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Abstract: In this paper, we introduce a context-free grammar G: z — zy, y — zu, z —
2w, w — xv, U — rYz " tv, v — 71 2wu over the variable set V = {z,y, z,w,u,v}. We use this
grammar to study joint distributions of several permutation statistics related to descents, rises,
peaks and valleys. By considering the pattern of an exterior peak, we introduce the exterior
peaks of pattern 132 and of pattern 231. Similarly, peaks can also be classified according to
their patterns. Let D be the formal derivative operator with respect to the grammar G. By
using a grammatical labeling, we show that D"(z) is the generating function of the number of
permutations on [n] = {1,2,...,n} with given numbers of exterior peaks of pattern 132 and of
pattern 231, and proper double descents. By solving a cylinder differential equation, we obtain
an explicit formula of the generating function of D™(z), which can be viewed as a unification
of the results of Elizalde-Noy, Barry, Basset, Fu and Gessel. Specializations lead to the joint
distributions of certain consecutive patterns in permutations, as studied by Elizalde-Noy and
Kitaev. By a different labeling with respect to the same grammar G, we derive the joint
distribution of peaks of pattern 132 and of pattern 231, double descents and double rises, with
the generating function also expressed by the parabolic cylinder functions. This formula serves
as a refinement of the work of Carlitz-Scoville. Furthermore, we obtain the joint distribution
of exterior peaks of pattern 132 and of pattern 231 over alternating permutations.
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1 Introduction

In this paper, we introduce a refinement of the exterior peaks based on their patterns. More
precisely, an exterior peak of a permutation is either of pattern 132 or 231. Similarly, we may
define the types of a peak of a permutation. By giving a context-free grammar, we study
the joint distribution of exterior peaks of pattern 132 and of pattern 231, and proper double
descents over permutations on [n] = {1,2,...,n}. In the same manner, we study the joint
distribution of peaks of pattern 132 and of pattern 231, double descents and double rises on
permutations. It turns out that the generating functions for the joint distributions are in
connection with the parabolic cylinder functions.
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The notion of exterior peaks was introduced by Aguiar, Bergeron and Nymanin [2]. Let
T = m7 - T, be a permutation on [n] and my = 0, then for the index 1 < i <n — 1, we call
1 an exterior peak if m;_1 < m; > m;41. For example, the permutation 534621 has two exterior
peaks 1 and 4. For n > 0, denote by T'(n, k) the number of permutations on [n] with k exterior

peaks and let
= Z T(n, k)z*
k>0
Gessel [20, A008971] obtained the generating function of T),(x).

Theorem 1.1 (Gessel [20]) We have
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Given a permutation ™ = mymy - - - T, on [n], for 2 <7 < n—1, an index ¢ is a proper double
descent if m;_1 > m; > m11. As an example, the permutation 653421 has two proper double
descents 2 and 5. For n > 0, let U(n, k) be the number of permutations on [n] with k proper
double descents and let

= Z Ul(n, k)y*

E>0
By solving a second-order ordinary differential equation, Elizalde and Noy [9] obtained the
generating function of Uy, (y).

Theorem 1.2 (Elizalde-Noy [9]) We have

i U (y)ﬁ — 2/(y — 1)(y + 3)el-v+V =D +3))3

Barry [3] and Basset [4] independently derived the generating function of permutations on
[n] containing no proper double descents.

Theorem 1.3 (Elizalde-Noy [9], Barry [3], Basset [4]) We have
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The first named author [10] introduced the context-free grammar
T XY,y —> T2, 2 — 2w, W — TZ, (1.1)

and obtained the joint distribution of exterior peaks and proper double descents over permu-
tations on [n]. For n > 0, let

P 33‘ Y, 2, w Z 2P pdd ep(ﬂ)+1wn—26p(7r)—pdd(7r)’ (12)
7r€bn

where &,, is the set of permutations on [n], ep(w) and pdd(w) are the number of exterior peaks
and the number of proper double descents in permutation 7, respectively.



Theorem 1.4 (Fu [10]) We have
22/ (y + w)? — Az zesW-ytV/ (ytw)’ —dez)
Y+ w+ /I F w2 —dzz — (y+w— /(g + w)? — dwz)etV rw)—dzz’
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§ Pn(x7y7 Z,U))—' =
n.

n=0

Notice that Theorem 1.4 reduces to Theorem 1.1, Theorem 1.2 and Theorem 1.3.

In this paper, we give a refinement of the generating function P,(z,y, z,w) by considering
the pattern of an exterior peak. For a permutation 7 = mymo---m, and 1 < i <n—1,if 4
is an exterior peak with m;_1 < m; > m; 41, then we say i is an exterior peak of pattern 132 if
mi—1 < Ti+1, or an exterior peak of pattern 231 if m;_1 > m;11. For example, the permutation
534621 has one index 1 as an exterior peak of pattern 132, and one index 4 as an exterior peak
of pattern 231.

For n > 0, let P,(i,7,k) be the number of permutations on [n] with i exterior peaks of
pattern 132, j exterior peaks of pattern 231, and k proper double descents. Define

n
i?j7k:0

or equivalently,
P (z,y, z,w,u,v) = Z 2P (T) yeP1(T) gy ePa (T) o (m)+ 1y pdd(m) yyn—2(epr (m)+epa(m))—pdd(m) (1 4)
7'('6671
where ep; (7) and ep,(7) are the numbers of exterior peaks of pattern 132 and of pattern 231

in the permutation m, respectively. We introduce the context-free grammar on the variable set
V =A{z,y,z,w,u,v}:

1

G:z—zx > 2u, 2 = 2w, W — TV, U — TY2 v, v — 2w 1.5
y7y ) bl bl y ) )

which can be used to derive an explicit formula for the generating function of P, (z,y, z,w, u,v)
in terms of the parabolic cylinder functions.

Let us recall some basic knowledges of the parabolic cylinder functions, where one can refer
to [17, 16, 18, 1] for more details. Let n be a nonnegative integer, then we adapt the notation
of the shifted factorial as follows:

(@), =ala+1)---(a+n—1), n>0.

