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SET-PARTITION TABLEAUX AND REPRESENTATIONS
OF DIAGRAM ALGEBRAS

TOM HALVERSON AND THEODORE N. JACOBSON

ABSTRACT. The partition algebra is an associative algebra with a basis of set-partition diagrams
and multiplication given by diagram concatenation. It contains as subalgebras a large class of
diagram algebras including the Brauer, planar partition, rook monoid, rook-Brauer, Temperley-
Lieb, Motzkin, planar rook monoid, and symmetric group algebras. We give a construction of
the irreducible modules of these algebras in two isomorphic ways: first, as the span of symmetric
diagrams on which the algebra acts by conjugation twisted with an irreducible symmetric group
representation and, second, on a basis indexed by set-partition tableaux such that diagrams in
the algebra act combinatorially on tableaux. The first representation is analogous to the Gelfand
model and the second is a generalization of Young’s natural representation of the symmetric group
on standard tableaux. The methods of this paper work uniformly for the partition algebra and
its diagram subalgebras. As an application, we express the characters of each of these algebras
as nonnegative integer combinations of symmetric group characters whose coefficients count fixed
points under conjugation.
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1. INTRODUCTION

The partition algebra Py (n) for k € Z>¢ is a unital, associative algebra over C (or any field of
characteristic 0) and is semisimple for all n € C\ {0,1,...,2k — 2}. It has a basis of set-partition
diagrams and multiplication given by diagram concatenation. This algebra arose in the work of P.P.
Martin [Marll Mar3] and V. Jones [Jon] in the study of the Potts model, a k-site, n-state lattice
model in statistical mechanics. For k,n € Z>; the partition algebra Py (n) and the symmetric group
S,, are in Schur-Weyl duality on the k-fold tensor product VE* of the n-dimensional permutation
module V,, of the symmetric group S,,, and when n > 2k, Pi(n) is isomorphic to the centralizer
algebra of S,, on VZ¥, This allows information to flow back and forth between Py(n) and S,,.

The partition algebra Py (n) contains as subalgebras a large class of diagram algebras including
the Brauer, planar partition, rook monoid, rook-Brauer, Temperley-Lieb, Motzkin, planar rook
monoid, and symmetric group algebras. Each of these subalgebras arises as the span of restricted
types of set-partition diagrams (see Section 2.3]). If Ay is the partition algebra or one of its
diagram subalgebras, then the irreducible Aj-modules can be indexed by a subset Aﬁk C{A\Fn}
of the integer partitions of n. In this paper we give two explicit combinatorial constructions of
the irreducible modules Ag for A\ € A2k, The first construction is by conjugation on a basis of
symmetric m-diagrams (Definition B.I]) that is twisted by a symmetric group representation. This
method is analogous to the Gelfand models for diagram algebras found in [HR3| and [KM]. A nice
feature of the construction here is that we isolate each irreducible module, rather than constructing
a (multiplicity-free) sum of irreducible modules.
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The second method of constructing Ag is on a basis of set-partition tableaux. In [BH2, BH3]
and [OZ], it is shown that the dimension of the irreducible partition algebra module Plg‘ equals
the number of standard set-partition tableaux of shape A\. We give a combinatorial action of the
diagrams in Pg(n) on these tableaux, which naturally index a basis for Pli‘. This representation is
a generalization of Young’s natural representation of the symmetric group on a basis of standard
Young tableaux. In fact, if A has k boxes below the first row, when restricted to the symmetric
group algebra CSy C Pi(n) we exactly recover Young’s representation.

A surprising feature of the methods in this paper is that, by restriction, they work uniformly for
the partition algebra and all of the diagram subalgebras listed above. For each of the subalgebras
we construct Aﬁ as the span of restricted types of set-partition tableaux, obtaining a complete
set of analogs of Young’s natural representation for the partition, Brauer, planar partition, rook
monoid, rook-Brauer, Temperley-Lieb, Motzkin, and planar rook monoid algebras. In the case of the
non-planar algebras — partition, Brauer, rook monoid, rook-Brauer — we obtain new constructions
of the irreducible modules on symmetric diagrams and on set-partition tableaux. In the case of
the planar algebras — planar partition, Temperley-Lieb, Motzkin, and planar rook monoid — our
methods specialize to known constructions.

In Section [5 we use our explicit construction of the irreducible modules on symmetric diagrams
to write the irreducible characters of each Aj into a nonnegative integer sum of characters of the
symmetric groups S,,, for 0 < m < k. We prove that if A = [A,\,..., \] b n with \* =
[A2, A3, -+, A¢] F m, then the value of the irreducible Ay character on a diagram =, of cycle type
Kk E (see (5.2)) is given by

(1.1) Xag () = D> FA™XE, (),
pukEm

where FK’: € Z>o and ngn (74) is the symmetric group character indexed by A\* on the conjugacy
class of cycle type u F m. By counting fixed points under conjugation, we obtain a closed formula for
the coefficients FZ’:. For example, we prove in Proposition (.19 that for the partition algebra Py (n),

(1.2) Flas = SIS {mit(V)} <miu)>imi(u)—t7

vik @t

where v|k means that v is a divisor of k (see Definition 5.16]) and m;(v) denotes the number of
parts of v equal to i. In this formula {g} is the Stirling number of the second kind and (Z) is
the binomial coefficient. The coefficient in (I.2]) specializes to the diagram subalgebras giving new
character formulas for the partition, Brauer, and rook-Brauer algebras and known formulas for the
rook monoid, Temperley-Lieb, Motzkin, and planar rook monoid algebras.

For further background on partition algebras see [Jon|, [Mar3, Mard, Mar2], [ME], [MS1], MS2],
[DW], [HR2], [BH3|. Representing the irreducible modules on a basis of set-partition tableaux
is new for all of these algebras. The construction on symmetric diagrams for the partition alge-
bra is closely related to the work in [MSI| and [DW] and for the Brauer algebra to the work in
[HW]. The construction of the irreducible modules of the planar algebras on symmetric diagrams
is identical to the construction in the Gelfand models of [HR3| and [KM] and is isomorphic to
known representations of the Temperley-Lieb [Wes], Motzkin [BH|, and planar partition [FHH]
algebras. The representations constructed in this paper are different from the seminormal repre-
sentations constructed for the partition [Eny], Brauer [Naz], rook-Brauer [Hd|, rook monoid [Hal2|,
and Temperley-Lieb [HMR] algebras.
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2. PARTITION ALGEBRAS

2.1. Set-partition diagrams. We let Iy, denote the set of set partitions of {1,...,k,1",... k'}
and refer to the subsets of a set partition as blocks. For example,

(2.1) {1,2| 2,3 | 4,1,3|5,7|6,4,7,8|8,6 |5}
is a set partition in II; with 7 blocks. The number of set partitions in Ily; with ¢ blocks is
given by the Stirling number of the second kind {25}7 and thus Ily; has order equal to the Bell
number B(2k) =", {ztk}.

A diagram d of a set partition 7 € IIy; consists of two rows of k vertices labeled 1’,..., k" on the

bottom row and 1,...,k on the top row. Edges are drawn such that the connected components of
d equal 7. For example, the set partition in (ZT]) is represented by

1 23 45 6 78

AN

123 45 6¢ 78

The way the edges are drawn is immaterial; what matters is that the connected components of the
diagram correspond to the blocks of the set partition. Thus, d represents the equivalence class of
all diagrams with connected components equal to the blocks of 7. We define

(2.2) Pr = {d| d is the diagram of a set partition in g }.

Concatenation d; o dy of two diagrams dy, ds is accomplished by placing dy above ds, identifying
the vertices in the bottom row of d; with those in the top row of ds, concatenating the edges, and
deleting all connected components that lie entirely in the middle row of the joined diagrams. For
example,

0= MR A o
e MY vy N s N PSAN o

It is easy to confirm that concatenation depends only on the underlying set partitions and is
independent of the diagrams chosen to represent them. Concatenation makes P an associative

monoid with identity element 1 = I I I I I corresponding to the set partition {1,1" | --- | k, k'}.

