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1. Introduction and Preliminaries

Recently, there have been so many studies of the sequences of numbers in the literature that concern
about subsequences of the Horadam numbers and generalized Tribonacci numbers such as Fibonacci, Lucas,
Pell and Jacobsthal numbers; Tribonacci, Tribonacci-Lucas, Padovan, Perrin, Padovan-Perrin, Narayana,
third order Jacobsthal and third order Jacobsthal-Lucas numbers.

The sequences of numbers were widely used in many research areas, such as physics, engineering, ar-

chitecture, nature and art. For example, the ratio of two consecutive Fibonacci numbers converges to the

1+v5.
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Golden section (ratio), ap = which appears in modern research, particularly physics of the high

energy particles or theoretical physics. Another example, the ratio of two consecutive Padovan numbers

converges to the Plastic ratio, ap = i/ % + %1 / % + f‘/ % — % 23—3, which have many applications to such as

architecture, see [@]. One last example, the ratio of two consecutive Tribonacci numbers converges to the

Tribonacci ratio, ap = Lt %/19+3‘/§+ %/19_3@. For a short introduction to these three constants, see [I0].
On the other hand, the matrix sequences have taken so much interest for different type of numbers. For
matrix sequences of generalized Horadam type numbers, see for example [, B, [, [[&], @4, I, 19, 221,
and for matrix sequences of generalized Tribonacci type numbers, see for instance [2], [20], [21].
In this paper, the matrix sequences of Tribonacci and Tribonacci-Lucas numbers will be defined for the
first time in the literature. Then, by giving the generating functions, the Binet formulas, and summation
formulas over these new matrix sequences, we will obtain some fundamental properties on Tribonacci and

Tribonacci-Lucas numbers. Also, we will present the relationship between these matrix sequences.
1
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First, we give some background about Tribonacci and Tribonacci-Lucas numbers. Tribonacci sequence
{T}n>0 (sequence A000073 in [[3]) and Tribonacci-Lucas sequence { K, }»>0 (sequence A001644 in [I3]) are

defined by the third-order recurrence relations

(1.1) Ty =Ty 1 +Too+Tn s To=0T —=1,T—1,
and
(1.2) Kyn=K, 1+K, 2+K, 3 Koy=3,Ki=1Ky=3

respectively. Tribonacci concept was introduced by M. Feinberg [@] in 1963. Basic properties of it is given
in [, [0, 2], [I¥] and Binet formula for the nth number is given in [I4].
The sequences {1}, }n>0 and {K, }n>0 can be extended to negative subscripts by defining

T p=-T (n_1)—T_(n_2)y + T_(n—3)
and
K pn=-K_ (n_1)—K_(n_2)+ K_(n_3)

for n = 1,2,3, ... respectively. Therefore, recurrences (LT and ([2) hold for all integer n.
By writting 1,1 = Tj,—2+15,—3+ T}, —4 and eliminating T;,_o and T;,_3 between this recurrence relation

and recurrence relation (LIJ), a useful alternative recurrence relation is obtained for n > 4 :
(1.3) T,=2Tp 1 —Th—a, To=0T1=T=1"T3=2.

Extension of the definition of T}, to negative subscripts can be proved by writing the recurrence relation

(3) as
T = 2T7n+3 - T7n+4-

Note that T_,, = T2 | — Tp,—2T, (see []).

We can give some relations between {T},} and {K,} as

(1.4) K,=3T+1—-2T,—T,1
and

(1.5) K,=T,+2T,_1+ 37,2
and also

(1.6) K, =4Th+1 — T, — Thto.

