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ABSTRACT. Let p be an odd prime. In this paper we investigate quadratic
residues modulo p and related permutations. For k =1,... ,(p — 1)/2 let 1, (k)
be the unique integer k* € {1,...,(p — 1)/2 such that kk* is congruent to 1 or
—1 modulo p. Then 7, is a permutation on {1,...,(p—1)/2} and we show that
its sign is —(%) with (5) the Legendre symbol. If a1 < ... < a(,_1)/2 are all the
quadratic residues modulo p among 1, ... ,p— 1, then the list {12},,... , {((p—
1)/2)2}, (with {k}, the least nonnegative residue of k¥ modulo p) is a permuta-
tion of a1, ... ,a(,_1)/2 and we determine its sign in the case p = 3 (mod 4) by
evaluating the product H1<j<k<(p71)/2(cot mj2/p — cot mk?/p) via Dirichlet’s
class number formula and Galois theory. We also obtain some new identities for
the sine and cosine functions; for example, we prove that

-2 2 _ _ _
H (3057'('70/(‘7 Ttk ) — (—1)a‘pT+1LpT1J27pTll-pTSJ

1< <k<(p—1)/2

for any a € Z not divisible by p.

1. INTRODUCTION

Let p be an odd prime. For any integer a we let {a}, denote the least
nonnegative residue of @ modulo p. Clearly, if p { a then 7, (k) = {ak}, with
1<k <p-—1isapermutation on {1,...,p—1}. Zolotarev’s lemma (cf. [DH]
and [Z]) asserts that sign(m,) (the sign of the permutation 7,) coincides with
the Legendre symbol (7).

Frobenius (cf. [BC]) extended Zolotarev’s lemma as follows: If a € Z is
relatively prime to a positive odd integer n, then the sign of the permutation
mq(k) = {ak}, (0 <k <n—1)on{0,...,n—1} equals the Jacobi symbol (%).
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Let n > 1 be an odd integer and let a be any integer relatively prime to n. For
eachk=1,...,(n—1)/2let 7} (k) be the unique r € {1,...,(n—1)/2} with ak
congruent to r or —r modulo n. For the permutation 7} on {1,...,(n—1)/2},
Pan [P06] showed that its sign is given by

sign(r*) = (%)("H)/ °

Let m > 1 be an odd integer, and let a1 < ... < a,(y) be all the numbers
among 1,...,m — 1 relatively prime to m. For each k € {1,...,m — 1} with
ged(k,m) = 1, let 0,,(k) = k be the inverse of k modulo m, that is, k €
{1,...,m—1}and kk =1 (mod m). Fork =1,...,(m—1)/2 with gcd(k,m) =
1, let 7,,,(k) be the unique integer k* € {1,...,(m — 1)/2} such that kk* is
congruent to 1 or —1 modulo m. Clearly, o,, is a permutation of ai, ..., aym),
and 7, is the permutation of a1,...,ap(m)/2. Our first theorem determines
sign(o,,) and sign(7,,).

Theorem 1.1. Suppose that m = ngl ps, where p1, ... ,p, are distinct odd
primes and aq, ... ,a, are positive integers. Then we have

sign(oy,) = —1 <= m is prime and m =1 (mod 4). (1.1)

Also, sign(t,) = —1 if and only if r =1 & (p1 = 1 or 4a; + 3 (mod 8)), or
r=2& p1+p2 =0 (mod 4). In particular, when m is an odd prime we have

sign(om) = — <—) and sign(ry,) = — (3) | (1.2)

m m

Let p be an odd prime. By Wilson’s theorem,
p—1 2 (p—1)/2
(—1)tP=172 (T') = ] ¥p-k)=@-1)!'=-1 (modp). (L3)
k=1

Write p = 2n + 1 and let aq,...,a, be the list of all the n quadratic residues
among 1,...,p— 1 in the ascending order. It is well known that the list

{1} {nh

is a permutation of aq, ... ,a,. Clearly, the sign of this permutation is just the
sign of the product

Sp = H ({jZ}p - {i2}p)- (1.4)

1<i<j<(p—1)/2



QUADRATIC RESIDUES AND RELATED PERMUTATIONS AND IDENTITIES 3

It is easy to determine this product modulo p. In fact,

—n! d ifp=1 d 4
H (2 — i) = { n! (mod p) 1 D = (mod 4), (1.5)
1<i<j<n 1 (mod p) if p=3 (mod 4),
since
n p—1
H (j—1) x H (j+1) = H pHiz1: k+i<n}] o H EI{1<i<k/2: k—i<n}|
Ii<jsn 1<i<ji<n k=1 he1
_ H En—k o H EL(k=1)/2] (»— k) |k/2]
k=1 k=1

=(—1)%k=o "2 (n1)"1 (mod p)
and (n!)? = (=1)"*! (mod p) by (1.3). It is known (cf. Problem N.2 of [Sz,
pp. 364-365]) that
I[I @+ =08 (mod p) (1.6)
1<i<j<(p—1)/2
for any prime p > 3 with p =3 (mod 4).
Inspired by (1.5) and (1.6), we obtain the following general result.
Theorem 1.2. Let p be an odd prime.
(i) If p=1 (mod 4), then

[T @)= (mody). (1.7
1<i<j<(p—1)/2
phi*+5*
(ii) Let a,b,c € Z with ac(a+ b+ c) £ 0 (mod p), and set A = b* — 4ac.
Then

N (Uetty (mod p)  ifp | A,
H (az2 + big + 0]2) = { acl()a—|—b+c)A ‘ (1.8)
1<g<j<p—12 —(ﬁ> (mod p) prJfA-
plai“+bij+cj
If a+c=0, then
(p—1)/2
[T (@ +bij+ci®)
ij=1
plai2+bij+cj2 (1.9)

_{ +2211 (mod p) if(%) =—lor(p|A& (2
A

+1 (mod p) if (5

To determine the sign of .S, for an arbitrary prime p = 3 (mod 4), we need to

establish the following theorem via Dirichlet’s class number formula and Galois
theory.
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Theorem 1.3. Let p > 3 be a prime and let ( = €*™/P. Let a be any integer

not divisible by p.
(i) If p=1 (mod 4), then

(p—1)/2 ) B
H (1—¢* ) =VPep

k=1

($hee) (1.10)

where ¢, and h(p) are the fundamental unit and the class number of the real
quadratic field Q(,/p) respectively. If p =3 (mod 4), then

(p—1)/2 y e '
I (-c)=( (%) vai (111)

k=1

(ii) When p=1 (mod 4), we have

[T (€ = ¢ = (- 0/aped/ag 2@ (g 9)
1<i<k<(p—1)/2

If p=3 (mod 4), then
I[I ¢

1< <k<(p—1)/2

_ { (—p)r-3)/8 #p=3 (mods), (Y

(_1)(p+1)/8+(h(—10)—1)/2(%)p(p—3)/8i if p="T (mod 8),
where h(—p) is the class number of the imaginary quadratic field Q(\/—p).

