

Now notice that p; depends only on {xo, -, i, yo0, - ,Yi}-

By (2.1), this observation implies p; depends only on {xg,--- ,2;}. This holds
for all 0 < i < k — 1. Similarly ¢; depends only on {y1,--- ,y;+1} i.e. only on
{zg, -+ ,x;}. This is true for all 0 < ¢ < k — 1.



So we can take an inductive approach to solve the system of equations.

We have already found a ¢y (namely ag(k — 1)) such that xo = ¢g solves py = qo
and ¢y # 0. Note that this is the only non-zero solution to pg = ¢q¢ and if ag € Q
then ¢y € Q.

Assume that we have found (cg, - - ,¢;) € R+ such that cg # 0 and this is the

unique tuple solving the system of equations

Po=4qo, " ,Pi =4

for some ¢ in the range 0 < ¢ < k — 2. Further if ¢ is defined over Q then Q*!.
Now the goal is to find a ¢;11 € R such that (cg,- - ,ci+1) solves piy1 = git1.

We consider two cases:

CaseI: i<k—2

Herei+1<Ek—2.

Coefficient of x;11 in p;41 is = 2z (one xo arises from term zo(x;11 + Yit1)
and other xq arises from the term ;11 (zo + yo)).(Follows from (2.1) and (2.2))
Coefficient of x; 41 in gi+1 is = ag(coefficient of x; 11 in y;42) = ag (k’(f“)) =
ap(k — (i +2)) (follows from (2.1) and (2.2)).

Hence p;+1 = g;+1 can be rewritten as
{2x¢ — ag(k — i — 2) }x;41 = some polynomial in xg, -, 2; (2.4)

Note that {2co — ag(k — i — 2)} = ag(k + i) # 0. Thus we can put zo =
o, ,T; = ¢; in (2.4) and solve for x;11 to get a tuple (co,--- ,cip1) € RiT2

which is a solution for the system of equations

Po=4qo, " s Pi+1 = Gi+1-

Now if (do, - - - ,d;+1) is another solution with dy # 0 then by induction hypoth-
esis (co, - ,¢;) = (do,- -+ ,d;). From (2.4) it follows that d;1+1 = ¢;+1. Hence
the uniqueness.

If g is defined over Q then by induction hypothesis (cq,--- ,¢;) € QL. Since
pit1 and ¢;41 are defined over Q using (2.4) we conclude that ¢; 1 € Q.

So for this case we are done.



CaseII: i =k —2

This is essentially similar to previous case. Only difference is coefficient of xj_1
in q_1 is 0.

So pr—1 = qr—1 can be rewritten as 2xgxy_1 = some polynomial in xg,- - , Tx_2
and from here the arguments of previous case goes through since ¢y # 0.

Thus inductively we can find (cg,--- ,cx_1) € RF such that this tuple is the
unique solution to the system of equations under consideration with ¢y # 0.

Further if g is defined over Q then (cg,--- ,cr_1) € QF.

This completes the proof of lemma. [

3 Proof of theorem 1.2

At first we prove theorem 1.2 and deduce theorem 1.1 as a corollary.

We shall use lemma 2.1 with ¢g(X) = P(X). Say, leading co-efficient of P is
ag > 0.

Let k£ be an integer > 2.

Let (co, -+ ,cx_1) € R¥ be the tuple as in lemma 2.1.

We continue to use notations from lemma 2.1.

Put f(X) = F(X,co, -+ ,ch_2,¢) = coX* 1 + .- 4+ cx_2X + ¢ where c is any

real number satisfying ¢ < cx—1 < c+ %

Now
Tt ot XD+ - X)) - XX+
f(X) fX+1) g(X+1) JOFX +1)g(X +1)

Consider the expression on the numerator.

By choice of (cg, .., cx_2) the coefficients of X2*=2 ... X vanishes (i.e. p; = ¢;
holds for all 0 < i < k —2).

Coefficient of X*~1is (gx_1(co, -+ ,cr_2,¢) — pr_1(co, - ,c)).

From proof of lemma 2.1 we have gx_1 does not depends on xj_1.

Hence qx—1(co, -, ck—2,¢) = qr—1(co, -, Ck—2,Ck—1) = Pr—1(Co, -+ , Ck—2, Ck—1)-
(By choice of the tuple(cg, -+ ,cx—1))

Again from the proof of lemma 2.1 the coefficient of z3_1 in pg_1 is 2x¢. Thus



qk—1(co, -+ Cr—2,¢) — pr—1(co, - ;)

= pkfl(CO; cr 5 Ck—2, Ck71) _pkfl(CO; crt 5 Ck—2, C)

= 2¢p(ck—1 — ©)
Hence the coefficient of the leading term of the polynomial in the numerator is
2¢o(cr—1 — ¢). But ¢g = ag(k —1) > 0. So 2¢o(c—1 — ¢) > 0.
The coefficient of the leading term of the polynomial in the denominator is
c2 > 0.

