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Abstract

The combinatorial properties of double vertex graphs has been widely stud-
ied since the 90’s. However only very few results are know about the inde-
pendence number of such graphs. In this paper we obtain the independence
numbers of the double vertex graphs of fan graphs and wheel graphs. Also we
obtain the independence numbers of the pair graphs, that is a generalization of
the double vertex graphs, of some families of graphs.
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1 Introduction.

Let GG be a graph of order n. The double vertex graph of GG is defined as the graph with
vertex set all 2-subsets of V' (G), where two vertices are adjacent in F5(G) whenever
their symmetric difference is an edge of G. This concept, and its generalization called
k-token graphs, has been redefined several times and with different names. The
double vertex graphs were defined and widely studied by Alavi et al. 1], 2l 3], but we
can find them earlier in a thesis of G. Johns [I7], with the name of the 2-subgraph
graph of G. T. Rudolph [21] redefined the double vertex graphs with the name of
symmetric powers of graphs and used this graphs to studied the graph isomorphism
problem and to study some problems in quantum mechanics and has motivated several
works of different authors, see, e.g., [6 [7, 8, 13] and the references therein. Later,
R. Fabila-Monroy, et. al. [I4] reintroduce this concept but now with the name of
token graphs, where the double vertex graphs are precisely the 2-token graphs, and
studied several combinatorial properties of this graphs such as: connectivity, diameter,
cliques, chromatic number and Hamiltonian paths. After this work, there are a lot
of results about different combinatorial parameters of token graphs, see for example
[41, 9, 11, [12] 15 20, 19].

In H. de Alba, et. al. [5] began the study of the independence number of k-token
graphs and in particular for the double vertex graphs of some special graphs such as:
paths, cycles, complete bipartite graphs, star graphs, etc. A subset I of vertices of G
is an independent set if no two vertices in I are adjacent. The independence number



a(@) of G is the number of vertices in a largest independent set in G. it is know that
to determine the independence number is an NP-hard [I8§] problem in its generality.

In this work we obtain the independence number of the double vertex graphs of
fan graphs and wheel graphs. The fan graph F,, ; is defined as the join graph P, + K7,
where P, denote the path graph of order n and K; the complete graph of order 1, and
wheel graph W), ; is defined as the joint graph C,, + K;, where C),, denote the cycle
of order m. Our main results about independence number of double vertex graphs
are the following:

Theorem 1.1. Let m > 2 be an integer. Then

o (F2) - {mﬂ |
Theorem 1.2. Let m > 4 be and integer. Then
o () = [ 51):
1.1 Pair graph of graphs

Let G be a graph of order n > 2. The pair graph C(G) of G is the graph whose
vertex set consists of all 2-multisets of V(G) where tho vertices {z,y} and {u,v} are
adjacent if and only if {z,y} N {u,v} = {a} and if x = v = @, then y and v are
adjacent in GG. The pair graphs, also called complete double vertex graph, of a graph,
were implicitly introduced by Chartrand et al. [10] and defined explicitly by Jacob et.
al. [I6], were the first combinatorial properties were studied. The pair graphs are a
generalization of the double vertex graphs and G is always isomorphic to a subgraph
of C(G).

For the case of the independence number of complete double vertex graphs we
have the following results.

Theorem 1.3. If m > 3 is an integer, then

a(C(Py)) = {MJ .

Theorem 1.4. Let m > 1 be an integer. Then
a(C(Fp1)) = a(C(Pr)) +1

Theorem 1.5. Let m > 3 be an integer. Then

{k(k+1)+ |(k+1)/2] m=2k+1

ACOD =4 1) m = 2k

Theorem 1.6. Let m > 3 be an integer. Then
a(C(Wp1)) =a(C(Cp)) + 1.

In the rest of the papers we prove all these results in different sections.
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2 Preliminary results

In the proofs of some of our results, we use the following known facts.
Lemma 2.1. If H is an induced subgraph of G, then o(H) < a(G).
Let GLJH denote the cartesian product of graphs G and H.

