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Abstract

In this paper, we focus on consecutive pattern distributions in permutations that avoid classical
pattern 123 and 132, that is, S,,(123) and S,(132). We first study generating functions of
length-3 consecutive pattern matching in S,,(123) and S,,(132) and then extend method to sets
of patterns and some more general cases.
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1 Introduction

Let &, denote the set of the permutations of length n. In this paper, we use one-line notation for
permutations. For example, o = 145623 € Sg is a permutation of length 6.

For a permutation o = 0103...0, € Sy, we let Des(o) := {i : 0; > 0;41} and des(o) := |Des(0)|.
If i € Des(c), we say that o has a descent at i'" position. An ascent is an index 1 < i <
n —1s.t. 7 ¢ Des(o). We use asc(o) to denote the number of ascents in o € S, and obviously
asc(o) +des(o) =n — 1.

Now consider a sequence A = Aj\g. ..\, of distinct integers. We replace the it" smallest element
in A by ¢ to get the reduction of A\, denoted by red()). For example,

red(51) = 21, red(2638) = 1324.

For a permutation o = o102...0, € S, and a permutation A\ € S where k < n, if there exist
integers 1 <11 < ig < ... <14, < n such that

red(c, 04y ... 04,) = A,

we say o contains classical pattern A. Otherwise, we say o avoids classical pattern \. If there exists
an integer ¢ such that
red(0;0i410i42 - .. Oigpk—1) = A,
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we say o contains consecutive pattern A, or o has a consecutive A-match at position i. If o doesn’t
contain consecutive pattern A\, we say o avoids \ consecutively. We let A-mch (o) denote the number
of consecutive A-matches in o. Clearly, a descent is equivalent to consecutive pattern 21-match.
Notions of pattern matching can be naturally extended to a set of patterns. For instance, the
number of peaks in permutation o is equal to I'-mch(c) where I' = {132, 231}.

In short, a consecutive pattern requires the indices of the subsequence in the permutation to be
adjacent while a classical pattern does not have this restriction. Taking pattern A = 132 as an
example, permutation ¢ = 23541 avoids consecutive pattern A\ but contains classical pattern A
because red(o10304) = red(254) = A\. We let S,,(\) denote the set of permutations in S, avoiding
A. In the example above, o ¢ S5(A) although A-mch(o) = 0.

Both classical permutation patterns and consecutive permutation patterns are popular topics in
combinatorics, especially in enumerative combinatorics. One well-known result is that for any
o € S3, the number of permutations in S, avoiding classical pattern o is counted by n'" Catalan
number, that is,

1 2n
|Sn(a)|:C’n:n+1<n>, Vo € S;. (1)

More generally, combinatorists are interested in finding (exponential) generating functions such as

Fo() = 3 [Sulo)” (2)

n>0

Gt z) = Zg 3 gomeh(@), (3)

n>0  aESn

and

For two permutation patterns o and A\, we say o and A are Wilf equivalent if
Fo(t) = Fx(1). (4)
Similarly, we say o and A are c- Wilf equivalent if
Go(t,0) = G2, 0), (5)
where ‘¢’ stands for ‘consecutive’. We say o and A are strongly c- Wilf equivalent if

G, (t,x) = Gy(t, 2). (6)

Although both classical patterns and consecutive patterns have been studied separately for a long
time (e.g. [I,13]), there is not much research about the consecutive pattern matching in S, (o). Very
recently, Lara Pudwell studied distribution of valleys and peaks in S,(123) in [6]. In this paper,
we shall study a more general situation. Our focus is to find the consecutive pattern matching in
Sp(o) for all 0 € S3 and keep track number of descents meanwhile. In other words, we want to
study the following generating function,

ANty yws) = Yo DT RSO ggmale), (7)
n>0  oeSn(N)

where A € Sz and I' = {71,...,7s} is a set of consecutive patterns. As mentioned above, for o € Ss,
|Sn(0)] is counted by Catalan numbers which also counts Dyck paths. We will mainly use bijections
between S, (o) and Dyck paths to find formulas for A%.



The outline of this paper is as follows. In Section 2, we will study strong c-Wilf equivalence by
explicitly constructing the relevant generating functions. We will also review the bijections of Krat-
tenthaler [4] and Elizalde and Deutsch [2] and three Dyck path recursions. In Section 3, we shall
compute all generating functions of the form Aj(t,y,x) where A and v are in S3. In Section 4,
we shall study the generating functions of §,,(123) and S, (132) tracking multiple consecutive pat-

. 132,231,321 123,213,231,321
terns. In particular, we compute Algg’ 31,3 (t,y, 1,2, 23) and Algg 3,231,3 (t,y,z1, T2, T3, 4).

In Section 5 and 6, we will study generating functions of the form

A(a) =S40 3 g, ®)

n>0 €SN

where A = 123 or 132, and ~ is of some special shapes.

2 Preliminaries

2.1 c-Wilf equivalence in S,(132) and S,,(123)

We shall begin with studying c-Wilf equivalence in S,,(132) and S,,(123) about length 3 patterns.

Given a permutation ¢ = 0103...0, € S,, we let ¢" be the reverse of o defined by 6" = 0, ... 09071,
and o¢ be the complement of o defined by 0¢ = (n+1—o01)(n+1—02)...(n+1—0y,). Further,
we let ¢"¢ be the reverse-complement of o. For example, for o = 15324, we have ¢” = 42351, o€ =
51342, o"¢ = 24315.

It is clear that the distribution of consecutive pattern v in S, () is equal to the distribution of
consecutive pattern v* in S, (\*) for x = r, ¢ and re. Since 123 = 3217, 132 = 231" = 312° = 213",
we only need to study the distribution of patterns in S,(123) and S,,(132) to get the distribution
of patterns in any set S, (\) where A has size 3. In other words, we need to study the 10 gen-
erating functions: A123 (t Y, x)? A%g (tv Y, x)? A%gé (tv Y, x)? AEl%?’) (t7 Y, LE), Afli%% (t7 Y, LE), A%?’)g (t7 Y, LE),
ARty @), AT(ty,2), AT (ty,2) and AF)(t,y, x), where

A’Y ty,x Ztn Z ydes(o " mch(o ) (9)

n>0  oeSH(N)

Since §,(123) is closed under the action reverse-complement (since 123" = 123), we have the
following lemma.
Lemma 1. For any pattern ~y, we have

A?Q?)(t?y?x) = Azgg(tayax) (10)

As a consequence of Lemma [T, we have

A2 (ty,x) = A@(t,y,w), (11)
ABLty,x) = AR(t.y,2). (12)

On the other hand, S,,(132) is not closed under reverse, complement or reverse-complement. We
shall use the following bijection between S,,(312) and S,,(213) in [§].



Theorem 1 ([§], Theorem 1). There is a bijection ¢y, : S,(312) <> S,(213) such that the position
of 1 in o and ¢n(0) are the same. The bijection ¢, acts recursively on the numbers to the left
and to the right of the number 1, and descent positions are not changed, i.e. Des(o) = Des(¢y,(0)).

Thus des(o) = des(¢,(0)).

Since the bijection in Theorem [I does not change the descent positions and the consecutive pattern
k---21 can be seen as k — 1 consecutive descents, we have

ALty ) = A5 (ty, @). (13)

From the recursive definition of the bijection ¢,, in []], the number of consecutive patterns 1k - - - 32
does not change in each recursive step since this counts the number of k — 2 consecutive descents
after the smallest number. We have

Asts 2ty 0) = A5y, ). (14)

Since 312 = 132¢ and 213 = 132"¢, and the action complement changes the number of descents to
the number of ascents, we have the following lemma.
Lemma 2.
Akm2l(ty7 l) 33‘) -1
At ye) = 14— : (15)
Yy

k—1)---21k
Ag32 ) (ty7 é,ﬂf) -1

Y

k12 (h—1
A132( )(t,y,:n) = 1+

It follows immediately that

AfR(ty, 5 2) — 1

AB(ty,2) = 1+ ” , (17)
— A@(ty, l,x) -1
A?é%(t,y,:ﬂ) = 1+ yy . (18)

Setting y = 1 in equations above, we have A%(t, lx) = A%(t, 1,z) and A%(t, lz) = A@(t, 1,z).

Therefore, we only need to compute the following six generating functions for patterns of length 3:

A3ty ), AB3(ty, @), AWBy(ty, @), AiZ3(ty, @), AT (v, 7) and AT (¢, y, 7).