Remark 1.1. For any prime p = 3 (mod 4), it is known that 2 f h(—p); moreover,
L. J. Mordell [M61] proved that p—;l! = (=1)(r=P+1/2 (mod p) if p > 3. Our
proof of (1.13) utilizes the congruence (1.5).

Since
sinmf = %e_me(l — &™) and  2cosmh x sinmh = sin 276,

we can easily deduce the following corollary from Theorem 1.3(i).

Corollary 1.1. Let p > 3 be a prime and let a € Z with p{a. Then

(p—l)/2 ]{32
9(p—1)/2 H sinﬁa—
- ' ~(2)h(p) (1.14)
—(—1)@HDLE+D/A] g5 ] EP ’ ifp=1 (mod 4),
(_1)(h(—p)+1)/2( ) ifp=3 (mod 4),

a
p
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and
(p—1)/2 2 A=GN(Hnrp) .,
2(p=1)/2 H Cos7rﬁ = ifp=1 (mod 4), (1.15)
et p (—1)(pH1)/4 if p=3 (mod 4).
For any odd prime p, we define
: : p—1 :
st i= {0 1< < k< P and (), > 2, | o)
and
R P , p—1 2 2 p
tp) =13 (4,k): 1<j<k< 5 and {k* —j }p>§ . (1.17)

For example, s(11) = ¢(11) = 4 since ({1%2}11,...,{5%}11) = (1,4,9,5,3),
{(]7 k) o1 g] <k <9 & {j2}11 > {kQ}ll} = {(275)7 (374)7 (37 5)7 (475)}7

and

{(]7 k) 01 <] <k <5 & {k2 _j2}11 > %} = {(1:3>7 (275>7 (374>7 (47 5>}

From Theorem 1.3 we deduce the following result.

Theorem 1.4. Let p be an odd prime. Then

; 1 if p=3 (mod 8),

ign —(—1)5() — (_1)tP) —

sign(5p) = (—1) (—1) { (—1)BEPHD/2 i p = 7 (mod 8).
(1.18)

Moreover, for any a € Z with p{ a, we have

k?2 42 -2 ]{72
H cscwu = H (cot W% — cot Wa—)
p p

1<j<k<(p—1)/2 p 1<j<k<(p—1)/2
(2p=1 /p)(P=3)/8 if p=3 (mod 8),
- (_1>(h(—P)+1)/2(%)(QP_l/p)(p_3)/8 if p="7 (mod 8),

(1.19)
and in the case p =1 (mod 4) we have

2 -2
T | | ese i ME —J7)
1<k (p-1)/2 b
_(a _ 2 2
_ -1/ 1T (comg_comﬁ) (1.20)
1<G<k<(p—1)/2 b P

S (2p—1p—1)(p—3)/8€;(%)h(p)/2'

Remark 1.2. The values of s(p) for the first 2500 odd primes p are available
from [S18, A319311]. That 2 | s(p) for any prime p = 3 (mod 8) might have a
combinatorial proof.

With the help of Theorem 1.4, we also get the following result.
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Theorem 1.5. Let p be an odd prime and let ¢ = €*™/P. Let a € Z with p fa.
Then

2 2
(C)eEE R e Des ] cosp WE—77)

1< <k<(p—1)/2 p

1 if p=3 (mod 4),

o | GRS { (DE(2)-1)/2 .,
1<j<k<(p—1)/2 tep ifp=1 (mod 4).
(1.21)

For a real number x let {} denote its fractional part x — |x|. If p is an odd

prime and 1 < j < k < (p—1)/2, then
k’2 2
)<
p p

4 D P 4’

Thus Theorem 1.5 with a = 2 yields the following corollary.

k’2—j2

p

Ccos 27 <0 <= cos2m

Corollary 1.2. For any prime p =3 (mod 4), we have

—1 1 k2 2
(1.22)

Motivated by the congruences (1.5)-(1.6) and Theorems 1.2-1.5, we establish
the following theorem.

Theorem 1.6. Let p be an odd prime.
(i) Let a € Z with pta. Then

H . _a(f®+ k%)
smm—-———-

1<j<h<(p—1)/2 b

phs*+k?
(2)h(p)(1+(2))/2 —
p \-(h-as | CP ifp=1 (mod4),
- (2p—1> X (=1)FmE if p=3 (mod 8),
(_1)(p+1)/8+(h(—p)+1)/2(%) if p="7 (mod 8).
(1.23)
Also,
2 2 B bt
[T cosn™ 7K _(ppestizgtig—agtiz) (1.24)
p

1<j<k<(p—1)/2
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and

aj? ak?
H cotm— + cotm——
p p

1<G<k<(p—1)/2

pti®+k?
8(%)h(p)(p+(%)—4)/2 ifp=1 (mod 4)
P — b
-1
= (2P~ p~ 1P (F)=D/8 o (—1)®=3)/8 if p=3 (mod 8),
(_1)(p+1)/8+(h(—p)+1)/2(%) ifp=T7 (m0<218;.5)
(ii) Let a,b,c € Z with ac(a +b+c) #Z0 (mod p). Set A = b* — dac and
m= > (aj®+bjk+ck?). (1.26)
1<) <h<p-1
plaj2+bjk+ck?
Then
11y (=3—(2))/2 i 87t bk + K
(-1 ()
1<j<];£p—1 p
ptaj2+bjk+ck?
b _ AN2y(a < atbte
(—1)e+E) O EITERTD e 1 (mod 4),
=3 ra(a c ;
={ (—1)etbrr (aletira), if4lp-3&plA,
_1yp=3 , h(=P)+1  g¢(qa c .
(—1)et 128 hop (%) ifd|p—3& ptA.

(1.27)

We also have

2 ; 2
2= De=1=(30/2 T cosn™ +bjk + ck
p

1<j<k<p—1
2y _ A2\ a c atb+tc
_{ (1)l /AP DAP DGRy

(_1>a+b(p—3)/4+(%)(p+1)/4 if p=3 (mod 4).
(1.28)

Remark 1.3. Under the notation in Theorem 1.6, as 4a(aj? + bjk + ck?) =

(2aj + bk)? — Ak? we have m = 0 in the case (%) = —1. It seems sophisticated
to determine the parity of m in the case (%) > 0.
Let p be any odd prime, For 1 < j <k < (p—1)/2, clearly

{aj°}y + {ak*}, > p <= {aj’}, > {-ak’},
aj? —ak?
< cotm— < cotmw
D b
aj? ak?
<= cotm—— +cotm— < 0.
D b

Thus (1.25) yields the following consequence.
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Corollary 1.3. Let p be an odd prime and let a € Z with pta. For

: : —1 ,
Np = '{(]7k): 1<y <k<pT : {agQ}p+{ak2}p>p}', (1.29)
we have
1 if p=1 (mod 4),
(—1)Ne = { (=1)P=3)/8 if p=3 (mod 8), (1.30)
(_1)(p+1)/8+(h(—p)+1)/2(%) if p="7 (mod 8).

