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Ramification in the Division Fields of Elliptic Curves and an
Application to Sporadic Points on Modular Curves

HANSON SMITH

ABSTRACT. Consider an elliptic curve E over a number field K and let p be a
prime of Ok lying above a prime p of Z. Suppose E has supersingular reduction
at p. Fix a positive integer n and define L to be a minimal extension of K such

that E(L) has a point of exact order p". If p is unramified over p, we show that

L/K is an extension of degree p?" — p?™~2 that is totally ramified over p. If p is

ramified over p, we are still able to show that ¢(p™) properly divides [L : Q).

We apply our stronger bound to show that sporadic points on the modular
curve Xi(p™) cannot correspond to elliptic curves that are supersingular at p
with p unramified over p. Our methods are then generalized to X1 (V) with NV
composite. We also describe ramification at and away from p in the full p”-th
division field K (E[p™]). In the course of our investigation, we correct a theorem
of Cassels.

1. PREVIOUS WORK AND MOTIVATION

Before we formally introduce our results, we would like to motivate them by
surveying previous work. Those immediately interested in our results are advised
to proceed to Section 2.

Previous work in the area we consider has a variety of different thrusts. Division
fields of elliptic curves have a strong analogy with cyclotomic fields. Motivated by
this analogy, one can work to describe splitting, ramification, and inertia explicitly
in division fields. To this end, Adelmann’s book [I] provides a nice introduction
culminating in criteria describing the decomposition of unramified primes in various
division fields. In [23], Kraus completely describes the p-adic valuation of the differ-
ent of the p** division field in terms of the p-adic valuation of j(E) and the reduction
type of E. With [3], Cali and Kraus describe the p-adic valuation of the different of
the I*® division field when p # . Between these two papers, the differents of prime

division fields have been completely described. In a recent paper [15], Freitas and
Kraus fully classify the degree of Q,(E[l]) over Q, when [ # p.
In [22], Kida gives criteria for ramification in the division field K (E[p"]) for all

primes not equal to p. Kida also gives a criterion for wild ramification and, as
an application, classifies quadratic fields with class number divisible by 3. If E is
an elliptic curve over Q, Gonzdlez-Jiménez and Lozano-Robledo [10] classify and
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parametrize all division fields Q(E|[n]) that are contained within a cyclotomic field.
In other words, they classify the division fields that have an abelian Galois group.
In particular, they show this is only possible for n = 2,3,4,5,6,8. Further, they
describe all the Galois groups which occur. With [25], Lozano-Robledo constructs
division fields with minimal ramification. That is, the author finds elliptic curves
such that Gal(Q(E[p"])/Q) = GL2(Z/p"Z) and the ramification index above p is
exactly ¢(p™). Informally speaking, these division fields have Galois groups that
are as large as possible and ramification over p that is as small as possible. Duke
and T6th’s explicit computation of the Frobenius in [14] describes the splitting of
primes not dividing n or the discriminant of the elliptic curve in the division field
K(E[n]). They then give an application to nonsolvable quintic extensions. In [7],
Centeleghe works to find the structure of the Tate module T;(E) and uses this to
give a criterion for whether a prime splits completely in the n-division field.

Describing E(K )iors is another motivation for the study at hand. Consider the
following two questions.

Question 1.1. Fix a degree d or a Galois group GG and suppose K has that degree
or that Galois group. What are the possibilities for the group F(K )iors?

Question 1.2. Is there an upper bound for |E(K )ios| depending on d?

With [29] and [30] Mazur showed E(Q)tos is isomorphic to one of the following
groups:

Z/NZ  with1 < N <10or N =12,
Z)27 x Z/2NZ  with 1 < N < 4.

This answers Question 1.1 when d = 1.
For d = 2, Kamienny, Kenku, and Momose (culminating with [21] and [20]) show
that E(K )ors is isomorphic to one of the following groups:

Z/NZ  with1 < N <16 or N = 18,
727 x ZJ2N7 ~ with1 < N < 6,
Z/3Z x Z/3NZ  with1 < N <2

7,JA7. x 7.JAZ.

The proofs of these results rely on carefully analyzing modular curves. In both
the d = 1 and d = 2 case, there are infinite families of elliptic curves having each
of the possible torsion subgroups. This means there are infinitely many points on
the corresponding modular curve of the given degree. For d > 3, this is no longer
the case. That is, there are modular curves with only finitely many degree d points.
For example, let E be the elliptic curve with Cremona label 162bl. Najman [33]
has shown

E(Q(¢)T) = z/21Z.
However, it is known that only finitely many elliptic curves can have this torsion
subgroup over a cubic field. See Jeon, Kim, and Schweizer’s paper [19] for a list
of the possible torsion subgroups that can occur for infinitely many elliptic curves
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over a cubic field. The point on the modular curve X;(21) corresponding to E is an
example of a sporadic point. Briefly, if D is the minimal degree such that a curve
X has infinitely many points of degree D, then a sporadic point is any point with
degree less than D.

Recently, Derickx, Etropolski, van Hoeij, Morrow, and Zureick-Brown have an-
nounced that X;(21) is the only modular curve with cubic sporadic points [11].
Combined with the work of Jeon, Kim, and Schweizer [19], this shows that when
[K : Q] = 3 then E(K )iors is isomorphic to one of the following groups:

Z/NZ — for 1 < N <21 with N # 17,19,
7.)27 x 7J2N7,  with 1 < N < 7.