2.2 Bijections from S,(132) and S,,(123) to (n,n)-Dyck paths

We shall first review Dyck paths. In this paper, we use down-right-Dyck paths. Given an n X n
square, we will label the coordinates of the columns from left to right and the coordinates of the
rows from top to bottom with 0,1,...,n. An (n,n)-Dyck path is a path made up of unit down-steps
D and unit right-steps R which starts at (0,0) and ends at (n,n) and stays on or below the diagonal
y = x. The set of (n,n)-Dyck paths is denoted by D,,.

Given a Dyck path P, we let the first return of P, denoted by ret(P), be the smallest number i > 0
such that P goes through the point (i,4). For example, for P = DDRDDRRRDDRDRDRRDR

shown in Figure[ll ret(P) = 4 since the leftmost point on the diagonal that P goes through is (4,4).



0" diagonal

15¢ diagonal
274 diagonal

ret= 4

Figure 1: An (n,n)-Dyck path

We refer to positions (i,7) where P goes through as return positions of P. We shall also label the
diagonals that go through corners of squares that are parallel to and below the main diagonal with
0,1,2,... starting at the main diagonal, as shown in Figure [l The peaks of a path P are the
positions of consecutive DR steps.

As we have mentioned, |S,(132)] = |S,(123)| = |D,| = C,,, where C), = n+r1 (2:) is the n'® Catalan
number. Many bijections are known between these Catalan objects (see [9]), and we use the
bijection of Krattenthaler [4] between S,,(132) and D,, and the bijection of Elizalde and Deutsch
[2] between S,,(123) and D,,. The second and the last author of this paper also discussed the two

bijections in [7, 8] with more details.

We shall first describe Krattenthaler’s [4] bijection ® between S,,(132) and D,. Given any per-
mutation o = o1 --- 0, € §,(132), we write it on an n x n table by placing o; in the ith column
counting from left to right and th row counting from bottom to top. Then, we shade the cells
to the north-east of the cell that contains 0;. ®(co) is the path that goes along the south-west
boundary of the shaded cells. For example, this process is pictured in Figure in the case where
o = 867943251 € Sy(132). In this case, ®(0) = DDRDDRRRDDRDRDRRDR.

9 9

1 1

(a) The map @ (b) The map ¥
Figure 2: §,,(132) < D, S,(123) & D,

Given o = o1...0,, we say that o is a left-to-right minimum of o if o; > o; for all ¢ < j. It is
easy to see that the left-to-right minima of o correspond to peaks of the path ®(o). For example,
for the permutation o pictured in Figure there are 6 left-to-right minima, {8,6,4,3,2,1}.

The horizontal segments (or segments) of the path ®(o) are the maximal consecutive sequences
of R steps in ®(o). For example, in Figure the lengths of the horizontal segments, reading
from top to bottom, are 1,3,1,1,2,1, and {6,7,9} is the set of numbers associated with the second
horizontal segment of ® (o).

The map & is invertible since for each Dyck path P, the peaks of P gives the left-to-right minima
of the 132-avoiding permutation, and the rest numbers are uniquely determined by the left-to-right



minima. More details about ® can be found in [4]. We have the following properties for ® from [7].
Lemma 3 ([7], Lemma 3). Let P € D,, and 0 = ®~Y(P). Then for each horizontal segment H of
P, the numbers associated to H form a consecutive increasing sequence in o and the least number
of the sequence sits immediately above the first right-step of H. Hence the descents in o only occur
between two different horizontal segments of P. The number n is in the column of last right-step
before the first return.

The bijection ¥ : §,(123) — D,, given by Elizalde and Deutsch [2] can be described in a similar
way. Given any permutation o € S,(123), ¥(o) is constructed exactly as in the previous section.
Figure shows an example of this map, from o = 869743251 € Sy(123) to the Dyck path
DDRDDRRRDDRDRDRRDR. The map WV is invertible by the same reason that each 123-avoiding
permutation has a unique left-to-right minima set. More details about ¥ can be found in [2]. We
then have the following lemma from [7].

Lemma 4 ([7], Lemma 4). Let P € D,, and o = W~(P). Then for each horizontal segment H of
P, the least element of the set of numbers associated to H sits directly above the first right-step of
H and the remaining numbers of the set form a consecutive decreasing sequence in o.

2.3 Recursions of Dyck paths

We review three Dyck path recursions for the generating function of Catalan numbers,

D(z) = [Dplz" =) Cpa", (19)

n>0 n>0

which will help us to develop recursions to compute generating functions A?(t, y,x). The recursions
give the same formula for D(x), while they have different applications when tracking consecutive
patterns in S, (132) and S,,(123).

Recursion 1. We can get a recursion by expanding the last horizontal segment. The contribution of
empty path to D(x) is 1. When the last horizontal segment is of length k > 0, the path ends with
steps DR*. The total weight of the last horizontal segment is z* as it has k columns. Referring to
Figure[3 when we trace back the Dyck path from the end, the steps before DRF can be decomposed
into k smaller Dyck paths: one path after the last D step on the (i — 1)™ diagonal before the last
D step on the i*! diagonal for i =0,...,k — 1, each with weight D(z).

D(x)

D (=) D (=)

Figure 3: The first recursion of D(x) when the last segment is of size k = 1,2,3

Thus the contribution of the case when the last horizontal segment has size k is ¥ D(z)*, and the
recursion for D(x) is

D(x) =1+ 2*D(x)". (20)
k>0

6



Recursion 2. We can also get a recursion by breaking a path P at the first return into 2 Dyck
paths: P = DPRP,. Here the path P; locates between the first D step and the last R step before
the first return, and P, locates after the first return, both with weight D(x); the R step before the
first return has weight z. Considering that the empty path has weight 1, we have

D(z) =1+ zD(x)>. (21)

Recursion 3. The third recursion of Dyck path can be seen as the combination of the first recursion
and the second recursion. We expand the last horizontal segment before the first return.

The contribution of the empty path to the generating function D(z) is 1. When the last horizontal
segment before the first return is of length £ > 0, the path before the first return ends with steps
DRF, which has the weight z*. Referring to Figure @ the path after the first return forms a Dyck
path with weight D(z), and the path before the steps DRF contains k — 1 smaller Dyck paths:
one path after the last D step on the (i — 1)th diagonal before the last D step on the i*" diagonal
fori=1,...,k — 1, each with weight D(z). The contribution of the case when the last horizontal
segment has size k is D(z)z* D(x)*~!, and the recursion for D(z) is

D(z) =1+ D(x)> _ «*D(x) (22)
k>0

D(x)

D(x) D(=)
N R b
(b) (c)
Figure 4: The third recursion of D(x) when the last segment before first return is of size k = 1,2,3

3 Computation of generating functions Aj(t, Y, T)

In this section, we compute the generating function

A’y ty, Ztn Z ydes(a ) mch(o) (23)

n>0  oe8Sp(N)

for A and v in S3. By the classification in Section 2.1, we need to calculate 6 generating functions.

3.1 The function A32(t,y, z)

Given o € §,(123), we can see from Elizalde and Deutsch’s bijection and Lemma [4 that des(o) is
equal to the total number of patterns RD and RRR in the corresponding Dyck path W(o). Further,
132-mch(o) is equal to the number of path pattern DRRR in the Dyck path ¥(o). In other words,
we only need to study the distribution of pattern DRRR (which looks like L= on the n x n square)
in all Dyck paths of size n. We can directly get the recursion of Ai33(t,y,z) using the first Dyck
path recursion. We will always use the shorthand A for AZ(t, y,x) in each computation.



Theorem 2. A%(t,y,x) satisfies the following recursion,

A=1+ty(A—1)+ 1) +3(z - 1)y’ (y(A—1)+1)3, (24)
and
=5 1 5] 2n — 3t
132 _ L _qyi—k -

i=k

Proof. By the Dyck path bijection ¥, we can take A as the generating function of Dyck paths,
where for each path, ¢ tracks the size of the path, y tracks the total number patterns RD and RRR
in the path, and z tracks the number of patterns DRRR.

We say that a horizontal segment is interior if it is neither the first horizontal segment nor the last
horizontal segment. For each Dyck path P, we call the path PD (adding an extra D step at the
end of path P) the extended path of P.

For our convenience, we define a generating function A; of Dyck paths similar to A:

Ar(t,y,x) = Ztn Z y{RD,RRR}—mch(PD)xDRRR—mCh(PD)_ (26)
n>0 PeD,

As we defined above, in A1, t tracks the size of P, y tracks the total number patterns RD and RRR
in the extended path PD, and z tracks the number of patterns DRRR in the extended path PD
for each Dyck path P. In other words, A; denotes the generating function of Dyck paths of which
we suppose there are some lower horizontal segments after the last step, and the last segment is an
interior segment.