Proposition 2.2. Let r and s be positive integers. Then

o(haR) = [3] [ + (= 15D (-~ [31)

Proposition 2.3. If G = U*_,G;, where G; is a component of G with |G;| > 2, for

every i, then
k
G? = UGZ@) U Gij,
i=1 ij=1
i#]
where Gy; ~ G;,0G;.
The following proposition appears in the proof of Lema 12 in [11].

Proposition 2.4. Let X be a subset of V(G) and G' = G — X. Then Fy(G') is
isomorphic to the graph obtained from Fy(G) by deleting all vertices in Fy(G) such
that have al least one element of X.

In [5] was proved that a(PP) = |m?/4], m > 2. This is sequence A002620(n) in
The On-Line Encyclopedia of Integer Sequences (OEIS) [22].

Proposition 2.5. Let a(n) = A002620(n), n > 0.
1. a(n) = [n/2][n/2] = [n?/4].
2. a(n) = a(n—1)+ [n/2] = a(n— 1)+ [(n—1)/2], n> 0, a(0) = a(1) = 0.
3 an)=an—2)+n—1,a(0) =1,a(l) =0, n > 2.

3 Proof of Theorem [1.1|

In F), 1, we consider that V(P,,) ={1,...,m}, E(P,) ={{i,i+1}: 1 <i<m—1}
and V(K;) = {m + 1}. We use some propositions in order to prove our main result
in this section.

If T, is the set of all 2-subsets of V(P,,) and B = {{a,m+1} : a € V(P,,)}, then
{T),, B} is a partition of V(F,gl2 )). Notice that the subgraph of F,Ef )1 induced by T, is
isomorphic to Pg ) and the subgraph induced by B is isomorphic to P,,. Sometimes
we use T,, and B as set of vertices or as the corresponding induced subgraph.

1

For g € {1,...,m}, we define the following subsets of vertices of 753

Ry ={{qiy:ie{l,...,m} —{q}}.

In fact, R, C T, for every ¢ € {1,...,m} (see Figure [l| for an example).
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Figure 1: Double vertex graph of Fj;. In this case B =
{{1,5},{2,5},{3,5},{4,5}}, T, = V(AY)) — B and R, = {{1,2},{2,3},{2,4}}.

Proposition 3.1. Let m > 4 be an integer. Then o(T,, — R;) = a(T,,—1), for all
ie{l,...,m}.

Proof. By proposition 2.4 T,,, — R; is isomorphic to the double vertex graph of P,, —1,
for every i € {1,...,m}. If i € {1, m}, then T}, — R; is isomorphic to T;,,_; and hence
a(T,, — R;) = a(T—1). If i € {2,m — 1}, then T, — R; consists of two components:
one isomorphic to P,,_» and the other isomorphic to T},_s. Therefore

(T — Ri) = a(Pr2) + a(Tiz) = [(m = 2)/2] + [(m — 2)*/4] = [(m — 1)*/4].

Finally, if ¢ € {1,...,m} —{1,2,m — 1, m}, then P,, — i consists of two components:
P, —{i,...,m} and P, — {1,...,i}. Then, by Proposition it follows that the
double vertex graph of P,, — i, that is isomorphic to 7}, — R;, has three components.
The first one is the double vertex graph of P, —{i,...,m} and is isomorphic to T;_;.
The second component is the double vertex graph of P, —{1,...,i} and is isomorphic
to T,,_;. Finally, the third component is isomorphic to the grid graph P, ;[JP; ;.
Therefore

a(T,, — R) = a(Th-i)+a(Tis1) + a(P,—;0P ),
and hence

(T — Ri) = [(m —i)*/4] + [0 — 1)*/4]+

e e G e MG )

[
In Figure 2| (a) and (b) we show the graphs Ty — Ry and T — Ry, respectively.
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Figure 2: a) Graph T3 — Rs, b) graph Ts — Ry, ¢) graph T — (R U R5).

Proposition 3.2. Let m > 4 be an integer. Let S be a nonempty subset of {1,...,m}
such that in S there does not exist consecutive integers. Then (T, — UiesR;) <
a(Ty,—1). Even more, if |S| > 2, then a(T,, — UiesR;) < a(Tp—1).