Let Py(n) = C. For k € Z>; and n € C, the partition algebra Py(n) is the associative algebra
over C with basis Py,

(2.4) Pir(n) := CP, = C-span{d | d € Py},
such that multiplication in Py(n) is defined on basis diagrams d;,dy € Py, as
(2.5) d1d2 = ’I’Lz(dl’dQ) d1 o dg,

where ¢(dy,dsy) is the number of connected components that were deleted from the middle row in
the concatenation dj ods. For example, the product of the two diagrams in ([2.3)) is dids = n?d; ods.
Since the basis of Py (n) corresponds to set partitions in Iy, we have dim Py (n) = |Px| = B(2k).
The partition algebra is semisimple for all n € C such that n ¢ {0,1,...,2k — 2} (see [MS2],
[HR2l Thm. 3.27]), and the partition algebras Px(n) are isomorphic to one another for all choices
of the parameter n such that Py (n) is semisimple. For this reason, we will assume that n € Z such
that n > 2k so that we can take advantage of the Schur-Weyl duality between Pi(n) and S,, (see

Section [2.0]).
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2.2. Generators and relations. For k € Z>1, the partition algebra Pj(n) has a presentation by
the generators

o PIXEL - FLIET - THE

and the relations found in [HR2, Thm. 1.11]. It is useful in generating diagram subalgebras to
define the elements ¢; = b;p;p;+1b;, [; = s;p;, and v; = p;s; , so that

en IR =LINEL =1L
1<i<k-1 1<i<k-1 1<i<k-1

2.3. Subalgebras. For k,n € Z>; with n > 2k the following are semisimple subalgebras of the
partition algebra P (n):

CSxy = C-span { d e Py

all blocks of d have exactly one vertex in {1,...k}
and exactly one vertex in {1’,... %"} ’

all blocks of d have at most one vertex in {1,...k}
and at most one vertex in {1’,... %'} ’

Bi(n) = C-span{d € Py | all blocks of d have size 2},
RBy(n) = C-span{d € Py | all blocks of d have size 1 or 2}.

R, = C-span { d e Py

Here, CSy, is the group algebra of the symmetric group, Bi(n) is the Brauer algebra [Bral], Ry is
the rook monoid algebra [Sol|, and RBy(n) is the rook-Brauer algebra [Hd], [MM].

A set partition is planar if it can be represented as a diagram without edge crossings inside of
the rectangle formed by its vertices. The planar partition algebra [Jon| is defined as

PP (n) = C-span{d € Py, | d is planar },
and following are the planar subalgebras of Py (n), which are also semisimple:

Cl, = CSgn PPk(n), TLk(n) = Bk(n) N PPk(n),

PR, = R;N PPk(n), Mk(n) = RBk(n) N PPk(n)
Here, TLy(n) is the Temperley-Lieb algebra [TL], PRy is the planar rook monoid algebra [FHH],
and My (n) is the Motzkin algebra [BH|. There is an algebra isomorphism PPy (n) = TLo(n) (see
[Jon] or [HR2]) and we forgo discussion of the planar partition algebra in favor of the Temperley-
Lieb algebra. The parameter n does not arise when multiplying symmetric group diagrams (as
there are never middle blocks to be removed). The following displays examples from each of these
subalgebras:

oy s
8 i PN ]
B S CRNVAINES
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Each diagram algebra Ay is generated as a unital subalgebra Ay C Py (n) of the partition algebra
using a subset of the generators s;, b;, ¢;, [;,t; for 1 <¢ < k—1 and p; for 1 <14 < k as shown in the
following table.

Algebra Generators Algebra Generators Algebra Generators
Pi(n)  si,bi,p; Bi(n)  sie TLi(n) e
CS, s RBg(n) si, ¢, P Mpg(n) e,k
Ry  si,pi PPy(n) pi,b; PR, L,y

Typically the rook monoid and planar rook monoid algebras do not have the parameter n [Sol|,[Hal2],
and are recovered by replacing the generator p; with %pi.

2.4. Basic construction. Let A C Pg(n) be the partition algebra or one of the subalgebras
described in Section 23] and let A, C P be its diagram basis. We have a natural embedding of
A, as a subalgebra of A, by placing an identity edge to the right of any diagram in A,_; thus
forming a tower of algebras: Ag C A CAs C--- CAp_1 CA,.

A block in a diagram d € Ay is a propagating block if it contains vertices from both the top
and bottom row, and the rank (also called the propagating number) of d, denoted rank(d), is the
number of propagating blocks of d. For dy,ds € A we have rank(d; odz) < min(rank(d;), rank(dz)),
so that the multiplication of diagrams can never increase the rank. It follows that

(2.8) Jm := C-span{d € Ay | rank(d) < k}, 0<m<k,
is a two-sided ideal in A and we have the filtration
(2.9) JoCJ1CJpC - C g C I =Py(n).

In the case of the Brauer algebra By (n) and the Temperley-Lieb algebra TLy(n) we have J,_1 = Jy,
Jr_3 = Jr_o, and so on, since the rank of diagrams in these algebras have the same parity as k.
For each 0 < m < k we have

(2.10) A =Ty 1 ®Cp,

where C,, is the span of the diagrams of rank exactly equal to k. The isomorphism in (210 is the
Jones basic construction for Aj. In our examples,

C,, 2 CS,, when Ay is one of the non-planar algebras Py(n), Bx(n), RBx(n), or Ry,

(211) C,, = C1,, when Ay is one of the planar algebras TLy(n), Mg (n), or PRy.

We let I'a, denote the set of possible diagram ranks in Ay, so that

{m | 0<m< k}7 if Ay equals Pk(n)vRBk(n)7Rk7Mk(n)v or PRy,

(2.12)  Ta, = {{k: —2010<¢< |k/2]}, if Ak equals Bg(n) or TLg(n).

If AA* indexes the irreducible modules for Ay, then it follows from the basic construction (see
[HR3| Sec. 4.2]) that

|_| {uwt m}, if Ay is non-planar,
(2.13) A = || ACm = S meTa,
meTa, Ta,. if Ay is planar,

where the second equality comes from (2.I1]) and the fact that the irreducible modules for the group
algebra CS,,, of the symmetric group are indexed by the set {u = m} of integer partitions of m.
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2.5. Schur-Weyl duality. For k,n € Z>; the partition algebra Py(n) and the symmetric group
S,, are in Schur-Weyl duality on the k-fold tensor product VE* of the n-dimensional permutation
module V,, of the symmetric group S,, (see [Jon] or [HR2]). In particular, there is a surjective algebra
homomorphism Pg(n) — End(VZ¥) such that the actions of Pg(n) and S,, on V& commute. When
n > 2k the representation of Py(n) on V& is faithful and Py(n) = Endg, (VE*), the centralizer
algebra of S,, on V&,

For n > 2k, the decomposition of VZ* as a bimodule for (Py(n),CS,,) is given by

(2.14) Ve (B P ®S),
)\EAkyn

where Ay, ,, indexes the irreducible S,, modules that appear as constituents of V,?k. Since irreducible
S, modules are indexed by partitions of n we have Ay, C {\ F n}, and it is easy to show by
induction on k (see, for example [HR2, BH3|), that

(2.15) A ={AEn]0< [N <k},

where if A = [A1, \g,..., A¢] is an integer partition of n then \* = [Ay,..., A¢] is the partition A
with its first part removed as illustrated here

(2.16) A= |\ 5 .

We now have two ways to index the irreducible Py (n)-modules: from the basic construction
APE() = L m | 0 < |p| < k} and from Schur-Weyl duality Ay, = {\Fn |0 < |\*| < k}. When
n > 2k, they are in bijection by identifying A € Ay, with \* € AP(")  The set-partition tableaux
that we use in Section @l require partitions of n, so we use Ay, ,, for the remainder of this paper. To
this end, for each Aj, we add a first row of size n —m to the partitions in A** to get the partitions
in A2* so that

(2.17) A =N n |\ e AAe ),

These sets are given below for each of the diagram algebras. To unify our notation we view C1,,
as the trivial subalgebra of CS,,, and label its irreducible representation with the partition [m], the

index of the trivial module S[T,T ].

Ay AAk AAx

Pp(n),RBi(n),Rr {utFm|0<m<k} {AEn||N]=m,0<m <k}

Bk (n) {pbFk—=2010<0<|k/2]} {AFn||XN|=k—20,0<¢<|k/2|}
Mg (n), PRy {m]0<m <k} {[n—=m,m] | 0<m <k}

TLy(n) {k—=2010<¢<|k/2]} {ln—=m,m] |m=k—20,0<(<|k/2]}

3. IRREDUCIBLE MODULES

In this section, for each A € A2+ with |\*| = m, we construct the irreducible module A3 = WAZ@S%;

where WA”Z is the span of symmetric m-diagrams in Ay that Ay acts on by conjugation and S
is an irreducible symmetric group module. When a diagram d € Aj conjugates a symmetric m-
diagram w it permutes the m fixed points of of w by a permutation o,4,, € S,, which in turn acts on
Sﬁf . We view this as conjugation that is “twisted” by the module Sﬁ; . This construction is similar
to the Gelfand model for diagram algebras in [HR3|] and [KM]|. In those papers, a larger class of
symmetric diagrams is used and it is always twisted by the sign representation of the symmetric
group, and the result is a (multiplicity-free) direct sum of each irreducible Ajg-module.
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3.1. Symmetric diagrams. For d € Ay, let d” € A}, be the diagram obtained by reflecting d over
the horizontal axis. We say that a diagram is symmetric if d = d”. For example, the following are
symmetric diagrams in Pqq,

For a symmetric diagram d = d’, let 7(d) and 7'(d) denote the propagating blocks in the top and
bottom rows of d, respectively. In the examples above, 7(d1) = {27 |9 | 10} and 7(da) = 7(d3) =
{1,2143,5,68,9,10}, and observe that in a symmetric diagram 7’(d) is always equal to 7(d)
with the vertices primed.