The confluent hypergeometric function | F; with parameters a, b and z is defined as

1 Fy(agbsz) =Y ((Z)): 2—7:

n=0

The parabolic cylinder function D,(z) introduced by Whittaker and Watson [18, §16.5] is
defined as

a 22 1 a 1 22 2z l—a 3 22
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Theorem 1.5 Let 6 = +/xzv — zu and 5= vVazu —xv. We have

2
n e
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It can be seen that Theorem 1.5 is a refinement of Theorem 1.4. By specializing the variables
in Theorem 1.5, we obtain the distribution of the total number of consecutive patterns 231 and
321 in permutations on [n]. For n > 0, let L(n, k) be the number of permutations on [n] with
k consecutive patterns 231 and 321, and let

L,(x)= Z L(n, k).

k>0

Theorem 1.6 We have

t(t+2)(1—x)

> t" e 2
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n=0
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As another specialization of Theorem 1.5, we obtain the joint distribution of exterior peaks
of pattern 132 and of pattern 231 over permutations on [n]. For n > 0, denote by T'(n,1,j)
the number of permutations on [n] with i exterior peaks of pattern 132 and j exterior peaks of
pattern 231, and let

To(w,y) = Y Tn,i,j)z'y’.
i,7>0

Theorem 1.7 We have
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Specializations of Theorem 1.7 yield the generating function of the number of permutations
on [n] with no exterior peak of pattern 132 and the generating function of the number of
permutations on [n] avoiding the consecutive pattern 231 due to Kitaev [12, 13], as well as the
distribution of consecutive patterns 231 in permutations on [n] given by Elizalde and Noy [9].

Meanwhile, by using the context-free grammar G, we can derive the joint distribution of
more permutation statistics. Given a permutation m = my7g - - - m, on [n], first set mg = w41 =
0. Following the terminology in [15, §1.5], for 1 < i < n, we call an index i a peak (or a



maxima [5], or a modified maximum [11]) if m;_1 < m; > w41, a valley if ;1 > m; < 741,
a double rise if m;_1 < m; < w11, or a double descent if m;_1 > m; > m;41. For example, the
permutation 4356721 has two peaks 1 and 5, one valley 2, two double rises 3 and 4, and two
double descents 6 and 7. Denote by p(), v(7), dd(r) and dr(m) the numbers of peaks, valleys,
double descents and double rises in permutation 7, respectively. Carlitz and Scoville [5] studied
the joint distribution of peaks, valleys, double rises and double descents over permutations on
[n]. For n > 1, define

F.(z,y,z,w) = Z gP(m) =150 () dd(m)  ydr() (1.9)
WEGn

They obtained the following generating function of F,(x,y, z, w), see also [11, Exercise 3.3.46]
and [15, Exercise 1.61].

Theorem 1.8 (Carlitz-Scoville [5]) We have

oo

tn eﬁt o eat
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where aff = xz and o+ =y + w.

We also obtain a refinement of the generating function F,,(z,y,z,w) by considering the
patterns of peaks. Given a permutation m = myme---7m, and 1 < i < n, if ¢ is a peak with
mi—1 < W > Wiy1, then we call ¢ a peak of pattern 132 if m;_1 < m; 41, or a peak of pattern 231
if m;_1 > miy1. Note that only when m = 1 a peak i can be of pattern 132 with m;_1 = m;41.
For n > 1, let Q,(i, 7, k,¢) be the number of permutations on [n] with i peaks of pattern 132,
j peaks of pattern 231, k double descents and ¢ double rises. For n > 1, define

n
Qn(x7y7z7w7uuv) = Z Qn(zaj7 k7€)xiviujzjyszu
i7j7k7zzo
or equivalently,

Qn(x7 Y, 2, W, U, U) = Z Pt (W)Upl(”)upz (W)sz(ﬂ)ydd(ﬂ)wch“(ﬂ)’ (110)
WEGn

where p; () is the number of peaks of pattern 132 in permutation 7 and ps(w) is the number
of peaks of pattern 231 in permutation 7. Based on the same context-free grammar G (1.5),
we derive the generating function of Q,(z,y, z, w, u,v).

Theorem 1.9 Set Qo(z,y,z,w,u,v) = w. Let 5,5,1), q,r, s be defined as in Theorem 1.5. Then

tn

00
ZQn($a Y, z,w,u, U) |
n

n=0
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Note that Theorem 1.9 can be viewed as a refinement of Theorem 1.8. Combining Theorem
1.5 and Theorem 1.9, we are led to the joint distribution of exterior peaks of pattern 132 and
of pattern 231 over alternating permutations on [n]. For n > 0, let T4 (n, i, j) be the number
of alternating permutations on [n] with ¢ exterior peaks of pattern 132 and j exterior peaks of
pattern 231, and let
T (w,y) = Y TA(n,i ja'y’.
i,j>0

Theorem 1.10 We have

612;th (1 +t1F} (2(;_3/); %; _ac_gyt2)>
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The rest of this paper is organized as follows. In Section 2, we give an overview of the
formal derivative with respect to a context-free grammar, and provide grammatical labelings
on permutations to generate the polynomials P,(x,y,z, w,u,v) and Qu(z,y,z,w,u,v). In
Section 3, we give proofs of Theorem 1.5 and Theorem 1.9 by establishing a parabolic cylinder
differential equation. Then we show that Theorem 1.4 and Theorem 1.8 are specializations of
Theorem 1.5 and Theorem 1.9. Section 4 is devoted to the proofs of Theorem 1.6, Theorem
1.7 and Theorem 1.10.

2 Grammatical labelings

In this section, we first recall some basic backgrounds of the formal derivative with respect
a context-free grammar and the grammatical labeling. Then with the context-free grammar
G (1.5), we give the corresponding grammatical labeling to derive the generating function
P, (z,y,z,w,u,v). By using a different grammatical labeling based on the same grammar G
(1.5), we derive the generating function Q,(x,y, z, w, u,v).

Let V be a variable set. A context-free grammar G is defined as a set of substitution rules
replacing a variable in V by a Laurent polynomial of variables in V. For variables u,v € V,
define a linear operator D with respect to G with the following properties:

(i) D(u+v) = D(u) + D(v);
(ii) D(uwv) = D(u)v + uD(v);

(iii) D(c) =0, if ¢ is a constant.



Thus, for integer n > 0, the operator D satisfies the Leibniz rule

D™(wv) = f: (Z) DF(u) D" * (v). (2.1)

k=0

For a Laurent polynomial w of variables in V', we define the generating function of w as
[e.e] t"
Gen(w,t) = ZD”(w)ﬁ (2.2)
n=0

Then due to (2.1) and (2.2), the following relations hold:
Gen(uv,t) = Gen(u,t)Gen(v,t), (2.3)
Gen'(u,t) = Gen(D(u),t), (2.4)

where u, v are Laurent polynomials of variables in V', and Gen’(u,t) is the normal derivative
with respect to t. We call the above operator D the formal derivative with respect to the
grammar G.