Thus, in order to answer Question 1.1 more generally, it seems likely we will need
to have a better understanding of sporadic points on modular curves. To this end,
Bourdon, Ejder, Liu, Odumodu, and Viray [2] have recently shown that, assuming
Serre’s uniformity conjecture, the number of sporadic j-invariants (j-invariants cor-
responding to sporadic points on some modular curve X;(N)) in a given number
field is finite.

Regarding Question 1.2, Merel [31] answered it in the affirmative. Namely, Merel
showed that there is a uniform bound for |E(K )| that is independent of the curve
E/K and depends only on d. Further, Merel found that if p divides |E(K )iors|, then

Oesterlé later improved the bound to
d 2
p < (1 + 35) ;
however, this work was unpublished. Thanks to the work of Derickx, a proof can
now be found in [10, Appendix A]. Parent [34] showed that if £ has a point of order
p", then
p" < 129(5¢ — 1)(3d)S.

It is believed that the best possible bound on |E(K )ios| should be a polynomial in
d. To this end Lozano-Robledo has conjectured [27]:

Conjecture 1.3. There is a constant C depending only on d such that if E has a
point of order p", then

(p") < C-d.

Lozano-Robledo has made significant strides toward this conjecture by consider-
ing ramification in the fields of definition of p”-torsion points. This investigation
culminates in [27, Theorem 1.9]:

Theorem 1.4. Fix a number field L and suppose E is defined over L. Further,
suppose p is odd and let K be a finite extension of L of degree d over Q. Then, there
is a constant Cr,, depending on L such that if p" divides |E(K)ors|, then

o(p™) < Cp - d.
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In the case where E has potential supersingular reduction, Lozano-Robledo has
shown Conjecture 1.3 with C' = 24. This work is initiated in [24] and completed
in [26]. With Theorem 5.4, we will show that when E has supersingular reduction
we can take C' = 1. More precisely, when E has supersingular reduction at a prime
above p, we show ¢(p") is a proper divisor of d.

2. RESuLTS

We begin by establishing some notation and conventions. Let E be an elliptic
curve over a number field K and let p € Z be a prime. Unless otherwise indicated,
p is a prime of K lying over p at which E has good supersingular reduction. If M is
an extension of K and pjys is a prime of M lying over p, then the ramification index
of pas over p will be denoted e(pys | p).

Let n be a positive integer. Generally, we will denote a point of exact order p”
on F by P. We call a minimal extension of K over which F has a point of order p”
a minimal p"-torsion point field. Fix a minimal p™-torsion point field and denote it
L. We also fix a prime of L lying over p and denote it #. The p"-th division field
also known as the p"-th torsion field is K(E[p"]). We will denote this field by T
The field T is the minimal extension of K over which all points of E of order p™ are
defined. Again, fix any prime of T lying over ¥, hence also over p, and denote it .
We summarize the situation:

T=KEP) P

L P

K p

Q p
FIGURE 1.

The local field obtained by completing K at p is denoted K. The normalized
valuation is denoted v, and 7y is a uniformizer. We mirror these conventions for L
and T'. The ring of integers of a local or global field M will be denoted ©p; and the
algebraic closure of a given field will be denoted M. We use the notation K (z(P))
or Ky(z(P)) for the extension obtained by adjoining the z-coordinate of P, and the
notation K (P) or K,(P) for the extension obtained by adjoining both the = and
y-coordinates of P.

Please be aware that in Section 8 we will let [ be a prime and consider [-power
division fields. In Section 8, p is a prime distinct from [ and p is a prime lying over
p at which E has potential multiplicative reduction.
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We are concerned with ramification in the extensions of K obtained by adjoining
torsion points of . In Section 3 we will briefly review some facts about division
polynomials, and in Section 4 we will revisit Cassels’s paper [1]. Then, with Section
5 and Section 6 for the case when p = 2 and n = 1, we prove

Theorem 2.1. The ramification index e( | p) is at least p** — p?"~2, and the
ramification index e(P | p) is properly divisible by o(p™) = p™ — p"~ L. Further, if p
is unramified in K, then L/K is an extension of degree p*™ — p*"~2 that is totally
ramified at p. That is, if e(p | p) = 1, then e(P | p) = p** — p*~2.

In Section 7, we use our bound on [L : K| when p is unramified in K along with
an upper bound on the genus of the modular curve X; (V) to show the following:

k
Theorem 2.2. Let N > 12 be a positive integer and write N = [[ pi* for the prime

i=1
factorization. Suppose that for each p; there exists a prime p; of K at which E is
supersingular and with e(p; | p;) = 1. Then, E does not correspond to a sporadic
point on X1(N).

After proving Theorem 2.2, we demonstrate how our methods can be generalized
when one is interested in specific modular curves.

In Section 8, we change notation. Consider now the {"-th division field K (E[l"]).
We turn our attention to primes p distinct from [ at which E has bad reduction that
eventually resolves to split multiplicative reduction. We show:

Theorem 2.3. Let | be a prime in Z and suppose p is a prime of K not lying
over | for which E has potential multiplicative reduction. Define A minp to be the
discriminant of a model of E that is minimal at p and denote v;(vp(AE minp)) by
m. Then the ramification indices of the primes of K(E["]) lying above p are I"~™
if E has multiplicative reduction at p and either 21"~ or ["™™ if £ has additive
reduction at p.