Definition 3.1. A diagram d € Ay, is a symmetric m-diagram if (1) d is symmetric; (2) rank(d) = m;
and (3) each of the m propagating blocks in m(d) is connected to its mirror image in 7’(d).

In the examples above, ds is a symmetric 4-diagram, but d; and do are not since they each have
a propagating block not connected to its mirror image. For any of the diagram algebras Ay, let

(3.2) Wy, ={d € Ay, | d is a symmetric m-diagram} .

A simple counting argument can be used to determine the number of symmetric m-diagrams |WA";|
for each diagram algebra Ay:

Ar WP Ap WP
Pi(n) 2, {i}(}) TLi(n) (xfm) = (som_,)

Bi(n)  (,)(k—m—1)! Mi(n) 324 (o) (("7) = (F579)
RBi(n) 3, (n)("5") (2t = 1)! Ry, PR; ()

The corresponding integer triangles can be found in [OEIS] A049020, A008313, A096713, A064189,
A111062, and A007318, respectively. In the case of the planar algebras, the symmetric m-diagrams
are exactly equal to the rank-m symmetric diagrams used in the Gelfand models in [HR3| and
[KM], and in the case of the non-planar algebras, the symmetric m-diagrams are a subset of the
rank-m symmetric diagrams. Below are examples from these algebras.

Aad. A em ATA] e
Rk om [R5 o

3 5 5
>ﬁ ;ii e Wy‘BlO I I I I e Wylo WfPRlO
. o o o o o

For d,w € Ay, we say that d o w o d” is the conjugate of w by d. For example, below is the
conjugation d o w o d” of diagrams d € P13 and w € ng
(3.3)

R
- DR e
SRR

13’
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We order the m propagating blocks of a symmetric m-diagram according to their maximum entry.
So, for example, we order the blocks in 7(w) = {1,2 |4 ]8,9,10 | 12 | 7,13} as follows: {1,2} <
{4} < {8,9,10} < {12} < {7,13}. We refer to this as maz-entry order. Furthermore, by convention,
we always draw the propagating edges in a symmetric m diagram as identity edges connecting
the mazimum entries in the blocks. Upon conjugating a symmetric m-diagram w by d € Py, if
rank(dow o dT) = m, then the propagating blocks of w have been permuted, and we let 04, € Sy,
be the permutation of the fixed blocks, so that (in max-entry order),

(3.4)  the ith propagating block in w gets sent to the o4, (1)th propagating block in d o w o dr.

We refer to 04, as the twist of the conjugation of w by d. For example in ([B.3) 04, is the three-cycle
(4,3,2).
Remark 3.5. The following properties can be verified through simple diagram calculus for d € Py.

(1) If w is a symmetric m-diagram, then d o w o d’ is a symmetric m’-diagram with m’ =
rank(d o w o d”) < rank(w) = m.
(2) If d = d” then dodod’ =d.

3.2. Irreducible modules Aﬁ. For any of the diagram algebras Ay, let
(3.6) W= CW;| = C-span {d € Ay, | d is a symmetric m-diagram},

and for d € Ay, and w € WATZ define

(37) dow— {ne(d’w)dow od’ if rank(dowod’) =m,

0 if rank(d o w o d*) < m,

where ¢(d, w) is the number of blocks removed from the middle row during the diagram concatena-
tion d o w. For example, for the diagrams in (3:3)), we have d - w = n(d o w o d), since we remove
one block in the concatenation d o w. By Remark B5)(1), if d € A and w € WA"; then d-w € W

Proposition 3.8. The conjugation action defined in [B.7) makes WA’Z an Ag-module.

Proof. We show that for any two diagrams dj,dy € Ap, we have (d1dy) - w = d; - (d2 - w). When
rank ((didz) o w o (d1d)T") < m, then by the associativity of diagram multiplication either rank(dso
wodt) < m orrank(dy o (dyowodt)odl) < m. The action gives zero in either case. Now assume
rank ((dldg) owo (dldg)T) = m. For ease of notation let dj ody = d3 and let dyowodl = w' € WA"Z.
Then we have

dy - (dg - w) = ntdzw) g, . (d2 owo dg) = pt(diw)pl(d,w) (d1 o(dyowodt)o dr{)
— nf(dl,w’)ng(dz,w) (d3 owo dg) .
On the other hand, we have
(didy) - w = nf(@82) dy . oy = ptldisd2) ptldsw) (dsowo dg) ,

and from simple diagram calculus, it is clear that for any x,y, z,u € A, l(x oy,zou) = Ly, z),
and hence £(d1,w") = €(dy,ds) and ¢(dy,w) = £(d3,w). Finally, the linear extension of (3.7)) to the
full algebra A makes WA"; into an Aj-module. ]

For each partition p = m there is an irreducible module S, for the symmetric group S,, labeled
by p. The dimension of S}, is given by the number f* of standard Young tableaux of shape g,
where a standard Young tableaux of shape p is a filling of the boxes of the diagram of p with the
numbers 1,2, ..., m such that the rows increase from left to right and the columns increase from
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top to bottom. We let 8YT (1) denote the set of standard Young tableaux of shape p. For example,
there are five standard Young tableaux of shape u = [3,2]:

1[3[5 13[4 1[2]5 12]4 1[2]3
SlZ)(‘T([?”2D:{tl:24 "t2:25 ‘7t3=34 ‘,t4=35 ‘,t5:45 ‘}.

We let {v; | t € 8YT (1)} denote a basis of Si,. For example, this basis could be one of Young’s
natural, seminormal, or orthogonal bases (see Section [3.3]).
For A € A2+ with [\*| = m, let A} be the vector space

(3.9) A =W'®S) =Cspan{w®uv, | we W, t8YT(\*)}.

If w e Wi and t € SYT(A*), we define the action of d € Ay, on the basis element w ® v; to be

né(d,w)(d owod')® Odw v if rank(dowo dTy = m,
0 if rank(d ow o d”) < m,

where as in (B.7) ¢(d,w) is the number of connected components removed from the middle row
during the diagram concatenation d o w and og4,, € S;, is the twist of the conjugation of w by d
defined in ([3.4)); that is, 04, is the permutation on the propagating blocks of w induced by d.

Proposition 3.11. The twisted conjugation action defined in [B.I0) makes Ag an Ag-module.

Proof. We show that for any two diagrams dy,ds € A, we have (dids) - (w®wvy) = dy - (da- (w@wvy)).
We only need to consider the case that rank ((did2) o w o (did2)”) = rank (dy o (dyowod})odl) =
m. Letting di o dy = d3 and let dg o w o d} = w’, we have (from the proof of 3.5)),

dy - (do - (w®wv)) = nt(d1,dz2)  Elds,w) (d3 owo dg ® Ody ' Odow * vt) ,
On the other hand, we have
(didg) - (w @ vy) = nz(dl’d”né(d&w)(d;}, owods @ Tdsw * Vt)s
so we need to show that
Ody w'Tdo,w * Ut = Odgaw * V-
The equality of the permutations o4, 404, and og, ,, follows from the composition of twists, and

Odyw'Tde,w * UVt = Odsw * V¢ because the action on the symmetric group module Sﬁ; is associative.
Finally, the linear extension of (B.I0) to the full algebra Ay makes A7 into an Ag-module. O

The above construction of Az does not depend on the parameter n, though for exceptional
n-values the algebra A ceases to be semisimple. The structure of Pg(n) for the non-semisimple
cases is investigated in [DW], [ME], and [MS2]. The following result holds when n > 2k, which we
assume for the remainder of the paper.

Theorem 3.12. When n > 2k and X € Ay, , Ag is an irreducible Aj-module.

