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Abstract

Classical pattern avoidance and occurrence are well studied in the symmetric group S,. In
this paper, we provide explicit recurrence relations to the generating functions counting the
number of classical pattern occurrence in the set of 132-avoiding permutations and the set of
123-avoiding permutations.
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1 Introduction

Let S,, denote the set of permutations of size n. Given a sequence w = wy - - - wy, of distinct integers,
let red(w) be the permutation that we replace the i-th smallest integer in o with i. For example,
red(4685) = 1342. Given a permutation 7 = 71 ---7; in §;, we say that the pattern 7 occurs in
o =010y € Sy if there exist 1 <y < --- <i; < n such that red(oy, ---0y;) = 7. We say that a
permutation o avoids the pattern 7 if 7 does not occur in o. In the theory of permutation patterns,
7 is called a classical pattern.

We let S,,(7) denote the set of permutations in S,, which avoid 7. If " is a collection of permutations,
then we let S,,(I") denote the set of permutations in S, that avoid each permutation in I'. Let
occrr (o) denote the number of pattern 7 occurrences in the permutation o. For example, the
permutation o = 867943251 avoids pattern 132, while it contains pattern 123 and occrigg(o) = 1
since only the subsequence 6, 7,9 matches pattern 123.

Classical patterns have been studied separately for a long time. It is well known that for all
n > 1, |5,(132)| = |S,(123)| = C,,, where C,, = n+r1(2:) is the n'" Catalan number. Mansour in
[9, 10] enumerated the number of permutations in S,, avoiding 2 classical patterns. Mansour and
Vainshtein in [12], T3] enumerated the number of permutations in S,,(132) or S,,(123) that has 0 or
1 occurrence of another pattern 7. See Kitaev [7] for a comprehensive introduction to patterns in
permutations. However, there is not much research about the distribution of classical patterns in
S, (7). Mansour and Vainshtein in [II] gave a continued fraction form of the generating function

of the distribution of pattern 12--- k in S,,(132). Very recently, Janson in [5] 6] studied patterns in
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random permutations avoiding the pattern 132 and 123 in a probabilistic way. Pan the authors in
[15] studied consecutive pattern matches in S, (132) and S,,(123).

Given two sets of permutations A = {\1,..., A} and T' = {71,...,7s}, it is natural to study the
distribution of classical patterns 7y,...,7s in Sp(A). That is, we want to study generating functions
of the form

AR, 2 = 1+ PG a2 0
n>1
where
Qg,A("El, L ,333) — Z :Etlmcr«/l (o) . x(s)ccr% (o’)‘ (2)
o€SR(A)

When A = {\} and T = {~} are singletons, we write

Q(t,x) =1+ Zt“Qz’)\(:ﬂ and Q) , Z £0er(7), (3)

n>1 c€Sn(A)

The main goal of this paper is to study the distribution of classical patterns in 132-avoiding per-
mutations and in 123-avoiding permutations using a recursive method.

To study the generating functions Q] (¢,z) when X is 132 or 123, we want to first study the sym-
metries in S,(132) and S,,(123). Given a permutation o, we denote the reverse of o by o”, the
complement of o by ¢¢, the reverse-complement of ¢ by ¢"¢, and the inverse of o by ¢~!. For
example, if o = 15324, then 0" = 42351, 0¢ = 51342, ¢"¢ = 24315, o' = 14352.

It is clear that S,,(123) is closed under the operation reverse-complement, and both S,,(123) and
S,,(132) are closed under the operation inverse. Thus we have the following lemma.
Lemma 1. Given any permutation pattern -y,

Q¥23(t7 l‘) = QY;;(tv :E) = QY;{; (tv :E)’ Q1/32(t7 :E) = QY3721 (tv :E)

When « is a pattern of length 3, we have the following corollary.
Corollary 1. Considering the distribution of patterns of length 3, we only need to study the fol-
lowing 4 generating functions for S,(132),

(1) Qi5(t. @),

(2) Qiz(t. ),

(3) Qt%(t,x) = Qi(t ),

(4) Qi5(t. @),

and the following 3 generating functions for S,(123),

(1) Qi33(t,z) = Qia3(t ),

(2) Qi%3(t.z) = Qii(t ),

(3) Qiz(t. ).