The difference between A and Ay in this case is that, for any nonempty path, A; counts one more
pattern RD formed by the last R step and the extended D step. Thus we have the following
relation between A and Ay,

A —1

Y

A=

+1. (27)

Next, we shall formulate a recursion for A;. We shall use Recursion 1 described in Section 2.3
i.e. we expand the last horizontal segment of a Dyck path P. The empty path has contribution 1
to Aj. If the last horizontal segment is of length 1, then the path ends with steps DR, and there
is a Dyck path structure before the last two steps with weight A;, as shown in Figure The
weight of the last segment is ty as the last R step and the extended D step form an RD pattern
contributing 1 to the power of y. Thus the contribution in this case is tyA;.

If the last horizontal segment is of length 2, then the path ends with steps DRR, and there are 2
Dyck path structures before the last three steps both with weight Ay, as shown in Figure The
weight of the last segment is t>y as the last R step and the extended D step form an RD pattern
contributing 1 to the power of y. Thus the contribution in this case is t?yA2.

If the last horizontal segment is of length k& > 3, then the path ends with steps DRF, and there
are k Dyck path structures before the last k + 1 steps all with weight A;, as shown in Figure
The weight of the last segment is t*zy*~1 as the last R step and the extended D step form an RD
pattern, and the RF steps in the last segment contain k — 2 RRR patterns, contributing k — 1 to
the power of y. The DRRR steps in the last segment contribute 1 to the power of x. Thus the
contribution in this case is thyk_lA’f.



It follows that we have

Ay = 14tyA + 2y A2 + Bay? A3 + oy AT + -
t3xy? A3

= 1+tyd; +t2yA? +
We can get the equation (24]) from equation (27) and (28]).
We shall prove formula (25]) in Section 5.1. O

Setting x = 0 and y = 1 in the generating function, we get

—t—/1—2t—3t?

T35 1
Ag’%(tv 1’0) = 242 ’

(29)

which coincides with the generating function of Motzkin numbers (OEIS A001006 [5]). In other
words, the number of permutations in §,, avoiding both classical pattern 123 and consecutive
pattern 132 is equal to the number of Motzkin paths from (0,0) to (n,0).

We will generalize our method to compute A%g};"z(t, y,x) in Section 5.1.

3.2 The function AZL(t,y, z)

For any permutation o € §,,(123), Lemma [ implies that the number of consecutive patterns 231

matches in o is equal to the number of path patterns DRRD (looks like H;l) in the Dyck path ¥(o).
As with the analysis of the generating function Af33(t, Y, x), we only need to study the distribution
of pattern DRRD in all Dyck paths of size n to get A23i(¢,y,z).

Theorem 3. A@(t,y,x) satisfies the following recursion,

A=y -12y(A-1)% 2%y +2(A- 1%+ (A- 122+ (A- 1y +24-1)
—(A-Dy+DH(A-2)(A-1)y+24-3)+3)) + 1) + (A - Dy((y —3)y +3) + 1
—tly-1D*((A-y+ Dy(A@x+y—2)—z—y+3)—1), (30)

and
2

53T 1 n\[(n—2\ (2n—2
231 1 1 \Antk+l
A1l == >0 o (T) (D) (). (31)

1=0

Proof. By the Dyck path bijection ¥, we can take A as the generating function of Dyck paths
where for each path, ¢ tracks the size of the path, y tracks the total number patterns RD and RRR
in the path, and = tracks the number of patterns DRRD.

We define a generating function A; of to A like what we do in Section 3.1. In A, for each Dyck
path P, we let ¢ track the size of P, let y track the total number patterns RD and RRR in PD,
and let x track the number of patterns DRRD in PD.

The difference between A and A; in this case is that, for any nonempty path P, A; counts one
more pattern RD that the last R step and the extended D step form; if the last segment of P has



length 2, then the last segment and the extended D step form a DRRD pattern contributing 1 to
the power of . Thus we have the following relation between A and A,

A:1+$+t2(1—x)A%. (32)

Next, we shall formulate a recursion for A; using the first recursion of a Dyck path P by expanding
the last horizontal segment. The empty path still has contribution 1. Let k be the size of the last
segment, then the case when k = 1 still has contribution tyA;.

If k = 2, then the path ends with steps DRR, and there are 2 Dyck path structures before the last
three steps both with weight A, as shown in Figure The weight of the last segment is t?zy
as the last R step and the extended D step form an RD pattern contributing 1 to the power of y,
and the last segment of P and the extended D step form a DRRD pattern contributing 1 to the
power of z. Thus the contribution in this case is t2zxyA?.

If £ > 3, there will be no pattern DRRD appear in the last segment, thus the power of x is always
0. Similar to the discussion in Section 3.1, the contribution in this case is tkyk_lA’f .

It follows that we have

Ay = 14+ tyA) + 2oyl + 39243 + -
13y2 A3
= 1 +tyA; +tPayA} + 33
FtyAr+ CayAr+ (33)
By equation ([B32)), we can get the recursion for A from equation ([B3)) to prove equation (B0).
We shall prove formula (31 in Section 5.2. O

We will generalize our method to compute A%gg”?’l (t,y,x) in Section 5.2.

3.3 The function A%2(t,y, z)

By Lemma M| the consecutive pattern 321 does not correspond to a single path pattern when
mapped into Dyck path by . We will show the details in the proof of following theorem.
Theorem 4. The generating function A33i(t,y,x) is given by

55T 1 2
ALty ) = 1— <2 x—1)%5y3 (22y — 1
123( ) 2t (2 (—t)y + o 1 ( ) ( )

+t2 (=2% (22 + 5)y? + (62 + 2)y — 1) + 2t'y (2 — 3z)2'y® + (327 + 22 — 2) 2%y
- (3:132 +x— 1) Y+ 1) + 2(z — 1)t5y> (:135y3 — 3zty? + 42y — ay — 1)

+2t3y (3x4y2 — 23y — 52y + . + 2) +t(doy —2) — 1

F(tay — 1) — 1)2V/ 42222 — Aty — 4t%y + 1) . (34)

Proof. We can count consecutive pattern 321 matches from the horizontal segments of a Dyck path.
It is not hard to see from Lemma [ that the contribution of a horizontal segment to 321 match is
given by Table [Ilif there are more than one horizontal segments in the path.

It is clear from the table that it matters whether a segment is interior or not when counting
consecutive pattern 321 in the corresponding Dyck path. In this proof, we shall define 2 generating

10



Table 1: the contribution of a horizontal segment to the power of = in Ag(t, Y, x)

size | first segment | interior segment | last segment
1 0 1 0
2 0 0 0
3 1 1 0
4 2 2 1
5) 3 3 2

functions, Ag and A;. For a permutation o € S,,, we let 00 denote the length-n + 1 word obtained
by adding a 0 in the end of o, and let (n + 1)00 denote the length-n + 2 word obtained by adding
an (n + 1) before o and a 0 in the end of 0. Then we define

A (t, n l’) — Z g Z ydes((n—i-l)UO) :L,321—mch((n+1)00) ’ (35)
n>0  0€S,(123)
Ay (t, n 33‘) — Z g Z ydos(crO) 3:,321—mch(cr0) ) (36)

n>0 €S, (123)

Both Ag and A; track the same statistics as A. Ag is the generating function of Dyck paths where
we take every segment as an interior segment, and A; is the generating function of Dyck paths
where we suppose that the last segment is an interior segment.

N

Ag Ay A

Figure 5: the generating functions Ag, A; and A

In other words, we suppose that there is some R steps before the Dyck path structure and a D step
following the Dyck path structure that do not contribute to the size but contribute to the pattern
matches in the generating function Ag; and there is a D step after the Dyck path structure that
do not contribute to the size but contribute to the pattern matches in the generating function A;.
Figure [0l gives sketches of Ag, A; and A.