Hence the is a large enough natural number N; such that for all ¢« > Ny

1 1 1
— — - >0
flE+i0) fli+io+1) gli+io+1)
ie.
1 1 o 1
fli+1o) f(i+io+1) g(i+ip+1)
From here telescoping we get
1 > 1
> — 3.1
f(n+ip) i:;rl g(i +1ig) (3.1)

for all n > N7 + i9. Now

1 1 1
FX)+1 f(X+D+1 g(X+1)
X+ DX+ - (X)) - (O + DX +1)+1)
(O +DfX +1)+1)g(X +1)

Note that (f(X)+1)(f(X+1)+1)— f(X)f(X +1) has degree equal to (k—1).
Hence co-efficient of X*~1in (f(X)+1)(f(X+1)+1)is px_1(co, - - - ck—2, ) +2a0.
Similar calculation suggests that the coeflicient of the leading term in the nu-
merator is 2cq(cx—1 — ¢ — 1) — 2ag = 2co(cp—1 — ¢ — 7£5) < 0.

But the coefficient of the leading term in the denominator is ¢ > 0.

Thus there is a large enough integer No such that for all i > Ns

1 1 1
- <
fli+io)+1  fli+io+1)+1 ~ g(i+io+1)




Again by telescoping

1 1
OESP Iy (3.2)

for all n > Ny + 1.

Put NO = max{Nl, NQ} + io.
Then

OES! Z (i %) (3:3)

for all n > Nj.
From (3.3) the theorem 1.2 follows. O

Remark 3.1: i) The proof of lemma 2.1 and proof of theorem 1.1 gives an
algorithm to compute the polynomial f(X) mentioned in the statement of the
theorem. Note that this polynomial is not unique. We can choose infinitely
many distinct values for the constant term. The integer Ny depends on the
choice of the polynomial f.
ii) Tt is natural to ask whether we can take ¢ = ¢p_1.
Put

fH(X) = X P XF 2 4o X + g

We consider three possible cases:

Case I: p;(co, - ,cp—1) = qi(co, -+ ,ck—1) for all 0 < ¢ < 2k — 2.

Then
1 1 1

dX+1)  AX) AKX+

Then by telescoplng S 3 holds for all positive integer n.

i=n+1 g(erzo) f1 (n+z

Since cx—1 < —i—c;C 1 arguments as in proof of the theorem implies ZZ il g(n+m) >
m for 1arge enough n.
Thus

fl(n-i—io) < ( Z %)71 <f1(n+i0)+1

i>ntl 9(i+ o)



holds for large enough n.

Now say, case I does not hold. Then there is a ¢+ with 0 < ¢ < 2k — 2 such
that p; # ¢; at the point (cq,- -, cx—1).

Let ip be the minimum of such ¢ s. Note that here we must have ig > k. Now

Case II: q;,(co, -+ ,cr—1) > pig(co,-** ;Cr1)
Then Zfinﬂ g(i}rio) < fl(nlJrio) for large enough n by arguments similar to the

proof of the theorem.

. k
Since cx—1 < ck—1 + =3, so we have ) for large

00 1 > 1
i=n+1 g(n+ip) f1(n+io0)+1
enough n.

Thus f;(X) satisfies the required property of f in the theorem.

Case III: gi,(co, +,ck—1) < pig(co, -+, Cr—1)

Again by similar arguments for large enough n.

) 1S 1
i=n+1 g(i+io) f1(n+io)
Now since ¢x—1 — 1 < ¢x—1, so we have )

[ee) 1 1
i=n+1 gliti) ~ Fi(ntio)—1 for large

enough n. So we can not take ¢ = ¢x_1 but can take ¢ =¢;_1 — 1.

Corollary 3.2 (Theorem 1.1): Put P(X) = X*, i3 = 0. Using lemma-2.1
we conclude that (cg,---,cp—1) € Q*. Clearly one can choose ¢ to be rational.

Hence theorem 1.1. Note that considerations in remark 3.1 hold accordingly.

4 Computation of a,

First we make a small observation:

Remark 4.1 : Let f be any polynomial given by theorem 1.2. Let Ny be the
corresponding integer. Then from the inequality in theorem 1.2 it follows that
for all n > Ny

i) ay is either [f(n)] or [f(n)] + 1.

ii) If f(n) is an integer for some n then a,, = f(n).

iii) Conclusion in i) and ii) continue to hold if we replace the ‘<’ sign in the

inequality at the left hand side in the statement of the theorem by ‘<.