It is easy to check that all the 7 generating functions are different when looking at Sg(132) and

Ss(123). Our motivation of this paper is to study the 7 generating functions above, and then
generalize some of the results.



The structure of this paper is as follows. In Section 2, we introduce background about permutations
and two bijections between S, (132) and S,,(123) and Dyck paths which are useful in our compu-
tation. Then we study the length 3 pattern distributions in S, (132) in Section 3 and S,(123) in
Section 4. In Section 5, we show two applications of our results in computing pattern popularities.
In Section 6, we show the application of our results about circular permutations. Finally in Section
7, we give a summary of this paper.

2 Preliminaries

Let 0 = 01 - - 0, be a permutation written in one-line notation. The graph of o, G(o), is obtained
by placing o; in the i column counting from left to right and aEh row counting from bottom to
top on an n x n table for ¢ = 1,...,n. For example, the graph of the permutation ¢ = 471569283
is pictured in Figure [

We define inv(o) := [{(i,j)]1 < i < j < n, 0; > 05} to be the number of inversions and
coinv(o) = |{(i,4)|1 <i < j < n, 0; < 0;}| to be the number of coinversions of a permutation
o. Note that the number of inversions of a permutation is the same as the number of occurrences
of pattern 21, and the number of coinversions of a permutation is the same as the number of
occurrences of pattern 12. Clearly, inv(c) + coinv(c) = ().
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Figure 1: The graph of o = 471569283

Given o = 0y --- 0y, we say that o; is a left-to-right minimum of o if o; > o; for all i < j. We
let LRmin(c) denote the number of left-to-right minima of o. We shall also call each left-to-right
minimum of ¢ a peak, and the remaining number non-peaks of o. We can see that the permutations

in Figure and Figure [3(b)| both have peaks {8, 6,4, 3,2, 1}.

Let t=my - -7y € Sy and 0 = 01 -+ - 0, € Sy, then the direct sum (7 @ o) and skew sum (7 S o)
of m and o are defined by

T®o = m--mp(or+m)--- (o +m), (4)
To0o = (m+n) - (Tm+n)oy---op. (5)

Given an n X n square, we will label the coordinates of the columns from left to right and the
coordinates of the rows from top to bottom with 0,1,...,n (different from the coordinates of the
graph of a permutation). An (n,n)-Dyck path is a path made up of unit down-steps D and unit
right-steps R which starts at (0,0) and ends at (n,n) and stays on or below the diagonal y = =
(these are “down-right” Dyck paths). The set of (n,n)-Dyck paths is denoted by D,,.



Given a Dyck path P, we let the first return of P, denoted by ret(P), be the smallest number ¢ > 0
such that P goes through the point (i,7). For example, for P = DDRDDRRRDDRDRDRRDR
shown in Figure 2 ret(P) = 4 since the leftmost point on the diagonal that P goes through is
(4,4).

0t diagonal

15t diagonal

274 diagonal

ret= 4

Figure 2: A (9,9)-Dyck path P = DDRDDRRRDDRDRDRRDR

We refer to positions (i,7) where P goes through as return positions of P. We call the full cells
between P and the main diagonal area cells, and the cells below P coarea cells. Then we let
area(P) and coarea(P) be the number of area cells and coarea cells of P. In the example in Figure
2 area(P) = 7 and coarea(P) = 29.

We shall also label the diagonals that go through corners of squares that are parallel to and below
the main diagonal with 0,1,2, ... starting at the main diagonal, as shown in Figure[2 The peaks of
a path P are the positions of consecutive DR steps. We can say that each peak is on a diagonal of
P. In the path in Figure 2, the peaks are in the first, second, first, first, first and zeroth diagonal
counting from top to bottom.

It is well known that for all n > 1, |S5,(132)| = |S,(123)| = |D,| = Cy, where C,, = n%rl(zs) is
the n'" Catalan number. Many bijections are known between these Catalan objects (see [I8]). We
use the bijection of Krattenthaler [8] between S,,(132) and D,, and the bijection of Deutsch and
Elizalde [2] between S,,(123) and D,,. The authors of this paper also discussed the two bijections

in [16} [17] with more details.