Proof. First we note that the modules Ag and A} are inequivalent if X\ # p. For, if [\*| = m and
|©*] < m, one can easily find a diagram with propagating number |u*| which necessarily acts as
Zero on Ag but not on AZ . Namely, for any basis element w ® v; of A’,i , we have, from Remark
(2), that w - (w ® v;) = n“ (W ® v;, whereas w acts as zero on Aj. Hence the modules cannot
be related by a change of basis. Now suppose |\*| = |u*| = m but A # p. This does not happen
in the planar case as only the trivial S,,-module appears. In the non-planar cases, for any o € S,;,
we can choose a d € Ay such that d- (w ® v;) = w® o - v;. Hence, the modules Aﬁ and A’,i are

inequivalent because S?; % Sh,.
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Finally, the set {A2 | A € A2*} accounts for the full dimension of Ay. For A € A%*, the
dimension of Ag is given by
. A A* 2*
dim A} = [Wpl| £
We now consider the planar and non-planar cases separately. For the non-planar algebras, we sum
the squares of the dimensions of the inequivalent modules we have constructed,

SR ) = X S PGt = X g = dim A,

AEA;, k mEI‘Ak uFm mEFAk

where we have used the well-known symmetric group identity m! = >_ uFm( )2, The first equality
uses the bijection between (ZIT) and (ZI3)). The last equality is justified as follows: [W,| counts
the number of possible top (resp., bottom) rows of diagrams in Ay with m blocks distinguished
as propagating blocks, so that |V\7A";|2 counts the number of top and bottom rows with m blocks
chosen from each to be propagating blocks. The distinguished blocks can be matched up in m/!
ways, and summing over the possible ranks gives the number of basis diagrams for Ag. The planar

case is similar, except we have only the trivial partition [m] for each m € 'A% so that

Z <‘W){’2*“f>\*>2 _ Z |WAHZ|2 _ dim A,

AEADE mel Ak
In the planar case there is no m! because propagating edges cannot cross. O

Remark 3.13. When |\*| = k, the only diagrams that do not act as zero on A3 are the permutation
diagrams in Sy C P. Then the action (BI0]) is exactly the action of Sy on the irreducible module
Sﬁ*, and there is an isomorphism Ag &~ Sg* as S modules.

3.3. Choice of basis for S}, . For A € A2+ with |\*| = m, the construction (B9 of the irreducible
Aj-module A} = Wi ® S} allows for any choice of basis of the symmetric group module S .
Young’s [You| natural, seminormal, or othogonal bases are obvious choices but any choice will work.

In Young’s natural basis {n; | t € 8YT(\*)}, the defining feature is that for any permutation
o € S,, we have

(3.14) TN =Ny,

where o(t) is the tableau given by permuting the entries of ¢ according to o and where we view No (1)
as an element of S}, regardless of whether o(t) is standard or not. When o(¢) is nonstandard, the
vector n,(;) can be re-expressed as an integer linear combination of basis elements n; for ¢ € SYT(A\*)
by applying a recursive “straightening” algorithm using (for example) Garnir relations, which are
identities in the group algebra CS,,,. See [Sag|, [CLL] for details. One can also directly compute the
matrix of o in the natural basis using a combinatorial method called tableaux intersection [GM].

The action on the seminormal basis {v; | t € 8YT(A\*)} is defined only on the adjacent transpo-
sitions s; = (4,7 + 1) € Sy,

1 1
(315) S; V¢ = th + <1 + m)vsi(t),

where v,y = 0 if 5;(¢) is nonstandard, and A;(t) is the azial distance from i to i + 1 in ¢, defined
to be

(3.16) Ai(t) = (ei = 1) — (Cit1 — Tit1),

if 4 is in the position (r;,¢;) and (i + 1) is in the position (rj41,¢i+1) in t. The action on the
orthogonal basis {u; | t € SYT(N\*)} is identical to that of the seminormal basis but with the

off-diagonal entry 1 + ﬁ(t) replaced by /1 — (ﬁ(t))z
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Example 3.17. Let £ = 12 and A = [n — 5,3,2]. There are five standard Young tableaux of
shape A\* = [3,2] as shown in B2). Let w € Wi be the symmetric 5-diagram shown in (3:3)
and consider the basis element w ® v, of Pli‘. There is one block removed during the diagram
concatenation d o w, and the five fixed blocks of w are twisted by the permutation o4, = (4,3,2).
Hence d - (w ® vy,) = n(w' ® 044 - vt,), where w' = dow o dl. We now exemplify how o4, acts
when we take v; to be the natural and seminormal bases.

Let ny, be a basis element of Young’s natural representation. Then og,, - Ny, = n, o (ta)s where

1]4]3] 1[3]4] 1]3]5]
odw(ts) = 575 = [2]5 - o204] -

The second equality above comes from the Garnir relations (see [Sag]), and it follows that
d-(w®ny) =nw ® Nogw(ts) = nw' ® ng, —nw' @ ny, .

Now let v¢, be a basis element of Young’s seminormal representation. The permutation o,
must be re-written in terms of adjacent transpositions, o4, = $453. Then we have

1 1
Odw *Vtg = 54 ° (53 ’ Vt4) =54 <_Vt4 + (1 + _)V53(t4)>

3 3
1 1 1 4 1
= g <—§Vt4 + (1 — §)V54(t4)> + g <V53(t4) + (1 + I)V5453(t4)> .
Because 5453(t4) is nonstandard, vg,s,(;,) = 0, and sy - (83-vy,) = —%vt4 + %vt3 + %vts. It follows that

n , n , in
d-(w®vt4):—€w ®vt4+€w ®vt3+?w ® Vi

4. SET-PARTITION TABLEAUX

In this section we describe the irreducible modules of the algebras A, on a basis indexed by
set-partition tableaux. These tableaux first appear for the partition algebra implicitly in [BHH],
Sec. 5.3] and explicitly in [BH3, Def. 3.14]. They also appear (independently) as multiset tableaux
in [OZ]. In Section 3] we restrict the definition of set-partition tableaux to work for each of the
diagram subalgebras Aj.

Definition 4.1. Let A = [A1, Ag,...,\¢] be an integer partition of n into ¢ parts, with \* =
[A2,..., A7), and let 7 be a set partition of {1,...,k} into ¢ blocks with |\*| <t < n. A set-partition
tableau T of shape A and content 7 is a filling of the boxes of the skew shape A/[n — t] with the
blocks of 7 so that each box of A/[n — t] contains a unique block of 7. The blocks below the first
row of T are called propagating blocks, while the blocks in the first row are called non-propagating.
A set-partition tableau is standard if all of the entries of T increase across the rows from left to
right and down the columns using max-entry order on the blocks of 7.

Example 4.2. Below is a set-partition tableau T of shape A = [8,4,3,1] I 16 and content
m={3]5|6]8]2,9|12]4,7,10,14 | 13,15 1,16 | 11,17}

which has ¢ = 10 blocks. The blocks are increasing across the rows and down the columns, so T
is standard. We have emphasized max-entry order by underlining the maximal elements in each
block of .

[ [2[im]

6 8 |11,17
4,7,10,14 113,15

IS4 B[SV

|©
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Remark 4.3. Let A - n and 7 be a set partition of {1,...,k}, and let T be a set-partition tableau
of shape A and content m. When n > 2k (which we assume for the semisimplicity of P(n)) there is
no column of T with both propagating and non-propagating blocks. To simplify our figures we omit
unnecessary boxes from the first row, and let a single box with “---” denote the correct number
of boxes. For instance, consider the same tableau as in the example above, but where A € A7, is
the partition [n — 8,4, 3,1] for some n > 34,

n—10 boxes

~[E[L]

6 8 11,17
4,7,10,14 113,15

For k € Z>p and X\ € Ay, define 8PT(\, k) to be the set of set-partition tableaux of shape
A\ whose content is a set partition of {1,...,k}, and define SPT(\, k) to be the subset of these
tableaux whose first row is increasing from left to right. Finally, define SSPT(\, k) to be the subset
of standard set-partition tableaux. For a fixed A and k, S§PT(\, k) C 8PT (A, k) C SPT(\, k), and
the sizes of these sets (when n > 2k) are given by

(4.4) SPTOLK) =3 {’z } <;>t!,

t

(4.4b) SPTOLK) = {f} <:n> ml = W [l

t

(4.4c) 8SPTOK) =Y {lj} <:n> A = dim P = 3 {]z} <:n> 7,

t t

which are justified as follows: first partition the set {1,...,k} into at ¢ > m blocks, and choose
m of these blocks to propagate. For (44al), we can arrange the blocks of the tableau in t! ways,
for (4.4D) the first row is fixed and we are free to arrange the propagating blocks in m! ways, and
for ([@4d) the number of standard arrangements of the blocks is equal to f*[*~4. The second
equality in (4£.4d) also holds when n < 2k [BH2| [BH3| BHH].

Recall that Wy is the set of symmetric m-diagrams in Pg, and let YT (u) be the set of Young
tableaux of shape p. For each A € Ay, ,,, there is an easy-to-verify bijection,

(4.5) SPT(A k) —— Wi | 5 YT(A"),

which is given by associating T € 8PT(\, k) with the pair (w,t) € Wﬂtf‘ X YT (A*) where w is the
symmetric |\*|-diagram whose propagating and non-propagating blocks are those of T and where ¢
is the standard tableau with entries {1,...,|\*|} such that i is placed in the same position the ith
propagating block of w occupies in T. See Example

Example 4.6. If w®uvy, is the basis element from (B.3]), then the bijection in (4.5]) gives the pairing,
n—T7 blocks

) [ ] o
3501 T e e e BT
1,2 Q} \ ﬁl o o eIk
)\*

4
7,13




SET-PARTITION TABLEAUX AND REPRESENTATIONS OF DIAGRAM ALGEBRAS 13

4.1. Action of diagrams on set-partition tableaux. Now we define an action of diagrams in
Ayj on set-partition tableaux that generalizes the permutation action of the symmetric group on
Young tableaux. For d € Ay let top(d) be the partition of {1,...,k} induced on the top row of d.