The idea of using the formal derivative with respect to a context-free grammar to study
combinatorial structures was initiated by Chen [6]. Dumont [8] later found grammars for several
classical combinatorial structures. For example, Dumont defined a context-free grammar

T — Y, Yy —>TY (2.5)

and used the corresponding formal derivative to generate the Eulerian polynomials A, (x),
namely, D"(z)|y=1 = zA,(z).

The concept of the grammatical labeling was introduced in [7] to build the connections
between context-free grammars and the combinatorial structures. A grammatical labeling
is an assignment of the underlying elements of a combinatorial structure with constants or
variables, which is consistent with the substitution rules of a context-free grammar G. For
example, by using the grammar

T — zy,y — 22, (2.6)

we may label the elements of a permutation 7 on [n] by assigning 7; and m;11 both label x if i is
an exterior peak and assigning all other elements label . By this grammatical labeling, one can
prove that D"(z) is the generating function of the number of permutations on [n] with a given
number of exterior peaks. This example can be found in [7], and see [14] for a similar example
but related to the normal derivative given by Ma. In [10], by the corresponding grammatical
labeling consistent with the grammar (1.1):

T = XY, Y = T2, 2 ZW, W — TZ

the first named author gave the generating function of P, (z,y, z, w).

Recall that P,(x,y, z,w,u,v) is defined in (1.3), that is,

n
Pn(x7y727w,u,’l)) - E Pn(l,j, k){]}‘lUzujzj+1ykwn_2z_2j_k.
1,7,k=0



Let G be the context-free grammar over the variable set V = {x,y, z,w,u,v} defined as in
(1.5):

1

G:xz— Yy, y— 2u, 2 — 2w, W — TV, U — TYZ v,v—>:17_1zwu.

Notice that the grammar G is a refinement of grammars (2.5), (2.6) and (1.1). More precisely,
substituting w, u by = and z,v by y in the grammar G reduces to the grammar (2.5); substitut-
ing z,u,v by z and w by y in the grammar G reduces to the grammar (2.6); and substituting
v by z and u by x in the grammar G reduces to the grammar (1.1).

Theorem 2.1 Let D be the formal derivative with respect to the grammar G (1.5). Forn >0,
we have
Dn(z) = Pn(x7 y7 Z7 w7 u7 ,U)'

The theorem asserts that the generating function P, (x,y, z, w,u,v) can be grammatically
acquired by computing the formal derivatives of z with respect to the grammar G (1.5). For
instance,

D4(2) = 6xzw?v + 52°w?u + bryzwv + y22wu + xy’zv + 3x220? + 222%uv + 2wl

Since the coefficient of zyzwv in D*(z) is 5, we can deduce that there are five permutations on
{1,2,3,4} with one exterior peak of pattern 132 and one proper double descent. It is easy to
check that they are 2431, 1421, 4213, 4312 and 3214.

To prove the theorem, given a permutation m = my7e - - - 7, on [n], we assign a labeling of =
as follows. We first add an element 0 at the end of 7 and label it by z. Then for 1 <i <mn—1,
if ¢ is an exterior peak of pattern 132, label m; by « and m;11 by v, if ¢ is an exterior peak of
pattern 231, label 7; by v and ;41 by z, if 7 is a proper double descent, label m; 11 by y. The
other elements of 7 are all assigned label w. Denote by w(w) the weight of permutation 7 as
the product of all labels of elements of =, i.e.,

w(r) = 21T yeP1(7) ePs () epa (m) +1, pdd(m)  m—2(eps () +ep2()) ~pdd(m). (2.7)

Example 2.1 Let m = 534621. The labeling of 7 is as follows:

(2.8)
and w(w) = ryz2wuw.

Proof of Theorem 2.1. We proceed to prove by induction on n. By (1.4) and (2.7), we observe
that

P, (z,y,z,w,u,v) = Z w(m).
7'('6671

For n = 0, the grammatical labeling of the empty permutation is given by

0

z )



which leads to Py(x,y,z,w,u,v) = z. From the view of the formal derivative, we see that
DY(z) = 2. Thus the theorem holds when n = 0. Suppose that the theorem is valid for n > 1,
that is, D"(2) = > cg, w(T).

Let m = mmy...m, be a permutation on [n| with ¢ exterior peaks of pattern 132, j
exterior peaks of pattern 231, and k£ proper double descents. Hence the weight of 7 is
vt 27Ty =2=2=k  To complete the proof for the case n + 1, we first add an element 0
at the end of 7, then generate permutations on [n + 1] by inserting n + 1 before each element
of 7 (including the element 0). Depending on the position n + 1 inserted, we can label n + 1

by z, u or w, and adjust labels of some related elements. There are six cases as follows.

Case 1. Insert n + 1 before some element 7, labeled by z. As shown below, the position of
n + 1 becomes an exterior peak of pattern 132 since my_1 < 7y, so that we label n+1 by = and
relabel 7wy by v. The position of 7, becomes a proper double descent since n + 1 > 7y > mp,1,
so we relabel mp41 by y.

To—1 < Tp > Ty4qq 1 < n4+1l > m > mgg
T v T v y

For example, inserting 7 before the element 5 in (2.8) yields the grammatical labeling:
75
x v

6 2 0
U z z '

N

3 4
Yy w

Therefore, this insertion of n+ 1 corresponds to the substitution rule x — zy in grammar G
(1.5). Since there are i exterior peaks of pattern 132 in 7, the insertion produces i permutation
on [n+ 1] with i exterior peaks of pattern 132, j exterior peaks of pattern 231, and k+ 1 proper
double descents. The total weight of these ¢ permutations is

irtvtud Zj+1yk+1wn_22_2j_k.