We shall first describe the bijection ® of Krattenthaler [8] between S, (132) and D,,. Given any
permutation o = o1---0, € S,(132), we draw the graph G(o) of 0. Then, we shade the cells
to the north-east of the cell that contains o;. ®(o) is the path that goes along the south-west
boundary of the shaded cells. For example, this process is pictured in Figure in the case where
o = 867943251 € Sy(132). In this case, ®(0) = DDRDDRRRDDRDRDRRDR.
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(a) The map ® (b) The map ¥
Figure 3: §,,(132) < D, S,(123) & D,

The horizontal segments (or segments) of the path ®(o) are the maximal consecutive sequences



of R steps in ®(o). For example, in Figure the lengths of the horizontal segments, reading
from top to bottom, are 1,3,1,1,2,1, and {6,7,9} is the set of numbers associated with the second
horizontal segment of ®(o).

The map ® is invertible since for each Dyck path P, the peaks of P give the left-to-right minima
of the 132-avoiding permutation, and the remaining numbers are uniquely determined by the left-
to-right minima. More details about ® can be found in [8]. We have the following properties for ®
from [16].

Lemma 2. Let P € D,, and 0 = ®~*(P). Then

(1) for each horizontal segment H of P, the set of numbers associated to H form a consecutive
increasing sequence in o and the least number of the sequence sits immediately above the first
right-step of H.

(2) The number n is in the column of last right-step before the first return.

(3) Suppose that o; is a peak of o and the cell containing o; is on the k™ diagonal. Then there
are k elements in the graph G(o) in the first quadrant relative to coordinate system centered at

(i,Ui).

(4) inv(o) = coarea(P); coinv(c) = area(P).

Proof. (1), (2) and (3) are proved in Lemma 3 in [16].

For (4), it is clear that for any pair of index ¢ < j, we have o; > o; if and only if in path P, the

it" column intersects the a;»h row at a coarea cell. Thus the number of inversions of ¢ is equal to

the coarea of P, i.e. inv(c) = coarea(P). Since inv(c) + coinv (o) = area(P) + coarea(P) = (3), we
have coinv(o) = area(P).

The bijection ¥ : §,,(123) — D,, given by Deutsch and Elizalde [2] can be described in a similar way.
Given any permutation o € S,,(123), the Dyck path ¥(o) is constructed exactly as the bijection
®. Figure shows an example of this map, from ¢ = 869743251 € S9(123) to the Dyck path
DDRDDRRRDDRDRDRRDR. The map ¥ is invertible because each 123-avoiding permutation
has a unique left-to-right minima set. More details about ¥ can be found in [2]. We then have the
following lemma from [16].

Lemma 3 ([I6], Lemma 4). Let P € D,, and 0 = Y~Y(P). Then

(1) for each horizontal segment H of P, the least element of the set of numbers associated to H sits
directly above the first right-step of H and the remaining numbers of the set form a consecutive
decreasing sequence in o.

(2) o can be decomposed into two decreasing subsequences, the first decreasing subsequence corre-
sponds to the peaks of o and the second decreasing subsequence corresponds to the non-peaks of
.

(3) Suppose that o; is a peak of o and the cell containing o; is on the k™ diagonal. Then there
are k elements in the graph G(o) in the first quadrant relative to coordinate system centered at

(i,Oi).



3 The functions Q3 (¢, x)

In this section, we give the recursions for generating functions QJs,(¢, ) by examining the set
S,,(132). We shall first look at the structure of a 132-avoiding permutation.