Proof. 1f |S| = 1 the result follows from Proposition 3.1} If |S| > 2 then T, — UjesR;
is an induced subgraph of T,, — R,, for every x € S and by Lemma 2.1] it follows
that a(T,, — UjesR;) < a(T,—1). In the view of Lemma , it is enough to prove
the second part of the affirmation for |S| = 2. The proof is by contradiction. Let
S ={i,7}, with 1 <4 < j. Suppose that (T}, — R; U R;) = a(T},—1). Let I be an
independent set in T,,, — R; U R; of cardinality a(7,,—1). We have two cases.

Case 1. If j = m, then {m — 1,m} € R;, and hence {m — 1,m} ¢ I. Also {m —
I,m} ¢ R; because i # j — 1, by hypothesis. Therefore the set I' = TU{{m —1,m}}
will be another independent set of T,,, — R; of cardinality greater than a(7,,—1), a
contradiction.

Caso 2. 1 < j<m. Let X ={j—1,j} and Z = {j,j + 1}. As the vertices X
and Z belong to R;, then both vertices does not belong to /. The open neighborhood
of {X,Z} is asubset of {{j —2,5},{j — 1,7 +1},{j,7 + 2}}. Of this vertices, only
{j — 1,7+ 1} could be in I. Therefore, the set I' = (I —{{j — 1,7+ 1}}) U{X, Z}
is and independent set in T, — R; (because i € {j — 1,7 + 1}) of cardinality greater
than «(7T,,_1), a contradiction. O

In Figure 2| (¢c) we show the graph T — (Ry U Rj).



It is clear that a(F 1(21) ) = 1. We are ready to prove our result.

Theorem Let m > 2 be an integer. Then
2
a(F,1) = [m?/4)

Proof. The case m = 3 can be checked by hand or by computer. We suppose that
m > 4. As T,, is isomorphic to P2 it follows from Lemma that oz(RSf )) < oz(F,Ei )1)
We will show that a(Fg)l) < a(PT(nQ)). We use the fact that the subgraph of F,f)l
induced by the vertex set B is isomorphic to P, and «(P,,) = [m/2].

Let I be an independent set in F,SLQ )1 We have the following cases.

Case 1. If I C T,,, then |I| < a(PY).

Case 2. If I C B, then |I| < [m/2] < |m?/4] because m > 4.

Case 8. I =1 UI", with I' C T,,,]I" C B, and I',I" both non-empty. Let
S = {i: {i;m+ 1} € I"}. As I” is an independent set, in S there does not exists
any two consecutive integers. We claim that U;cgR; NI’ = (). Indeed, suppose that
{z,y} € UjesR; N I'. Then {x,y} € R;, for some ¢ € S. Without lost of generality
we can suppose that {z,y} = {i,y}, with y € {1,...,m} — {i}. By definition of S,
vertex {i,m + 1} belong to I”. Now {i,y}A{i,m + 1} = {y,m + 1} that is an edge
in F,, 1, and hence {i,y} ~ {i,m + 1} in Fr(f)l But this is a contradiction, since [ is
an independent set. This shows that I’ is a subset of T}, — U;csR; and hence

|I'| < Ty — UiesRy). (1)
Now we show that || < [m?/4]. If [I”| = 1, then |S| = 1 and by Proposition [3.1]
1] = (T 1) +1 < (T y) + [m/f2) = |m?/4],

where the last inequality follows from Proposition [2.5(2). Finally, consider that 2 <
II"| < [m/2]. As |I”| > 2, then |S| > 2. By Proposition and Equation (1)) we
have that que

| 1| (T — Uies i) + | 1"
(Tn-1) + [m/2]
(Tr1) + [m/2] —1
Tin-1) + |m/2]
Lm2/4 )

e

VAN VAN VANRVAN VAN
e R

4 Proof of Theorem 1.2

For the wheel graph W, we consider that V(C,,) = {1,...,m}, E(Cy,) = {{i,7 +
1}:1<i<m—1}U{{l,m}} and V(K;) = {m+1}. Let H,, denote the subgraph of
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Wg )1 induced by all 2-subsets of V(C,,,). Let D denote the subgraph of Wg )1 induced
by the vertex set {{i,m +1}:i € {1,...,m}}. The graph H,, is isomorphic to 7
and D is isomorphic to C,,. We also use H,, and D as vertex sets. It is well-known
that (C,,) = |m/2] and in [5] was proved that a(C) = |m|m/2]/2], m > 3.