Definition 4.7. For a diagram d € Ay and a set partition 7 of {1,...,k}, let d o 7 denote the
diagram concatenation of d with 7w, where 7 is viewed as a one-line set-partition diagram. Given a
set-partition tableau T of shape A F n and content 7, define the action of d on T, denoted d(T), to
be the set-partition tableau of shape \ where:

(a) the propagating blocks in d(T) are obtained by replacing each propagating block of T with
the block it is connected to in top(d o ),
(b) the non-propagating blocks in d(T) are
(i) the non-propagating blocks of top(d o 7),
(ii) blocks of top(d o m) which are connected only to non-propagating blocks of T,
(c) the non-propagating blocks increase from left to right in the first row of d(T),
(d) if the results of the above steps do not produce a set-partition tableau, then d(T) = 0.

The action of a diagram d on a tableau T is easily obtained by placing d above T, drawing edges
from the blocks of T to the corresponding blocks on the bottom row of d, and performing diagram
multiplication. For instance, see Examples [4.8] and

Example 4.8. Let T be the set-partition tableau from Example Acting with the diagram d
from (B3]), we find

1 2 3 4 5 6 7 8 9 10 11 12 13

d=
...|4|10,1_1|
= [L23]8.12]9 — d(T)
\ 5,6,7] 13
T=[V1,2
8,9, 101

The following diagram acts as zero on T, since the result is not a set-partition tableau.

1 2 3 4 5 6 7 8 9 10 11 12 13
[ ]

-~ 5(8,9[10,12,13
— |1,2,4( 3,6 =0
1,2,417,11

\
T=|',2 [V\4

8,9,1077, 134

Remark 4.9. A diagram d acts as zero on a set-partition tableau T if

(a) two propagating blocks of T become connected when constructing d(T), or
(b) a propagating block of T does not propagate to the top of d when constructing d(T).
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4.2. Natural basis. For A € Ay ,,, let {Nt | T € 88PT(\,k)} be a set of vectors indexed by the
standard set-partition tableaux of shape A. Define

(4.10) P2 = C-span {NT | T € 88PT(\, k)},
and for d € P, and T € 88PT(\, k) define
é d7T . . oy .
(411) 4Ny = nt( )Nd(T) ?f d(T) ?s a Set-pal“tltIOH. ‘?ableau,
0 if d(T) is not a set-partition tableau,
where d(T) is defined in Definition A7 and ¢(d, T) is the number of connected components removed

in the construction of d(T). If d(T) is not standard, then Ng) can be expressed as an integer
linear combination of basis elements using Garnir relations (see Section [3.3]).

Example 4.12. Let d and T be defined as in the first example from Example[4.8 In the construc-
tion of d(T) there is one connected component removed, so that

...|4|107£|

[Re}

d- Nt = nNyer), where d(T) = [1,2,3]8,12
5,6,7] 13

The result is nonstandard, with a descent in the first row. The Garnir relation for straightening
Nd(T) is:

...|é|107ul ...|4|107£| ...|4|10’£|
1,2,3(8,11(9 = |1,2,3[9]811 — |1,2,3] 9 [12 ,
5,6,7| 12 5,6,7]12 5,6,7]8,11
and hence

d . NT = 7”LNT1 — ’I’LNTQ,
where T and To are the two standard set-partition tableaux appearing above. This can be com-
pared to Example B.17 (a), which gives the analogous action on the diagram basis.

Theorem 4.13. The action defined in (@II)) makes P} into a Py(n)-module, and P} = P}

Proof. We show that the action defined on set-partition tableaux is simply the result of applying
the bijection (&3] to the action defined in ([B.I0) when the basis for S} is Young’s natural basis
v; = ng. Let T be a standard set-partition tableau of shape A and content 7, and let w ® ny, be
the basis element associated to T via the bijection (Z5]). Assuming rank(d o w o d”) = m, we have
d-(wen) = ndw)d o wo dl @ Noy..(t), Where the ith propagating block of w gets sent to the
04,0 (i)th propagating block of d o w o d¥. To obtain o4,,(t), we replace i with 4,,(i). If T is
the set-partition tableau associated to dowod! ®n, dw(t) DY (45), then the propagating blocks of
T are obtained by replacing the ith propagating block of T with the o4,,(7)th propagating block
of dow od” for each i, and the non-propagating blocks of T’ are the non-propagating blocks of
dowod! @n, dw(l)s which are either the non-propagating blocks of d or the blocks of d connected
only to non-propagating blocks of w. Hence T’ = d(T). One can easily confirm that the connected
components removed in the construction of d(T) are connected only to non-propagating blocks of
T, otherwise the action gives zero. Hence ¢(d, T) = ¢(d,w). Finally, by Remark [£.9] the criteria for
d(T) = 0 are equivalent to the criteria for rank(d o w o d’) < m. O

Remark 4.14. The construction defined in (AI0) and ({II) is a partition algebra analogue
of Young’s natural basis for the irreducible modules of the symmetric group, and we refer to
{NT | T € 88PT(\, k)} as the natural basis for P}. Analogous modules can be constructed when
the basis for Sﬁf is seminormal v or orthogonal u;. However, the action on these modules, though
isomorphic to the one defined above, lacks the “naturalness” evident in (Z.11]).
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The generators s;,p;, b;, have particularly nice actions on set-partition tableaux, which we de-
scribe in the following theorem. The actions of the generators ¢;, [;, and t; of the subalgebras are
omitted for brevity but can easily be obtained from s;, b; and p;.

Theorem 4.15. Let A € Ay, and T € 88PT (A, k), so that Nt is an element of the natural basis
for Pﬁ. Then the action of s;, p;, b;, and ¢; on N1 are given by:
(a) si - Nt = Ng, (1), where s;(T) is the set-partition tableau in SPT(A\, k) obtained from T by
swapping i and i + 1, and standardizing the first row.
nNt  if {i} is a non-propagating singleton block in T,
(b) pi Nt =140 if {i} is a propagating singleton block in T,
Np,(T)  otherwise,
where p;(T) is the set-partition tableau in SPT(N, k) obtained from T by removing i from its

block, placing the singleton block {i} into the first row, and standardizing the first row.
Nt if i and i + 1 are in the same block in T,

(¢) b;-NT =<0 if i and 1+ 1 are in different propagating blocks in T,

N, (T) otherwise,
where b;(T) is the set-partition tableau in SPT(\, k) obtained from T by joining the block
containing i with the block containing i + 1, and standardizing the first row. The resulting
block becomes propagating if one of the original blocks was propagating, and otherwise stays
non-propagating.
If 5i(T), pi(T), by(T) is a nonstandard set-partition tableau then Ng 1y, Ny, 1y, Np, (1) can be ex-
pressed as an integer linear combination of basis elements using Garnir relations (see Section[3.3).
Proof. The action is easily obtained from (4.IT]) through diagram calculus as in Example @8 O

Example 4.16. We give examples of the explicit action of p; and b; described above.

(a) Action of p;. Consider the following standard set-partition tableau T of shape [n — 4,3, 1],
- |4[5.6] - |1[5[6]
2,3,8(9 = 2,3,8

|©

Ps

B
|I\1 =S

i) SREIE
2,3,8(9 =

ps

B
|I\1 =S

Since 1 is a non-propagating singleton, p; - Nt = nNt. Since 4 is a propagating singleton,
py acts as zero on T. When p5 acts on T, it separates 5 and 6. When pg acts on T, it
moves 8 to its own block on the first row, and the result is nonstandard. We then have
P5 - Nt = Nps(r) and ps - Nt =Ny ).

(b) Action of b;. Consider the following set-partition tableau T of shape [n — 4,3, 1],

---|6,§|1,2,Q| ---|6,§|
by 3 |7[10 = [1,23,9]|7]10 ,
4,5 4,5
- 16,8]1,2,9] ~+11,2,6,8,9|
bg 3 |7[10 = [ 3 [7[10
4,5 4,5
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Since 1 and 2, and 4 and 5, are in the same block, both by and by fix T. Since 3 and 4 are in
different propagating blocks, bs acts as zero on T. When bs acts on T, the contents of the
block containing 2 are appended to the block containing 3, and the result is nonstandard.
Finally, bg acts by joining the blocks containing 8 and 9. Thus by - Nt = Ng,(1) and
bs - N1 = Ngg(1)-

4.3. Subalgebras. When Ay is a subalgebra of the partition algebra, applying the bijection (4.5])
to basis elements of Ag yields restricted types of standard set-partition tableaux of shape A € A&+,
In particular, for all of the proper subalgebras the propagating blocks are singletons. For the
Brauer and Temperley-Lieb algebras the non-propagating blocks are pairs, for the rook-Brauer
and Motzkin algebras the non-propagating blocks are pairs or singletons, and for the rook monoid
and planar rook monoid algebras the non-propagating blocks are singletons. Below are example
set-partition tableaux for these subalgebras.