Given o0 = 0y --- 0y, € §,(132), we suppose o, = n is the biggest number in the permutation. The
numbers oy, ...,0,—1 must be bigger than the numbers oi1,...,0, since otherwise there will be
a 132 pattern in 0. Thus we can break the permutation o into three parts: the first kK — 1 numbers,
the biggest number o = n, and the last n — k numbers. We let A(c) = red(o;---0x—1) and
B(o) = red(o41 - - 0p) be the reduction of the first £ — 1 numbers and the last n — k numbers,
then A(o) € S;-1(132) and B(o) € S,-x(132). The left picture of Figure is an example for
o = 867943251 € Sy(132) with A(c) = 312 and B(o) = 43251. We also let A(o) := red(oy - - 0})
be the reduction of the first £ numbers. The structure of o is shown in Figure @l

n

A(o)

B(o)

Figure 4: Structure of o € S,,(132)

Now we count the number of occurrences of a pattern v =7, - -+, € §,(132) in o. First, there are
(ocery(A(o)) + ocery(B(o))) occurrences of 7 in parts A(c) and B(o). Then we count occurrences
of v that intersect with at least two of the three parts, {A(c), ok, B(o)}, of o.

Similar to o, we shall break ~ into three parts: A(y) = red(v1 - -79s-1), 7s = r and B(y) =
red(yss1---vr). We also let A(y) = red(y1---vs). Let x(x) be the function that takes value 1
when the statement z is true and 0 otherwise. Then there are

(a) x(s=r)-occry(,)(A(o)) occurrences of v stretch over parts A(o) and oy,
(b) x(s =1)-occrp(,)(B(c)) occurrences of y stretch over parts o and B(o),

(c) x(s<r) -occrz(,y)(A(a)) -occrg(q) (B(a)) occurrences of «y stretch over parts A(o) and B(o) if
V=T —5,

(d) and x(1 < s <r)-ocery(y)(A(0)) - ocerp(,y (B(0)) occurrences of v stretch over all three parts.

Note that (c) requires v, = r — s, i.e. the permutation B() cannot be expressed as the skew sum
of two smaller permutations. If ~,. # r — s, then

(c’) if {m1 ©11,...,mj © 75} is the collection of all the ways to write v as the skew sum of two
smaller permutations, then

J
Z occry, (A(0)) - ocery, (B(0))
i=1

is the number of occurrences of v stretch over parts A(c) and B(o).



We call the above method the recursive counting method, which allows us to count occry (o) by
counting pattern occurrences from the components of o.

3.1 The function Qgiélz(:)sl,xg)

As a first application of our recursive counting method, we have the following theorem first proved
by Fiirlinger and Hofbauer [3] in 1985 about distribution of patterns of length 2.
Theorem 1 (Fiirlinger and Hofbauer). Let Q(z1,z2) := Q,lfi?z(xl,:ng) and

Q(t,x1,x9) := ngl(t x1,x32), then
Qo(x1,72) = 1, Qn(z1,72) Zwk Ly P Q1 (21, 22) Quoi (@1, 22), (6)

and

Qt,z,1) =1+tQ(t,z,1) - Q(tz,z,1). (7)

The theorem was initially proved using Dyck paths. Since the area and coarea of a Dyck path P
correspond to the pattern 21 and 12 occurrences, we shall give a brief proof using permutations.

Proof. Equation (7)) is a consequence of (6]). To prove equation (@), we shall consider the distribution
of pattern v = 12 and 7 = 21 in §,,(132) using the recursive counting method.
Given o € §,(132) such that o, = n. We have A(0) € S;_1(132) and B(o) € S,-1(132). By the

recursive counting method,

occrig(o) = oceria(A(o)) + oceria(B(o)) + ocery (A(o))
= occria(A(o)) + oceria(B(o)) + k — 1, (8)
and
occrer(0) = oceray(A(o)) + oceray (B(o)) + ocery (B(0)) + ocery (A(o)) - ocery (B(0))
= occray(A(o)) + ocera (B(0)) + k(n — k). 9)
Thus,

occriz(o) occrai(o
Qn(z1,22) = § x ():62 (@)

oS (132)
. - occri2(A(o))+oceri2(B(o))+k—1 ocerai (A(o))+ocerar (B(o))+k(n—k)
= > > ! T2
k=1 0€8,(132),0,=n
_ Zxk 1 k(n k) Z xtl)ccrlg(A(J))xgccrgl(A(J))xtl)ccrlg(B(U))xgccrm(B(a))
0€S8n(132),06,=n

_ Z$k 1 k(n k) Z x(l)ccrlz(w)xgccrgl(ﬂ Z $(1)ccr12(7—)$(2)ccr21(7)