We shall begin with computing a recursion for Ag since it only consists of interior segments. For each
segment in Ay, we can get its contribution to descents and 321 matches by Lemma [, summarized
in Table 2

Table 2: the contribution of horizontal segments in Ay

size | contribution to descents | contribution to 321 match
(power of y) (power of x)
1 1 1
2 1 0
3 2 1
4 3 2

11



Then, by applying the first Dyck path recursion to expand the last horizontal segment of Ay, we
can get a recursion for Ay based on Table

Ay = 1+txyAp+ toAg + tgxy2Ag + t4x2y3Aé‘ + .-
t*y A

= l+teydo+ ———.
+izy 0+1—t:17yA0

(37)

Next, we want to compute the recursion of A; in terms of Ag and A;. We use the third recursion
for Dyck paths which expands the last horizontal segment before the first return that is of size k.
When k = 1, there are only 2 steps, DR, before the first return. There is a Dyck path structure
P, after the first return with weight Ay since all the segments in P; are interior segments. The
contribution of this case is tyAg as shown in Figure

When k = 2, the path ends with steps DRR before the first return. There is a Dyck path structure
Py after the first return with weight Ag for the same reason. By the third recursion of Dyck paths,
there is another Dyck path structure P» above the last horizontal segment before the first return.
The weight of P, is A; since it contains the first segment of the whole path. The contribution of

this case is t?yAgA; as shown in Figure

When k = 3, the path ends with steps DRRR before the first return. There is a Dyck path structure
P, after the first return with weight Ag. By the third recursion of Dyck paths, there are two Dyck
path structures P5, P3 (counting from top to bottom) above the last horizontal segment before the
first return. If P is not empty, then it has weight A; — 1 since it contains the first segment, and
the weight of P3 is Ag. If P is empty, then it has weight 1, and P; has weight A; since it contains
the first segment of the whole path. The contribution of this case is t32y2Ag(Ag(A; — 1) + A;) as

shown in Figure

(a) (b)

Figure 6: Contributions to A; when the last segment before the first return has size 1, 2,3

Generally, if the last horizontal segment before the first return has size k > 3, the total contribution
should be tFak=2yF=1 Ag(AF2(Ay — 1) + -+~ + Ag(A; — 1) + Ay). Tt follows that

A1 = 1+ ton + t2yA0A1 + t3$y2A0(A0(A1 — 1) + Al) =+
AO - A1 t2yA0 A1 —1 t2yA(2)

= 1+1tyA .
tiyLo+ Ag—1 1—txy Ap—11—txyAy

(38)

Finally for A, we use the first Dyck path recursion by expanding the last horizontal segment. The
last segment of size k contains £ — 2 pattern RRR and k — 3 pattern RRRR. Thus it contributes
nothing to the power of y and = when k < 3, and it has weight t*2*~3y¥=2 when k > 3.

Above the last segment, all the Dyck path structures have weight of either Ay or A; as they only
have the first segment and some interior segments. Similar to our analysis in the case when k > 3

12



in Ay, the contribution of everything above the last segment is
AFH AL =)+ A2 (AL — 1) -+ AR(AL — 1) + Ag(Ag — 1) + A;.
Now we can write A in terms of A; and Ag as follows,

A 14 tAy + 2 (Ao(A1 — 1) + A1) + Py (A5 (A1 — 1) + Ag(A1 — 1) + A1) +
AO - A1 t3y A1 -1 tgyAg

Ag—1 1—tey Ag—11—tayAy

= 1+tA; +t2(AgA; — Ag + Ay) + (39)
Solving equations (37),(38]),([39) for Ay, A; and A, one can get the formula for A in this theorem.
Notice that A is a root of some quadratic equation. O

3.4 The function A2 (t,y,z)

In this case, we are working on permutations in S,(132). Similar to the case of S,,(123), we can
apply the bijection ® of Krattenthaler [4] to translate the consecutive patterns in S, (132) into path
patterns in Dyck paths. The cases in S, (132) seem to be more straightforward, and we can find
the generating function A directly without the auxiliary functions Ay or A;.

Give any o € §,,(132), Lemma[Blimplies that the number of descents of o is one less than the number
of horizontal segments in the corresponding Dyck path ®(o), i.e. des(o) is equal to the number of
occurrence of the path pattern RD in ®(o). Further, the consecutive pattern 123 corresponds to
the path pattern RRR. Now we are ready to prove the following theorem.

Theorem 5 (Ai23(t,y,x)). The generating function Ai%3(t,y, ) is given by

ARt y,2) =
Va2t + 2wt(ty — 1) + 2(y — 4y — 2ty + 1+t (2ty® — 20+ Dy + 1) —23(y — Ly + ty — 1

2ty(x(ty — 1) — ty) ( ’ |
40

L§Jn+1z n+1 i+k—1\(2n—-3i—2j — k
] . (41)
k n—i

Proof. By the last paragraph, the function A is a generating function of Dyck paths, where for each
path P, t tracks the size of the path, y tracks the number of patterns RD in P, and z tracks the
number of patterns RRR in P. Thus, a horizontal segment of size 1 and 2 contributes nothing to
the power of z, and a horizontal segment of size k > 3 contributes k£ — 2 to the power of . This
allows us to get a recursion for A by expanding the last horizontal segment.

and

123
A3 (t, 1, 2) |k =

M

Now we suppose that the last horizontal segment is of size k. k = 0 is the empty path which has
contribution 1 to the function A. When k = 1, the path ends with steps DR and there is a Dyck
path structure P; above the last horizontal segment with weight (y(A — 1) 4 1), since there will be
an extra descent between P; and the last segment if P; is not empty. When k > 2, the path ends
with steps DRF. The last segment has weight t*2%~2 since it contains k — 2 pattern RRR. There
are k Dyck path structures Py, ..., Py above the last segment, each has weight (y(A—1)+1), since

13



P; will create a new descent with the lower structures if P; is not empty. Thus the contribution of
the case when k > 2 is t*2*~2(y(A — 1) + 1), Tt follows that

A = 14+tlyA—-D+1D)+2HA-1)+1)? +2y(A—1)+1)° +---
2(y(A—1)+1)2

= 1+tly(A-1)+1 42
FHA-1) £ )+ o E e (42)
and one can solve A from the quadratic equation above to prove (40).
We shall prove formula (1) in Section 6.1. O

Setting x = 0 and y = 1 in the generating function, we get A%?)T%(t 1,0) = A%(t, 1,0) which is again

the generating function of Motzkin numbers (OEIS A001006 [5]). We will generalize our method

to compute Al3"(¢,y,x) in Section 6.1.

3.5 The function AZ3(t,y,z)

Theorem 6. The generating function A@(t,y,x) s given by
ATty @) =
—VtQRy(t—1t -2 —1) +ty2(—at+t+1)2+t—2)+ 1+ (z - D?y(Qy — 1) +t(y— 1) + 1
2ty((x — Dty + 1) ’

(43)

Proof. Similar to Section 3.4, we shall still use the first Dyck path recursion to compute A233(¢,y, z).
For a Dyck path P, we expand the last horizontal segment which is of size k, as shown is Figure [7
By Lemma[3] there is a length k increasing sequence lying above the last horizontal segment. There
are k Dyck path structures above the last segment. Other than inside the k Dyck path structures,
the only possible location of consecutive pattern 213 occurrence is the junction of the last Dyck
path structure P, (when P is nonempty) and the last segment (when k > 2) which is in the red
circle area of Figure [7.

Py

P

Figure 7: the first recursion of Dyck path

The total contribution of cases when & = 0 or 1 is still 1 + ¢(y(A — 1) +1). When k& > 2, we
may have an extra consecutive pattern 213 in the red circle area of Figure [1 as we discussed. The
weight of each P; for i =1,...,k —11is (y(A —1) +1). If P, is not empty, then the weight of P
is 7y(A — 1) and the whole contribution is t*zy(A — 1)(y(A — 1) + 1)*~1; if P, is empty, then the
weight of Py is 1 and the whole contribution is t*(y(A — 1) + 1)*~1. Thus, the contribution of the
case when k > 2 is t*(zy(A — 1) + 1)(y(A — 1) + 1)k 1,

14



Summing over all the cases, we can get the following recursion for A:
A = 1+ty(A-1)+1) +2yA—1) + )(ay(A—1) + 1)

+t3(y(A— 1)+ 1)*(zy(A = 1)+ 1) + - -
2y(A—1)+ 1) (zy(A—1) +1)

= 14+tlyA-1)+1)+ ) 44
which can be adjusted to a quadratic equation about A, and Theorem [0l follows. O
3.6 The function A%l(t,y,z)
Theorem 7. The generating function
Rl Qxy —ty —t +1— /—4t? t2y% + 22y + 2 — 2ty — 2t + 1
R T
2txy
and
Aﬁ(t 1,2) |k = l n rf(_l)4k+i+n+1 2i—n (46)
132k Bl o \ k n+1—4k)’