-+ |1.3[5.6]4.8] - [2,3]1,4]8,9]
AH T € SSPT(A\, Wi, ) 5o € 88PT(X, Wyg,,)
- [2[14]3]6[8.19] BaE[s[e]n ]
3k € 8SPTAWis,)  [1T2l5 € 8SPT(A, W)
1 [B[a[e[z[9] ) [L2[E[E[6 o] ;
BHE € SSPT(A, WR,,) NRE € 88PT (X, Wh,,)

When restricted to the subalgebra Ay, Definition [4.7] defines an action of A, on set-partition
tableaux T € S8PT (A, WA”Z). This leads to the following theorem, whose proof is identical to that
of Theorem (4.13]

Theorem 4.17. When restricted to any of the subalgebras Ay, the action [AI1]) defines an analogue
of Young’s natural representation for Ay.

Remark 4.18. When |\*| = k, the standard set-partition tableaux of shape A* have k propagating
singletons and no non-propagating blocks, and thus are standard Young tableaux. Furthermore,
the only diagrams which are nonzero on Ag are permutation diagrams. Upon restriction to the
subalgebra CSj, the module Ag corresponds exactly to Young’s natural representation.

Example 4.19. We give examples in the Brauer, Temperley-Lieb, and Rook monoid algebras.

(a) Brauer algebra. In the example below d - Nt = nNgyT), where NyT) can be re-expressed in
the basis of standard tableaux using Garnir relations as in Section B3] (in this particular
case, the Garnir relation is simple: Nyt = N1/, where T’ has 7 and 8 switched).

1 2 3 4 5 6 7 8 9 10
A A g
d:

[AESp

|co
I~
I
U
—~
—
~

||w b0
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(b) Temperley-Lieb algebra. In the example below d - Nt = Ng(T)-

C 0 £ i 0
A L 10 =d(T).
/

|2\3|1\4|819|

[$8)
B
ot

5‘6 7410

(¢) Rook monoid algebra. In the example below d - Nt = ngNd(T).

9 10

/\
//..\
e

[= [

T:lZS

The action of the generator e; on set-partition tableaux takes a nice form that can be verified
using Theorem [A.15] and the relation ¢; = b;p;p;+1b;,

nNTt if {i,i + 1} is a non-propagating block in T,

0 if i and 7 + 1 are in propagating blocks in T, or if {i} and
(4.20) ¢;-NT = {i + 1} are singleton blocks in T with one propagating,

nN, (1) if {é} and {i + 1} are non-propagating singleton blocks in T,

Nty  otherwise,

where ¢;(T) is the set-partition tableau in 8PT (), k) obtained from T by removing 4 and i + 1 from
their blocks, making {i,7 4+ 1} into a non-propagating block, joining the remaining elements from
the blocks which contained 7 and i+ 1, and standardizing the first row. The resulting block becomes
propagating if one of the original blocks was propagating, and otherwise stays non-propagating.

Example 4.21. Below are examples of the action of ¢; on set-partition tableaux of Brauer and rook-
Brauer type. Consider the following set-partition tableau T in SSPT (A, W%lo), where A = [n—4, 3, 1],

|L,3[5.6]4.8] - [1.3]5,6]7. 8]

I~y
=
o

|
=S
=
=

||© e

Since 9 and 10 are distinct propagating singletons, eg acts as zero on T. Since {5,6} is a non-
propagating block, ¢5 - Nt = nNt. When ¢7 acts on T, {7,8} becomes a non-propagating block and
4 becomes a propagating singleton, so that ez - Nt = N, (T).
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Consider the following set-partition tableau in SSPT(A, W%Bw), where A\ = [n — 3,2,1],

[2[LA]5]6]3.10] - [2[LA]5.6]8.10]

[Ne)
|
[Ne)

¢5

||\1 o

Since 2 is a non-propagating singleton and 3 is a propagating singleton, ¢y acts as zero on T. The
same is true for ¢g. When ¢5 acts on T, {5,6} becomes a non-propagating block, and e5 - Nt =

’I’LN%(T).

5. CHARACTERS

As an application of the explicit construction of the simple module A7, we provide a closed form
for the irreducible characters of the partition algebra and its diagram subalgebras. If d € Ay, then
taking the trace in the diagram basis, with the action defined in (B.10), gives the following result.

Theorem 5.1. Let d € Ay, be a basis diagram for Ay, and let X € A with |\*| = m. The value
of the irreducible character xf‘;k on the diagram d € Ay is given by

(5.1a) Xa @) = > nfPNG (o),
wefﬂgz (d)
where n*@W) s the number of connected components removed in the concatenation of d and w, Odw

is the twist of dow od”, and S"ATZ(d) is the set of diagrams in WA”Z fized under conjugation by d,
(5.1b) Fi(d) == {weW | dowod" =w}.
Let ~, be the r-cycle (r,r —1,...,1) in S, C P,(n), and for a partition kK = [k1, K2, ..., k¢| define

(5.2) Ve = Vrr @ Vrg @+ * @ Vegy

where here the tensor product denotes the juxtaposition of diagrams. It follows from the basic con-
struction (see Section Z4land [HRI), Lem. 2.8]) that the irreducible characters of Ay are completely
determined by their values on diagrams of the form 7, ® e®*, where

(4
(5.3a) e= %el = % ~ and |k| + 2s = k for Bi(n) and TLg(n),
1 1 °
(5.3b) e=—p1=_ and |k| + s = k for Pg(n) and its other diagram subalgebras.

Thus, the diagrams ~, ® e®® are conjugacy class analogs for Aj,. For example, if & = 18 and
Kk =1[6,5,2,1] F 14, then

®4 1 o 0o 00 ®2 1 TXY)
ot =2 XN KL maneo = MREUREX LS

are conjugacy class representatives in Pyg(n) and Big(n), respectively. If the algebra Ay is planar,
then the only partition x used is k = [1,...,1] so that ~, is the identity diagram. Furthermore
from [HR1, Eq. 2.17, Eq. 2.22] and [Halll Cor. 4.2.3], the irreducible characters satisfy

0 if |k| < |A*,

A () I > [

It follows from 5.4l that characters of Ay are determined by the characters of Aj;_1 and the values
X)Ak (7x) for k k. When k F k, Theorem [5.1] simplifies to the following.

(5.4) XA, (Ve ®e®%) = {
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Corollary 5.5. For A\ € A2k such that |\*| = m and s - k, we have

(5.5a) XAk Vi) Z FAk Xsm (V)5
pukEm

where FK: = |3"fk (k)| is the cardinality of the following set,

(5.5b) T (k)= {w e W

Yeowoyl =w, Orew € Sy has cycle type ,u} C T (Vk)-

Proof. Clearly nt(®) =1 for all 4, and w, and on these special elements the sum (5.Ial) becomes

Xa0m) = D X8 (0vew) =D D X&) = D FRIG,, (),

weffﬁz (%) uEm we?“ () pEm
where in the third equality we use the fact that characters are a class function. O

5.1. Fixed points F /{‘k (k). We now characterize the fixed diagrams Er"jfk () defined in (5.5D). Many
of the statements in this section are straightforward generalizations of the m = 0 case to m > 0,
and the proofs of Lemma [5.6] Proposition 5.9, and Lemma [5.14] are nearly identical to the proofs
of Lemma 2, Proposition 4, and Lemma 6 in [FH].

A symmetric m-diagram w in Wm is determined uniquely by the set partition top(w) making
up its top row, and the m blocks of top( ) distinguished as propagating. The bottom row bot(w)
is the mirror image of top(w), so we use top(w) to denote the set partition of both the top and
bottom rows of w.

Lemma 5.6. The k-cycle vi fixes w € Wi if and only if the following conditions hold:
(a) all of the blocks of w propagate if m > 0,
(b) none of the blocks of w propagate if m =0, and
(¢) i 3§ ifand only if (i4+7r)~ (j47r), forall v €Z, where i+ and j+r are computed
mod k
Proof. The action of 7, on w is to shift each vertex one step to the left, mod k. Thus, if i ~ j
then (i — 1) "KY (j — 1), viewing the subtraction mod k. Now, if w € F% (v;), then w = Y - w for

any r € Z. Thus i ~ j implies (i — ) ~ (j — 7). If w € F4 (), then the blocks of w either all
propagate or all do not propagate, for if this were not the case, v, would send a propagating block
to a non-propagating block and visa versa. O

Definition 5.7. [FH| Def. 3] For each divisor d of k, define the set partition yq 5 of {1,...,k} by
the rule

a " b if and only if a =56 mod d.

The set partition ygj has d connected components each of size k/d. We refer to the connected
components of yq 1 as d-components.