Remark 1.4. Let p be an odd prime and let a € Z with pfa. For 1 < j <k <
(p —1)/2, by Lucas’ theorem (cf. [HS])

p‘(aUka%

0 ) — {aj? +ak2}p < {an}p — {ajz}p + {ak:2}p >

and hence

- : p—1 a(j* + k?)
No= {0 1<s<r< 2 map (V)

We are going to show Theorems 1.1-1.2, Theorem 1.3, Theorems 1.4-1.5 and
Theorem 1.6 in Sections 2-5 respectively. In Section 6 we pose some conjectures
for further research.

2. PROOFS OF THEOREMS 1.1-1.2

Lemma 2.1. Suppose that m = szl pls, where p1,...,p, are distinct odd
primes and aq, ... ,a, are positive integers. Then

m
1<k< —
{rsr<3

: ged(k,m) =1 and k < %}‘ =0,1 (mod 2), (2.1)

where k is inverse of k modulo m (i.e., 1 <k <m —1 and kk =1 (mod m)),
and 6,1 is 1 or 0 according as r =1 or not. Also, the number

N::H(z’,j): 1<7L<j<% and ij = +1 (modm)}) (2.2)

is odd if and only ifr =1 & (p1 =1 or4a1+3 (mod 8)), orr =2 & p1+p2 =0
(mod 4).
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Proof. By Prop. 4.2.3 of [IR, p.46], for each ¢ € {£1} and 1 < s < r, we have

{o<z<pl—1: 2% =¢ (mod p)}|
0z

<ps—1: 22 =¢ (mod p,)}|
_{2 ife=1or p; =1 (mod 4),

0 otherwise.

Thus, by applying the Chinese Remainder Theorem we see that

Ho<z<m—1: 2°=1 (mod m)}| =2" (2.3)
and
Ho<z<m—1: 22=41 (modm)}| =20+, (2.4)
where § is 1 or 0 according as whether ps =1 (mod 4) for all s=1,... ,r.

Set n = (m —1)/2 and
S ={(k,k): ged(k,m)=1& 1< k,k<n}.
Clearly, (k,k) € S if and only if (k, k) € S. Note that
k=ke{l,...,n} <= 1<k<n&k*=1 (modm).
Therefore
S| = Hl <z < % : 22 =1 (mod m)}’ =2"1=4,; (mod 2)

in view of (2.3). This proves (2.1).
In light of (2.4), we have

2N =[{(i,j): 1<i,j < n&ijzil (mod m)}|
—{1<z<n: 22 ==+1 (mod m)}|
=[{(i,7m(i)) : 1<i<n& ged(i,m) =1} —20+0~1
_p(m) 14+6)r—1 _ as=1(p 148)r—1
= - 9(144) Hp _ 1) — o=t

which implies that NV is odd if and only if r = 1 & (p1 =1 or 4a; +3 (mod 8)),
orr=2& p; +p2 =0 (mod 4). This concludes the proof. [

Proof of Theorem 1.1. Set n = (m — 1)/2. Clearly m —k = m — k for all 1 <
k < nwith ged(k,m) =1. If 1 <i < j < m—1 with ged(i, m) = ged(j,m) =1,
then m —j <m —1 and

(G—i)m—i—m—j)=(G—i)m—i-(m-j)=(—i)
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If1<i<j<m-—1,ged(i,m)=ged(j,m)=1and (m—jm—1i)= (i),
then1<i<n,j=m—iand j —i=m — 2i. Thus
sign(om,) = (_1>|{1<i<n: ged(i,m)=1 & i>n}| _ (_1)so(m)/2—6r,1 _ (_1>67«,1(p1+1)/2
by applying (2.1). This proves (1.1).

Now we turn to show (1.2). Fori,j € {1 <k <n: ged(k,n) = 1} with
1< g,if ¢* < j* then

G = )G = @)) =" =) — ) >0

If 5 < 4* then
" =)@ = G7)) =" =i —5) > 0;

If i =4* and j = j* then j* —4* > 0; if (§*,7*) = (4,7) then j* —i* =i—7 <O0.
In view of this, we see that

sign(Tm) _ (_1)|{1§i§n: ged(i,m)=1 & i<i*}| _ (_1>N'

So the second assertion in Theorem 1.1 holds by Lemma 2.1.
The proof of Theorem 1.1 is now complete. [

Lemma 2.2. Let p be an odd prime, and let a,b, c € Z with a or b not divisible

by p. Then
P faa? +br+ e —(%) if p1b® — dac,
Z ( P ) a { (p—1)(3) ifpl b? — 4ac. (2:5)

=0

Remark 2.1. (2.5) in the case p | a is trivial. When p { a, (2.5) is a known result
(see, e.g., [BEW, p. 58]).

Lemma 2.3. Let p be any odd prime, and define

r(n)::‘{(j,k): 1<j<k<p andj2+k25n(modp)}‘

form=0,... , p—1. Then

[ (p=1)/4 ifp=1 (mod4),
o= { 0 if p=3 (mod 4). (2.6)
Ifne{l,... ,p—1}, then
14+(2) 14+ (2
= {pglJ - 2(p)' 2(1,)' (2.7)
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Proof. 1f p = 3 (mod 4), then (71) = —1 and hence 7(0) = 0. When p =1
(mod 4), we have ¢> = —1 (mod p) for some ¢ € Z, and hence r(0) = (p—1)/4
since
J2+k*=0 (modp) <= j==+q¢k < k==+qj (modp).
Below we let n € {1,...,p— 1}. Observe that
1+ (%)

2r(n) + 5

-1
:2r(n)—|—‘{1<k<p—: E+k*=n (modp)}‘

1
and j2 4+ k* =n (mod p)}‘

N 2
{1<a:<p—1: (E)zland (n—x)zl}‘
D p

S 1+ 1+ () 1+

= 2 2 2 2
AR EC)-0)
4 4 z=0 \P =0 p p
)R () )
4 — P 4

4 2
with the help of Lemma 2.2. This yields (2.7). O

Lemma 2.4. Let p be an odd prime and let a,b,c € Z with ac(a+b+¢) £ 0
(mod p). Write A = b*> — 4ac. For eachmn =0,1...,p— 1, we have

HG,k): 1<j<k<p—1andaj?+bjk+ck’=n (mod p)}|
:{ Lp—3—(2) = (2)((1—p+p(2)2)(2) + (£) + (£22£2))) ifn £0,
1+ (2) ifn = 0.