TE€S,_1(132) TES,_,(132)

= Zwlf_lxg(n_k)Qk—1(ﬂf1,$2)Qn—k(ﬂf1,ﬂf2)- O (10)



Using the recursive equation (@), we can use Mathematica to get

Ztr)=1+t+t2(1+2)+ 30 + 2z + 22 + 23) + t*(1 + 3z + 322 + 32° 4 22 + 25 + 2)
+ 15144z + 622 + 72 + 72 +52° + 52 + 327 + 228 + 2% + 20+ (11)

. 12,21,123,213,231,312,321
3.2 The function Q, 73 """ (w1, 9, 23, T4, T35, T6, T7)

Let I'y = {12,21}, I's = {123, 213,231, 312,321}. We shall prove the following theorem of the func-
tion Q?l%gs (1,2, T3, X4, T5,Tg, T7) = Q}fi%lz’123’213’231’312’321 (1, x9, 3,24, x5, T, x7) Which tracks
all patterns of length 2 or 3 in S, (132). We use the shorthand @, for Qg?ﬁg?

Theorem 2. The function Qn 1397 (X1, T2, X3, T4, T5, T, T7) Satisfies the recursion

Q0($1,3§‘2,$3,3§‘4,$5,$6,$7) = 17 (12)

f— 1 k(n—k) (k—1)(n—k
Qn(xl,x2,$3,$4,x5,$6,x7 Z‘T ( ( )( )

—k —k
'Qk—1($1$3$§,n ),$2$4$$ )755375174,335,336,337) - Qu_k(v12f, T22%, 13, 24, 75, 26, 27).  (13)
Proof. We shall consider the distribution of the patterns v; = 12, 7o = 21, 73 = 123, 74 = 213,
v5 = 231, 76 = 312 and 7 = 321 in S,,(132).

Given o € §,(132) such that o, = n. Like Theorem [Il we have A(c) € S;_1(132) and B(o) €
Sn—k(132). The number of occurrences of 7, and 79 is given by equation (8) and (). For
Y3, Y4, V5, V6, V7, We have the following from the recursive counting method.

occrigz(o) = oceriaz(A(o)) + oceriaz(B(o)) + oceria(A(0)), (14)
occraz(o) = oceraz(A(o)) + oceraz(B(o)) + ocera (A(0)), (15)
occragy (o) = ocerasi(A(o)) 4 ocerasy (B(o))
+ocerip(A(o)) - oceri (B(o)) + ocery (A(0)) - oceri (B(0))
= occrazr(A(o)) 4+ ocerazy (B(o)) + (n — k)oceria(A(e)) + (K — 1)(n— k),  (16)
occergia(o) = ocergia(A(o)) + ocersia(B(0)) 4+ oceria(B(o)) + oceri (A(o)) - oceria(B(0))
= occrziz(A(o)) + ocerzia(B(0)) + k - oceri(B(0)), and (17)
occrsai(0) = ocergar(A(o)) + ocersar (B(o)) + ocerar (B(o))
+ocery(A(o)) - oceray (B(0)) + occray (A(o)) - ocery (B(o))
= occrse1(A(o)) + ocersar (B(o)) + k - oceray (B(0)) + (n — k)ocergy (A(o)).  (18)



Thus,

Qn(l‘ly L2,T3,T4,T5,T6, $7)

o Z xtl)ccrlz(a)xgccrgl(a) xgccrlgzg(a) xzccrgl;;(a)xgccrzgl (o) x(ﬁ)ccr:;lg (o) xgccr:;gl(a)

0€8,(132)

n
. Z Z Z $occr12(7r)+occr12 (T)—l—k—lxoccrgl(w)—l—occrgl(T)+k(n—k)
- 1 2

k=1 7E€S),_1(132) 7€Sn_x(132)

$occr123 (m)+oceriaz(T)4occriz () $occr213 (m)+oceraiz(T)4occrar ()
3 4

pocerst (m)+occerasi (1)+(n—k)oceriz (m)+(k—1)(n—k) pocers12 (m)+occrsia(7)+k-occria (1),
5 6

$occr321(7r)+occr321(T)—i—kvoccrgl(T)—l—(n—k)occrzl(7r)
7
k— 1 k (n—k) (k—1)(n—k) (n—k) n—k
Z‘T x5 Qk—l(x1x3x5 ,x2x4f1}"(7 )7x37x47x57x67x7)
k k
'Qn—k(fﬂl%’ ToT7, T3, T4, T5, T6, T7)- O (19)

Using mathematical software like Mathematica, one can efficiently compute the polynomials

I'a2Ul's _ I'aul’
Q132 (t,$1,$2,$3,$4,$5,$6,x7) - ano thn?1323(x17x27x37x47x57x67x7) as follows.