It can be checked by computer that Q(ng,l)) = 2. We now prove our main result
in this section.

Theorem Let m > 4 be and integer. Then

(W) = a(C?).

m

Proof. As H,, is 1som0rph1c to O , then every independent set I in H,, satisfies
7] < a(C)) < a(W2)). We will show that a(W,2)) < a(CF)) .
Let I be an independent set in W,%)l If I C Hy, then |I] < oz(C’T(f)). If I C D,
then
1] < [m/2] < [m[m/2]/2] = a(CT)).
Now suppose that [ = I' U I”, where I" C H,,, I” C D, and with I’ I"” both non-

empty sets. As D is isomorphic to Cy, then |I”| < [m/2]. For ¢ € {1,...,m}, let R,
defined as in previous section. Let

U={ie{l,...,m}: {iym+1} e I"}.

In a similar way that in the proof of Theorem it can be showed that U;cpy R;N 1 =
0.

Therefore we have |I'| < a(H,, — Uicv R;).

By Proposition , the graph H,, — R, is isomorphic to the double vertex graph
of Cy, — q, for every ¢ € {1,...,m}. But as C,, — ¢ is isomorphic to P,,_; then
H,, — R, ~ T,,_;. We like to bound || using that |I'| < a(H,, — UjecpR;). First,
consider that U = {z}, for some = € {1,...,m}, that is I"” = {{z,m + 1}}. By the
previous paragraphs we have that

1| < a(Hy = Ry) +1 = a(Tpo1) + 1= [(m = 1)*/4] + 1 < [m|m/2]/2],

where the last inequality holds because m > 4.

Now, suppose that |U| > 2. First note that if ¢ € V(C,,), then the double vertex
graph of W,,; — ¢ is isomorphic to the double vertex graph of F,,,_1 ;. Therefore, by
Proposition it follows that

W2 — (R,U{{g.m + 1)} = Wiy — )@ =~ 2. (2)

We like to obtain o(H,, — UZeUR ). By Equation (2)), after we delete one set R, and
the vertex {q,m + 1} from Wm 1, for g € U, we obtaln an isomorphic copy of F! )1 L
which in turn contains isomorphic copies of the remaining sets R;, fori e U — {q}

Then we are in Case (3) of the proof of Theorem . for F 1 yand S = U — {z}



(with the corresponding relabeling given by the isomorphism between (W,,; — ¢)®
and F,,_11). Therefore, for any = € U

Hy — Uicv Ry = (Hp — Ry) — Uier—(2y Ri =~ Thm1 — Uses Ry,
Using Proposition for Fn(sz and S we have that
a(Hy — UievRi) = a(Thn-1 — UiesRi) < a(Thn-2).
And hence
1] o(Hy — Uiep Ry) + |17
a(Tn—2) + [m/2]
[(m —2)?/4] + |m/2]
Lm|m/2]/2]
a(CP),

m

VAN VAN VAN VAN

5 Proof of Theorem 1.3

The proof of Theorem follows directly from the following result.

Theorem 5.1. For any non negative integer n > 3 we have
2
C(P,) ~ P,

Proof. Without loss of generality we can suppose that for {a,b} € V(C(P,)), a < b,
and for {a,b} in PP, a < b Let ¢: C(P,) — P,(Li)l be the function given by
o({i,7}) = {i,7 + 1}. Tt is an exercise to show that this function is a graph iso-
morphism between C'(P,) and Pﬁr)l. O

6 Proof of Theorem [1.4

The vertex set of C'(F,1) can be partitioned in {7,,.1, B} where T,,;; (as induced
graph) is isomorphic to C'(P,,) (that is isomorphic to P,Si)rl by Theorem and

B={{iim+1}:1<i<m+1}.

Notice that the subgraph of C'(F,, 1) induced by B is isomorphic to F, ;.
We define the following subset of vertices of C'(F,,1).