(2.8)
Proof. Let L denote the left-hand side of (2.8). Then

—1
L= {(j,k): 1<j<k<p2 and aj? + bjk + ck* =n (modp)}‘

+{p—dip—Fk): 1<k<=—
and a(p — 5)* +b(p — j)(p — k) + c(p — k)* = n (mod p)}|
ﬂﬂmm:1<ksp;30 j<p=1, j£0k,
and (2aj + bk) 2 = dan (mod p)}‘
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and hence

(p—1)/2
4an+Ak2>)
L= Y 1+<7
( b

-1
—ngkgp—: (bk)? — Ak?* = 4an (modp)}‘
p—l' 2 2 _
—R1<k<——: (2a+b)k* — Ak” = 4an (mod p) ¢|.
In the case n = 0, this yields

-2 2)

When 1 < n < p—1, by the above we have
((a—l—b—l—c)n)

10211+;pzl($)+;<x O(A:c+4a ) (4an))
1)) (29)
“72() 2 () (e () + () - (757))

with the help of the identity

(o252

=0

from Lemma 2.2. This proves (2.8). O

Lemma 2.5. Let p be an odd prime, and let a,b,c € Z with a + ¢ = 0 and
abc 0 (mod p). Set A = b? — 4ac. Then

~—

_1,

[—
. =
N
—

_ 1)) 1<65<(p=1)/2 & plai®+bij+ei®} — ) (2
(—1)ltn Is(p p Jt+er sl — (p)
-1

=

—
=D s> s>
SN— SN—

I

\_O

S

[\

Ne)

N—

Proof. Define

—1
N:H(i,j): 1<2’,j<pT&p|ai2—|—bij+cj2H.
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Ay _
Case 1. ($) =—1.
In this case,

4a(ai® + bij + cj?) = (2ai + bj)* — Aj2 #0 (mod p)

for all 4,5 € Z. Thus N =0 and (—-1)V = 1.

Case 2. (%) = 0.
In this case, p divides A = b? + 4a?, hence (_71) =land p=1 (mod 4). As
b2 p—1 2
2072 =-1= (T) (mod p),

for some k = 0,1 we have z := (—1)*221 = —b/(2a) (mod p). Thus

N=H(z}j>z 1<ij<?Leizje (modp)}‘

2
-1
2

(—)N = (-1 (%) = (W) B (%)

by using Gauss’ Lemma and [S13, Lemma 2.3].

Case 3. (%) =1.

In this case §2 = A for some § € Z with p{ A. Let x; and x5 be integers with
x1 = (=b+9)/(2a) (mod p) and xo = (—b —0)/(2a) (mod p). Then zy £ x5
(mod p), 1 + 2 = —b/a (mod p) and z129 = ¢/a = —1 (mod p). Thus

/N

. _p—1 . P
< —: -

and hence

2
2 p—1 p—1 P
= T R1<< i</ {jagt, > = )

Applying Gauss’ Lemma we obtain that

el (3)-(2)- (3)

In view of the above, we have completed the proof of Lemma 2.5. [
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Proof of Theorem 1.2. (i) Let r(n) be as in Lemma 2.3. Then

p—1
H z +] Hnr(n)_ _1>!L(p+1)/8J H = (1H(2))/2
1<i<gs(p—1)/2 e
pti®+j° (B3
(p—1)/2
=(-)Ler/s T ()~ G2
k=1

2
E(_l) L(p+1)/8] ((_1)(1)—!—1)/2) (1+(p))/2

(mod p)

with the help of (1.3). This yields (1.7) if p =1 (mod 4). It also proves (1.6)
in the case p =3 (mod 4).
(ii) If p | A, then by Lemma 2.4 and Wilson’s theorem we have

11 (ai® + bij + ¢j?)
1<i<j<(p—1)/2
p)[ai2+bij—|—cj2

_Hn 32+ 5 (2)+ 3 ((£)+(HEE9)) = L (14+(2) (1—p) (L) +(£)+(2t2t))
(p—1)/2

(_1)”7*3’+1;2”(%)+%(<§)+(%W)> H (kz)(l—p>(%)+(§)+(%“))
k=1

—p)(& c atbtc
(—1)3 G+ -1 ((_1)<p+1>/2><1 PEIHE)FERT)

since 4ac = b* (mod p). Similarly, when p { A, by Lemma 2.4 and (1.3) we
have

IT  (a®+bij+c®)
1<i<j<(p—1)/2
p)[ai2+bij+cj2

_H” 243 (PG H(EFE) (9D =3 A+ () H(H)+(=559)

(p—1)/2
L +3((3)+HE)+H(EEE)—(9) pH 2)(£)+(£)+(=HE2))
_(—1) 2 T2\Up P P P (k ) P P P

k=1

p— ey ey atbie (2)+(£)+(2E229))
(1) D+ ~(S) <(_1><p+1>/2> (mod p)
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and hence
[T  (a®+bij+c?)

1<i<j<(p—1)/2
ptai®+bij+cj?

E(_l)%<<%>+<g>><_1)%<<%ﬂ>—<%>>
_ (a_c) ((a—i—b—f—c)A) _ (ac(a—f—b—i—C)A) (mod p).

p p p
This proves (1.8).
Now assume that a + ¢ = 0. We deduce (1.9) from (1.8). Observe that
II (@ +0bij+¢)

1<i<j<p—1

ptai®+bij+cj?
(p—1)/2
= JI (@P+bip-g)+cp-)Hx ] (ai®+bij+cj?)
ot b sy
J+cg plai“+bij+cj

x [T (- +bp—i)p—j)+clp—3)?)

1< <i<(p—1)/2

ptai®+bij+cj?
(p—1)/2 (p—1)/2 (p—1)/2
= JI (a®—bij+ci?) x 1T (ai2+bz’j+cj2)/ I (ai®+i® + ci?)
ij=1 i,j=1 =1
ptai® —bij+cj® ptai +bij+cj?

((p—1)/2)1?

P inj=1 ij=1

ptei’ +bij+aj? ptai®+bij+cj?

(p—1)/2
—1)™ a+b+c o y e
((p(— 1)>/2)!)2 < P ) II (@ +bij+c®)? (mod p),

-1
:'{(i,j): 1<i,j<p2 and pfci2+bij+aj2}‘.

i,j=1
ptai+bij+cj?

where

m:'{(i,j)i 1<ij<? and ptai® — bij + cj>

2

Combining this with (1.8) and noting ac = —a*, we see that

(v-1)/2 2 [ () (mod tpla

o m (P—1 (%) (mod p) ifp|A,

H (ai*+bij+cj?)? = (-1) ( 5 ) X{ _p(i) (mod p) ifptA

ij=1 P g e
plai’+bij+cj?