DUl 2 3/ 3 2 2 2 3
135 2(t,x1, 09,23, T4, x5, 6, x7) = 1+t+t"(x1+22) +1° (223 + 270204 + 212505 + 212506+ T527)

4 4 2.2 4.2

+1 (x?xg + x?x2x3x4 + :1:13:23:3954213:5 + xi’x%xgxg + x%x%xga:ixg + x%x%x%xﬁ + xlxzxgxg
4 4

+a x2x4x7 + :1:1:1:23:4955:1:7 + :1:1:1:23:4956:1:7 + :1:1:1:3%337 + xlxgxg,xﬁm + x1x2x6x7 + a:gﬁ)

+t° (:1710 104 ZE1:E2333334 +x $%$3l‘4l‘5 + xlm?’:néxixg +x mé:néxg =+ $1m§x§:p4x6 =+ :Elx;"xgznizngx%

3,433 6 4
+x :132:173x4:176 + x1$2$3x5x6 + x1$2$3x6 + :Elmgx3:n5x6 + $1x§’x§:p4x7 + $1x2m3$2x5x7

2.2
+ x1x2x3x4x5x7 + x1x§x§x4x6x7 + xlxga:%xi%m + x1x2x3x3x5x7 + xlazgxga:ixgxg
5.5 5 2 4.6
+ 275034 T5Te T + $1$2x3$2:p§x6x$ + x‘;’:ngzngxixgzvg + xi’:n%uxé:p%:p% + :E%xgmgzniz%x‘ézng
7 3 4 4
+ x1x2:174:1:5x6:177 + x1$g:ﬂ3x4x6:ﬂ7 +x :Egm3:1:5:177 + xlznga:ga:g’:nﬁa:? + :131:1:;:1:3:1:6:1:7 + $1mgaz2:p7

4 2.8,4.2 4
+ xi’x%xix?m + x1x§x5x6x7 + xlazgazix6x7 + x1x2a:gx6x7 + x1x2az5x6x7 + x1x§x4x5x$

8. .2
+x1x2x4x5x6x7 + x2x§az4x6x7 + x1x3x5x7 + x1x3x§x6x7 + x1x3x5x6x7 + a:la:gx a:7 + x%oaz%o)

. (20)

We can also evaluate the appropriate variables at 1 and use the relation that inv(o)4coinv (o) = (g‘)
to get the following corollary. We use the shorthand P, for P, in the RHS of each equation.



Corollary 2. Let P, (q,z) := > e (132) goceri2(0) pocery(0) - yhen

PJ(gq,z) = 1 for each pattern v, (21)
P7123(q,33) = Zqk_lpk—l(qx7x)Pn—k(q7x)v (22)
k=1
P28 = Y e R )P, 23
n (Q7x) Z_:q x 2 k 1($7‘T) (QVZ')a ( )
PP gx) = > ¢ aFVORP L (g2, 2) Py k(g ), (24)
k=1
391 . n k1 (n—k)(kn—4k+2) q q
P (g, 2) = Zq T 2 Pk—l(Wal’)Pn—k(Eal’)- (25)

Then we can compute Q3o (t,z) = >, o t" Py (1, ) where v has length 3 as follows.

128t 2) = 1+t + 22 3 (d+a) +t (8 + 4o+ 22 + 1) 45 (164120 +-522 + 23 +-da? + 227 + 27 +210)

+5(32+ 322 4 1822 + 62 4+ 132 + 102° + 32° + 427 + 328 + 5210 + 2211 + 2213 4 210 4 220) 4. .