Note that the last three identities hold for all integers n.
The first few Tribonacci numbers and Tribonacci Lucas numbers with positive subscript are given in the

following table:
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n 012 3 45 6 7 8 9 10 11 12
T, 0 1 1 2 4 7 13 24 44 81 149 274 504

7, 0 01 -1 0 2 -3 1 4 -8 5 7T =20
The first few Tribonacci numbers and Tribonacci Lucas numbers with negative subscript are given in

the following table:
n 0 1 2 3 4 5 6 7 8 9 10 11 12

K, 3 1 3 7 11 21 39 71 131 241 443 815 1499

K, 3 -1 -1 5 -5 -1 11 —-15 3 23 —-41 21 43 .
It is well known that for all integers n, usual Tribonacci and Tribonacci-Lucas numbers can be expressed

using Binet’s formulas

(1.7) fo— o o,

' "a=B)a=v) B-a)B-7) (—a)y-5)
and

(1.8) Kyp=a"+ 5" +9"

respectively, where «, 8 and v are the roots of the cubic equation 23 — 22 — 2 — 1 = 0. Moreover,

14+ V19 +3v33 + V19 — 333
3 b

14+ w19 +3v33 + w2 Y/19 — 333

B = 3
14w V19 +3v33 +wV/19 - 3v/33
T 3
where
—1 ,
w= %\/5 = exp(27i/3),

is a primitive cube root of unity. Note that we have the following identities

atf+y = 1,
af+ay+py = -1,
afy = 1.

The generating functions for the Tribonacci sequence {7}, }»>0 and Tribonacci-Lucas sequence {Kp, }n>0
are

> " x > " 3— 2z — 22
(1.9) ;Tn:r =55 and ;Knx =T

Note that the Binet form of a sequence satisfying (1)) and (L2)) for non-negative integers is valid for all
integers n. This result of Howard and Saidak [§] is even true in the case of higher-order recurrence relations

as the following theorem shows.
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THEOREM 1.1. [§/Let {w,} be a sequence such that
{wn} = arwp—1 + agwp—o + ... + apwp—g
for all integers n, with arbitrary initial conditions wq,wy, ..., wk—1. Assume that each a; and the initial
conditions are complex numbers. Write
(1.10) flx) = 2 —ap Tt —agr T — L —ap_x — ag

= (z—o)"(z—az)®..(z —ap)™

with dy +ds + ... +dp, = k, and oy, as, ..., ) distinct. Then

(a): For alln,

(1.11) wn = Y N(n,m)(am)"

where
T —1

N(n,m) =A™ + Ai™n 4+ .+ Almprm =t = Z Agi)ln“
u=0

with each Al(-m) a constant determined by the initial conditions for {w,}. Here, equation (LI1]) is
called the Binet form (or Binet formula) for {wy}. We assume that f(0) # 0 so that {wy} can be
extended to negative integers n.

If the zeros of (II0) are distinct, as they are in our examples, then
Wy = Al(ozl)" + AQ(O&Q)" “+ ..+ Ak(ak)”.
(b): The Binet form for {wy} is valid for all integers n.

2. The Matrix Sequences of Tribonacci and Tribonacci-Lucas Numbers

In this section we define Tribonacci and Tribonacci-Lucas matrix sequences and investgate their prop-

erties.

DEFINITION 2.1. For any integer n > 0, the Tribonacci matriz (T,) and Tribonacci-Lucas matriz (ICy,)

are defined by

(2.1) Tn = Tn-1+Tn-2+ Tn-3,
(22) Icn = ICn—l + Icn—2 + ICn—?;,
respectively, with initial conditions
1 00 1 11 2 21
To=10 10 |, 7i=l 100 |, 2=]1 11
0 0 1 0 1 0 1 00
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and
1 2 3 3 4 1 7 4 3
Ko = 3 -2 -1 |, K= 1 2 3 Ko = 3 4 1
-1 4 -1 3 -2 -1 1 2 3

The sequences {7, }n>0 and {K,}n>0 can be extended to negative subscripts by defining

Tn=-T (n-1) = T-(n-2) + T-(n-3)

and

Kon=-K_(n-1) = K_(n—2) + K_(n-3)

for n = 1,2,3, ... respectively. Therefore, recurrences ([2.I) and (2.2 hold for all integers n.
The following theorem gives the nth general terms of the Tribonacci and Tribonacci-Lucas matrix se-

quences.