Case 2. Insert n + 1 before some element 7, labeled by v. We label n + 1 by u and relabel 7y

by z since the position of n+ 1 is an exterior peak of pattern 231 due to my_; > my, in addition,
we relabel m,_1 by w since my,_1 < n + 1, as illustrated below:

Typ—o < Typ_1 > Ty — Moo < Ty1 < mn+1 > my .
x v w U z
For example, if we insert 7 before element 3 in (2.8), then the labeling is changed to
5 7 3 4 6 210
w U oz ow u zy z

Note that this insertion corresponds to the rule v — 2~ !zwu, and generates i permutations

on [n + 1] with 7 — 1 exterior peaks of pattern 132, j + 1 exterior peaks of pattern 231, and
k + 1 proper double descent. The total weight of these ¢ permutations is

~$z—1vz—lu]+lzj+2

i k+1wn—2z—2j—k‘

Y



Case 3. Insert n+ 1 before some element 7, with label u. Then the position of n 4+ 1 becomes
an exterior peak of pattern 132 and the position of 7, becomes a proper double descent, so
that we label n 4+ 1 by x, and relabel 7y by v and 71 by y:

To—1 < Tp > Ty4q 1 < n+1l > m > mg
U z T v y

For example, we insert 7 before the element 6 in (2.8). Then we obtain
5 3 4 7 6 2
vy

0
r v w T z

1
Yy

Hence the insertion is consistent with the rule v — zz~'yv, which produces j permutations
on [n+ 1] with i+ 1 exterior peaks of pattern 132, j — 1 exterior peaks of pattern 231 and k+ 1
proper double descents. The total weight of these j permutations is

Jat Tyt L g ik n=2i=2j =k

Case4. Insert n + 1 before some element labeled by z. There exist two subcases. If n + 1 is
inserted before 0, then we label n + 1 by w:

m 0 . ™ < nm+1 0 .
z w oz
For example, inserting 7 before element 0 in (2.8), we get
53 4 6 21 70
T v oW u 2z Yy w 2

If n+1 is inserted before m, with label z for 1 < £ < n—1, then the label of n+1 is assigned
u, and the labele of my_1 is adjusted to w, as showed below:

Ty < Tp_1 > Ty Mo < Ty—1 < m+1 > m
U z w U z

For example, inserting 7 before the element 2 in (2.8) yields
53 4 6 7210

T v ow w u z Yy z

In conclusion, the insertions in this case always correspond to the substitution rule z — zw
and yields j + 1 permutations on [n + 1] with i exterior peaks of pattern 132, j exterior peaks
of pattern 231, and k proper double descents. Thus, we obtain the total weight

(j + 1)atvind 27 ykyn=2i=2i—k+1,
Case 5. Insert n+ 1 before some element 7, with label w. By the labeling rule, we know that

mg_1 < mp. Thus the position of n + 1 becomes an exterior peak of pattern 132 then we label
n + 1 by x and relabel 7y by v:

Te—1 < Ty m—1 < n+1 > my
w T v

10



For example, we insert 7 before the element 4 in (2.8), which changes the grammatical labeling
to
5 3 7 46 2 10
T v oxr v u z Y 2
This insertion corresponds to the rule w — xv, which generates n —2¢ —2j — k permutations
on [n+ 1] with i+ 1 exterior peaks of pattern 132, j exterior peaks of pattern 231 and k proper
double descents. Thus the total weight of these permutations equals

(n—2i—2j — k)xz’+1vi+1ujzj+1ykwn—2i—2j—k—l_

Case 6. Insert n+ 1 before some element 7, labeled by y. It is easy to check that the position
of n + 1 becomes an exterior peak of pattern 231 since my_1 > mp. Thus we label n + 1 by u
and relabel 7, by z:

Ty—_og > Tp_1 > Ty Moo > Ty—1 < n+1 > m
Y U z

For example, inserting 7 before the element 1 in (2.8) gives

5 3 6 2 7
T v u oz ou

IS

4 0
w z
Hence, this insertion is coincident with the grammatical rule y — zu and produces k£ permu-

tations on [n + 1] with ¢ exterior peaks of pattern 132, j + 1 exterior peaks of pattern 231 and
k — 1 proper double descents. The total weight of these permutations amounts to

kxzvzu]H29+2yk_1w”_2l_29_k.

Taking all the above six cases into account, we deduce that

Pn+1($ayazaw7u7v): Z w(ﬂ-)

W€6n+1

n
_ Z Bo(i,j, k) (miviujZg+1yk+1wn—2i—2j—k 4 mz—lUz—1ug+12j+2yk+1wn—2i—2j—k
i,7,k=0

it Ld =l L n 2= 2=k ()i d 0 Ry 22—k
(n — 20 — 2j — k)it lyitlyd it lykyn=2=2—k=1 | ]mz’Uz'uj+1Zj+2yk—1wn—2i—2j—k) ‘
By the grammar (1.5), we have that
D(abvid 271y kqpn=2i=2—k)

— ,L-xz,uzu]z]+1yk+1wn—2z—2j—k + Z~$z—1Uz—luj—l—lZ]+2yk+1wn—2z—2j—k

4 jait i g ey 22—k (j + 1)$ivz’ujZj+1ykwn—2i—2j—k+l

+ (n — 9 — 2] o k)xz-i-l,vz-i-lujzj+1ykwn—2i—2j—k—1 + kxivzu]+12j+2yk—lwn—2i—2j—k.

11



Therefore,
Poi1(z,y, z,w,u,v) = Z D(w(m)).
WEGn
On the other hand, it follows from induction hypothesis that

D" Y(z) = D(D"(2)) = D < > w(ﬂ)) = Y D(w(m)).

TSy T€6p
Thus the theorem holds for n + 1, which completes the proof. |

By considering a different grammatical labeling on permutations, which is also consistent
with the substitution rules of the grammar G (1.5), we give a grammatical interpretation for
the generating function Q,(x,y, z,w, u,v).

Theorem 2.2 Let D be the formal derivative with respect to the grammar G (1.5). Forn > 1,
we have
Dn(w) = QTL('ZI;? y7 z? w7 u7 U)'

Proof of Theorem 2.2. The proof is similar to that of Theorem 2.1, so we only present the
corresponding grammatical labeling. Given a permutation m = 77y - - -7, on [n], first add an
element 7,41 = 0 at the end of m. Then for 1 < i < n, if i is a peak of pattern 132, we label
m; by z and m; 11 by v, if ¢ is a peak of pattern 231, we label m; by w and m;41 by z, if i is a
double descent, we label ;11 by y, finally, if 7 is a double rise, we label m; by w.