The methods we use throughout are rather classical. It is likely that many of our
results are known, but to our knowledge they have not appeared in the literature.
Moreover, our application to sporadic points on modular curves appears novel.

3. BACKGROUND ON DIVISION POLYNOMIALS

Let E be an elliptic curve over a number field K with Weierstrass equation

E: y2 +ai1xy + azy = z3 + a2x2 + aqx + ag.
One can define division polynomials, ¥,, € Z[a, a2, as, a4, ag, x,y], recursively
starting with
v, =1,
\1’2 = 2y +a1x + as,
\113 = 3%4 + b2$3 + 3b4$2 + 3b6x + bg,
Uy =W,y (ZJEG + b2335 + 5b43§4 + 10b6333 + 10()8332 + (bgbg - b4b6)33 + (b4b8 — b%)) ,
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and using the formulas
Vo1 = Vg2 U3, — U, 103 ) for m > 2 and

oWy = V2 W, W, 0 — U, o0, U2 | for m > 3.

For a reference see [38, Exercise 3.7]. If m is odd, we can write

1
—,, =[] - «(P)), 1)
P
where the product is over the non-trivial m-torsion points with distinct z-coordinates.
If m is even and not 2, we have

2
m\IIQ

U = [ [ (2 —2(P)), (2)
P

where now the product is over the non-trivial m-torsion points with distinct z-
coordinates that are not 2-torsion points. Since E[m| = Z/mZ x 7 /mZ, this defini-
2

tion makes it clear that when m is odd ¥,, has degree . The even division

2

so long as we think of y as having degree % in

polynomials also have degree
T.

Equations (1) and (2) show that if k | m, then ¥y | ¥,,. In general, ¥,, also
includes roots that are x-coordinates of points with order dividing m but not equal
to m. We wish to consider points with order exactly m. Define a primitive m-torsion
point to be a point with exact order m. We focus on the case when m = p". If
p = 2, we require n > 1. We want a polynomial whose roots are exactly the distinct
xz-coordinates of primitive p™-torsion points. To this end, we define the primitive

p"-th division polynomial to be

U, n /
Wy prim = U - ) ZPH (z — z(P)),
pn- P

where the product is taken over the primitive p™-torsion points with distinct z-
2n 2n—2

coordinates. We note Wpn nrim has degree —2——. Our results on ramification

in the division fields of supersingular elliptic curves are obtained by an analysis of

U n orim, specifically the valuation of the constant coefficient.

Lemma 3.1. Let E be an elliptic curve over K with supersingular reduction at p,
a prime of K lying above the odd prime p. Writing co for the constant coefficient of
WUpn, vp(co) =0 for all n € Z7°.

Proof. Write kj, for the residue field at p. Choose P € E(k,) with z(P) = 0. Note
that « is a root of ¥, if and only if points on F with z-coordinates equal to «
are m-torsion points. Thus ¥y (0) = ¢y = 0 modulo p if and only if P has order
dividing p™. Since E has supersingular reduction at p, all of the p"-torsion points are
in the kernel of reduction. Thus P does not have order divisible by p. We conclude
vp(c) = 0 for all n € Z>°. O
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When p = 2, the proof of Lemma 3.1 goes through verbatim so long as we consider

Won

—2" and exclude the n = 1 case.

Vs

Lemma 3.2. Let E be an elliptic curve over K with supersingular reduction at p, a

Won
prime of K dividing 2. Write ¢y for the constant coefficient of \11—2’ then vy(co) =0
2

for alln € Z>1.
Uy

n—1

Since ¥pn prim = , the valuations of the constant coefficients of ¥,» and

VU n-1 allow us to compute the valuation of the constant coefficient of Wyn i, This,
in conjunction with supersingular reduction, is enough to describe ramification in
division fields and torsion point fields.

4. CASSELS’S NOTE ON THE DIVISION VALUES OF (u)

We begin by quoting Theorem IV of [1], Cassels’s note on the division values of
the Weierstrass p-function.

Theorem 4.1. Let F' be a number field and E an elliptic curve over F. If P =
(x(P),y(P)) € E(F) is a point of prime-power order p™ with p # 2, then there is
an integral ideal t C Op such that x(P)t* and y(P)t® are integral and

£20") | p for p # 3, (3)

TE R | 3 for p=3. (4)
When P is not in the kernel of reduction, we take t = Op.

Unfortunately, the second claim (4) is not technically correct. The second claim
relies on the supposition that all the coefficients of W3n iy, save for the constant
term, are divisible by 3. The following example illustrates that this may not be the
case.

Example 4.2. Consider the elliptic curve given by the Weierstrass equation

vV +y=ad— 22+ 16z — 2.
This elliptic curve has Cremona label 5131al and has good ordinary reduction at 3.
One computes

Us prim (z) = W3(z) = 32t — 2%2% +2°.32% — 3. 72 — 3. 83,

In particular, 3 divides the constant coefficient but not the coefficient of 2.