THEOREM 2.2. For any integer n > 0, we have the following formulas of the matriz sequences:

Tn+1 Tn + Tnfl Tn
Tn T’n,—l + Tn—2 Tn—l
Tn—l Tn—2 + Tn—3 Tn—2

(2.3)

=
I

KnJrl Kn + anl Kn
(2.4) K, = K, K, 1+K, > K,
Kn—l Kn—2 + Kn—3 Kn—2

Proof. We prove (23] by strong mathematical induction on n. (Z4]) can be proved similarly.
If n =0 then, since Ty =1, T =1,Ty =171 =0,T_5=1,T_3 = —1, we have

Tn To+T-1 Tp 1 0 0
To = o T 1+T o T4 = 01 0
T, T o+T_ 3 T4 0 0 1
which is true and
T T+ Ty T 1 1 1
Th=| T Th+T, T, |[=]1 00

To T 1+T o T4 01 0
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which is true. Assume that the equality holds for n < k. For n = k + 1, we have

Tot1 = T+ Te—1+ Ti—2

Thrr Te+Trp Tk Ty, Tho1+Th—2 Trp
= Tw Tp1+Tho Tpr |t Thor Tho+Tp-3 Tho
Tp1 Tho+Th3 Tho Tpo Tp3+Th_g Ti3

Th—1 Tp—o+Tk—z Ti—2
t| Tho Tp3+Tig Trs
Tpg Tpa+Tk-s5 Tk-u

T+ Th1 + Thyr T+ T+ Th1+Th—o+Tpo+Tk_3 T+ Tp—1+Th-2
= Ty +Th1+Th—2 Tha+Tpo+Tho+Tp3+Th3+Th—s Tp1+Tho+Ti_3
Tp1+Tpo+Ths3 Tho+Th3+Th3+Ths+Tha+Th-s5 Tho+Tp3+Thy

Tivo Th+Titr  Tita
= Thyr  Te+ Tk Ty
Ty The1+ T2 Tr—

Thus, by strong induction on n, this proves [2.3)).

We now give the Binet formulas for the Tribonacci and Tribonacci-Lucas matrix sequences.

THEOREM 2.3. For every integer n, the Binet formulas of the Tribonacci and Tribonacci-Lucas matriz

sequences are given by

(25) 7;7, = Aloz" =+ Blﬂn =+ Ol"yn,
(2.6) K, = Axa" + ByS"™ + Cony".
where
4 - @Rtale-OTi+T o FL+BB-UTi+T . 12+ - +T
' ala=@=6 T BB-NB-a) T AG-B(-a)
A = a/Cg—l—a(a—l)ICl + Ko B :BK:Q-I—ﬁ(ﬁ—l)ICl + Ko :’YIC2+’Y(’7—1)/C1+IC0
’ ala=y)(a=p) 7 BB-—7B-a) T AG=-B(y—a)

Proof. We prove the theorem only for n > 0 because of Theorem[I.Il We prove (2.5). By the assumption,

2

the characteristic equation of (1)) is 2° — 22 — # — 1 = 0 and the roots of it are a, 3 and 7. So it’s general

solution is given by
Tn = Ara™ + B1 " + C1y".
Using initial condition which is given in Definition 2.1l and also applying lineer algebra operations, we obtain

the matrices A1, B, C; as desired. This gives the formula for 7.
Similarly we have the formula (2.0).
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The well known Binet formulas for Tribonacci and Tribonacci-Lucas numbers are given in (L7) and
(L) respectively. But, we will obtain these functions in terms of Tribonacci and Tribonacci-Lucas matrix
sequences as a consequence of Theorems 2.2l and 2.3l To do this, we will give the formulas for these numbers
by means of the related matrix sequences. In fact, in the proof of next corollary, we will just compare the

linear combination of the 2nd row and 1st column entries of the matrices.