We claim that this grammatical labeling is well-defined, that is, for 1 < ¢ < n 4 1, each
element m; is assigned exactly one label. Since n = 1 is trivial, we assume n > 2. If i = 1,
then m; is either a peak of pattern 132 or a double rise since 0 = mg < 71. Thus 7 is labeled
by x or w. If i = n 4 1, since m, is either a peak of pattern 231 or a double descent due to
Ty > Tpe1 = 0, we may label m,41 by either z or y. Suppose 2 < i < n. If mj_1 < 7 < mit1,
then 7; is a double rise receiving label w, if m;_1 < m; > m;11, then m; is a peak receiving label
x or label w. On the other hand, if m;_o > m;_1 > m;, then m;_1 is a double descent so that
we label m; by y, if m;_o < m;_1 > m;, then m;_1 is a peak so that we label 7; by either z or v.
Following the above labeling rules, we can always assign m; a label for 1 < i < n + 1, which
completes the proof. |

Furthermore, let W, (i, j, k,¢,m) be the number of permutations on [n| with ¢ peaks of
pattern 132, j peaks of pattern 231, k double descents, ¢ double rises and m — 1 valleys.
Denote by

n
Wiz, y, z,w,u) = Z W (i, 4, k, €, m)ztu? 2MyFw?,
i7j7k7z7m:0
or equivalently,
Wn(x7 Y, Z, W, u) = Z Pt (”)up2(77) Zv(ﬂ)—l—lydd(w)wdr(ﬂ) . (29)
7'('6671

By the definitions of peaks and valleys, it is clear that the number of peaks in a permutation
is one greater than that of valleys. If replacing v by z in Qn(z,y, 2z, w,u,v), then the exponent
of z will record the occurrences of valleys, that is,

Qn(‘rayazaw7u7v)’vzz = Wn(x7y727w7u)' (210)
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Corollary 2.3 Let D be the formal derivative with respect to the grammar G (1.5). Forn > 1,
we have

Dn(w)|v:z = Wn(:pa Yy, 2w, u)
By using the Leibniz rule (2.1) on D"*1(2) = D"(zw), we have

n
Dn+l — n Dk‘ Dn—k‘ .
@ =3 (}) 0w
k=0
Hence for n > 1, combining Theorem 2.1 and Theorem 2.2, we can establish a convolutional
relation:

n

n

Poii(z,y, z,w,u,v) = E <k>Pk(x,y,z,w,u,fu)Qn_k(x,y,z,w,u,v).
k=0

3 Connection to the parabolic cylinder functions

In this section, by using the grammar

1

G:x =y, y— 2u, 2 — 2w, W—> TV, U — TYZ v,v—>x_1zwu

as in (1.5), we give the proofs of Theorem 1.5 and Theorem 1.9. To be more specific, combining
Theorem 2.1 and (2.2), we have

n

o0
Z P, (z,y, z,w,u,v)—' = Gen(z,t). (3.1)
n!
n=0

Similarly, by Theorem 2.2 and (2.2), along with the assumption that Qo(z,y, z, w,u,v) = w,
we find that

00 o
> Qulw,y,2,w,u,0) — = Gen(uw,1). (3.2)
n=0 ’

Therefore, to prove Theorem 1.5 and Theorem 1.9, we need to compute Gen(z,t) and Gen(w, t).

To this end, we first give the explicit formula for the generating function Gen(x_l/ 2,7 21

by solving the parabolic cylinder differential equation. Recall that the parabolic cylinder dif-

ferential equation is a second-order ordinary differential equation of the form

V& (0t 55w =0 (33)

whose solution can be written as
y=c1Dy(2) + c2aD_q-1(i2),

where D, (z) and D_,_1(iz) are independent, and ¢y, co are constants to be determined by the
initial conditions of (3.3).

Based on the solutions of the equation (3.3), it is not difficult to solve a more general
differential equation of the form

"

y (2) — (a2 + bz + c)y(z) = 0. (3.4)

13



Theorem 3.1 For the general parabolic cylinder differential equation (3.4), all solutions can
be written as

b b
1/4 ; 1/4
chbz,zch,/gaa/z (\/5(1 zZ+ \/%3/4) + 62D4a678b5373a3/2 (z <\/§a zZ+ \/%3/4)) )

where ¢1 and ¢y are constants.

Proof. By equation (3.3), we know that these two parabolic cylinder functions are independent,
thus we only need to prove that they are solutions of (3.4). To this end, we first introduce two
recurrence relations related to D,(z) and D/(z) in [19, pp.16]:

D}(2) = 32Du(2) ~ Dasa(2), (3.5)

1
D.(2) = aDgy_1(2) — §zDa(z). (3.6)
By (3.5) and (3.6), for any two constants r and s, we can deduce that
Dl (rz+s) = g(rz + 8)Dy(rz+8) —rDgr1(rz + ), (3.7)
D, 1 (rz+s)=r(a+1)Dy(rz +s) — g(rz + 8)Dgy1(rz + s). (3.8)
Combining (3.7) and (3.8) yields

/
D!(rz+s) = <g(rz +8)Dy(rz+8) —rDgy1(rz + 3))

2

= %Da(rz + )+ g(rz + ) (%(rz +8)Dy(rz+8) —rDgt1(rz + S))

—r? <(a +1)Dg(rz + ) — %(rz + 8)Dgt1(rz + s)>

7,2

= 7 ((rz+8)* = 40— 2) Dy(rz + 5). (3.9)

Therefore, plugging

Do e sad/2 (\/5&1/42 +

8a3/2

b , 1/a b
\/§a3/4> and D4a678ba237/421a3/2 <Z <\/§a z + \/§a3/4>>

into (3.9), we see that both of them satisfy the general parabolic cylinder differential equation
(3.4). This completes the proof. 1

The following theorem states that the generating function Gen(a:_l/ 2,1 2 1) satisfies a
general parabolic cylinder differential equation.

Theorem 3.2 Let
f(t) = Gen(z™ /22712 1)

14



and

a=(y+w)?—2@v+zu), B=2w-—y)(zv——zu), v=2xv—_zu)

We have

F(8) — <%t2 n gt n %) F(t) = 0. (3.10)

Proof. By the grammar G (1.5) and the corresponding formal derivative D, one can check that

1
D?(z 122717 = Z$—1/2Z—1/2((y +w)? = 2(zv + zu)) = %x_l/zz_1/2. (3.11)

Moreover, since D(zv — zu) = 0, it follows that

D(a)=p, D(B)=r, D(y)=4(zv—zu)D(zv— zu) = 0. (3.12)
By (2.4), we have
FO) = Z_;)Dn+4(x_1/22_1/2)2—7;. (3.13)

From the Leibniz rule (2.1) and (3.11), we see that

n+2
n _ _ n a _ _ 1 n 4+ 2 49—k, — _
D +4(x 1/2, 1/2):D +2 <Z$ 1/2, 1/2) :ZZ< . >Dk(a)D +2 k(x /2, 1/2)‘
k=0

By (3.12), the summation has only three nonzero terms, implying that

Dn+4(x_l/22_1/2) (314)
_ Qe —1je —1j2y L P2 o —1ge —agey L (nt2 ng.—1/2_—1/2
4D (x™ =279 + 0 DT (T 2T ) + il 9 D™ (x™ 27 ).