RZ:{{Z,]}j S {17""m}}>

The following proposition will be useful in the proof of Theorem [1.4]
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Proposition 6.1. For m > 2, we have that a(Ty,41 — RB;) < |m?/4] + 1, for any
ie{l,...,m}.

Proof. Notice that for i € {1,...,m}, the graph 7,1 — R; is isomorphic to the graph
C(P,, —i). We have several cases.

Case 1. 1t i € {1,m}, then the graph T,,,1 — R; is isomorphic to C(P,,_1), that
it is isomorphic to P (by Theorem , and hence a(T,,1 — R;) = [m?/4].

Case 2. It i € {2,m — 1}, then T,,,; — R; consists of three components as follows.
One component that is isomorphic to K. Such component K is either the vertex
{1,1}, or the vertex {m, m} if i = 2 or ¢ = m — 1, respectively. Another component
consists either, in the subgraph generated by the vertices Ry — {{1,2}, {1, 1}}, when
i=2,0r Ry, —{{m—1,m},{m,m}} when ¢ = m — 1. This component is isomorphic
to P,,_o. The last component is isomorphic to T,,_1: when ¢ = 2, T,,_1 will be the
subgraph generated by the set of vertices T,,.1 — (R1 U Ry), and when i = m — 1,
T,,—1 will be the subgraph generated by the set of vertices T;,,+1 — (R—1 UR,,). Then

(T — Ri) = a(Th-1) +a(Pps) +1

[(m —1)%/4] + [(m —2)/2] + 1
[(m—1)*/4] +[(m —1)/2] +1
[m?/4] + 1,

<
<

where, for the last inequality, we use the fact that [(m — 2)/2] < [(m — 1)/2] and
part 2 of Proposition [2.5]

Case 3. Ifi € {1,...,m} —{1,2,m — 1,m}, then T, ;1 — R; consists of three
components that came from the double vertex graph of P,, — . The first component
is isomorphic to C(P,, — {1,...,4}), that in fact is isomorphic to 7T},,_;4+1. The other
component is isomorphic to C(P,, — {i,...,m}) that is isomorphic to C'(P;_;), which
in turn is isomorphic to 7;. The last component of T,,,; — R; is the subgraph of
Ton+1 induced for the set of vertices of the form {a,b} with a € {1,...,i — 1} and
be{i+1,...,m}. This last component is isomorphic to the grid graph P,,_; x P;_.
Therefore

(L1 — Ri) = a(Tniy1) + a(Ti) + a(Pr-i X Pio1).
Therefore

(T = Ri) = [(m — i + 1)2/4] + [*/4]+

el e ) ([

]

Corollary 6.2. a(T,.1 — UiesR;) < |m?/4] + 1, for every S C {1,...,m}, S # 0.

9



Figure 3: Graph Ty9 — Ry U R;

Proof. For every j € S, T),41 — UjesR; is an induced subgraph of T),;1 — R; and the
result follows by Lemma [2.1 and by Proposition [6.1] O

In Figure [3| we show graph Ty, — Ro U Rs.
Theorem Let m > 3 be an integer. Then
&(C(Fn)) = a(C(Pu)) +1

Proof. Let I be an independent set in T,,;1 of cardinality |I| = «(C(P,)). As
TIU{{m+1,m+1}} is an independent set in C'(F,, 1) then a(C(Fp,1)) > a(C(Py))+1.

We will show that a(C(Fp,1)) < a(C(Py)) + 1. The case m = 3 is easy so that
we suppose that m > 4. Let I be an independent set in C(F,1). We have several
cases.

Case 1. If I C T),41, then |I| < a(C(P)).

Case 2. If I C B, then |I| < [(m+1)/2] < [(m + 1)?/4], because B ~ Fy ,, and
m > 4.

Case 3. If I = I UT", such that I' C T},41,I C B, with I' e I" non empty
sets. Let S = {i: {,m+ 1} € I"}. In a similar way that in the proof of Case 3 of
Theorem we can show that U;cgR; NI’ = (). This shows that I’ is a subset of
Tyt — UiesR;. By corollary we have that |[I'| < |m?/4] + 1 and as B ~ C,, 1,
then |I”| < |(m + 1)/2]. Therefore

1] < [m*/4] + |[(m+1)/2] +1
= |(m+1)2/4] +1
= o(C(Fn)) +1,
where we are using part (2) of Proposition O
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7 Proof of Theorem [1.5

We proof Theorem by mean of Propositions and [7.5] For ¢ =1,...,m, let
Ly={{jym—(¢—j)}:1<j<q}

It is clear that |L,| = ¢, for every ¢, and that {L; ..., L,} is a partition of V(C(C,,)).
The following proposition shows that most of the sets L, are independent sets in

C(Cy).