(26)
13t 2) = 1+t + 2% + 34+ x) +t1(8+ 22 + 322 +23) + 15 (16 + 52 4 62% + 52> + 32" 4 527 + 225)
+19(32 4+ 122 + 162 + 1123 + 92 + 1025 + 102° + 527 4+ 102% + 102° + 6210 + 2'2) +---, (27)
t3a(t,x) = Q33(t, x)
=1+t4+ 22+ 34+ z) + t1(8 + 22 + 322 + 2°) + t7(16 + 4z + 622 + 72 + 42t + 22° 4 329)
4+ 19(32 + 82 + 1222 + 1423 + 172 + 727 + 1725 + 527 4 52° + 82° + 5210 + 2212) +--- | (28)
321

20 (t, x) = 1t 26>+ 3 (44-2) + 1 (T+30+322 +2) +° (11 + 50+ 922 4323 4+ 621 4325 +-42" +210)
+19(164- T2+ 1522 492 +172* +72° +102° + 1227 + 72 4627 +- 7210+ 321 4622 + 4213 + 5210 4-2%0)
+oo (29)

3.3 Longer patterns whose distributions satisfy good recursions

We have built recursions for generating functions which give the distribution of all patterns of
length 2 or 3 in §,,(132). This leads to a natural question — can we give recursions for the generating
functions tracking any pattern in S,,(132) like we have done in Section 3.1 and Section 3.2. We
prove that though we can always use the recursive counting method, we do not always obtain clear
recursions like Theorem [Il and Theorem 21

Let v be a permutation pattern. We say that the distribution of the pattern v in S,,(132) satisfies a

good recursion if there exist s permutations 71, ...,7s of length at least 2 such that the generating
function Qn (2, x1,...,25) = Q)55 (x,21,. .., x5) satisfies that Qo(z,z1,...,25) = 1, and
Qn(z,21,...,2 Z X)Qi-1(p1(X), -+ Ps1(X))Qn-i(q1(X), ..., gs+1(X)) (30)
i=1
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for n > 1, where X = {z,21,..., 25}, and ¢(X),p1(X), ..., ps+1(X),q1(X),...,¢s+1(X) are 2s + 3
rational functions about variables in X and the power of variables in the numerator and denominator
are polynomials of n and 1.

Thus, for any pattern v whose distribution satisfies a good recursion, there is a Q,(z,x1,...,%s)
defined as above such that it can be computed directly from the functions Q;(z,x1,...,zs) for
i =0,...,n— 1. We have the following theorem about the number of permutations in S, (132)
whose distribution satisfy a good recursion.

Theorem 3. Let {a,}n>0 be the integer sequence defined by

ag=a1=1, ao =2, and a, = ap_1 + 2ap_o + an_3. (31)

Then the number of permutations in S,,(132) whose distribution satisfy a good recursion is at least
.

Proof. Given o =01 --- 0, € §,(132), we define

o = op-op(n+1), (32)
o' = (n+2)oy---on(n+1), (33)
o" = (o1+1)-(on+1)(n+2)1 and (34)

" = (n+3)(o1+1)-(op+1)(n+2)L. (35)

We construct a set I' of permutation patterns as follows. We let the empty permutation () € T
Next, for each permutation o € T', we let ¢/,0”,0", 0" € T'. Clearly, each permutation in I' is
132-avoiding, and the number of permutations in I' N S,, is a,, based on the recursive construction
of the set I.

From the recursive counting method, the distributions of o/, 0", ", 0" satisfy a good recursion as

long as the distribution of o satisfies a good recursion. Thus the distribution of each permutation
in I' satisfies a good recursion, which proves the theorem. O

In fact, when we are counting the number of occurrences of v € S,(132) in o € §,(132) with
recursive counting method, we shall break the pattern 7 into three parts: A(y), r and B(vy). v
fails to satisfy a good recursion by part (c’) of the recursive counting method if v = 7 & 7 for some
permutation 7,7 of length at least 2 (in this case the generating function cannot be recursively
computed as equation (B0) since the RHS of equation (B0) never gives the product occr,(A(o)) -
occr-(B(0))). This is saying that we cannot have |A(y)| > 1 and |B(v)| > 2 simultaneously.