Putting (3.14) into (3.13), and using (2.4) again, we deduce that

FO@) - (%ﬁ + gt + %) £t — <%t + g) £t — %f(t) = 0. (3.15)

o) = 1)~ (32 + G+ ) 0.

Taking the second-order derivative with respect to ¢ on both sides gives

70 = 100 - (204 5o $) 0 - (Je+ ) 1o - L1

It follows from (3.15) that

g"(t) =0.
Clearly, we have g(t) = c1t + c2 with the indeterminate constants ¢; and ¢y, that is,
() — (%R + gt + %) f(t) —cit —ca = 0. (3.16)

15



Set t = 0 and recall f((0) = D*(z~/22=1/2). By (3.11), we have

e = f(0) — %f(O) _ DZ(x_1/22_1/2) _ %x—1/22—1/2 —0.
Hence, (3.16) can be reduced to
) — T2 g ét +2 f(t)—cat=0.
8 4 4
Then taking the derivative with respect to ¢ on both sides yields
FO) — T Py f(t) - 248 flt)—e1 =0 3.17
st PR a=0 (3.17)
Setting ¢t = 0 in (3.17) gives
_ ) o g
o = fO(0) - ££0) - ££(0)
= Dg(a:_l/Qz_l/Q) — %D(m‘lﬂz_lm) — gx_lﬂz_l/z. (3.18)
Hence, from (3.11), we deduce that
D3(z"12,712 = p <%x_1/2z_1/2) _ %D(ZE_1/2Z_1/2) n gx—1/2z—1/2. (3.19)

Combining (3.18) and (3.19), we see that ¢; = 0. Therefore, given ¢; = c2 = 0, equation (3.16)
reduces to (3.10). This completes the proof. 1

Combing Theorem 3.1 and Theorem 3.2, we give the explicit form for the generating function
Gen(a:_l/ 2,-1/2, t) in terms of the parabolic cylinder functions.

Theorem 3.3 Let 5,5,p,q,r,s be defined as in Theorem 1.5. We have

Gen <x_1/2z_1/2, t) (3.20)

1/2.,—1/2

x Itz A w—1Y
= < 08 — qyY) D zu—yw <5t+—>
pg(w —y) + (dps — dqr) <( WD 0

—I—(pw — 57‘)D:cv7yw <3t + y _A w>> .
52 0

Proof. From Theorem 3.1 and Theorem 3.2, Gen(a:_l/ 2,712 t) can be expressed as follows

Gen (x_1/2z_1/2,t>

w—y , w—y
=c1Dzu—yow | VU — 2Ut + —— | + 9D yw—2v | 7 | VTV — 2Ut + ——=—
e < U — zu> e ( < Vv — zu>>

16



with the indeterminate constants c¢; and co. By noticing that iv/zv — zu = zu — zv, we
rewrite Gen (x_1/22_1/2,t) as

Gen (x_1/2z_1/2,t>

w—y Y —w
=c1Dzu—yow | VU — 2Ut + —— | + 9D zv—yw | VzU — TVt + .
! awf?iu < A/ TV — Z’LL> 2 zufgw ( A/ ZU — :1;"U>

Let 5,5,p,q,r,s be defined as in Theorem 1.5. Since Gen(x_1/22_1/2,0) =g 12712 we

obtain

1/2

cp+ coq = V2712 (3.21)

Moreover,

1

Gen'(a1/2571/2,0) = D(a™12271%) = ——a™V27 12 (y 4 w),

Thus, by (3.7), we see that

o (Mgt or) v (Tgtabs) = —ge oy ) (3.22)

Combining (3.21) and (3.22), we arrive at

(0s — qy)a—1/2271/2 (pw — 6r)z—1/22=1/2
c = ~ and ¢ = ~ .
pg(w —y) + (0ps — dqr) pq(w —y) + (6ps — dqr)
This completes the proof. |

Now we are ready to prove Theorem 1.5 and Theorem 1.9.

Proof of Theorem 1.5. Using mathematical induction on n with the fact D?(w — y) = D(xv —
zu) = 0, we see that for n > 0,

[n/2]
n —l n! n—2k k
Therefore, we have
[n/2] nl m
: n—2k k
Gen(z Zx kZ:O —2k(n—2k)!k!(w_y) (xv — zu) )

ktn+2k

—otz Yy e

k=0n=0

-1

_ (zvfzu)t2
=g lzew VT

(3.23)

On the other hand, by (2.3), we have
2
(Gen(z,t) . Gen(a:_l/2z_1/2,t)) = Gen(z~ Y2212 )2 = Gen(z'2,1),
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which leads to

Cen(z~1z,t)1/?
Gen(z,t) = Gen(z 2. 177.0)"

(3.24)
Plugging (3.20) and (3.23) into (3.24), we arrive at the generating function Gen(z,t)

Proof of Theorem 1.9. From the substitution rule z — zw in the grammar (1.5), utilizing (2.3)
and (2.4), we obtain that

Gen'(z,t) = Gen(D(z),t) = Gen(zw, t)
thus,

= Gen(z,t)Gen(w,1),
/
Gen(w,t) = Gen (2,1)

. 3.25
Gen(z,t) (3:25)
Using (3.7) on Gen(z,t) to compute (3.25), we are led to Theorem 1.9

|
To see that Theorem 1.5 implies Theorem 1.4, replacing u by x and v by z in (1.4) gives
(1.2), that is,

P, (z,y, z,w,u,v)|u:z = Py(z,y,z,w).
Thus by (3.1), we derive

ZP xy,zw —Gen(z )| u=e

v=z

It follows from (3.24) that

(Gen >
Gen(2,)]u=s = Gen(z-1727 —1/2 ) ozs

(3.26)

From (3.23), we can directly deduce that

Gen(z ™ 1z,t) | v = 2 L2V,

(3.27)

With the replacement v — x and v — z, the parabolic cylinder differential equation (3.10)
reduces to the second order linear differential equation

W) — (9 + w) — da2)h(t)
where h(t) = Gen(z~1/2271/2 ¢ ‘ -

0,

. According to the initial conditions

(3.28)




+ (1 _ Y +;U 6% (y+w)2—4zxz )
(y + w)? — daz

Hence, plugging (3.27) and (3.28) into (3.26), we arrive at

Gen(z,t) | u=x

v=z2

224/ (y +w)? — Az zes Wy (yw)* —dz) (3.20)
y+w+ /g T w? — ez — (y+w—/{y + w)? — daz)eV et

which proves Theorem 1.4.