Further, one can check that W3 . is irreducible. Thus, for any primitive 3-
torsion point P, the extensions Q(P) are isomorphic. Using SageMath [12], one
finds that in Og(py, the ideal (3) factors as a? - b3. Since there are some primitive
3-torsion points in the kernel of reduction, their denominators will be divisible by
either a or b. Thus claim (4) of Theorem 4.1 states that either a® | 3 or b8 | 3. We
can explicitly see that this is not the case.
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With Theorem 5.4 we will show that, when FE is supersingular at one of the primes
above p, (3) holds and the divisibility is proper. Further, if we suppose that there is
a prime p C O at which E is supersingular and with e(p | p) = 1, then Theorem
5.1 and Theorem 6.1 will show that (4) holds. We remark that although there is a
corrigendum to Cassels’s work [5], the error we describe is not rectified there.

5. RAMIFICATION IN THE DiviSION FIELDS AND TORSION POINT FIELDS OF
SUPERSINGULAR ELLIPTIC CURVES

In the case where E has supersingular reduction, we can adapt Cassels’s argument.
We postpone the p™ = 2 case until Section 6. Note the ideas here are also present
in Gupta’s paper [17] for elliptic curves with complex multiplication and in Serre’s
article [36], where the n = 1 case was all that his purposes necessitated.

Theorem 5.1. If p = 2, suppose n > 1. The ramification index e(*P | p) is at
least p*™ — p?"=2. Further, if e(p | p) = 1, then [L : K| = p?® — p*~2 with
o p) = p? — p

Proof. Because E has supersingular reduction at p, each p™-torsion point P €
E(Ty)[p"] is in the kernel of reduction modulo 9B. We see that each x(P), con-
sidered as an element of T, has a power of myp in the denominator. Symbolically,
vy (z(P)) < 0.

*

For each primitive p"-torsion point P, write x(P) = with v (P*) = 0 and

m
7TP

mp > 0. Consider a Weierstrass equation for F over K evaluated at P

3 9
P, P, P, P,

y(P)*+ay (wngp> y(P)+azy(P) = <7TTOP> +az (wTOP> +ay (wngp> +ag. (5)
B B B B

P

Multiplying both sides of equation (5) by ﬂ%m , we see that the B-adic valuation
of the right hand side is 0. Considering the left hand side, mp must be even and
vp(y(P)) = —?’mTP. Thus we may write mp = 2kp with kp > 0. Now vp(z(P)) =
—2kp and vp(y(P)) = —3kp.

From Lemmas 3.1 and 3.2, the constant coefficients of ¥, n—1 and ¥y~ both have
valuation 0. Since

pn = Wpn prim - Ypn-1,
the constant coefficient, ¢y, of ¥pn iy has valuation 0. Recall that

O | (CEE )}

P
where the product is over the primitive p™-torsion points with distinct x-coordinates.
Thus, considering only the constant coefficient,
Co o H/ pP*

» - ﬂ—%/ 2kp’
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where again the sum and the products are over the primitive p™-torsion points with
2n 2n—2
— P

distinct z-coordinates. Because there are primitive p™-torsion points

with distinct x-coordinates and since kp > 0 for each primitive P,

Z’ Uep > pP — p?n2,
P

Thus vgp(p) > p?™ — p**~2 and e(P | p) > p*" — p*" =2

Now suppose e(p | p) = 1. Regardless of the ramification of p in K, the primitive
p"-th division polynomial has the shape
n_2n—2
\I/p”,prim =pr 2  +---+Co.
Recall that v,(cp) = 0 and that all the roots of Wyn nim have negative valuation over
T.

We claim Wpn i is irreducible in O, [z]. Since e(p | p) = 1, one has vp(p) = 1.
By way of contradiction, suppose we have the non-trivial factorization ¥pn iy =
(az?+ -+ ag)(bz® + - - - + by). Without loss of generality, vy(a) = 1 and v,(b) = 0.
Since the roots of Wyn ,rim have negative valuation, wvy,(by) < 0. Considering that
vp(co = apby) = 0, one sees vp(ag) > 0. Thus, because vy(a) = 1, vy (L) > 0.
However, since % is a product of roots of Wyn im, all of which have negative
valuation over T, we have v, (%) < 0. We have a contradiction. Hence Wpn pri, is
irreducible.

As above, let P be a primitive p"-torsion point. Since W,n ,rim is irreducible,

p2n _p2n—2

Ky(xz(P)) is an extension of degree =—%5——. If v is the normalized valuation of
2n—2

K,(z(P)), one has v(z(P)) = —1 and v(p) = p%%. To see this, note that
v(z(P)) must be negative since P is in the kernel of reduction. However,

2n 2n—2
p =D
KG(P) : K] =
so v(xz(P)) cannot be less than —1. The argument used with equation (5) shows
that v(2z(P)) must be even if P is defined over K, (x(P)). Hence K,(P) is a ramified
quadratic extension of Kp(x(P)). Therefore K,(P) and Ly coincide; the result

follows. O

To understand why p must be unramified in K to obtain [L : K] = p?" — p?"~2,
it is useful to repurpose an example that can be found in Lozano-Robledo’s papers
[24] and [26]. We would like to illustrate that if p is ramified, then W,n iy may be

reducible.

Ezample 5.2. Let E/Q be the elliptic curve with Cremona label 121¢2. The j-
invariant is —11 - 1313 and the global minimal model over Q is
E: y?>+zy =23+ 22 — 3632 + 82757.