(2.10)

(p—1)/2 (p—1)/2
—qym b
(=1) (a+ +C) [T (®+bijra®x [ (ai®+bij + i)
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By Lemma 2.5,
1 if (2) = -1,
(~)=D/m = 8 (2) i (5) =0,
(5H if (§) =1

If p divides A = b? + 4a?, then (_71) =1, (-1)™ = (%)7 (b/(2a))2 = 1=
((p—1)/2)1)? (mod p) and

(- (25,22 (5)- )

with the help of [S13, Lemma 2.3]. Thus, in view of (2.10) and (1.3), we have
(1.9) if p | A. When (%) = —1, we have

(@) ()

and hence (1.9) holds in view of (2.10). If (%) =1, then

0 (5) =0 (5) = (5) = e @ean

and hence (1.9) follows from (2.10).
The proof of Theorem 1.2 is now complete. [

3. PROOF OF THEOREM 1.3
To prove Theorem 1.3, we need some known results.

Lemma 3.1. Let p be an odd prime, and let ¢ = e27i/P.
(i) For any a € Z with p{ a, we have

p—1

[Ta-¢m=p (3.1)

n=1

gc = (2) ooy, (32)

(ii) If p=1 (mod 4), then

and

[Taa-¢E =e2@, (3.3)
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(ii) When p =3 (mod 4), we have
ph(—p) ==k (—) : (3.4)
=1 NP

and also

provided p > 3.

Remark 3.1. This lemma is well known. For any a € Z with p { a, we have (3.1)
since

pd pd P — 1
_rany _ rk — 1; —
H(l ¢om) k1_11<1 ¢h) = lim ——— =p,

and we have (3.2) by Gauss’ evaluation of quadratic Gauss sums (cf. [IR, pp. 70-
75]). Part (ii) and the first assertion in part (iii) are Dirichlet’s class number
formula. The second assertion in part (iii) was pointed out by Mordell [M61].

Lemma 3.2. Let p be an odd prime and let n € {1,... ,p—1}. Then

-1

H(j,k): léj,kép andj2—k25n(modp)}'

_ {p—lJ _{ 1 ifp=1 (mod4) and (2) =1, (3.6)

4

0 otherwise.
Proof. Let L denote the left-hand side of (3.6). Then

{1<x<p—1: (E)zland (n—l—x):l}‘
b p

L =
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with the help of Lemma 2.2. This yields (3.6). O

Proof of Theorem 1.3. Let ¢, be the element of the Galois group Gal(Q(¢)/Q)
with ¢, (¢) = ¢*. In view of (3.2),

¥a ( (—1)“"1)/219) = <pa<§§“$2> = iz::(”z = (%) (=1)=1/2p.
(3.7)

(i) We first handle the case p =1 (mod 4). Combining (3.1) and (3.3), we

get
p—1 p—1

(1=¢"? = [ =¢)HE) = pe, 200,
n= n=1
(2)=1
Note that
p—1 (p—1)/2 (p—1)/2
1-¢m= J] a-¢ma-¢ ™= [ h-¢P>o.
(2)=1 (£)=1 (=1
Therefore
(p—1)/2 ) p—1
[T a-¢)= ] a-¢) = vpe;"®. (3.8)
k=1 n=1
(3)=1

This proves (1.10) for a = 1.
Write €, = uy, + vp/p With u,, v, € Q. In view of (3.7),

. a . N(gp) B Ep lf( )
PalEp) = up + (5) Up/P = U — (D { N(ep)e_l if (

p (%)Up p

Tle S
~—

I

I

—_

where N(ep) is the norm of ¢, with respect to the field extension Q(,/p)/Q.
Thus, by using (3.8) we obtain

(p—1)/2 ) (r—1)/2 )
[T a-c) = I 0-¢%) = (vie,")
k=1 k=1
VEN if (8) =1,
VBN i (2) = 1
This proves (1.10) since N(g,)"® = —1 (cf. Corollary 1.1 of [S13] and its

proof).
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Now we consider the case p =3 (mod 4). In view of (3.4),

w8 (0 (5) v (59)

r=1
(p—1)/2 ’ (p—1)/2 .
)
r=1 p k=1 p

and hence p | Y7 V2 r(L). Let N = {1 <r < (p—1)/2: (£) = —1}|-
Observe that

(p—1)/2 , (p—1)/2 ,
IT a-¢)= ] a-¢*)
k=1 k=1
(p—1)/2 (p—1)/2
= (1=¢"yx [ a=¢tem)
r=1 r=1
(3)=1 (5)=-1
(p—1)/2 (p—1)/2 <4r -1
- H (1_C4T>X H Car
(D=1 (=
(p—1)/2
=42 0<r<p/2, (£y)=—1T 2 —2r 2
=(-1)™¢ ; T ¢ -¢n
r=1
/2o (p—1)/2 -
=(=DN =T T (=)
r=1
(p—1)/2
=N ] € -¢n)
r=1
and hence
(p—1)/2 , (p—1)/2
DN I a=¢) =2 T (¢ -¢). (3.9)
k=1 r=1
By Prop. 6.4.3 of [IR, p. 74],
(p—1)/2
H (CQT_I_C_(QT_I)):\/ﬁi'
r=1
Thus

(p—1)/2 p—1 - p—1
voi [ (=) =] = ¢h) =¢=mth TTa-¢*) =p
k=1

r=1 k=1
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with the help of (3.1). Combining this with (3.9) we obtain

(p—1)/2 )
Y I a=¢*)=vpi.
k=1

Therefore, by using (3.7) we get

(p—1)/2
a

ak?\ _ A i
)Y I a-¢ )—soa(\/132>—<p>\/13-

k=1

This yields (1.11) since N = (h(—p) +1)/2 (mod 2) by (3.5).
(ii) Observe that

[T ¢ ¢y
1<j<k<(p—1)/2
=" I @ (e - )
1<j<k<(p—1)/2

(p—1)/2 (p—1)/2

I I e

J?ék
(p—1)/2 (p—1)/2
NG| | <<Cak2)<p—3>/2 11 (1—Ca(j2—k2))>
k=1 Jj=1
#k
De-Dr-3)/8-252 77V a L a(j—k?)
=(-1) ¢ II a-¢ )-
j.k=1
£k
Clearly,
(p—1)/2
Z k% = p=0 (mod p). (3.10)

So, with the help of Lemma 3.2, from the above we obtain

aj® _ rak®\2 p 1) (p— 3)/8 — (o L(p 1)/4]
(¢ ¢ )2 =(—1

1<j<k<(p—1)/2

o [To<n<p, (%):1(1 — ¢~ if p=1 (mod 4),
1 if p=3 (mod 4).
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Noting (1.11) and (3.1) we get
[ -y

1<j<k<(p—1)/2

(2)h(p) (3.11)
—=(—1)P=DE=3)/8,(p=3)/4 5 { Ep

ifp=1 (mod 4),
1 if p=3 (mod 4).
Thus (1.12) holds when p =1 (mod 4).

Below we suppose p = 3 (mod 4) and want to show (1.13). By (3.11) with
a =1, for some ¢ € {£1}, we have

[[ @ - =evpirm
1<G<k<(p—1)/2

In view of (3.7), this yields that

I @ e =enmr i =<((2) i)

1<j<k<(p—1)/2

As i(P=3)/4 = (—1)(P=7)/8; if p = 7 (mod 8), we obtain (1.13) from (3.12)
provided that

_{ 1 if p=3 (mod 8), (3.13)

(—=1)(P(=P)+D/2if p =7 (mod 8). .