COROLLARY 2.4. For every integers n, the Binet’s formulas for Tribonacci and Tribonacci-Lucas numbers

are given as

an-i—l BnJrl ,yn-l-l
Tn = 3
@-N@-08 GB-"10B-a (-Hh-o

Proof. From Theorem 2.3 we have

T, = Aa"+ B1f" + Ciy"
_ a7’2+04(04—1)71+70an+ﬂ75+ﬁ(ﬂ—1)’f1+’fc>ﬂn
a(a—7)(a—p) B(B—=7)(B-a)
Y +y(y-DTi+To ,
Yy =8)(y—«a)
- o a(a+l) o gt g BB+
- x> 2 A 2
C-n@-p |« Tt > |tEoyE-a|f P P
a ala—1) 1 g BB-1) 1
o ¥ oy(y+1) AP
_r 2
eeG-a | T Yt
7 oy(y=1) 1

By Theorem [2.2] we know that

Tn+1 Tn + Tn—l Tn
7;7' = Tn Tn—l + Tn—2 Tn—l
Tnfl Tn72 + Tn73 Tn72

Now, if we compare the 2nd row and 1st column entries with the matrices in the above two equations, then

we obtain
an—1a2 ﬁnflﬁQ ’Yn_l’}’2
T, =
@-N@-08 GB-7n0B-a (-Hh-a
an-i—l BnJrl ,yn-l-l

@-N@-p) G-mNF-a G-Bh-a
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From Therem 2.3] we obtain

Kn = A"+ ByfS" + Con"
_ oKt a(a—DK + K 4, N B2 + B(B = 1K1 + Ko gn
a(a—7)(a—p) BB=7)(B—a)
+7’C2+7(7—1)’C1+/C0 n
YOy =8)(v—«a)
o 3a% +4a+1 4a? +2 a?+2a+3

«
= m o +2a+3 202 +2a— 2 302 —2a—1

30° —2a—1 —-2a2+4a+4 —-a?+4a—1

_— 332 +48+1 48742 324+ 928+3
+m B2+28+3 28°+28-2 38°-28-1
382 —28—1 —28°+48+4 —pB>+48—1

) 3y +4y+1 492 +2 Y2 +2y+3

v
Ao | T3 22 -l

3V —2y—1 —2924+4y+4 —?+4y-1

By Theorem 2.2, we know that

Kny1 Kp+ K K,
Kn = K, Kyi+K,o K,
K, 1 Kpno+K, 3 K,
Now, if we compare the 2nd row and 1st column entries with the matrices in the above last two equations,

then we obtain

" !(a® + 204 3) ﬁ”‘l(ﬂ2+2ﬁ+3)+v”*1(v2+2v+3)
(a—7)(a—p) B=7)(B—a) (v=-B)(y—a)

Using the relations, « + 8 + v = 1, afy = 1 and considering «, and 7 are the roots the equation

2 — 22 —x — 1 =0, we obtain

K, =

a? +2a+3 _ a? +2a+3 o« o +2a+3
(@=y(a=B)  a?—af-ay+hy aa’+a(-f-7)+py
! (a? +2a + 3) (a? 4+ 20+ 3)a
T adlta(-B-7+H Ptafa-1)+1
 (@®+2a+3)a (a? + 20+ 3)a

203 —a2+1 22 +a+1)—a?2+1
(a? + 20+ 3)a

- O =«

(a2 +2a+ 3) ’

B%24+28+3 _ B%24+28+3 _ 3
(B=7)(B—a) B*—af+ay—pBy
v? +2y+3 72 +2y+3

(v=8)(vy—«) Ytaf—ay-By |
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So finally we conclude that
K,=a"+ 8" +7"
as required.

Now, we present summation formulas for Tribonacci and Tribonacci-Lucas matrix sequences.

THEOREM 2.5. For m > j > 0, we have

(2.7)

n—1
Zl_o e K —K_p K —K_p

and

Kinntm+i + Kmn—mtj + (1 = K ) Ky _ Kmtj + Kjmm + (1 = Km)K;

n—1
(2.8) Z Kmiv; =
=0

Ko — K Km— K
Proof. Note that
n—1 n—1 o o o
TmiJrj = Z(Alaszrj + Blﬁmri-] + Ol”YmZJrJ)
1=0 1=0
— A J - - B J - - C J P
o () v (=) o (5 7)
and
n—1 n—1 o o o
Z Icmi-i—j _ Z(A2amz+J + B2Bmz+] + C2,ymz+3)
1=0 1=0

. amn_l . an—l . ,ymn_l
= Ayd | —— By | = Coy? | ——— .
o () o () +en' ()
Simplifying and rearranging the last equalities in the last two expression imply [2.7) and ([2.8) as required.