At p = 11 the curve E has bad additive reduction. Over Q(+v/11) the bad additive
reduction resolves to good supersingular reduction and the curve has global minimal
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model
E: 1?4+ V1lay = 2® + V11222 + 3711 + 2.
Using SageMath [12], one can compute the factorization

1 303271
U1t prim = 11 ( 2% + V1122% + 39/112% + 322 — T ittt I
11,prim < 3/—112 3/11

In particular, W11 prim is reducible and there is a degree 10 extension of Q(\S/ﬁ)
over which F has a point of exact order 11.

Informally speaking, this example shows that some p™-torsion points are “more
supersingular” than others, meaning the x-coordinates have a larger negative valua-
tion. In general, not all x-coordinates of p™-torsion points have the same valuation.
For more general discussions of this phenomenon, the reader should consult [28]
and [3]. In the proof of Theorem 5.4, we will show that z-coordinates of primitive
p"-torsion points that are multiples of one another have the same valuation.

For our application to sporadic points on modular curves, we would like to con-
sider composite division fields. Luckily, ramification is quite controlled in division
fields. Specifically, Q(E[p™]) is only ramified at p and at primes for which E has
bad reduction. To see this one notes that reduction modulo p is injective on [-power
torsion for primes [ # p at which E has good reduction. The utility of the following
corollary will be seen in Section 7.

k
Corollary 5.3. Let N € 7>1. Factoring N into primes, we write N = [] pZ“ Let
i=1
E be an elliptic curve over Q that has supersingular reduction at all the p;. If L is a
minimal N -torsion point field, then any prime above p; in L has ramification index

2n; 2n; —2

;=D and

k
L:Q=]] (p?"" - p?’””) :
i=1
We have stated Corollary 5.3 over Q for simplicity; however, the proof is valid
over any number field K in which the primes dividing N are unramified. Note, we
will establish the bound used when v2(N) = 1 in Theorem 6.1.

Proof. Let L; be a minimal extension of Q containing a point of exact order p*. If
p; # Dj, note that p; is unramified in L;. Observe that the compositum of the L;
for 1 <4 < k is a minimal N-torsion point field.

For i # j, consider the compositum L;L;. The primes p; and p; have respective

. - 2n; 2n;—2 . . .
?"’ - p?"l 2 and p?™ — p?™ ™. However, p; is unramified in

J J
L; and p; is unramified in L;. One sees that L;L; has degree p?nj — p?nj 2 over

L; so as to attain the necessary ramification. The equivalent statement holds over

L;. Thus L;L; has degree (p?nj - p?nj _2) (p?"l - p?”i_z) over Q. The situation is
summarized in Figure 2. Repeating the above argument for each prime dividing NV

we obtain the result. O

ramification indices p
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FIGURE 2.

Theorem 5.4. As above, if p = 2 assume n > 1. We make no assumptions
regarding the ramification of p in K. Then, the ramification index e(® | p) is
properly divisible by o(p™). In particular, [L : Q] is properly divisible by o(p™).

Proof. Fix a primitive p"-torsion point in P € F(L). Immediately, we have ¢(p™)
other primitive p™-torsion points in E(L), since [j]P is a primitive p"-torsion point
o(p")

if j is relatively prime to p. This yields at least roots of Wpyn nrim in L. For

ease of notation, denote [j]P by P;. Similarly to the proof of Theorem 5.1, each P;

*

P; * .
can be written ij’ 3?6’1% with vg (P}) = vp(P},) = 0. Let E(7»O,) be the
i i ’

Tp = Tgp
formal group associated to E over Lgp. Denoting the kernel of reduction by E;(Lgp),
we have an isomorphism

©: E\(Lyp) — E(1p0O1,),
given by (z,y) — —z/y. One can consult [38, Chapter IV] for a reference. We see
O(P;) = P;jyﬂ"];Pj /P}. Hence vyp(O(F;)) = kp;. Denote ©(P) by z and note z € .
The multiplication by j map in E, denoted [j]z, has the form
[j]5(2) = jz + (terms of degree 2 and higher).

Thus if ged(j,p) = 1, then kp = vp(2) = vp([jlz(2)) = kp;. Therefore, the -
coordinates of all the multiples of P that are primitive p™-torsion points have the
same valuation.

Now consider the polynomial

x@ = II @-zF)),
0<j<p™
ged(j,p)=1
where the product is taken over 1 < j < p™ with j relatively prime to p. By
construction, x(x) is the product of the linear factors of W,n i, that are coming
from multiples of P. The constant coefficient of y () is

*k *
0 =1 —ww

2kp; o(p™)kp’
0<j<p™ Tgp o<j<p” T

ged(j,p)=1 ged(4,p)=1
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since kp = kp; for any j relatively prime to p. We may factor Wyn prim

20, i = X)), (6)

where w(z) is the product of all the xz-coordinates of primitive p™-torsion points
that are not multiples of P. From equation (6), one sees that the constant coefficient
of x(x) is a proper divisor of %0, where ¢y is the constant coefficient of Wpyn prim.

Recall, from Lemma 3.1 or Lemma 3.2, vp(co) = 0. Thus p is divisible by FZP o™,

Further, FZP ?®") divides a proper factor of p, since the constant coefficient of w(x)

will also have some factor of p in the denominator. O

Remark 5.5. From real uniformization [37, Corollary V.2.3.1], the group E(R) con-
tains at least ¢(p™) primitive p"-torsion points. Let P € E(R)[p"] be primitive.
When K admits a real embedding, K (P) also admits a real embedding. Recall, the
Weil pairing shows that p,» C T. Hence, when K admits a real embedding, L is
always properly contained in T". The obvious exception to this is when p™ = 2. Since
—1 is the primitive 2°d root of unity, there is no obstruction to 7' being embedded
in R.