Next we show that Theorem 1.9 implies Theorem 1.8. Substituting u by = in (2.9) and
comparing with (1.9), then for n > 1, we deduce

Wn($7y7 z,w,u)|u:x = szn(x,y, Z,U))-
Together with (2.10), we have
Qn(SU’y’Z’waU)’"i”” = xZFn(‘Tayu Zuw)'

By (3.2), we see

> " e tn
Z:an(%y’%w)m =x z Z_;Qn(x7y7z7w7uav)|z::m
=171 (Gen(w,t)| w=z — w) . (3.30)
It follow from (3.25) that
!/
<Gen(z, t)| Zi:c)
Gen(w, )] T Gen(z,t)| u_:z ' (3:31)
Let a8 = zz and oo + 8 = y + w, then by (3.29) and (3.31), we derive
eﬁt _ eat

Therefore, plugging (3.32) into (3.30) proves Theorem 1.8.

4 Specializations

In this section, we discuss several applications of Theorem 1.5 and Theorem 1.9 by specializing
the variables in {z,y, z, w,u,v}. Before this, we recall the definition of consecutive patterns [9]
in permutations. Let m < n be two positive integers, and m = mymy - - - m, be a permutation
on [n] and 0 = 01090y, be a permutation on [m]|. Then we say 7w contains a consecutive
pattern o if there exist m consecutive elements ;11712 Titm in 7 (0 < i < n —m) such
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that p(mj417ive -+ Titm) = o, where p is the reduction consisting in relabeling the elements
with {1,2,...,m} so that they keep the same order relationships they have in 7.

Let L(n, k) be the number of permutations of [n] with k consecutive patterns 231 and 321,
and let

Ln(x) =Y L(n, k)z*. (4.1)

k>0

In other words, L(n, k) counts the number of permutations of [n] whose total number of exterior
peaks of pattern 231 and proper double descents is k.

Proof of Theorem 1.6. Note that by (1.3), we have
P,(1,z,1,1,2,1) = Ly(x). (4.2)
Due to the explicit form of D,(z) in (1.6) with the fact lim,_,o ﬁ = 0, we can easily obtain

z z

Do(z) =e~ % and Dy(z) = ze” 7. (4.3)

Moreover, we see that

Notice that

”a) <1 5 z2> = ﬁezzerf(z), (4.4)

where erf(z) is the error function defined by

2 x
erf(z) = ﬁ/o e~ ds.

Then setting z — % in (4.4) gives

D_i(z) = \/;ezj (1 —erf (%)) . (4.5)

Therefore, by (4.2), setting z,z,w,v — 1 and y,u — z in Theorem 1.5, utilizing (4.3) and
(4.5), we have

i Ln(w)t" = mew |
n=0 n! \/m—F \/7_1'61771% (erf (\/ZEI> —erf <%))

After replacing the error function erf(x) by integration, we finally arrive at (1.7). This com-
pletes the proof. |

which leads to
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By setting « = 0 in (4.1), we have L, (0) = L(n,0), which is the number of permutations
on [n] avoiding the consecutive patterns 231 and 321. It follows from Theorem 1.6 that

+2

=t (4.6)

Note that (4.6) is also the generating function of the number of involutions on [n], see [15, Eq.
5.32], which implies that the number of permutations on [n] avoiding the consecutive patterns
231 and 321 equals the number of involutions on [n]. A bijective proof given by Callan can be
found in [20, A000085].

Let T'(n,i,j) be the number of permutations on [n] with i exterior peaks of pattern 132
and j exterior peaks of pattern 231, and let

To(z,y) = Y T(n,i, j)a'y’. (4.7)

1,520

Proof of Theorem 1.7. By (1.3), we know that P,(x,1,1,1,y,1) = T,,(x,y). Thus after replace-
ments y, z,w,v — 1 and u — y in Theorem 1.5, we obtain the numerator as

A w— 2 T
lim z(pg(w —y) + (d0ps — 5qr))eTyt+6T ) (4.8)
Y, 2, W, v—>
u—y
where
o y—x B T —y

-z 1 1—y 1—y 1 l—x \
Do) (3t ay) (o) T+ o)
For the denominator, we have
S

y,z,w,v—1 5
u—y

y—z 2 _ _
me 1t \Jy—ai F ( (lm_yy); %; %ﬂ) T /T — iy By (
1—y

1 3
2 2
() T (3 + 2@:2))

=—A; — Ay + Az + Ay,

and

. a y—w
1 —07) D zv—yw <
e (= 0r) ( 5 )
u—ry

e 1F1<z %72) R T L (AT = ),
VID (3 + o55) T (é ) P (o) T ()
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1F1(a;b;2) = €*1F1(b — a; b; —2), (4.9)

we deduce that
-2 y—a:2> y=—z 2 < 1—y 1x—y2>

1Fy t =€ 2 11 T = t s 4.10

<uy 7’ e—y)'3 2 (410

1
2’
1 -2 3 y—z,4 y=z 2 1 -y 3 -y,
k|- = ) =€e2 " 1F1| 3 P= t° ). 4.11
11<2+2@ 7' > ‘ 11<2+%x—w’f > 1)

Plugging (4.10) into B; and Bs, and plugging (4.11) into Bs and By, we see that A; = By,
A2 = B2 and

1-— 1 z—
Ag—BgZﬂ'64 @1F1< y_. 'xzyt2>,

2(z —y)' 2’
- 1 -y 3 z-y
Aj—By=—rme'TVOHER (= - 2
4 4 me 1 © Ot 5 + 2w = ) 5 5 )

which implies

hm (88 _ qy)Dzufyw <5t + ﬂ) + (p'UJ — 57‘)Dmv7yw (A y _A w> (412)

y,z,w,v—1 52 6 5 6
u—y
y=—z,2 -y 1 z—-y, 1 -y 3 -y,
= F; 5= tv | -t | = — t .
e @<11<2($—y)’2’ 2 > 11<2+2( 02 2

Therefore, combining (4.8) and (4.12) gives (1.8), which completes the proof. 1

Letting y — = in Theorem 1.7 also leads to the result of Gessel [20, A008971].