Example 5.8. When k = 6 there are four set partitions yq6, one for each divisor of 6.

Yo = R RARL 26~ QRAARL P Bs— AL LS Ys=® ¢ o000

Proposition 5.9. A diagram w € Wi is fized by i if and only if top(w) = ya i for dlk, so that

{we W/ | top(w) = ya, where dlk } if m=0,
Ty () = { {w e Wi ‘ top(w) = Y,k } ifm>0 and m |k,
0 ifm>0and mtk.
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Proof. If d|k and top(w) = yq then w satisfies the conditions of Lemma and w is fixed by
g If m = 0, none of the blocks propagate and we can construct w from yg ) for any d|k. If
m > 0, then by Lemma w must have m blocks, all of which propagate, and so top(w) = Y, k-
Conversely, let w € Cﬂ{’;(’yﬁ), and let d be the minimum horizontal distance between two vertices
that are connected by an edge in w. That is,

p {k‘, if w has no horizontal connections,

min{(i —j) modk|i~j,is# j} , otherwise.

Choose i and j so that i ~ j with (i—j) mod k = d. Then by Lemmal[5.6, we have (i47) ~ (j+7)
for 0 < r < k. Now, d must divide k, otherwise all of the vertices of w are connected implying d = 1,
which divides k. If there were a connection in top(w) not in yg, then top(w) would connect two
vertices which are closer together than d, contradicting the minimality of d. Thus top(w) = y4. O

Lemma 5.10. If m > 0 divides k and w € WA"; such that top(w) = Ym k, then the permutation
induced when y, conjugates w is 0, w = Ym, where vy, is the m-cycle (m,m —1,...,1) € S,

Proof. If m > 0 and w € WA’Z, then all m connected components in w are fixed blocks. Using
max-entry order, label these fixed blocks in increasing order mod m, so that w; < w; if ¢ < j. The
action of v on w is to shift the fixed blocks one step to the left, which shifts w; to wy,, w., to
Wy,—1, and so on, down to wy being sent to w;. O

Example 5.11. Let £ = 10 and m = 5. In the example below, we conjugate a 5-diagram w, whose
propagating blocks are ys5 19, by the cycle v19. The induced permutation on the fixed blocks of w
is 00w = (5,4,3,2,1) = 5.

- &-‘.)D D - .&.2)

m“‘\b D [ ] W‘\b b O

Definition 5.12. [FH, Def. 5] For a partition x = [k1,...,k¢] of k and a set partition 7 of
{1,...,k}, we say that the x-blocks of 7 are the ¢ sub-set partitions given by grouping the elements
of {1,...,k} into the subsets

{1,...,kmb ki +1,. .,k + Koty {k1+ R+ 1,0k}

where within a x-block we inherit any connection from 7, but ignore any connections between
different x-blocks. A k-block is said to be of type d if it has d connected components.

Example 5.13. Below is a set partition of {1,...,13}. If K = [5,5,3] I 13, the x-blocks of the set
partition are of type 3, 2, and 2, respectively.

10 11 12 13 10 11 12 13
i
K1 52 K3
Lemma 5.14. Let & = [k1,..., k¢ E k and p = [p1, ..., ps] = m < k. Then w € Wi is in EF/{;(’{)
if and only if the following conditions hold:

(a) for each i, the r;-block of top(w) is of the form ygq, .., for some divisor d; of k;,
(b) if a ki-block of type d; and a r;-block of type d; have connections between them in w, then
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(i) di = dj,
(ii) each d;-component of the k;-block is connected to a unique d;-component of the r;-block,
(iii) there are no further connections between these two blocks,
(c) for each i, there are m;(u) sets of connected k-blocks of type i that propagate, where m;(u)
is the multiplicity of i in .

Proof. (a) When ~,, acts on w, the cycle ~,, acts on the k;-block, so by Proposition [5.9]the x;-block
must be of the form yg, ., for some divisor d; of &;.
(b) If a d;-component in the x;-block is connected to two d;-components djl- and d? in the r;-block,

then by transitivity d} ~ d?. Thus, each d;-component is connected to a unique d;-component.
When 7, acts on w it permutes the d;-components in the x;-block and the dj-components in the
kj-block. If d;j > d; then ~, sends a dj-component that is not connected to the r;-block to a
d;-component that is connected to the x;-block, which cannot happen. The same is true when
d; < d;, and thus d; = d;. There can be no further connections between blocks because that would
force two components in one to be connected to a single component in the other.

(c) Now suppose that a set of x-blocks of type i are connected to each other and all propagate.
Then there are i propagating edges from the rightmost x-block in the set, and by Lemma B.10]
when 7, acts on w the ¢ edges are permuted according to the i-cycle ;. Hence, if for each i there
are m;(u) sets of connected k-blocks of type ¢ that propagate then there are > ;" m;(u) = m
propagating blocks, which are permuted by o, w = Vi, ® Vi, ® - -+ ® y;,, where i; € p. Clearly
0., w has cycle type p1, and any other choices for the number and type of propagating blocks gives
a different cycle type, so that w € fﬂ(k(/ﬁ) for v # p. 0

Example 5.15. Let k = [6,5,3,3,2,2] - 21 and p = [3,3,2] I 8. The following diagram is fixed un-
der conjugation by 7, and the permutation of the fixed blocks is 0, w, = (3,2,1)(6,5,4)(7,8) € Ss.

-0 A XX XX
el Ll et |1 ]
WW?%?%XX

The following diagrams are also in fp’; )

Q:.)j...... "‘.N[[
’U’)2_‘:.\ ® 6 6 06 0 O o o o ’

LA w.[[“l“u
wg:ﬁ??i 222 sl Al

with permutations o, w, = (3,2,1)(6,5,4)(7,8) and o0, v, = (1,2)(5,4,3)(8,7,6), respectively,
which both have cycle type [3,3,2]. It is easy to verify that these three diagrams satisfy the
properties of Lemma [5.141

5.2. The partition algebra. We now count the number of symmetric m-diagrams in Wy? that
satisfy the conditions of Lemma [5.141

Definition 5.16. Let k = [kq,...,k¢] be an integer partition of k into ¢ parts. We say that a
divisor of k is a composition v = [vq,...,1y] such that v;|k; for all i = 1,...,¢, and we let v|k
indicate that v is a divisor of k.
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Example 5.17. The following diagrams depict the eight divisors of k = [6,5,1] F 12.

Example 5.18. Each diagram in Fj () determines a divisor of #: by Lemma[5.14] (a) the blocks
of w are of the form yg, ,, where d;|x;, and the collection v = [dy, ..., d,] is a divisor of k. For the
three diagrams shown in Example [B.15] the corresponding divisors of x are

H1 = y M2 = || y M3 =
i

Proposition 5.19. Let k =k and p = m. The number of diagrams in ?#k(/{) s given by

0, S} )

vik @t
where the outer sum is over divisors of K and m;(v) is the number of parts of size i in v.

Proof. Given a divisor v|k consider the symmetric diagram w whose &; block is of the form y,, .,. We
count the number of ways of making w into a symmetric m-diagram in fﬂﬁk (k). By Lemmal5.14] (¢),
for some ¢ and w € ff’f’yfk (k) there must be m; () sets of connected k-blocks of type i that propagate.
The number of available x-blocks of type i in w is given by m;(v). If m;(rv) < m;(u), there are
not enough k-blocks of type i to propagate and the sum gives zero. Suppose m;(v) > m;(u).
To construct w we choose a set partition of these m;(v) k-blocks of type i into ¢ blocks, where
m;(p) <t < m;(v). There are {mit(”)} ways to do this. Then we choose m;(u) of these blocks to
propagate in (mz_t(u)) ways. The remaining blocks do not propagate.

We now count the number of ways of connecting the individual x-blocks. There are i ways of
connecting two k-blocks of type i. For instance, there are three ways of connecting two x-blocks of

A set partition of m;(v) k-blocks of type i into ¢ blocks can be depicted as a one-line set-partition
diagram where each edge is labelled by the ¢ ways to connect two x-blocks. For instance, if i = 3
and m;(v) = 5, then the following represents a set partition of 5 k-blocks of type 3 into two blocks:

Ne—o
3 3

3

Thus, the number of ways of connecting m;(v) x-blocks of type i into ¢ blocks is given by imi)—t,

The inner sum is over m;(u) < t < m;(v), but {m"t(u)} (mit(u)
so we can sum over all t. The connections between (and propagation of) blocks of each type are
independent, so taking the product over all ¢ and summing over the divisors v of k completes the

proof. O

) is identically zero outside this interval,
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Example 5.20. Let x = [2,1] and p = [1]. The two divisors of « are x itself and the trivial divisor
v = [1,1]. The number of symmetric 1-diagrams in Ty, (k) is

<§{1}<i>11_t> <§{1}<é>21_t) ié{?}(j) 1270 = (1)(0+ 1) + (1 +2) = 4.
(NI

The first diagram corresponds to the divisor x while the others correspond to the divisor v. This
coefficient appears in the factorization of the character table for P3(n) in Example (a).