=0

Proof. The easiest way of proving the theorem is to use the second Dyck path recursion by breaking
the Dyck path at the first return into two smaller Dyck path structures. In other words, given
o € 8,(132), suppose that the number n is in the k'™ position. We break ¢ at the position
of number n. The numbers to the left of n forms a 132-avoiding permutation P; of numbers
{n—k+1,...,n— 1}, and the numbers to the right of n forms a 132-avoiding permutation P of
numbers {1,...,n — k}. This structure is shown in Figure [8

n

P

Py

Figure 8: the structure of S,,(132)

The case that P, is empty contributes tA to the generating function A, and the case that the P; is
empty while the second structure A is not empty contributes ty(A —1) to A since there is a descent
between n and P». If both P, and P, are not empty, then a consecutive pattern 231 appears at the
position of n, and the contribution of this case is tzy(A — 1)2. Thus we have:

A=1+t(A+y(A—-1))+toy(A—1)% (47)

Equation (@3] can be obtained by solving the quadratic equation (7).
We shall prove formula (46]) in Section 6.4. O
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Here we shall mention that the first Dyck path recursion also works well for the consecutive pattern
231, since the number of consecutive patterns 231 in o € S,,(132) is equal to the number of horizontal
segments which are not the last segment and have size bigger than 1. This computation will help
in Section 4.2 when we track multiple patterns. Let A; be the generating function that we suppose
the last segment is an interior segment similar to (26). By expanding the last segment, we have
the following recursion for Ay,

3y A3
Ay =1+ tyAy + 2y A2 + 3oy AS + - =1+ tyAy + 2y A + 1 xytAl . (48)
—tAy
Again by expanding the last segment, we have
tyA
A=1+1tyAy +2yA2 + - =14 2L (49)
1—tA;

One can solve equation (48] to get the formula of A, and substitute the formula of A; in equation
[#9) to get the formula of A and prove Theorem [7}

We will generalize our method to compute A%é'zml (t,1,z) in Section 6.4.

4 Tracking multiple patterns — AT’%""’W(t, Y, T1, T, ..., Ty)

Since |S3| = 6, permutations in S, () for A € S3 only contain the 5 consecutive patterns of length 3
except A. Suppose that S3 = {\,71,72,73,74,75} and o € S, (A). If o has a; matches of consecutive
pattern ~; for i =1,...,5, then a5 = n — 2 — a1 — @y — az — ay since any permutation of length n
has n — 2 consecutive patterns of length 3.

Thus if we can get a generating function for permutations avoiding A € Ss tracking 4 consecutive
patterns of length 3, then we can modify the function to get a new generating function tracking all
5 patterns of length 3. By symmetry, we only need to consider the cases when A = 123 or A = 132.

When A = 132, we are able to compute the generating function tracking all 5 patterns of length 3
and the descent statistic. When A = 123, we have the recursion for the generating function tracking
3 patterns of length 3 and descent.

4.1 The function A2 231T(t Y, x1, T, T3)

Theorem 8. Aigg 231,321 (t,y,x1,x2,23) satisfies the recursion

A = 1/(z3(x1 —29) (Agzit2y* (Aot y (w1 — x2) — 1) — (Ao + 1) asty( Aoty (x1 — x2) — 1) + Agz1 t2y —1))
(@1 (23 ty (A3t (ot + y(Bwat + 2w0 + £+ 1) + 1) + Ao((w2 + )Py + t2(2woy + y +2) +t + 1)
Ft41) F+ 2ot (AL (—t)y + Ag — 1) + AZai3tPy® — Agx3t?y*(Ao(ze + 1)ty + 12 (Ao (2zoy +y +2) + 1)
+t+1) + z3(Agwaty (Ao — y) — Aot’y(Aowa + w9 + 1) — Aot? (may +y+ 1) —t — 1)) + zo(— A5ty
—23ty(AZ (2t — 1) 2y + Ag(Py +12 (y+2) +t+ 1) +t+1) +a3 (2 (AZ(—y) +y+ 1)+ Ag(Ag+ 1)ty +t+1)
+ Agr3t?y? Aoty + (Ag + D+t 4+ 1) 4+ (Ag — 1)t) + ast(zaty — 1)(Adzsty(wsty — 1) + Ag — 1)
+ AgxdtPy(—Apzat® + Agxit?y? — (Ao + D)adty + x3) + Agxdastdy(Agxit(t + 1)y

— x3y(Aot?y + 240t + Ag +t + 1) + (Ag + Dty + 1)), (50)
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where
t3a:2x3y2A8

Ag = 1+ tagyAo + Py Ay + ——————L.
o= 1+txzydo + 1721y 0+1—ta:3on

(51)

The right hand side of (B0) is a rational function of Ay, where both the numerator and denominator
are degree 2 polynomials in Ag.

Proof. The proof of this theorem is similar to Theorem [l It is not hard to see from Lemma [ that
the contribution of a horizontal segment to 132,231,321 matches and descents is given by Table
if there is more than one horizontal segment in the path.

Table 3: the contribution of a horizontal segment to 132,231,321 matches and descents

size | first segment | interior segment | last segment
1 0,0,0,0 0,0,1,1 0,0,0,0
2 0,1,0,0 0,1,0,1 0,0,0,0
3 1,0,1,1 1,0,1,2 1,0,0,1
1 1,0,2,2 1,0,2,3 1,0,1,2
5 1,0,3,3 1,0,3,4 1,0,2,3

Again, we shall define 2 generating functions, Ay and Aj, similar to what we have defined in Section
3.3. Both Ag and A; track the same statistics as A. Ag is the generating function of Dyck paths
where we take every segment as an interior segment, and A is the generating function of Dyck
paths where we suppose that the last segment is an interior segment.

We shall begin with computing a recursion for Ay since it only consists of interior segments. By
expanding the last horizontal segment of Ay, we can get the following recursion which proves

equation (5IJ).

Ay = 1+tegyAo+ tleyAg + t3x2x3y2A8 + t4x2x§y3A3 + -
t3x2x3y2A8

= 1+ tagydy + Py AR+ =220
+trsydo +t w1y 0+1—t$3yA0

(52)

Next, we want to compute the recursion of A;. We use the third recursion for a Dyck path P which
expands the last horizontal segment before the first return which is of size k. If k£ = 1, the only
steps before the first return are DR. There is a Dyck path structure P; after the first return with
weight Ag, and the contribution of this case is tyAg as shown in Figure

When k = 2, the path ends with steps DRR before the first return. There is a Dyck path structure
P, after the first return with weight Ag. By the third recursion of Dyck paths, there is another
Dyck path structure P, above the last horizontal segment before the first return. The weight of P
is A1 since it contains the first segment of the whole path. The weight of the last segment before
the first return is 229y, and the contribution of this case is t?z2yAgA; as shown in Figure

When k = 3, the path ends with steps DRRR before the first return place. There is a Dyck path
structure P, after the first return with weight Ay. There are two Dyck path structures P, Ps
(counting from top to bottom) above the last horizontal segment before the first return. If P is
not empty, then it has weight A; — 1 since it contains the first segment, and the weight of Ps is Ayp.
If P, is empty, then it has weight 1, and P3 has weight A; since it contains the first segment of the
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whole path. The weight of the last segment before the first return is t3z123y?, and the contribution
of this case is t3z123y2A0(Ag(A; — 1) 4+ A1) as shown in Figure

(t,y, 1,2, x3): contributions to Ay when k=1,2,3

In general, if the last horizontal segment before the first return has size k > 3, the total contribution
is
th1x§_2yk_1A0(A§_2(A1 - 1) +---+ A()(Al — 1) + Al)
It follows that
A = 14 tyAg + tPrayAgAr + Bryzay? Ag(Ag(Ar — 1) + A7) +

t3r123y3 Ag(Ag — A1 — AgAq + tasyAgAr)
(1 —tazy) (1 — twzyAo) '

= 1+ tyA(] -+ tzﬂj‘gonAl — (53)

Finally for A, we use the first Dyck path recursion by expanding the last horizontal segment.
Suppose that the last segment has size k. Similar to Section 3.3, the total contribution when k < 3
is still 14+ tA; +t2(Ag(A; — 1)+ Ay). When k > 3, the weight of the last segment is tkznlxl?f Syk—2,
the weight of everything above the last segment is

ARTHAL 1) 4 AFT2(A] 1) -+ AR(AL — 1) 4 Ag(Ay — 1) + Ay,
and the contribution for case k > 3 is
Ry zh By 2 (AR (A — 1) + -+ Ag(Ar — 1) + Ay).