Proof of Theorem 1.1. One can check that

1— 1 z— (VI =)
lim 1 Fy <2 y_.2.7 yt2>:zﬂ:cosh(\/l—xt)

y—z (x—y) 2" 2 (2n)!

n=0

and

_ 11—y 32—y, 1 & (VI —at)?Hl 1 ,
lim 1 Fy (= o t?) = = h(v/1 — zt).
vt 1<2+2(a:—y)’2’ 2 > vl—xtnzz:o (2n+1)! \/1—g;tsm( zt)

Thus we have

o r—y
" e 2
fim ZTn(x,y)—' = Jim 1 1 1, 1 3
— n! x —y . 1.3=y42 —y . 3.2=Y42
R Y 15 (2(w—y)’§’ 2 t ) — 1 (§+2(m_y)7§7 2 t >




VvVi—z
V1 — zcosh(v/1 — xt) — sinh(y/1 — at)

~ S Tt
n=0

We complete the proof. |

Furthermore, setting y — 1 and = — 1 in (4.7), respectively, we deduce that

Th(x) == Ty(x,1) = ZTl(n,k:)xk and T, (y) :=T,(1,y) ZTQ (n,k)y
k>0 k>0

where T7(n, k) is the number of permutations on [n| with k exterior peaks of pattern 132, and

Ty(n, k) is the number of permutations on [n] with k exterior peaks of pattern 231.

Corollary 4.1 We have

T— 1t2

3 T ro_ e (4.13)
r)— = - :
oy "l 1—[567152(18
and
(L — (414)
7 ) = S 414
o ol 1—f0t€y7182d8

Proof. Since

we observe that

1 l-y 3 z—y, NS l—z
lim | F 2 ) = = —erf | ——t . 4.1
yol ! 1<2+2( y)' 22 > A=) ( 2 > (4.15)

Then by Theorem 1.7, setting y — 1 in (1.8) and utilizing (4.15), we obtain

2(1 - az)ezgth
ZT n' V2(1 — z) — /merf (\/%t) . 19

With the help of (4.4), we deduce that

. 1 -y 3 z—y, VT Loyy2 l-y
| (= — ) = — f —t]. 4.17
s 1<2+2( N2 2 ) D 2 (4.17)
Thus, setting  — 1 in (1.8) and using (4.17), we see that
2(1 —
E Tu( -y (4.18)

n=0 ”' V20 —y) - \/_erf<\/7t>
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After replacement error functions by integration in (4.16) and (4.18), we obtain (4.13) and
(4.14). This completes the proof. 1

Setting = = 0 in (4.13), we obtain the generating function of the number of permutations
on [n] with no exterior peaks of pattern 132

+2

o0

t" 2
ZTI(TL?O)_' = ‘ 52 )
=0 o1- [je Tds

which recasts the formula obtained by Kiteav in [12, Theorem 6]. Since mymmy cannot be a
exterior peak of pattern 231, Th(n, k) is also the number of permutations on [n] with k con-
secutive pattern 231. Thus, (4.14) reproduces the result of Elizalde-Noy given in [9, Theorem
4.1]. Similarly, setting y = 0 in (4.14) yields the generating functions of permutations on [n]
avoiding the consecutive patterns 231:

o

t" 1
> T(n,0) 5= ——,
"0 o1- [je 7ds

which is also a special case of [9, Theorem 4.1] and [13, Theorem 12].

As the conclusion of this section, by combining Theorem 1.5 and Theorem 1.9, we give
the joint distribution of exterior peaks of pattern 132 and of pattern 231 over alternating
permutations on [n]. As defined in [15], we say that a permutation 7 = mmy---m, € &, is
alternating (or zigzag or down-up) if 71 > 7y < 73 > 74 < ---. Recall that T4(n,i,7) is the

number of alternating permutations on [n] with ¢ exterior peaks of pattern 132 and j exterior
peaks of pattern 231, and the generating function

T zy) = D THn,i,j)a'y,
4,520

From (1.11), we see that

3 — = (=) int
lim 1 Fy * 5= TV o Z (=1) pon = 2
z,y—1 2($ — y) 2 2 (2n + 1)' t

n=0

and

y la—y — (="
lim 1F  — 2 t?) = 2" = cost.
o1’ 1< 20 —y) 2 2 > 7;) (2n)! €08
Thus if we set z,y — 1 in (1.11), then (1.11) reduces to the generating function
o0 tn
Z En—' =sect + tant,
n!

n=0
where the Euler number E,, is the number of alternating permutations on [n].

Proof of Theorem 1.10. The proof is divided into the following cases depending on the parity
of n. For the case that n is even, we let z,v — 1 and y,w — 0 and u — y in (1.3). One can
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check that the permutations not vanished are alternating permutations with even length. Thus
we have
P2k(£7 07 17 07 Y, 1) = Té?g($7 y) and P2k+1($7 07 17 07 Y, 1) = 07

where k is a nonnegative integer. By setting z,v — 1 and y,w — 0 and v — y in Theorem 1.5,
using formula (4.9), we obtain that

io: n t2k 612;th
Topp(2,y) 7oy = : (4.19)
k=0 @R py <——2(xy_y)§ 5 x—;yt2>

For the case that n > 3 is odd, we set z,v — 1 and y,w — 0 and v — y in (1.10). Notice
that only the alternating permutations with odd length are not vanished in this case. By the
labeling rules in proof of Theorem 2.2, we have

Q2k+1(gj7071707y7 1)/y = Té?g-}-l(x)y) and QQk(:EvO)lvO)y’l)/y = 07

where k is a positive integer. By letting z,v — 1 and y,w — 0 and v — y in Theorem 1.9,
then using formula

(1+a—0b)1Fi(a;b;2) =a1Fi(a+1;b;2) + (1 — b)1 Fi(a; b — 15 2),

we derive that

r—y

(2k+1 te T By (% §;—%t2>

[e.e] .
— )7 2
> Tshia(z,y) = —
| —
k=1 (2k +1)! 151 <_z(xy_—y)§ %§ ‘x2yt2)

Therefore, summing T (z,y) = 1 and (4.19), (4.20) together yields (1.11), which completes
the proof. |

1. (4.20)
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