6. THE p™ =2 CASE
To begin, suppose
E:y2+a1xy+a3y:x3+a2x2+a4x+a6
is an elliptic curve with good supersingular reduction at a prime p C K lying above
2. Recall,

Uy =2y + a1z + as.
Squaring and substituting for y2, we obtain

U3 = 42° + (dag + ai)2? + (daq + 2a1a3)z + 4ag + a3.

We may write

Lo
=T - a(P)),
P
where the product is over the three non-trivial 2-torsion points. Over Fy the unique
supersingular elliptic curve is

Egup : y2 +y = x5,

See [38, Chapter V.4] for a reference. Thus, the reduction of E mod p admits a

change of coordinates over Fy to Equp- Recall, the admissible changes of coordinates
have the form

r=u’2+r and y=u3y +ulsa’ +t,
where 7, s,t € Fo and u € Fy'. Also recall, ua) = a1 +2s and vday = az+ra;+2t. We
see a) and a; are either both 0 or both non-zero. Considering Eq,p, we have a; =0
modulo p. Hence, az # 0 modulo p. Therefore we can see, rather explicitly, that the
constant coefficient of Wy, hence also of W2, has p-adic valuation 0. Alternatively,
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we could mirror the argument in Lemma 3.1 with W3 to obtain vy(a3) = 0. This, in
conjunction with supersingular reduction, is enough for our result.

Theorem 6.1. If e(p | 2) = 1, then [L : K| is an extension of degree 3 with
e(P | p) = 3. Further, the ramification index e(*B | 2) is at least 3 regardless of the
ramification of p in K.

Proof. Let P be a primitive 2-torsion point in E(L). As before, write

* *
o
= 2%kp’ _3kp |’
Tp™ Tgp

with vp(P*) = U‘@(P;) = 0. Note P satisfies ¥, so we have
3k Ty 2kp T as.
T T
Recall, vy(a1) > 1. Since vp(2) = 1, the fraction 4 has non-negative p-adic valua-
tion. Hence, vp(%) > 0. Reorgamzlng,

0=2—7—

g = 2 (P* + 2 ai zpp*)
7?@ 2
We see vp(—az) = vp(P; + "2—17T§,PP*) = 0. Hence, vp(2) = 3kp.
To see that [L : K] < 3, let a be a root of ¥3. We claim K («) contains a primitive
2-torsion point. Let P be the primitive 2-torsion point with z-coordinate z(P) = a.
The y-coordinate, y(P), satisfies

Us(a,y(P)) =2y(P) +ajae+ az = 0.

We have y(P) = —MaTas o K (av). Therefore, [L : K] =3 with e(® | p) = 3.
Considering W2 and using an argument very similar to that used in the proof of
Theorem 5.1 yields the result for (P | 2). O

The analogue of Theorem 5.4 is not particularly troublesome.

7. AN APPLICATION TO SPORADIC POINTS ON MODULAR CURVES

Our exposition follows Sutherland’s notes, “Torsion Subgroups of Elliptic Curves
over Number Fields” [39]. Let K be a number field. The K-gonality, vx(X), of a
curve X/K is the minimum degree among all dominant morphisms ¢ : X — ]P’}(.
Recall, a dominant morphism is a morphism with dense image. We are interested in
the Q-gonality of the modular curve X;(N). For ease, we will denote yq(X1(N)) by
7(X1(N)). Another definition we will need is the degree of a point. If @ € X;(N)
is a point, define the degree of ) to be the least degree of a number field K such
that @ is defined over K.

Given a dominant morphism ¢ : X;(N) — P(b of degree d, one can construct
infinitely many points of X;(N) defined over number fields of degree d. As an
example, let [a,1] € ]P’(b. In some affine neighborhood containing [a, 1], ¢ is given by
[f(x1,...,2m),9(x1,...,2m)] where f and g are homogeneous polynomials of degree
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d. Solving f(z1,1,...,1) =aand g(x1,1,...,1) = 1, we obtain a degree d extension
of Q over which a point in ¢~!([a, 1]) is defined.

Continuing, let g(X;(NN)) be the genus of X (V) and define 6(X;(N)) to be the
smallest positive integer k such that there are infinitely many points of degree k
on X(N). From the above example, one has §(X;(N)) < v(X1(N)). A point on
X1(N) of degree strictly less than 6(X;(V)) is called a sporadic point. Non-cuspidal
sporadic points on X (V) correspond to finite families of elliptic curves with a point
of order NV defined over a number field of “small” degree. Let i be a Weber function
for E. Recall, a Weber function is a map

h:E— E/Aut(E) =P

Except for j-invariants 0 and 1728, taking the z-coordinate of a point is a Weber
function. The degree of a point x € X;(N)(Q) corresponding to an isomorphism
class of an elliptic curve E and a marked point P of order N is [Q(j(E),h(P)) : Q].
For a reference, see [13, Chapter 7.6].

Now suppose N > 12 so that g(X;(N)) > 1. For the modular curve X;(N) we
have the bounds

N%Z -1
S (N)) < 7(Xa(N) < g(Xi (N)) < o . 7)
To see that the gonality is bounded above by the genus, consult [35, appendix A].
A reference for the upper bound on the genus is [32, chapter 4].