Proposition 7.1. If L, is not an independent set in C(C,,), then m = 2q — 1, where
2<qg<m-—1.

Proof. Clearly Ly = {{1,m}} and L,, = {{1,1},{2,2},...,{m, m}} are independent
sets and hence 2 < ¢ < m —1. As L, is not an independent set and ¢ > 2, then there
exists two adjacent vertices, say {i,m—(¢—1i)} and {j,m—(¢—j)}, in L,. Notice that
i # j7andi# m—(q—1). Therefore i = m—(¢—j) and |[m—(¢—1i)—j| € {I,m—1}.
From these equations we obtain that |m — (¢ — i) — j| = |2(m — ¢)|, which implies
that m = 2q — 1. O

Let G be a graph and let A and B subsets of V(G). We say that A and B are
linked in GG, and is denoted by A =~ B, if G has an edge ab such that a € A and b € B.

Proposition 7.2. Let m > 4. The subsets L; of V(C(C,,)) previously defined are
linked as follows:

1. L’L %Li+17 fOTi € {1,,m—1}
2. Li = Ly 41, forie{l,...,m—1}.
3. All the links between the elements in {Ly ..., Ly} are given by (1) and (2).

Proof. (1) For 1 < i < m = 1, the sets L; and L;;; are linked because {i,m} €
Li,{i+1,m} € Liyy and [{t,m},{i +1,m}] is an edge in C(C,,).

(2) By definition of L, it follows that {{i,m} and {1,m — (i — 1)} belongs to L;, and
the vertices {1,7} and {m — (i — 1), m} belongs to L,,__1). As [{{#,m},{1,7}] and
{1,m—(i—1)},{m — (i — 1), m}] are edges in C(C,,) we obtain that L; ~ L,,_;1.
(3) If L; is linked with a set L, with |i — j| # 1, then, by the construction of C'(C,,),
the unique possible vertices in L; that could be adjacent with vertices in L; are
{1,m — i+ 1} and {i,m}. But this would implies that j = m —i + 1 and we are in
Case 2. O

Proposition 7.3. Let k > 2 be an integer. Then

a(C(Co)) = k(k+1).
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Proof. By Propositions [7.1] and [7.2] we have that
I=L,ULyU---ULy, oULy,

is an independent set in C(C,,)). Now

[I| = [Lo|+|La| + -+ |Lop—a| + |Log|
— 2444 +2k—2+2k
— (k1)

Therefore a(C(Ca)) > k(k + 1).
Now, as C'(P,,) is a subgraph of C(C,,) with V/(C(P,,)) = V(C(C,,)) and E(C(P,,)) C
E(C(Cy)), then a(C(Cy)) < a(C(Py,)). Using Corollary 7?7 we obtain

a(C(C%)) < a(C(Pa))
Of(Pz(larl))

— [(2k+1)2/4)
k(k+1).

The following proposition will be useful for the case k£ odd.

Proposition 7.4. Let n = 2k+1 be an odd positive integer. Let I be and independent
set of C(C,,). If the vertex {1,n} belongs to I, then there exist an independent set I’
such that {1,n} & I' and |I'| > |I|.

Proof. Let I = I, U I, where Iy = L, N[ and I} = [ — I,. If {1,n} € I, then the
vertices {1,1} and {n,n} does not belongs to I. Let m = |L,_1 N I|. Then, there are
at least m vertices in L,, — {{1, 1}, {n,n}} such that does not belongs to I. That is,
|L, N I| <n—2—m, and hence |I| < |[;| +n —2—m. We construct I’ = I} U I}
as follows, I{ = I, — (L,—1 N I)U{{l,n}} and I} = L,. Clearly I’ is an independent
set. Therefore

1) = 11+ 1) = B —m—1+n 2 |1].