It follows that

A = 1+tA +12(Ag(A1 — 1)+ A + D a2 AR T (A — 1) -+ Ag(Ar — 1) + Ay)
k>3
t3a1y(—Ao + A + (tzzy + 1) Ag(Ag — A1 + AgAy))
= 1+tA; +t5(Ag(A - 1)+ A . (54
+ 1+ ( 0( 1 )+ 1)+ (1—t$3y)(1—t$3y140) ( )
Using equations (52),([53) and (54]), one can write A in terms of Ay to prove this theorem. O

4.2 The function A}?,j ,213,2 13—(t Y, T1, To, T3, Ty)

We have the following explicit generating function for A}g;’ 13,231,521 (t,y,x1, T2, x3,24).
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Theorem 9. The generating function

123,213,231,321
Al3s (t,y, 21,22, 23, 24)

t32 t42

= (2x%x3xit4y2 + 295%3:3332 — 23:%953954 - 2x%x3az4t3y — 2x%x3x4t2y + x%azgt?’y — x%ut?’y + x%tz
- 2x1x2x§$4t4y2 - 2$1$2$§x4t3y2 + $1$2x§t4y2 + zxowszatiy® + (1t — st — 1) (xsty — x4ty + 1)
(1t + ty((wg — Dast — x4) + 1)2 — 4t (21 (—x4)ty + o1 + zox3tY) + 212023ty — 2x1x§x4t3y2

+x1x§t4y2+x1x§t3y+2x1x§t2y—2x1x3xﬁt4y2 —2x1x3xﬁt3y2—2x1x3x2t2y2+x1x3x4t4y2+3x1x3x4t3y2

+ 3:131:173x4t3y + 2x1:173:174t2y + 2z x324tY — xlxgt?’y — 2:171:E3t2y — $1l‘3t2 — :Elx?ltgyz + 3:171:E4t2y —2x1t

+ $2$§t4y2 + 2x2$§t3y2 + $2$§x4t4y2 + 2:172:1:§x4t3y2 + 2x2:1:§:174t2y2 — 2x2x§t4y2 — xgzngt?’yz

— xga:%t?’y — x2x3x4t3y2 — x2x3t2y — x§t4y2 + x§w4t4y2 — x§x4t3y2 — x§t3y2 - x%t?’y + x§t2y + azgx?lt?’yz
+aszgt’y? —wsrgt®y? — 2wswatty — w5ty +asty+ast+ait’y’ —2aaty+1)/(2usty(—ar1zat+ 23t +34)
(z1(—xg)ty + x1 + x223tY)). (55)

Proof. The computation of Agg’zl?”%l’?’zl(t,y,xl,xg,xg,x4) is based on the computation of gen-
erating functions A1%3(t,y,x), A%3(t,y,x) and A23}(t,y,r). However, we have not yet computed

AR1(t,y, ) directly since we showed in Section 2.1 that A32L(t,y,z) and AlZ3(t,y,z) are the same.

To add the four consecutive patterns of length 3 simultaneously, we have to count the number of
patterns 321 directly from the corresponding Dyck path. It is not hard to see that the number of
consecutive patterns 321 is equal to the number of interior segment of size 1 in the corresponding
Dyck path, which makes the computation possible.

Since we need to consider whether a horizontal segment of a Dyck path is interior or not, we shall
define generating functions Ag and A; similar to Section 3.3. Both Ay and A; tracks the same
statistics as A. Ag is the generating function of Dyck paths while we take every segment as an
interior segment, and A; is the generating function of Dyck paths while we suppose that the last
segment is an interior segment.

We shall begin with computing a recursion for Ag using the first Dyck path recursion. If the
last segment of a path is of size k, then there are k Dyck path structures Py, ..., P, above the last
segment. Each of the paths Py, ..., P,_; has weight Ay, and the path Py has weight (x2(Ag—1)+1)
since there will be a consecutive pattern 213 between Pj and the last segment when Py is not empty.
Based on our analysis of pattern 123,213,231 and 321, we can get the weight of the last segment
and obtain the following recursion.

Ay = 1+ tagyAo+ t2asyAo(za(Ag — 1) + 1) + 32123y A3 (22 (Ag — 1) + 1) + - --
223y Ag(z2(Ag — 1) + 1)
=1 A .
+ teay Ao + Lt A (56)

Next, we want to compute the recursion of A;. We use the third recursion for Dyck path which
expands the last horizontal segment before the first return that is of size k. Similar to Section 4.1,
the contribution when k = 1 is still tyAp.

When k > 2, the path ends with steps DR* before the first return, and there are k — 1 Dyck
path structures Py, ..., Py_1 (counting from top to bottom) above the last segment before the first
return. There is also a Dyck path structure after the first return with weight Ag. Among the paths
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Py, ..., P._1, we suppose that P; is the first nonempty path for i = 1,...,k (i = k means all of
Py, ..., P,y are empty). If i = k — 1, then Py_; is the only nonempty path among Py, ..., P;_1,
and it has weight x5(A; — 1) since it contains the first segment and there is a consecutive pattern
213 between P;_1 and the last segment. When ¢ < k — 1, P,_1 does not contain the first segment
and it has weight z9(Ap — 1) + 1; P; has weight (A; — 1); each of Pjtq,..., Py_2 has weight Ajg.
Summing cases for ¢ from 1 to k, one can obtain that the total weight of the Structures above the
last horizontal segment before the first return is

(AF 3+ A+ D)(w2(A0 — 1) + 1) (A1 — 1) + 22(A; — 1) + 1.
Thus by adding all the cases for k, we can obtain the following recursion,

Ay = 1+4tyAy + tPasyAg(ze(Ay — 1) + 1)
+t3$1x3yA0(($2(A0 — 1) + 1)(A1 — 1) + JZQ(Al — 1) + 1)
+t* 2223y Ag((Ag + 1) (z2(Ag — 1) + 1) (A1 — 1) + 29(A; — 1)+ 1) +- -
= 1+tydo+ tPwsyAo(za(A1 — 1) +1) +
32103y Ag(A1 — 19Ag + 2 Ag Ay — tx Ay + twyxeAg — tr10AgAL)
(1 — to1)(1 — tz1 Ag) '

(57)

Finally for A, we expand the last horizontal segment like Ag and analyze the weight of Dyck paths
above the last segment like A1 to get

A = 1+ tAl + t2(($2(A0 — 1) + 1)(A1 — 1) + l‘Q(Al — 1) + 1)
+321 ((Ag + 1) (zo(Apg — 1) + 1)(Ay — 1) + 20(Ay — 1) + 1) +---
Al —1- ton — t2x3yA0(a;2(A1 - 1) + 1)

= 1+tA
A tx1z3yAo

. (58)

One can solve the quadratic equation (56) to get a formula for A, and then solve A; from (57)
and solve A from (B8] to obtain Theorem [O1 O

Theorem [d gives the generating function with all information about length 2 or 3 consecutive pat-

tern matches in S,(132). The generating function Aig;”mg’%l’gm(zﬁ,y,xl,azg,azg,x4) is a root of a

quadratic equation, and one can get its Taylor series about ¢ easily using mathematical softwares like

Mathematica. Table[dshows the coefficient of ¢" for n from 1 to 5 in Agg,213,231,321 (t,y, 1, T2, T3, T4).

Table 4: coefficient list of A@mﬁﬁ(

coefficient of t"

1

1

y+1

Ty + oy + T3y + Tay® + Yy

@] 4 T @2y + T3y + 201y + Tox3y® + Tow3y + 2xoway® + w3x4y® + 23y® + T3y + TIY + 14y

:c:l” + x%xgy + x%xgy + Bx%y + 21 20x3y? + 2212023y + 3x1T024Y? + T12374Y° + 231 237>
+3z123y + 32:1:c4y2 + x%xng + x2x§y2 + 3x2x3x4y3 + 2x2x3x4y2 + 3x2x3y2 + 3m2xiy3

+23y® + w323y’ 4 2w34y® + waway® + w3y® + 2yt + 23y?

t7y7$17$27$37$4)

2

T W= O3
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5 General results about consecutive patterns in S, (123)

In this section, we shall compute 2 kinds of consecutive patterns, 1m(m — 1)---2 and 2m(m —
1)---31, for any positive integer m. We shall just track the length of the permutation and the
number of consecutive pattern matches, and no longer track the number of descents. That is, for

two permutations A, 7y, let
Al(t, ) Zt" Z gY-meh(e (59)
n>0  geSp(N)

By the action reverse-complement, the distribution of consecutive patterns 1m(m — 1)---2 and
2m(m —1)---31 in §,(123) are equal to the distribution of consecutive patterns (m —1)---21m
and m(m —2)---21(m — 1), thus we have

Im(m—1)---2 m—1)---21m
A123( ) (t,x) = Agzs ) (t,z), (60)
2m(m—1)---31 m(m—2)---21(m—1
A123( ) (t,x) = A12(3 o2 )(t7 ). (61)

We shall compute the recursions of the two generating functions above.