We apply our work in Sections 5 and 6 to show:

k
Theorem 7.1. Let N € Z>'2, and write N = [[ p}* for the factorization of N
i=1
into primes. Let E be an elliptic curve defined over a number field K in which
there is a prime p; above each p; at which E has supersingular reduction and with

e(p; | pi) = 1. Then, E does not correspond to a sporadic point on X1(N).
Proof. If L is a minimal extension of K over which E has a point of exact order N,
then Corollary 5.3 shows [L : K| = Hle (p?"’ — p?""_2>. Suppose for the moment

that j(F) # 0,1728. If P € E(L) is a point of exact order N, we have

k
K(P),§() @l = 5 T] (92 - 2?).

i=1
Taking the two leading terms we obtain
k k
1 2n; 2n;—2 1 2 1 N?
i=1 i

Let P(s) be the the prime zeta function, . p~5. The value of P(s) has been

p prime
computed for various s. For s = 2, P(2) ~ 0.45225. More relevant to our goals,
P(2) < 0.45225. The decimal expansion of P(2) is sequence A085548 in the OEIS

[15].
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In order to show that E does not correspond to a sporadic point on the modular
curve X1 (NV), we wish to show [K(h(P),j(E)) : Q] > g(X1(N)), since g(X1(N)) >

N?2-1 N2
J(X1(N)). Recall, we have the bound g(X;(N)) < 51 < o1 Hence, using
equation (8), our problem is implied by the middle inequality of
‘ 1 1< N2 _ N?
[K(U(P)J(E))3@]2§N2_§ —Zzﬁzg(Xl(N)'

Thus, it is enough to show
k
NZ 11
> — < SN
—~ D 12

The result is obtained by the following string of inequalities:

k o)

N2 1 11

§ < N? Ej — < N?%(0.4522 ——N2.
72 < pe < N*(0.45225) < 15

p prime

For j-invariants 0 and 1728, one conducts the same analysis as above, but with an

additional factor of % or % respectively. In these cases, it boils down to showing

k
N2
2.7 < SN
. P 4
and
k
N2
> < 2%
. P 6
respectively. ([l

Remark 7.2. Being supersingular at some prime above a large prime dividing N is a
relatively strong constraint. In [9, page 57|, Derickx and van Hoeij mention that one

11N?
can obtain §(X;(N)) < T If one uses this upper bound and conducts a finer

n; 2n; —

analysis of HZ 1 < 2 - p; >, then one can deal with more general situations

where F may not have supersingular reduction at any of the primes of K lying
above some of the primes dividing IN. In these cases one should consult Lozano-
Robledo’s paper [27] for bounds to replace p>® — p?*~2 when E has ordinary or bad

reduction.

Example 7.3. As an example of how one might deal with non-supersingular primes,
suppose F does not have supersingular reduction at any of the primes above 2. Note
j-invariants 0 and 1728 are supersingular at 2. Consider N = 2Ny where Ny is odd.

The degree of the smallest extension of K over which E has a point P of order NV
kE N2 k N2

is at least N2 — Y —g. Hence [K (h(P),j(E)) : Q] > N — %Z 20 We wish to
. = D

? )
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show that
N2—1 AN2—-1 N2 1., 1gaN?
- 0 <oz 2N 0
24 24 6 — 2% 2 Z p?
ko1 x 1
This amounts to showing %Z — < % Using that > — < 0.45225, the in-
i DPj p prime p

equality is clear. Thus we have shown that, if vo(IN) = 1, sporadic points on X; (V)
cannot correspond to elliptic curves that are supersingular at at least one unramified
prime above each of the odd primes dividing N.

8. RAMIFICATION IN K (E[I"]) AWAY FROM .

We change notation in this section. As before F will be an elliptic curve
over a number field K. However, let [ be a prime, and consider the [™-th division
field K(E[I"]). We would like to reserve p for primes not equal to [ at which E has
bad reduction. Suppose p is a prime of K lying over p for which E has potential
multiplicative reduction. In other words, the bad reduction of F at p eventually
resolves to split multiplicative reduction. Similarly to before, we denote K (E[I"])
by T and let B be a prime of T" above p. Other than these changes, we keep the
previous conventions.

Before we begin our investigation into the ramification of primes away from [ in
T, we remark that our methods are quite well-known. Our proof revolves around
the fact that if F has split multiplicative reduction at p, then

Ty C Ky <Mln,ql/ln)

where ¢ is the Tate parameter for £ over Kj,. This has been noted by numerous
authors, especially when n = 1. However, the case we describe here does not appear,
to our knowledge, in the literature.

Theorem 8.1. Denote the discriminant of a model of E that is minimal at p by
AE minp- Define m := vy (vy (AEminp))- In other words, m is l-adic valuation of
the number of components of the special fiber of the Néron model. Then e(*B | p) is
"= if E has multiplicative reduction at p, while e(B | p) is either 20"~™ or ["~™
if E has additive reduction at p.

Intuitively speaking, the ramification index of p in T is just enough so that
{"™ divides vqg(AE,mmp). This is what one would expect, since when " divides
v (AE,minp), the group of components of the special fiber of the Néron model has
an order that can accommodate a subgroup of order [".