]

If z is a vertex in V(C(C,)) of the form {1,j} or {j,n}, for some j, then z is
called an extreme vertex in C(C,,). Let {i,5} € V(C(C,)), with i < j. We say that
x e {{i,j+1},{i+1,5}} (resp. x € {{i —1,5},{i,7 — 1}}) is a right neighbor of
{i,7} (vesp. left neighbor) if x is adjacent to {i,j} in C(C,,).

Proposition 7.5. Let k > 1 be an integer. Then

a(C(Copt1)) =K +k+ [(k+1)/2].
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Proof. The case k = 1 is easy so we assume that k& > 2.

Case k odd. Let
L=1LoULyU---ULg 1 ULpsoULpya--- U Lopo1,
which is an independent set of C'(Cax41) (by Propositions and . We have that

L] = 2444+ (k-1 +k+2)+(k+4)+---+(2k+1)
3 1

— 24 = -

= K +ok+g

k41
= k%ﬂc—l—{%J,

which shows that a(C(Caxt1)) > k* + k + [(k+1)/2].

Now we prove that a(C(Capr1)) < k> + k + |52,

Let n =2k+1. Let A=Li ULy U---ULyand B = Ly ULg,oU---UL,.
Let I be and independent set in C(Co;.1). By Proposition we can assume that
{I,n}gIl. Let [ =INAand [, =1NB.

Claim 7.6. There exists an independent set 1 such that I} C LyioULgygU---ULgjyq
and |I5| > | L.

Proof. Let W ={k+1,k+3,...,2k}. Let iy be the greatest integer in W such that
L;y NIy # 0. That is, L; NI, = 0, for every j € W with j > 4;. To construct I
from Iy by interchanging all the vertices in L;, N [ with its right neighbors in L;, 11
(this can be made by the selection of i1). To repeat this process, but now with the
greatest integer i in W — {i1} such that L;, N Iy # (). To continue in this way until
W —{i1,...,i,} =0 or LyNI, =0, for any j € W — {iy,...,4,}. That is, we will
finish until all the vertices in [sN(Lgy1 U Lyy3 U - - - U Loy ) has been interchanged with
vertices in Lygyo U LgiqgU---U Loky1. In this way, we have obtained and independent
set I} from [y with 15, C Lgio U Lgig U+ U Logyq and |15 > |15]. O

We will construct and independent set I’ of C'(Cytq1) such that |I'| > |I| and
I' C L with the following steps:

Step 1. To construct an independent set 1), from I, as in the proof of Claim |7.6

Step 2. To construct a set I” from I; U I, by interchanging every vertex {i,n} € I N
(LyULgU---U L) (if any) with {1,4}.

Step 3. To construct I’ from I” by interchanging every vertex in I” that belongs to
L3ULsU---U L with a vertex in Ly U Ly U ---U Ly_q in such a way that I’ is
an independent set and I’ C L.

Now we prove that we can obtain the desired independent set I’ with these steps.
By Claim , I} is an independent set. Notice that I;UI} could not be an independent
set, for example if {1,n — 2} € I} and {n —2,n} was added to I} with the procedure

13



in the proof of Claim [7.6] But, as k is odd and by Proposition [7.2] if u € I, and
v € I} are vertices such that u ~ v, then u and v are extreme vertices of C(Coyy1)
with w € Ly ULsU---U L and v € Lgyio U Lgygy U -+ U Lgg_1. But this problem
is arranged in Steps 2 and 3. The proof that we can do Step 2 is as follows: let
X =L ULyU---ULg. Let {i;n} € ;N X. Then {i,n} € L; with i odd. As
{i,n} € I then {1,i} ¢ I,. By construction of I}, {1,i} ¢ I;. Therefore we can
obtain I’ from I; U I} by interchanging every {i,n} € I, N X with {1,:}. Notice that
{1,1} belongs to Lok o_; and hence {1,i} € LyyoU LyygU---U Logiq. .