For the rest of the section we shall assume that P is defined over Q. Fur-
ther, we shift the polynomial so that we can take ig = 0. The polynomial X*

satisfies these properties.

4.1 A general algorithm

Fix a polynomial P as above.

Calculate (cq, -, cp—1)-

Write ¢; = Z— where wu;,v; are integers with v; > 0 and ged(u;,v;) = 1 for all
0<i<k-—1.

Put V =lcm (vo, -+ , Uk—2).

Now consider two cases:

Case I : v_1 does not divide V.

Write cp_1 = [ck,l]—l—z:: where r_1 is a positive integer. Since ged(ug—1,vE—1) =
Tk —

1, one has ged(rg—1,vk—1) = 1. So U,’Z—; # 7 for any n € Z.

Let r € {0,---,V — 1} be fixed.

Then there is a unique integer n(r) such that n(r) — ¢ < cp_1 <n(r) +1— .

Put

X)) =coXF 1+t opaX = ho‘(/X)
where ho(X) € Z[X].
Let
J(X) = h(X) 4 n(r) = .
Now there is an integer N(r) such that
£r0) < s < So() +1

Zi'inﬂ P(i)
for all n > N(r). Choose such a N(r).

We do this for each r € {0,---,V —1}.
Put N = max {N(0),--- ,N(V —-1)}.

Let n > N and r be such that r € {0,---,V — 1} and ho(n) = r (modV).
Clearly such r exists and is unique.

Then using remark 4.1 (i7) we have a,, = f.(n).



Now note that ny = ny mod(V) implies hg(n1) = ho(nz) mod(V).
Thus in this case we have a closed form formula for a,, depending on equivalence

class of n modulo V' whenever n > N .

Case II: Case I does not hold.

Fixre{l,---,V}.

If  # 14 [cr—1] — cx—1, there is an unique integer n(r) such that n(r) — ¢z <
Cr—1 < n(r) +1-— %

xr

Otherwise there is an integer n such that n — v = Ck—1-
Now we need to do further calculation and find out which case of remark 3.1 ii)
holds. If case I or IT holds then put n(r) = n. If case IIT holds put n(r) =n—1.
Let

1) = h(X) +n(r) = .

Using previous arguments and the discussion in remark 3.1 ii), there is an integer
N(r) such that

fr(n) — < fr(n) +1

B R
D imn41 PG
for all n > N(r).

Due to remark 3.1 iii) the arguments of case I goes through from here.

4.2 Explicit formulae

Consider the polynomial P(X) = X*, k > 2.

For k=2, (co,c1) = (1,13).
1

Here a,, = n for all n >

(ie one can take Ny = 1).

For k = 3, (co,c1,¢2) = (2,2,1).
Here a,, = 2n(n + 1) for all n > 1.

).

For k = 45 (00561562563) = (37 %7 14_55

[e.s][\e}
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Here
3X?+ §X2 4+ X +1if n = 0(mod4),

3X3+2X%2 4+ BX + 2 ifn = 1(mod4),
Ap =

( )
3X3 4+ 5X2+ 15X + Lif n=2(mod4),
3X3 4+ 5X2+ BX + 1 if n = 3(mod 4).
For k =5, (co,c1,c2,¢3,¢4) = (4,8, 2,18 - 2),
Here
4X*+8X% + BX2 4+ 18X — 1ifn = 0(mod 3),
an = 4X*+8X%+ X%+ LX — 2 if n = 1(mod 3),
AX44+8X3 + BX2 4+ 18X — 1ifn = 0(mod3).

Remark 3.2 : Results above answer two questions due to Kotesovec [3].

5 Concluding remarks

We end with some questions associated to the system of equations which come
up in lemma 2.1 :

i) Consider the sequence of polynomials {Py(X)}r>2 given by Py(X) = XF.
With this sequence one can associate a sequence (cg, ¢1, - -+ ) where ¢; is a func-
tion N—{1,---i+1} — R such that (co(k),- -, cx—1(k)) is the tuple associated
to Pi(X). From lemma 2.1 it follows that ¢;(k) must be a rational fuction of k.
Computing first few elements of (co(k), c1(k),---) one sees that it is actually a
polynomial in k. This leads to the question if ¢; is always a polynomial in k.
ii) One can consider a sequence qgiven by Py (X) = X*Py(X) for some fixed
polynomial Py(X) and ask similar question.

iii) Fix two polynomials P(X), Q(X). Construct a sequence by Py (X) = P(X)Q(X)*.
In this case ¢; need not be a rational function but one may like to study the

behaviour of the associated sequence of functions.
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