As in Corollary 2.4 in the proof of next Corollary, we just compare the linear combination of the 2nd

row and 1st column entries of the relevant matrices.

COROLLARY 2.6. For m > j > 0, we have

Tmn+m+j + Tmn—m+j + (1 — Km)Tmn-‘rj . Tm+j + Tj—m + (1 — Km)Tj
K, —K_, K, —K_,,

n—1
(2.9) Z Tonivj =
=0

and

Kmn+m+j + Kmnferj + (1 - Km)Kmn+j _ Km+j + Kj*m + (1 - Km)Kj
K, —-K_, K, —K_,

n—1

(2.10) > Koitj =
i=0

Note that using the above Corollary we obtain the following well known formulas (taking m =1, j = 0):

n—1 n—1
Tn+2 - Tn -1 Kn+2 - Kn
iionzf and ’LiOKZ:f

We now give generating functions of 7 and K.
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THEOREM 2.7. The generating function for the Tribonacci and Tribonacci-Lucas matriz sequences are

given as
1 x4 22 T
= 1
n_ __ - _ 2
7;07;196 T — A x
22 rz—a? 1l—xz—2°
and
1+ 2z + 322 2 4 2z — 222 3— 2z — 2
= 1
Y Kpa"=—————=| 3-20-22 24404422 —1+4z—a?
= l—z—2°—1x
—1 4+ 4z — 2 4 — 6x —1+ 522
respectively.

Proof. We prove the Tribonacci case. Suppose that g(x) = Y07 Tna" is the generating function for
the sequence {7, }n>0. Then, using Definition 2.1 we obtain

g@) = > Taa" =To+Tiw+Toa’ + > Toa"
n=0

n=3

= To+Tiw+Tar®+ Y (To1+ Tz + Tooz)z”

n=3

= To+ T+ T’ +) Toora" + ) Tuaz"+ ) Toosa"

n=3 n=3 n=3

= 76—1—7'1:10—1—7'2902—76:10—7'1902—76;1024—:1027;,90”4—96227;90”—}—96327;96”

n=0 n=0 n=0

= To+ Tz + Tax? — Tox — Tha® — Tox? + zg(x) + 2%g(x) + 23g(z).
Rearranging above equation, we get

— _ _ 2
o) = T T =T+ (T = T = To)a?

l—z—22—2a3

which equals the Zflo:o Tnx™ in the Theorem. This completes the proof.

Tribonacci-Lucas case can be proved similarly.

The well known generating functions for Tribonacci and Tribonacci-Lucas numbers are as in (L3]).
However, we will obtain these functions in terms of Tribonacci and Tribonacci-Lucas matrix sequences as a
consequence of Theorem 2.7 To do this, we will again compare the the 2nd row and 1st column entries with

the matrices in Theorem 271 Thus we have the following corollary.

COROLLARY 2.8. The generating functions for the Tribonacci sequence {Ty}n>0 and Tribonacci-Lucas
sequence { Ky }n>0 are given as

oo o0 2

T 3—2x—«x
l—x—2°—2x l—z—2°—2x
n=0 n=0

respectively.
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3. Relation Between Tribonacci and Tribonacci-Lucas Matrix Sequences

The following theorem shows that there always exist interrelation between Tribonacci and Tribonacci-

Lucas matrix sequences.