Proof. From p-adic uniformization, there exists a p-adic analytic isomorphism
P E(Kp) = K];k/qza
with ¢ € K and vy(q) = vy(Agminp) > 0. See [37, Theorem V.3.1] for a refer-

ence. Considering Tis, one sees ® extends to &' : F(Ty) = Tq’g/qZ with vp(q) =
U&B(AE,minp) > 0.
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We investigate the image of E[I"]. Part of the ["-torsion maps to um C T%;
however, this only accounts for half the story since E[I"] = Z/I"Z x Z/I"Z. An
["-torsion point in Tq’g /q” satisfies either 2" — 1 or 2" — ¢* for some t € Z. As jyn
accounts for the roots of z!" — 1, there is some u € Tq’g that is a root of z!" — ¢*. We

note that u generates the other half of the I"-torsion and vy (u) > 0.
Henceforth make the following identifications:

PeE[l" ~(1,0) € Z/I"L x Z/I"Z ~ u € Ty /q"

and
Qe E[lI" ~(0,1) € Z/I"L x ZJ/I"L ~ (n € Ty /q".

Since (» and v form a basis for the {"-torsion of I; % /q”, it is clear every element of
T‘i} that reduces to u* € Tq*} /qZ with 1 < k < [™ has non-zero valuation. In other
words, if 1 < k < [", then no element of @}m can reduce to u* € Tq’g /q”.

Now let Ey(Tp) be the points of E(Tiy) with non-singular reduction. From the
theory of Néron models, we have the following isomorphisms:

E(Ty)/Eo(Ty) = Ty /4" Oy, = Z/vp()Z = Z/vp(Ap,minyp) Z. 9)
For a reference, see [37, Chapter IV]. We see that the image of u generates a subgroup

of order I" in Z/vgp(q)Z. In order to accommodate this subgroup of order [" in
Z/vp(q)Z, the valuation v, must have ramification index at least ("™ .

To see that ["~™ is the largest possible ramification index, note K,((jm) is an
unramified extension of K,. Further, K,({;)*/¢” has a subgroup isomorphic to

Z/1"Z. Recalling that 7, denotes a uniformizer for K,, we write ¢ = zwéms , Where

vp(2) = 0 and ged(s,1) = 1. Consider f(z) = 2!" — 2, and let 27 be a root. We
claim K, (Qm, 21/1") is an unramified extension of K.
It is clear that Kj ({m,z/!") is the splitting field of f(z), as the roots of f(x)

are Cfnzl/ " for 0 < i < [". Using the Vandermonde determinant, the discriminant
of fis

nat-1) S1 S G N L ) )
()7 I (G~ Goe) = (0 T (G - )
i#j i#j
"

— H disc(ok (),
k=1

where disc(é(2)) is the discriminant of the {*-th cyclotomic polynomial. Since
[15_; disc(¢x(x)) is a power of [ and z is a unit in K, the discriminant of f is not
divisible by p. Thus the extension is unramified.

Now let W;/lnim be a root of /""" — mp and define

n [n—m
Wy = K, <Qn,zl/l ,71';/ ) .
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Note W, is ramified over K, of degree ["~"™. We have built W, so that 2" — ¢

splits completely. To see this, observe the roots of z!" — ¢ are Climzl/ lnﬂ';/ 7 with
0<idi<lim™

By construction Wy /¢” has a subgroup isomorphic to Z/I"Z x Z/I1"Z. Thus by
equation (9), replacing Ty with W, the group E(W,) contains all the ["-torsion.
Since vp has ramification index ["~™ in W), identifying Tz with a subfield of W}, we
see vp has at most ramification index /"™ in Tig. Hence Ty has ramification index
"= over K,.

Note that if F has non-split multiplicative or additive reduction at p, the above
argument holds after first passing to a quadratic extension, Ké, over which E will
have split multiplicative reduction. If E has non-split multiplicative reduction over
K, then K| is an unramified quadratic extension. We observe that Ky(E["]) and
Tip have the same ramification indices over K. Likewise, if E has additive reduction
over Ky, then Ké is a ramified quadratic extension. We observe that the ramification

index of Ky (E[I"]) over K, divides 2[Ty : K] and is at least [Ty : Kp]. O

In cases where Z/pZ = Oy /pOk, we can use the theory of cyclotomic extensions
to describe inertia. Note that the ideas below give a lower bound on inertia when p
has inertia degree greater than 1 over p.

Corollary 8.2. Let p C K be a prime at which E has multiplicative reduction.
Suppose L/pZ = O /pOy . Then the residue degree of p in T is the smallest f such
that pf =1 modulo ™.

Proof. Adjoining a root of z!"~ " — mp to Ky((n) is a totally ramified extension and
corresponds to a trivial extension of residue fields. Thus any extension of the residue
field is coming from adjoining a primitive ["-th root of unity. From the theory of
cyclotomic fields, the residue degree is the smallest f such that p/ = 1 modulo ™.
For a reference, see [6, Chapter III]. ]

Remark 8.3. Let [ be a prime of K lying above [. When E has multiplicative
reduction at [, we can parrot the proof of Theorem 8.1 to show that [ has ramification
index divisible by ¢(I") in K(E[I"]). One can attempt to use these ideas to obtain
a lower bound for the ramification in a minimal {"-torsion point field L. This works
well unless (" divides m = v(v((AE mint))-
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