Finally we show how to realize Step 3. Let I{ = I” N X. We interchange all the
remaining vertices in I” that belong to I as follows: first to select the smallest integer
iin {3,5,...,k} such that [ N L; # 0 and Iy N L; = 0, for every j € {3,5,...,k}
with j <. As I{ is an independent set, and by the selection of 7, we can interchange
all the vertices in I] N L; with its respective right neighbors in L; ;. To repeat this
process but now with the smallest integer in {3,5,...,k} — {i1} such that I; N L; # ()
and I] N L; =0, for every j € {3,5,...,k} — {1} with j < ¢. To continue in this way
until all the vertices in 7] N X has been interchanged by vertices in LoULyU---ULj_y
Notice that I’ C L and that |I’| = [I] U I}| > |I| and hence |I| < |L| as desired.

Case k even.
First we show that a(C(Ca11)) > k* + k + [(k+1)/2]. Let

LZLQUL4U'~~ULkULk+3ULk+5U"'UL2k+1,

which is an independent set of C'(Coxy1). We have that

IL] = 244+ +k+(k+3)+(k+5)+---+2k+1)
1 1
_ Zk<k+2)+1(4k+3k2)

3 kE+1
= B4 Sk=ktk+|—]|.
+3 - +{ 5 J

Now we prove that a(C(Cary1)) < k* +k+ [(k+1)/2].

Let I be any independent set of C'(Cyyy1). By Proposition |7.4| we can assume that
{1,n} ¢ I. We will obtain an independent set I’ such that I’ C L and || < |I'].
Let ]1 =1InNn (LQ U Lg U---u Lk—i—l) and IQ =1InNn (Lk+2 U Lk+3 U---u L2k+1). The
following claim can be proved in a similar way that Claim [7.6]

Claim 7.7. There exists an independent set 1 such that I} C Ly, 3ULgy5U- ULy
and |I5| > |Is|. Evermore, I} can be obtained from Is by interchanging every vertex
x € Iy N L; with its right neighbor in L1, for every i € {k+ 2,k +4,...,2k}.

Now we obtain I” with the following steps.
Step 1. To obtain I from I, as in Claim [7.7]

Step 2. To obtain I” from [; U I} by interchanging all the vertices of the form {a,n} €
I'NnL; withi e {3,5,...,k— 1} (if any) with {1,4}.
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Step 3. To obtain I"” from I” by interchange the remaining vertices in I N L;, for i €
{3,5, ...,k — 1} with its right neighbor in L; ;.

Step 4. To obtain I’ from I’ by interchange the vertices in I N Ly, as follows. As
Ly is linked with Ly, by the edge [{1,k + 1},{k + 1,n}], then only one of
this vertices can be in I. If {{1,k+ 1},{k +1,n}} NI = 0, then move all the
vertices in I N Ly, to its right neighbors in Ly. If {1,k + 1} € I, then move
all the vertices in I"” N Ly, to its right neighbors in Ly and if {k + 1,n} € I,
then move all the vertices in I"” N Ly, to its left neighbors in Ly.

]

8 Proof of Theorem [1.6

We use U, to denote the subgraph C(C,,) of C(W,, 1.

Proposition 8.1. Let m > 2 be an integer. For any S we have that (U, —Uses R;) <
(m?/4], for anyi € {1,...,m}.

Proof. We known that U,,, — 2 ~ C(P,_1) ~ PT(rLQ), for any x € S. Therefore
a(Un — ) = a(PY)) = [m* /4]

and the result follows because U,, — U;csR; is an induced subgraph of U,,, ;1 — R, for
any z € S. m

Theorem Let m > 3. Then

&(C(Wi)) = alC(Cn) + 1.
Proof. When |S| =1 If m even then

|m?/4] +1<m/2(m/2+ 1)
If m is odd

|m?/4] +1 <
When |S| > 2 it can be showed that
(Un = Uies Ri) < [ (m — 1)*/4]

in a similar way that in the case of the double vertex graph of the wheel graph. de
manera similar que en la rueda pero para double vertex. Therefore

1] < [(m—1)*/4] + [m/2]
If m = 2k, then
Il < [(2k—1)?/4] + [2k/2] < k(k+ 1)+ 1.
If m =2k + 1, then

1< Lol + Lok /2 < 8k | S

and the proof is completed. n
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