THEOREM 3.1. For the matriz sequences {Tp} and {K,}, we have the following identities.
(a): Kn =3Tn+1 =270 — Tn—1,
(b): Ky =Tn+2Tn—1 + 3Tn—2,
(€): Kn =4Tns1 — T — Tavo,
(d): Ky = —Tnyo +4Tnq1 — Tn,
(€): T = 55 (5Knt2 — 3Knq1 — 4K5)

Proof. From (IL4), (ICA) and ({6, (a), (b) and (c) follow. It is easy to show that K,, = —T},42+4T,+1—Tx
and 22T, = 5K, 42 — 3K,,+1 — 4K,, using Binet formulas of the numbers T,, and K,,, so now (d) and (e)

follow.

LEMMA 3.2. For all non-negative integers m and n, we have the following identities.

(a): KoTn = TuKo = K,
(b): Tokon = KnTo = K.

Proof. Identities can be established easily. Note that to show (a) we need to use all the relations (4],

(CH) and (L6).
Next Corollary gives another relation between the numbers 7;, and K, and also the matrices 7, and

K.

COROLLARY 3.3. We have the following identities.

(a): T, = 2—12(Kn +5K,,_1+ 2Kn+1),
(b): T, = %(ICH + 51 + 2K 41).

Proof. From Lemma B2l (a), we know that Ko7, = K. To show (a), use Theorem [2Z2] for the matrix 7y,
and calculate the matrix operation KCj 'K, and then compare the 2nd row and 1st column entries with the
matrices 7, and Ky 'K, Now (b) follows from (a).

To prove the following Theorem we need the next Lemma.

LEMMA 3.4. Let Ay, By,C1; As, Ba, Cs as in Theorem[Z.3. Then the following relations hold:
A} = Ay, B} =By, C}=0(y,
A1By = B1A; =AC=CA =C1B; =BC; =(0),

A2B2 = B2A2 = AQOQ = CQAQ = OQBQ = BQOQ = (O)
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Proof. Using a+8+~v=1, af+ ay+ By = —1 and afy = 1, required equalities can be established by

matrix calculations.

THEOREM 3.5. For all non-negative integers m and n, we have the following identities.

(@): TTn = Tt = TnTim,

(1): TnKn = KnTon = Kintns

(c): KKy = KnKim = 9Tmant2 — 12Tmin+1 — 2Tmain + 4Tmtn—-1 + Tmtn—2,
(d): KnKn =KnK = Tonan + 4T mgn—1 + 10Tmgn—2 + 12T 4n—3 + 9T mtn—a,
(e): KKy =KnKm = Tonan — 8Tmgn+1 + 18Timgnt2 — 8Trmgnt3 + Tmtnta-

Proof.

(a): Using Lemma [B:4] we obtain

TnTn = (A1a™ + B1p™ + C17v™)(A1a" + B1p" + C1y")
= Al 4+ BITTN 4 Py + Ay Bia™ " + BiAja" B
+A4,C1a" " + C1A1 "™ + B1C1 7" + C1B1 "y
= A ™t 4 B g 4 Oy
= Tmtn-
(b): By Lemma 3.2 we have
Tikn = T T Ko.
Now from (a) and again by Lemma we obtain 7, Ky = TinenKo = Kimtn-
It can be shown similarly that K, T = Kinan.
(c): Using (a) and Theorem B.1] (a) we obtain
KinKn = BTmt1 —2Tm — Tm—1)B3Tns1 — 270 — Tn-1)
= 2T Tm-1—6TnTmt1 + 2T Tn-1 — 6T Tns1
+4TmTn + Tin—1Tn—-1 = 3Tm—1Tn+1 — 3Tm+1Tn—1 + 9Tm41Tn11
= 2Tmi4n—1 = 6Tmtnt1 + 2Tman—1 — 6Tmtnt1 + 4Tmtn + Tmtn—2 — 3Tmin
—3Tman + 9T miny2

- 9Tm+n+2 - 12Tm+n+l - 2Tm+n + 4Tm+n71 + Teran

It can be shown similarly that K, Kp, = 9Tmant2 — 12Tmant1 — 2Tman + 4Tmtn—1 + Tmtn—2.