5.1 The function Aj0" V"?(t, z)

Theorem 10. A}%(m_l)"a(t,x) satisfies the recursion

1+ (x—1)tmA™

A= 1—tA ’

and (62)

e Com 1 L] 2n —mi
Alm(m 1) + e == Z k . 63
123 ( )| gm ok kz n—min+l1—ik—141i—k (63)

Proof. Referring to Lemma[], the number of consecutive patterns 1m(m —1)---2in o € §,(123) is
equal to the number of path pattern DR™ in the corresponding Dyck path W(o). We shall compute
the distribution of pattern DR™ in Dyck paths to get the generating function A. Note that the
number of patterns DR™ is equal to the number of horizontal segments of length at least m.

We use the first Dyck path recursion by expanding the last horizontal segment. Let k denote the
size of the last horizontal segment, then there are k& Dyck path structures above the last segment,
each having weight A. The weight of the last horizontal segment is t* when k < m and zt* when
k > m since there will be a path pattern DR™ appear in the last segment. Thus we have

A = 14tA+- -+t Am L p@mA™ 4.0
1—tmA™  gmAm

1A 1=

14+ (z—1)tmA™

64
1-tA (64)
We can multiply both sides of equation (62)) with ¢ and substitute tA with F to get
1 —1HFm
A i (65)

1-F
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It follows from Lagrange Inversion Theorem that

1
F n — _5” n—
’t n (Z)’z 1, (66)
1 —1)zm
where 6(z) = M Thus,
1-=2
A|tn71xk — F|tnxk
1
= ;(1 + (z—=1)2")"(1 = 2)"" | n-1k
- e ()
=0 ZZO n—1lgk
|22 .
1 n (2n —mi — 2
-5y (e ()
i=0 ak
1 L5 n 2n —mi — 2
_ 4 1\i—k —mi—
N n;( b <n—i,k:,z'—k‘>< n—1 > (67)
1 L5 2n—mi— 2
_ 4 N\i—k —mi—
ok i_k( b <n—mi—1,n—i,k‘—1,i—k‘>’ (68)
and the formula (63]) follows by substituting n with n + 1. O

Let m = 3, we get a formula for the coefficient of t"z* in A132(¢,1, ) which proves formula (25) in

Theorem

5.2 The function A2 V3 (¢ 2)

Theorem 11. A?;’é(m_l)m?’l(t,:n) satisfies the following recursion,

tAm+2 + (JE _ 1)(A _ 1)m—1

A= A4 1) , and (69)
1 S n\/mn—mi—2n+4+1\ /mn—mi—n-+1
2m(m—1)---31 _ 4 _ 1ymn4n+k+1 - - - o
Ay (8, 2)lgn ot = — 2 (-1) <Z>< mn — 1 >< k >
(70)
D) (a—k+1
here (Z) = o(a ) k:'(a +1) 1s the gemeralized binomial coefficient.

Proof. Referring to Lemma[4] the number of consecutive patterns 2m(m —1)---31 in o € §,(123)
is equal to the number of path pattern DR™'D in the corresponding Dyck path ¥ (o). We shall
compute the distribution of pattern DR™ 1D in Dyck paths to get the generating function A.

It is clear that the number of patterns DR™ ! D is equal to the number of horizontal segments of
length m which are not the last segment, and we need to define generating function Ay that tracks
the same statistics as A while we suppose the last segment is an interior segment.
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We use the first Dyck path recursion for both A; and A. First for Ay, we let k& denote the size of
the last horizontal segment, then there are £ Dyck path structures above the last segment, each
having weight A;. The weight of the last horizontal segment is t* when k # m — 1 and zt* when
k =m — 1 since there will be a path pattern DR™'D appear in the last segment. Thus we have

1

Ay =14 tA -t 2ATT2 g AT AT = A

+ (z = Dtmrar—t (71)

Then for A, we expand the last segment which is of size k. There are k Dyck path structures above
the last segment, each having weight A;. The weight of the last horizontal segment is t* for any k
since it does not contain pattern DR™ 1 D. It follows that

1
1 —tAy

A=1+tA; +--- (72)

Equatio;a ([@2) implies that A; = %. Substitute A; with % in (7I) and multiply both sides
with % gives ([69]).

Next, we shall compute the coefficient using Lagrange Inversion Theorem. It follows that

1
A|t" = _5n(z)|z”*17 (73)
n
m—+2 o _ 1\ym—1
where 6(z) = z + (a:_ Dz —1) . Thus,
2m=l(z —1)
1
Alpnge = (™24 (@ =1z = )™ HEH e = 1) ano1

mn—1

1 m—+2 n ) ] )
= - <Z,>(x—1)<m—1><"—2>z<m+2>2(z—1)<m—1><"—l>—“|z7,mw
=0

Lmnfl

1 m+2 n ' .
= ; Z <Z> ((‘T - ]‘)(m_l)(n_l) (Z - 1)(m_1)(n_2)_n‘Zmnflfmi—%xk)
=0
mn721
m+ . i . .
_ ! (—1)mmtnthl <n> (mn —mi—2n+ z) (mn —mi—n+ z> o
(- ? mn — 1 k

Let m = 3, we get a formula for the coefficient of "2 in A@(t, 1, x) which proves formula (BI]) in
Theorem [3

6 General results about consecutive patterns in S,,(132)

Given a permutation o = o1 -+ - 0y, € S,,(132), we let ®’(0) be the Dyck path obtained by removing
the initial n + 1 — o1 D steps from ®(o), and let ®”(o) be the Dyck path obtained by removing
the last one R step of ®'(o).

For example, the Dyck path corresponds to the permutation o = 42351 € S5(132) is ®(0) =
DDRDDRRRDR, then ®(0) = RDDRRRDR and ®"(c) = RDDRRRD. Then by the bijection
of Krattenthaler’s [4], we have the following theorem.
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Theorem 12. Let m be a positive integer and let v =1 -+ Y € S (132), then

(a) if ym = m, then the distribution of consecutive pattern v in S,(132) is equal to the distribution
of pattern ®'(vy) in Dy;

(b) if Ym—1vm = ml, then the distribution of consecutive pattern v in S,(132) is equal to the
distribution of pattern ®"(v) in D,,.

Based on Theorem [I2] we can prove several general results about the consecutive pattern distribu-
tions in S,,(132).

6.1 The function AL (¢, z)

Theorem 13. Aj;"(t,x) satisfies the following recursion,

1— 75m—1Am—1 75m—1Am—1
A= A + 1_txA,and (75)

m 1J7L+1Z . . . .
ym n+1\/i+k—1\/2n—mi—mj+j—k
Al (6 Dl = Z Z “< i >< k >< n—i )'(76)

Proof. Referring to Theorem [12(a), the number of consecutive patterns 1---m in o € §,(132) is
equal to the number of path pattern ®'(1---m) = R™ in the corresponding Dyck path ®(o). A
horizontal segment of size k > m contains k — m + 1 pattern R™, and we can expand the last
segment of a Dyck path to get a recursion for A.

Let k denote the size of the last horizontal segment, then there are k Dyck path structures above
the last segment, each having weight A. The weight of the last horizontal segment is t* when
kE<m —1 and zF"™+1¢k when k > m. Thus we have

1— tm—lAm—l tm_lAm_l

A=14+tA+--- 75m—1j4m—1 M A™ tm—i—l 2Am+1
+tA+---+ +tTr AT + x =+ 114 + 1124

. (77)

We can multiply both sides of equation (7)) with ¢ and substitute tA with F' to get

1_Fm—1 Fm—l
F=t .
( 1-F +1—:17F> (78)

It follows from Lagrange Inversion Theorem that

1
F n — — n n—
|t n5 (z)|z 1, (79)
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where 6(z) = - + 122" Thus,
A’tnflxk F’tnxk
1 /1= zm-1 2"
n 1—=2 1—xz ik
Ln_*l
1 & (n : ita—1 —
— — (m_l)l a ,a (m—l)j
2 (e (B
=0 a>0 7=0
b>0 b sm—1gk
Ve N ik = n—it+b—1
I - mi—i+k _ \(m=1)j - - b
-2 () (g (00
1=0 j:(] bZO n—1
Ln_*lJ .
1 & — A\ (i+k—1\[2n—mi—mj+j—k—2
_ = _1\ymi—J
oon Z( D <z>< k >< n—i—1 )’ (80)
=0 j=0
and the formula (76]) follows by substituting n with n + 1. O

Let m = 3, we get a formula for the coefficient of "2 in A%?)T%’(t, 1, x) which proves formula (1)) in
Theorem [l

6.2 The function A% @~ DEFDm @y g

Theorem 14. A‘fgm(a_l)(aﬂ)mm(t,x) satisfies the following recursion,
LA (p — 1) (A - 1)

A 1-tA

(81)

Proof. By Theorem [I2(a), the number of consecutive pattern v = al2---(a — 1)(a +1)---m in
o € S,(132) is equal to the number of path pattern ®(y) = RD*"'R™! in the corresponding Dyck
path ®(o). We shall expand last segment of a Dyck path P using the first Dyck path recursion.
Suppose the size of the last segment is k, then there are k& Dyck paths above the last segment with
weight A.