Now it remains to show (3.13). By (3.12), for any r =1,...,(p —1)/2 we

have
H (Crsz _C'r2k;2> _ 6(\/1_97:)(p_3)/4;
1<j<k<(p—1)/2
on the other hand,
[I (¢ -¢™)=¢ Zaaconnd T - "),
1<j<k<(p—1)/2 1<j<k<(p—1)/2
Combining these and noting (3.10) and (1.10), we find that

_ (p—1)/2
(5(\/;3@')@—3)/4)(” nz H H (1 — =3y

1<<k<(p—1)/2 r=1
2 2

— H <(_1)(h(—p)+1)/2 <u) @z) i

1<y<k<(p—1)/2 P

Therefore
B h(=p)+1  (p—1)(p—3) k2 — 52 A(=p)+1 p-3
cr-1/2 _ (_1)"5 : 11 =(-1)" = 7
1<<r<p-n/e ~ P

with the help of (1.5). This proves the desired (3.13) since ¢ = £(P=1)/2,
The proof of Theorem 1.3 is now complete. [
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4. PROOFS OF THEOREMS 1.4 AND 1.5

Lemma 4.1. Let p be any odd prime. Then
(mod 2p) if p=>5 (mod 8),

) p
(G + %) = { . (4.1)
1§j<k§(:p—l)/2 0 (mod 2p) otherwise.

Proof. Since

(p—1)/2
2 o PHE)+ D (B +E)
1<j<k<(p—1)/2 k=1
(p—1)/2(p—1)/2 (p—1)/2

=2 X ) =0-1 X} K,
Jj=1 k=1 k=1

we have
(p—1)/2 2
) 2_p—3 z_p_3 p-—1
| Y, P =" ) K ="5" "5 —p=0 (modp)
1<j<k<(p—1)/2 k=1
Note that

p—3.p2—1 {(p—l)/4 (mod 2) if p=1 (mod 4),
0 (mod 2) if p =3 (mod 4).

Therefore (4.1) holds. O
Proof of Theorem 1.3. For 1 < j <k < (p—1)/2, clearly

) 2
{7}, > {k°}, = cot T — cot me— < 0
b p
and
k.2 ;2 ]{72 2
{kz_jQ}p>g <= sin 27 I <0 e csc2r T <o.
p p

So (1.18) follows from (1.19). As (1.19) holds trivially for p = 3, below we
assume p > 3.
For 1 <j<k<(p—1)/2, clearly

a(k? — j2)  eimak*=3*)/p _ g=ima(k*=5%)/p
sin = %
(]

T _; 2, -2 C 2 -
——e imra(k®+j )/p(eQTrza] /p 627rzak /p)
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Combining this with Lemma 4.1, we see that

k2 42
H Simu
. p
1<j<k<(p—1)/2
Y | (4.2)
:(_1)(1’%1[%” (E (627Tiaj2/p _ e27riak2/p)

(p—1)(p—3)/8
)

1< <k<(p—1)/2
For real numbers 6, and 6, clearly

cosmhy  cosmhy  sinm(fy — 6q)
cot Tl — cot mhy = — — — = — - .
sinmf@;  sinwbs sin w6 sin w05

Thus
H sinra(k? — j2)/p

cot maj?/p — cot mak?/p

1<j<k<(p—1)/2

Cai® . ak? <p—1>/2<. ak2>|{1<j<(p—1>/2:j¢k}|
= H SINT——SIN7T— — SIN7T———

1<j<k<(p—1)/2 p P k=1 p

and hence by (1.14) we have
k’2 _ 42 2 k’2
H sinwu/ H (cotwﬂ — cot a_)
1< <k (p—1)/2 p 1<j<k<(p—1)/2 b b

_(ayp=3
:< » ><p—3>/4 e e B e mod 4,
2r—1 1 if p=3 (mod 4).

(4.3)

So it suffices to determine [];; 1c(,-1)/2 sinra(k? — j2)/p.
Case 1. p=3 (mod 4).
In this case, by combining (4.2) and (1.13) we get

k?2 42
H sinwu
1<k (p1)/2 P
_( . )(p_g)/sx 1 if p=3 (mod 8),
= (gt (_1>(h(—p)+1)/2(%> if p=7 (mod 8).

Thus (1.19)is valid.
Case 2. p=1 (mod 4).
In this case, combining (4.12) with (1.12) we obtain

H sin27ra(k2 —j%) ( P )(p—3)/4 RO (4.4)
22 (s b _
1< <K< (p—1)/2 P 2
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and hence

k% — 42 s
H cs<:7ru = (2P~ p~ 1) P=3) /8 () p)/2.
1<j<k<(p—1)/2
In view of (4.3), we have
k.2 42 ) ka
1<j<k<(p—1)/2 p p p

ayp— 2 52
:(_1)<a—1><p—1>/4(2p—1p—1)<p—3>/4€;z>73h<p> 11 gin? o 2K —J°)
p

1<j<k<(p—1)/2

Combining this with (4.4) we immediately get the first equality in (1.20).
The proof of Theorem 1.4 is now complete. [

Proof of Theorem 1.5. (1.21) is trivial for p = 3. Below we assume p > 3. In
view of (4.2),

11 (QCOMM): Il B

i 2 _ 42
1< <h<(p—1)/2 P ri<haonye TR =)/

:(_1)(1”7““’771] H (Caj2 +Cak2).

1<G<k<(p—1)/2

So we have the first equality in (1.21). On the other hand, by Theorem 1.4 we
have

H cscra(k? — 12)/p 1 if p=3 (mod 4),
X — a 2y_
cscm(2a)(k? — j2)/p j:gi,p)h(p)((”) /2 if p=1 (mod 4).

1<j<k<(p—1)/2

Therefore (1.21) holds.
The proof of Theorem 1.5 is now complete. [

5. PROOF OF THEOREM 1.6

Lemma 5.1. Let p be an odd prime. Then

1 1 (mod 2) ifp=>5 (mod 8),
DY <j2+k2>z{ ( d2> f,f  (mod &) (5.1)
Picncio1)2 0 (mod 2) otherwise.

pli®+k?

Proof. If p = 3 (mod 4), then (_71) = —1 and j%2 + k% # 0 (mod p) for any
Jok=1,...,(p—1)/2. So (5.1) is trivial in the case p =3 (mod 4).
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Now assume that p = 1 (mod 4). Then ¢> = —1 (mod p) for some g € Z.
For each j =1,...,(p—1)/2let j. be the unique integer r € {1,...,(p—1)/2}
with ¢j congruent to r or —r modulo p. Clearly, {j.: 1 <j < (p—1)/2} =
{1,...,(p—1)/2}. Thus

1(10—1)/2
Y. @) =5 ) P+

1< <k<(p—1)/2 Jk=1
pli%+k? pli*+k

(p—1)/2 (p—1)/2 2

e = k =
5 > (P +5D) kE_l 51 P

j=1

and hence

1 21 21 -1
e S (R o e e (mod 2).
P 24 8 4
1<j<k<(p—1)/2
pli*+k?