The remaining of identities can be proved by considering again (a) and Theorem Bl

Comparing matrix entries and using Teorem we have next result.
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COROLLARY 3.6. For Tribonacci and Tribonacci-Lucas numbers, we have the following identities:
(a): Tm+n = Tan+1 + Ty (Tm—l + Tm—2) + T 1Th—1
(b): Km+n - TmKn+1 + Kn (Tmfl + Tm72) + anlefl
(C): KmKnJrl + Kn (Kmfl + Km72) + Kmflanl = 9Tm+n+2 - 12Tm+n+1 - 2Tm+n + 4T'ernfl +
Tm+n—2

(d): KmKn+1 + Kn (Kmfl + Km72) + Kmflanl = Tern + 4T'qunfl + 1OT‘ern72 + 12Tm+n73 +
9Tm+n74

(e): KmKn+1 + Kn (Km—l + Km—2) + Km—lKn—l = Tm+n - 8Tm+n+1 + 18Tm+n+2 - 8Tm+n+3 +

Tm+n+4

Proof.

(a): From Theorem 3.5 we know that 7,, 7, = Trm+tn. Using Theorem [Z2] we can write this result as

Tm+1 Tm + Tmfl Tm Tn+1 Tn + Tnfl Tn
Tm Tmfl + Tm72 Tmfl Tn Tnfl + Tn72 Tnfl
Tm—l Tm—2 + Tm—3 Tm—2 Tn—l Tn—2 + Tn—3 Tn—2
Tm+n+1 Tern + Ternfl Tern
= Tern Ternfl + Tm+n72 Ternfl

Tm+n—l Tm+n—2 + Tm+n—3 Tm+n—2

Now, by multiplying the left-side matrices and then by comparing the 2nd rows and 1st columns

entries, we get the required identity in (a).

The remaining of identities can be proved by considering again Theorems and

The next two theorems provide us the convenience to obtain the powers of Tribonacci and Tribonacci-

Lucas matrix sequences.

THEOREM 3.7. For non-negatif integers m,n and r with n > r, the following identities hold:

(@): T," = Tn,
(b): 7;7,7747:1 = 7-1me77,7
(C): To—rTntr = 7:12 =T".

Proof.

(a): We can write 7, as

T =TT Tn, (M times).
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Using Theorem (a) iteratively, we obtain the required result:

m
T = TTo-Th
——
m times

= TnTnTn-Tn

——

m—1 times

= TanTnTn--Tn
——

m—2 times

= 7—(m71)n7;1
= Tmn-
(b): As a similar approach in (a) we have
Toi1 = Tnt1-Tav1-Tnt1 = Tnng1) = T Tonn = TiTm—1Tmn-

Using Theorem (a), we can write iteratively T, = T1Tm-1, Tm-1 = T1Tm—2, .., T2 = T1T1.
Now it follows that
—_—

m times

(c): Theorem [BH (a) gives
7;7,77’7;7,4*7" == 75n == 7;17;7, = 712

and also

7;1—7‘7;14-7‘ - 7-271 - 7-27-27-2 - 7-271
—
n times

We have analogues results for the matrix sequence /C,,.

THEOREM 3.8. For non-negatif integers m,n and r with n > r, the following identities hold:
(a): Kp_rKpyr = K2,
(b): K = K§ Trn.-

Proof.
(a): We use Binet’s formula of Tribonacci-Lucas matrix sequence which is given in Theorem So
KoKy — KC2
= (A0 + Baf" T + Oy ) (A2a™ T 4 BoSMTT 4 Gy )
—(Az0™ + By + Coy")?
= AyBoa™ B0 — B7)2 4 AsCaa™ AT (0 — 472
+ByCof" (BT =)

= 0



(10]
11]
12]
(13]
14]
[15]

[16]

(17]

(18]
19]

20]
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since As By = A3Cy = Co By (see Lemma[B4]). Now we get the result as required.
(b): By Theorem [B7 we have

K Tom = Koo Lo Tn T T
S————N—

m times m times

When we apply Lemma (a) iteratively, it follows that

Ky Tmn = KoTn)(KoTn)...(KoTr)

= KpKp. Ky = K™

This completes the proof.
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