Combining Proposition [5.19 with (5.4]) gives our main result.

Theorem 5.21. If A is a partition of n such that |[\*| = m, and k is an integer partition such that
|k| <k, then

n2e) = S ST ™ ()0 )

pEm vk 1

where the first sum is over partitions u of m, the second sum is over divisors v of k, and m;(v) is
the number of parts of v equal to i.

Remarks 5.22.
R1) A recursive Murnaghan-Nakayama rule for computing x3 Ve @ e®%) is given in [Hall].
Py (n)

The closed formula in Theorem [5.2T]in terms of the symmetric group character Xg; is new.
(R2) When |X\*| = k, the only divisor of x that contributes to the sum is « itself, and the only
partition p - k that contributes to the sum is y = x. Hence

X () = [ [ {:EZ;} <mf(ﬁ)> X3, (1) = X3, (7x)-

; m; (k)

(R3) When |\*| =0, we have = () and X% (79) = 1, so the character formula specializes to

S | Dot

y‘/@ i t>0

This is a new formula for this character value, which is studied in [FH, Thm. 9] and used
there to prove a “second orthogonality relation” for the characters of Py(n) and compute
the joint mixed moments of the number of fixed points of ¢* for o € S,,.

5.3. Subalgebras. We now count the number of symmetric m-diagrams in WA"; that satisfy the
conditions of Lemma [5.14] where Ay is one of the subalgebras of P(n). We first consider the
non-planar algebras, giving new character formulas for the Brauer and rook-Brauer algebras, and
the known character formula obtained in [Sol, Prop. 3.5] for the rook monoid algebra.

Theorem 5.22. If Ay, is one of the non-planar subalgebras of Py(n) and A € A2+ with |\*| =m
then

A Ko AF
Xa, (7 ®€%) = Y PR xs,, (),
pukEm
where Kk is a partition such that |k| + 2s = k for the Brauer algebra and |k| + s = k for the others.
The coefficients Ffi’: for the Brauer, rook-Brauer, and rook monoid algebras, respectively, are given
by,
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> Z: <di(§£ M)>(2t LR (M)dww,

(—1)i
2
> > <d(; ”)>(2t NI <%—1)i>di(ﬁ’m_2t7
Ko m,-(/f)
© Frr =11 (mi(u)>’
m;(p) and for (a) we adopt the convention 0°=1 as in [Knu].

where d;(k, pn) = m;(k) —

Proof. We count the number of symmetric m-diagrams in CFA”k (k) for each algebra. For each of
the proper subalgebras of Py(n), the propagating blocks of a symmetric m-diagram are identity
edges, so the propagating x-blocks are of the form y,, .,. Consider first the Brauer algebra. There
are m;(k) blocks which can become propagating blocks of type i. If m;(k) < m;(u), there are not
enough blocks of type i to propagate and the coefficient is zero. If m;(k) > m;(u), then we choose
m; (1) of these to propagate. There are d;(x, ) = m;(k) — m;(n) blocks of type i remaining. The
non-propagating blocks in Brauer diagrams have size two, and if ¢ is even, we can choose 2t of the
remaining blocks to pair up in (2t — 1)!! ways, where a given pair can be connected in i’ ways. The
remaining d;(k, 1) — 2t blocks are not paired up, and are made into blocks of type i/2 by pairing up
vertices within each block. If 7 is odd and d;(k, ) is even we pair all d;(k, 1) blocks together, which
can happen in (d;(k, u) — 1)! i%#)/2 ways. If both i and d;(k, 1) are odd, there are zero ways of
pairing the non-propagating vertices. Taking the product over all values of ¢ gives the result.

For the rook-Brauer algebra it is possible to have non-propagating blocks of size one. If i is even,
each of the d;(k, ) — 2t blocks designated as non-propagating can either consist of singletons or
pairs, so there are 29i(%:1)=2t configurations for the non-propagating blocks. If 4 is odd, all of the
non-propagating blocks must be singletons, so there is only one choice.

Finally, for the rook monoid algebra, all of the non-propagating blocks are singletons, so for each
i we simply choose m;(u) blocks of type i to propagate. O

The characters of the planar subalgebras are determined by their values on the identity diagram
1,, for r < k (see (B4)). It follows that the set of fixed points equals the set of symmetric
m-~diagrams. This gives the known character formulas obtained in [HRI) Sec. 2] for the Temperley-
Lieb algebra, in [BH| Sec. 4.3] for the Motzkin algebra, and in [FHH, Sec. 5] for the planar rook
monoid algebra.

Theorem 5.23. If Ay is one of the planar subalgebras of Pi(n) and X € A2* with |\*| = m, then
XA, (1, ® %) = F0,

where 1+ 2s = k for the Temperley-Lieb algebra and r 4+ s = k for the others. The coefficients FXZT
for the Temperley-Lieb, Motzkin, and planar rook monoid algebras, respectively, are given by,

(8) Frp, ) = <—Zm> - <T‘2mr— >
-5 (o) (") (),
© Fo = ()

Proof. The proof is by counting symmetric m-diagrams in the planar algebras, which is done in
[HR3l Sec. 5.5-5.7]. O
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5.4. Character tables. When viewed as a matrix, the character table of Ay, denoted =4, , can be
expressed as the product of a direct sum of character tables Zg,, for 0 < m < k and the matrix Fy, ,
whose u, x entry is FZ’:. It is clear from the definitions above that, in all cases, Fa, is unitriangular
(with respect to lexicographic order on partitions) with entries in Z>( and has determinant equal
to one. As a result, the absolute value of the determinant of the character table 24, is equal to the
absolute value of the product of determinants of symmetric group character tables Eg,, . In [Jam]
and [SS] it is shown that the absolute value of the determinant of Eg,, is equal to the product of
all parts of all partitions of m: |det Zg,,| = [[ 4, [I; imi(#), This leads to the following result.
Proposition 5.24. Let Ay, be any of the diagram algebras above, and let 4, denote the character
table of Ay viewed as a matriz with integer entries. Then

H H i™ )i Ay is non-planar,
A i

1 if Ay is planar,

’detEAk’ =

where the product is over partitions \ € A%,
We conclude the section by providing examples of character tables for the non-planar algebras.

Example 5.25. In the following examples, the rows of Z4, are indexed by the irreducible Aj-
modules, which are labelled by partitions A € A2, and the columns are indexed by conjugacy
class analogs, which are labelled by partitions of 0,..., k. Both are arranged in lexicographic order.
For example, the rows of Zp,(,) are indexed by {[n],[n — 1,1],[n — 2,2][n — 2,1,1],[n — 3,3],[n —
3,2,1],[n — 3,1,1,1]} and the columns are indexed by {0, [1], [2],[1,1], [3], [2,1],[1,1,1]}.

(a) The partition algebra, Ps(n). Note that the entry F[;i’([i’)u = 4 is computed in Example[5.20:

11 2 2 2 3 5 1 112 2 2 3 5
1 1 3 1 4 10 -1 - 11 3 1 4 10
1 1 0 2 6 1 1 1 00 1 O
-1 1 0 0 6 -1 1 - - 1 01 6
1 1 1 1 1 1 1 0 O
-1 0 2 -1 0 2 1 0
1 -1 1 1 -1 1 1
Epy(n) Es,®Es, BEs,PEs, Fpy(n)
(b) The rook-Brauer algebra, RB3(n):
11 2 2 1 2 4 1 2 21 2 4
1 0 2 0 2 6 - 102026
1 1 0 1 3 1 1 10010
-11 0 -1 3 -1 1 - - 100 3
1 1 1 1 1 1 100
-1 0 2 -1 0 2 10
1 -1 1 1 -1 1 1
ERBS (n) Zs,®Es, ®=s, ®=s, FRB3 (n)
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(¢) The rook monoid algebra, Rg:

11 1 1 1 1 1 1 - 1111111

1 0 2 0 1 3 r - 102 01 3
1 1 0 1 3 1 1 10 010

-11 0 -1 3|= -1 1 - . 10 0 3

1 1 1 1 1 1 1 00

-1 0 2 -1 0 2 10

1 -1 1 1 -1 1 1

ERg3(n) Es,®=s, ©Es, DEsy Fry
(d) The Brauer algebra, By(n):

1111 0 3 1 3 1 - 11110313
1 1.0 0 2 2 6 11 1000210
-11 0 0 -2 0 6 e B 100016

i 1r 1 11} |- - -1 1 1 11 10000
-1 0 -1 1 3| -1 0 -1 1 3 1000
0O -1 2 0 2 0 -1 2 0 2 100
0 0 -1 -13 0 0 -1 -13 10
-11 1 —-11 -11 1 —-11 1
EB4(n) Es, =8, B,y FBy(n)
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