Therefore (5.1) holds. O
Proof of Theorem 1.6(i). Let ¢ = e2>™/P. As
Z (72 +k*) =0 (mod 2p)

1<j<k<(p—1)/2
pli*+k*

by Lemmas 4.1 and 5.1, we have
_e—ima(i®+k?)/p

o _a(j?+ k%) (5% +k%)
bl GO 1 — ol
| | sin 7 5 | | 57 (1-¢ )

1<G<k<(p—1)/2 1< <k<(p—1)/2

Pli* K Pt +k°
i\ HU:R): 1SG<k<(p—1)/2 & pti2+k2}|
() i
2
where
p—1
f(a> = H(l _ Can)r(n)
n=1
with r(n) defined as in Lemma 2.3. Note that
. . p—1 2 N
(J, k) : 1<]<7€<T&pm +k
(5.2)
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with the help of (2.6). So

11 sinn2US TR <%)_L;J f(a). (5.3)

I<j<k<(p-1)/2 b
pti%+k>

By (2.7), (3.1) and Theorem 1.4(i), we have

f(a) pL(erl)/S H _ -(1+(2))/2

17}1
(2)=1

plp+1)/8] if p=3,5 (mod 8),
={ pleo+/s)-1/2, () if p=1 (mod 8),
(—1)h(=p)= 1)/2( )plPTD/81=1/2; if p =7 (mod 8).

Combining this with (5.3) we immediately get (1.23).
In light of (1.23) and (5.2),

2 k2 : 2 2 k2
11 cos e TR 11 S;nﬁ( a)(é +k2 )/p
1R (p=1) /2 P 1<i<hgtp-nya 2T+ R/
pti?+k? phi*+k?
— 9~ H{(G:k): 1<G<k<(p—1)/2 & plj*+k*}]
—o— 5]

Note also that

a(j? + k?)
H COSmT——
1<j<k<(p-1)/2 P
plj+k?

= (—1)Zr<i<h<o-/2 & plg2en2 TR/ (_1)atEt B

by Lemma 5.1. Therefore (1.24) holds.
Observe that

-2 2 : -2 2
H (cot W% —cotw%> = H : 31n7'ra(] +k )/p

2 2
1<j<k<(p—1)/2 p P 1<j<k<(p—1)/2 (sinmaj®/p)(sin ak?/p)
pti®+k> pli’+k?

( . Clj2) ( ak'2> (p—l)/2 ( ak2>(p_(_71)_4)/2
H SIn T —— sinr— | = H sin m— .
p p p

1< <k<(p—1)/2 k=1
plj+k?

Combining these with (1.23) and (1.14), we obtain the desired (1.25). This
concludes the proof of Theorem 1.6(i). O

and
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Lemma 5.2. Let p be an odd prime and let a,b,c € Z with p{a. Then
> (aj*+bjk+ck®)=0 (mod p) (5.4)
1<j<k<p—1

and also

L —1 — 1) (p —
LS bkt o) =alot g pl= D0 =3)

2 8
‘p1<j<k<p—1

(mod 2). (5.5)

Proof. Let A = b? — 4ac. In view of (3.10), we have
> (a® + bjk + ck?)
1<j<k<p—1

= > (aj®+bjk + ck?)
1< <k<(p—1)/2

+ > >« )2 +b(p—j)(p— k) +clp— k)?)

1<k<(p 1)/2 k<j<p—1

_ .-
Z (Z (aj? + bjk + ck?) — ck? — (a—i—b+c)k2)

—

k=1 =0
(p—1)/2p-1 1 (p—1)/2 1 Pl
= 1 ((2aj + bk)* — Ak?) = Z . r?2 =0 (mod p).
k=1 j=0 k=1 r=0

This proves (5.4).
Observe that

(aj? + bjk + ck?)

H
A
<.
NN
ol
A
3
L

(aj +ck)+b > (2-DEE-1)

1<j<k<p—1 1<i<k<(p—1)/2
p—1
—1)/2

= ( - aj—l—ck(k—l))-i—b((p 2)/)

k=1 \N0<j<k

p—1

1

=32 B+ b >8(p 3 (mod 2)

k=1

and hence

S° (ag? +bjk +ck?) b
1<y<k<p—1
:2<(P—1)P(2p—1)_(p—1)p) p(p—1)(p—2) p-1
=2 6 2 5
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Therefore (5.5) also holds. [
Proof of Theorem 1.6(ii). By Lemma 2.4,
{(j,k): 1<j<k<p-1andptaj®+bjk+ck®}|

-1 — — 5.6
(,)- 5 (G- e ()
2 2 P 2 P
Let ¢ = €>™/P. Then
. aj®+bjk + ck?
H sin 7

1<j<k<p—1 p
ptaj2+bjk-+ck?
—T a‘2+b'k—|—ck2 p
= H —e et )/ (1— Caj2+bjk+ck2>
1<j<k<p—1 2
ptaj2+bjk+ck?
i\ B (0=3=(2)
- (_ (= 1)1/ Z+b(p=1)(p=3)/8=m
2

< H (1 . Caf—l—bjk—i—ckz)

1<j<k<p—1
ptaj2+bjk+ck?

with the help of Lemma 5.2. In view of Lemma 2.4, (3.1) and Theorem 1.3(i),

we have
H (1 . Caj2+bjk—|—ck2)

1<j<k<p—1
ptaj2+bjk-+ck?

TP = )@ () () () /2

-t — ) (=P (22 ($)+(H)+ () (1+(3))/2

P33 I=pEp($))($)H(5)+(“5E9) /2

TI@SD/2(1 = Ry p R G ()

:p(p—3—(%)/2

Ep if p=1 (mod 4),

AP)(1=p+p(£)7) (H)+(5)+(=5E)
X
{ (=1 P)=D/2) (@) i) = 3 (1nod 4).

Therefore

2 ~ 2
(—1ym H sin g + bjk + ck

1<j<k<p—1 p
ptaj2+bjk-+ck?

—3-(&
:(_1)a(p—1)/2—|—b(p—1)(p—3)/8ip7_1(p—3—(%)) (L)“’ 3=(5))/2
2p—1
Ep if p=1 (mod 4),

A(p)(1=p+p(£)M)($)+(F)H(=552)
X
{ (—1)DEFT GG EF PR B) i p= 3 (mod 4).
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It is easy to see that this implies (1.27).

Clearly,
-2 . 2
aj® + bjk + ck 2, 2
| | COS T J ] _ | | (_1)(11] +bjk+ck®)/p — (_1)m
1<j<k<p—1 p 1<j<ksp-—1
plaj24bjk+tck?2 plaj24bjk+ck?

On the other hand, by (5.6) we have

:2 : 2

217;1(17_3_(%)) H Cosﬂ'aj +b]k+6k
1<j<k<p-—1 p
ptaj2+bjk+ck?