The weight of the last segment is t*, except when the last segment is part of a pattern RD* 1 R™~1,
which means that the Dyck path P ends with RD?~!R™~ %% ~; = g means that the path is at the
m — a + i*" diagonal and there are m + 1 — a + i Dyck path structures, P, ..., Ppni1—qti, before
the second step of RD*"1R™ 1% of which Py,;1_q4; must be nonempty. Thus the weight of the
m + 1 — a + i Dyck path structures are A%t (A — 1). The weight of the path RD* ! Rm~1+i
from the second step is t™ !tz and the case when when the last segment is part of a pattern
RD% 1 R™~1%1 gives correction weight

_ tmlAm= (g — 1)(A - 1)

m—1 gm—a/,. _ m gm—a+1 _ _
=AM (3 1)(A — 1) + A (x— 1)(A—1) + —
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to the generating function A, and the recursion for A is

1 N AT (g — 1) (A—1) 1+t A (- 1)(A - 1)
S 1—tA 1—tA N 1—tA '

A

6.3 The function A}, (t,z) when v, =m —1 and ~,, = m

Theorem 15. For any v € §,,(132) with vy = m—1 and v, = m, A??)z(t, x) satisfies the following
TeCursion,
1+t e —1)(A% - A)

A 1-tA

(83)

Proof. By Theorem [I2(a), the distribution of such a consecutive pattern 7 in S,(132) is equal to
the distribution of ®'(v) in D,,. In this case, ®'(v) = RPyR, where Py = ® (v - - ym—1) is a Dyck
path of size m — 2.

We use the first Dyck path recursion for A. By expanding the last segment of a Dyck path P when
the last segment is of size k, there are k Dyck paths above the last segment with weight A. The
weight of the last segment is ¢*, except when the last segment is part of a pattern RPyR. Like
section 6.2, the correction weight is

A = 1)(A 1)+ A — (A= 1) 4o = L@ DA A

1—tA ’
and the recursion for A is ¥ (A2 A)
1 t"m (-1 —
A= 84
1—tA 1—tA ’ (84)
which proves the theorem. O
6.4 The function A3;;" (¢, z)
Theorem 16. A2;7"(t,z) satisfies the following recursion,
At —(A-1)" !
A=t + (@ = 1)( ) , and (85)

Am=1(A 1)

n—k . .
m 1(n m itn mi—1i—n
AT™M ()| gk = _<k> E (—1)ymethtit +1< ) (86)

n : n+1—-—mk—k
=0

Proof. Referring to Theorem [I2{(b), the number of consecutive patterns vy =2---mlin o € §,(132)
is equal to the number of path pattern ®”(y) = R™~!D in the corresponding Dyck path ®(c), which
is equal to the number of horizontal segments of size £ > m — 1 that are not the last segment. We
shall define generating function A; where we track the same statistics as A and we suppose the last
segment is an interior segment.

We begin with computing the recursion of A;. Let k denote the size of the last horizontal segment,
then there are k Dyck path structures above the last segment, each having weight A;. The weight
of the last horizontal segment is t* when k& < m — 1 and zt* when k > m — 1. Thus we have

1+ (z—1pmtapt
N 1—tA; ’

Ay =14 tA; 4 -+t 2ATT2 g AT g AT (87)
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Then for A, we expand the last segment which is of size k. There are k Dyck path structures above
the last segment, each having weight A;. The weight of the last horizontal segment is t* for any k
since it does not contain pattern R™~'D. It follows that

1
1 —tAy

A=1+tA + - (88)

Equation (88]) implies that A; = %. Substitute A; with % in (87) and multiply both sides
with %_21 gives (8H).

Next, we shall compute the coefficient using Lagrange Inversion Theorem. It follows that
1 n
A|t" = Eé (Z)|z”*17 (89)

by (p—1)(z —1)m L
2m=4(z —1)

where 6(z) = . Thus,

1 m— m—1\n/_m— —-n
Al gk (2 @ =D =D E T = 1) T g

1

= (= )" (= (2 = )T = D) e
1(n m—1 m—1\n—k —n

= - —(z—1 1
n <k> (Z (’Z ) ) (Z ) Z’mn73n71

_ l <’I’L> n_k(_l)i(z N 1)mi—i—nz(m—1)(n—k—i)
n k i=0 zmn—3n—1

_ Lfn n_k(_l)mk+k+i+n+1 mi—i-—n 0 (90)
n \ k ‘ n+l—mk—k)

Let m = 3, we get a formula for the coefficient of t"z* in A23}(t,1,2) which proves formula (@) in
Theorem [71

6.5 The function A% (@ DEF)=mlg 4y

Theorem 17. Aigg’"'(a_l)(aﬂ)mml(t,:17) satisfies the following recursion,

A

AT o2 () (A -1 — tA)(A - 1™l o1
B (A —1)Am—a-l ' (01)
Proof. By Theorem [I2[b), the number of consecutive pattern v = a23---(a — 1)(a+1)---ml in
o € 8,(132) is equal to the number of path pattern ®”(y) = RD*2R™ 2D in the corresponding
Dyck path ®(o). We define A; to be the generating function of Dyck paths tracking the same
statistics as A and we suppose the last segment is an interior segment, then we can compute a
recursion for A; by expanding the last segment. Suppose the size of the last segment is k, then
there are k Dyck paths above the last segment with weight A.

The weight of the last segment is t*, except when the last segment is part of a pattern ®” (v) =
RD*2R™2D, which means that the Dyck path P ends with RD* 2R™~2, and the extended path
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PD contains RD*2R™2D. 4, = a means that the path is at the m — a' diagonal and there are
m+1—a Dyck path structures, Py, ..., Py,11—q, before the second step of ®”(v), of which Py, 114
must be nonempty. Thus the weight of the m + 1 —a Dyck path structures are A7""“(A; —1). The
weight of the path RD*2R™~2 from the second step is "™ 2z, and the case when when the last
segment is part of a pattern RD* 2R™~2D gives correction weight

tmT2ATT (g — 1)(Ay — 1)

to the generating function Ay, and the recursion for A; is

Ay +tMTZATT (2 — 1) (A — 1). (92)

T 1_tA,

Since the last horizontal segment of a Dyck path does not contribute to pattern RD* 2R™ 2D, we
expand the last segment of a Dyck path to get
1
A= .
1—tA

[©2) and (Q3)) together proves (9I]). O

(93)

6.6 The function AJ,,(¢,2) when v, =m — 1, 7,,_1 = m and ~,, = 1

Theorem 18. For any v € S,,(132) with y1 = m — 1, Y1 = m and ym = 1, Alsy(t,z) satisfies
the following recursion,
tA3
A1

A= + M3z — 1)(A — 1 — tA). (94)
Proof. This theorem is analogous to Theorem By Theorem [I2[(b), the distribution of such

a consecutive pattern v in S,(132) is equal to the distribution of ®”(y) in D,. In this case,
®"(v) = RPyRD, where Py = ®(y2 - - Ym—2) is a Dyck path of size m — 3.

We define Ay to be the generating function of Dyck paths tracking the same statistics as A and we
suppose the last segment is an interior segment. Using the first Dyck path recursion, there are k
Dyck paths above the last segment of size k with weight A.

The weight of the last segment is t*, except when the last segment is part of a pattern ®” (v) =
RPyRD. Like section 6.5, the correction weight is t™~2(z — 1)(A4% — A;), which implies that

1
A = "2 (x —1)(A2 — A)).
I ey (= 1)(AT — A1) (95)
-1
Similarly, we have A; = A and the theorem can be proved by this substitution. O
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