H sinm(2aj? + 2bjk + 2ck?) /p
sinm(aj? + bjk +ck?)/p

1<j<k<p—1
ptaj2+bjk+ck?

Combining these with (1.27) we immediately obtain the desired (1.28).
In view of the above, we have completed the proof of Theorem 1.6(ii). O

6. SOME CONJECTURES

We are unable to determine the parity of s(p) and ¢(p) (defined by (1.16) and
(1.17)) for a general prime p = 1 (mod 4). However, in contrast with (1.18),
we formulate the following conjecture.

Conjecture 6.1. For any prime p =1 (mod 4), we have
k
s(p) +t(p) = Hl<k<§ : (—) :1}‘ (mod 2). (6.1)
p
For any odd prime p and integer k, we let R(k,p) denote the unique r €
{0,...,(p—1)/2} with k congruent to r or —r modulo p. For example,
R(1%,11) =1, R(2?,11) = 4, R(3%,11) =2, R(4*11) =5, R(5%11) = 3.

Motivated by Theorem 1.4 and Corollary 1.3, we pose the following conjec-
ture.

Conjecture 6.2. Let p be an odd prime, and let a € Z with pta. Then

— 1 ond Rai%,p) > R(aj?, p)}‘ = V%J (mod 2),
(6.2)

'{@ﬁ:1<i<j<p
and

(—1) {1<i<j<(p—1)/2: R(ai®,p)+R(aj*,p)>p/2}|

Po(EY— 1} gn(1—(2 o
(—1)lsk<E: () 1}|(5)(1 GD/2 ifp=1 (mod 4), (6.3)
1 if p=3 (mod 4).

Remark 6.1. We have verified (6.2) and (6.3) with a = 1 for all odd primes
p < 20000.
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Conjecture 6.3. Let p > 3 be a prime. If p=3 (mod 4), then
(_1)|{(j,k): 1<i<k<(p—1)/2 & {j(j+1)/2}p>{k(k+1)/2}p}

- (_1)W+I{l<k<L”TﬂJ: (£)=1} (64)
Also,
(_1)|{(j,k): 1<G<k<(p—1)/2 & {j(G+1)/2}p+{k(k+1)/2},>p}|
(—1)(=1)/8 if p=1 (mod 8),
={ (—1)lisk<i: (5)=—1} if p=>5 (mod 8), (6.5)
(— 1)h( HFE SRS LR ) ()= if p=3 (mod 4).

Conjecture 6.4. Let p be an odd prime. If p =3 (mod 4), then
(—1)HER): 1S5 <k<(p=1)/2 and {7(+D}>{k(+ D} — (_1)Le+D/8] - (6 6)

Also,
(_1)|{(J‘J€): 1<j<k<(p—1)/2 & {j(5+1)}p+{k(k+1)},>p}|

(—1)Lp=1)/8] if p=1 (mod 4), (6.7)
=< (=D)PE=PHAD/2 i p > 3 & p=3 (mod 8), '
1 if p="7 (mod 8).
Conjecture 6.5. (i) For any prime p =5 (mod 6), we have
1 1
{1<k K3}, > }‘—%621\1:{0,2,4,6,...} (6.8)

and

G k) : 1<j<k<p—1and {j°}, > (F},}] = 1%1 (mod 2).  (6.9)

(ii) For any odd prime p # 1 (mod 5), we have

{1<k\ 5 K%}, > —} =0 (mod 2). (6.10)
(iii) For any prime p =5 (mod 12), we have
-1
'{1<k<pT: {k6}p>g}'—%€{2n+1 n € N}. (6.11)

Remark 6.2. Let p be a prime with p =5 (mod 6). The list {13},,...,{(p —
1)3}, is a permutation of 1,... ,p—1, for, if 1 < j < k <p— 1 then

PPk =( - k)5 +]k+k2) 4k((2j+k) +3k*) #£0 (mod p).

See [S18, A320044] for some data related to (6.8). Note that (6.8) implies (6.9)
since forany 1 < j<k<p—1lwehave l<p—k<p—j<p—1and

{7 = ) = )"} = {lp = )°}p) <O
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Conjecture 6.6. Let p be an odd prime. Then

{600 125 <r 25t a5 > ()

[BE2] {0172 (02 =T s (042
L8 0 (mod 2) otherwise.
Also,
{am: 1<5<ne 2 ma ), > 1, )
(HI<k< % (%):1}| (mod 2) ifp=1 (mod 8),
_J 0 (mod 2) if p=3 (mod 8), (6.13)
| (p—5)/8 (mod 2) if p=>5 (mod 8),
L (h(—=p) +1)/2 (mod 2) if p=7 (mod ).

Remark 6.3. See [S18, A319882, A319894 and A319903] for related data or
similar conjectures.

The following conjecture is motivated by Theorem 1.5.

Conjecture 6.7. Let p be a prime with p = 1 (mod 4), and let { = €>7/P,
Let a be an integer not divisible by p. Then

(_1)|{1<k<p/4: (%):_1“ H (Caj2 +<ak2)
1<y<k<(p—1)/2
1 if p=1 (mod 8), (6.14)
a (%)5,:(%)h(p) if p=>5 (mod 8).

Remark 6.4. By K. S. Williams and J. D. Currie [WC], for any prime p = 1
(mod 8) we have

9(p—1)/4 = (_1)l{1sk<p/4: (E)=-1}] (mod p).

Motivated by (1.19) and (1.20), we pose the following conjecture involving
the cotangent function.

Conjecture 6.8. Let p > 3 be a prime.
(i) Define the matriz T, by
2‘2 +]2:|
P Jo<ij<r-1)/2

T, = [tanﬁ (6.15)
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If p=3 (mod 4), then
det T, = 2(P=1)/2p(P+1)/4, (6.16)

(ii) Let T,y be the matrix obtaining from 7}, via replacing all the entries in
the first row by 1. Then

_p)(p—1)/4 if p=1 (mod 4),
detT;Z{ <(]f)1)/2 g e (mod 4) (6.17)
2P (—p)P VP ifp=3 (mod 4).
Remark 6.5. If p = 1 (mod 4) is a prime, then ¢> = —1 (mod p) for some
q € Z, hence
2 2
—det T}, =det {—t&mwZ +J }
P Jo<ij<(p-1)/2
2 2
=det [tan WM} =det T,
p 0<i,j<(p—1)/2
and thus det T}, = 0.
Conjecture 6.9. Let p be an odd prime.
(i) When p # 3 (mod 8), we have
det[R(i*5%, p)]1<i j<(p—1)/2 = 0. (6.18)
Ifp=1 (mod 4), then
2 -2
det HiH — 0. (6.19)
P 1ligij<p-1)/2

(ii) If p > 7 and p = 3 (mod 4), then

-2 52} -2 -9
detHZ +J H — det H +J H _0. (6.20)
p 1<6,j<(p—1)/2 p 1<i,j<(p—1)/2
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