If B(y) is empty, then v = A(y)". If B(y) = 1, then v = A(y)"”. If |B(v)| > 2 and A(7) is empty,
then we shall decompose B(7) into three parts: A(B(7)), r—1 and B(B(v)). If B(B(7)) is empty,
then v = A(B(7))”. If B(B(y)) is not empty, then B(B(v)) can only be of size 1 to make 7 not
separable into a skew sum of two nontrivial permutations, and v = A(B(v))".

Thus I' collects all the permutations satisfying a good recursion if use the recursive counting method,
and there are exactly a, permutations in S,, whose distributions satisfy a good recursion using the
recursive counting method (there might be more permutations in S,, whose distributions satisfy a
good recursion, but for other reasons not accessible by the recursive counting method).

The sequence {a, }n>0 = {1,1,2,5,10,22,47,101, 217, ...} appears in OEIS [14] as sequence A101399.
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We shall give an example of a longer pattern v = 12---m whose distribution satisfies a good
recursion in the following theorem. Note that this gives a way to count the number of occurrences
of 12---m in §,(132) different from Mansour and Vainshtein [11].

Theorem 4. Given m > 2 and n > 0, let

Qgﬁ)in(:p% T3, .. ,xm) — Z $(2>ccr12(cr)x(§ccr123(cr) . :ngb:crlz...m(a) and (36)
0€Sn(132)

QU (toan, @3 ) = Y QU (w25, Tm), (37)
n>0

then we have the following equations,

Qgﬁ)&(x% cee wrm) = Z . 1Qk 1,132 x2x37 T3T4y .-, Tm—1Tm, xm)QgLnj)kJ;;g(‘T% cee 7xm)7(38)
Qiss (L2, ... Tm) = +tQ132 (two, T223, 324, - . ., Tn—1Tim, Tm) Q39 (L, T2, .., Tm). (39)

Proof. We shall consider the distribution of pattern v5 = 12---s for s = 2,...,m in S, (132).

Given o € §,(132) such that o, = n, we have A(c) € S;-1(132) and B(o) € S,—(132). By the
recursive counting method, we have

occri..s(0) = oceria..s(A(0)) + oceria..s(B(0)) + oceryg...s—1)(A(0)). (40)
Thus,

m
m occr
ng,1)32($27---,$m) = H% 12l

€S, (132) i=2

n m
= Z Z E : Hx?ccr12...i(ﬂ) . x?ccr12...i(r) . x(i)ccrlg...(i,l)(ﬂ

k=17€S,_1(132) T€S, _5(132) i=2

= ZJES_IQ](JE)Ll?Q(ZEQIEg, T3T4y -y Ty 1T, $m)Q£ﬁ)k,132(x2v cee s Ty),(41)
k=1

which proves equation ([B8]), and ([39) follows immediately. O

This theorem can be seem as a generalization of Theorem [ of Fiirlinger and Hofbauer [3].

3.4 The distribution of patterns of length 4 in S,(132)

Let Ty = {1234,2134,2314,2341, 3124, 3214, 3241, 3412, 3421, 4123, 4213, 4231, 4312, 4321} be the
set of patterns in S4(132). By Theorem Bl there are 10 of the 14 patterns in I'y satisfy good
recursions. To track all the 14 patterns in S4(132), we shall refine the generating function @,, by
the number of coinversions and define

TUl'sUl
Qn,i(gjly e 73319) = Qn?lL:JQSU 4(337 17 T, - - 7:1719) 210 (42)
then
(3)
Q5?§23UF4($1"”’3J‘21 Zl‘lﬂj‘2 in T3y ,$21). (43)

12



We let z; track the occurrences of length 3 patterns and y; to track the occurrences of length 4
patterns, then we have the following theorem which gives the recursion for the generating function

Qn,i(xly ey L5, Y1y - - - ,y14).

Theorem 5. The function Qn i(z1,...,25,Y1,...,Yy14) satisfies the following recursion,
Q0,0(xlw"7$57y17"'7y14) :17 (44)
n
Qn,i(xb < X5 Y1y 7y14) =0 fO'f'Z' <0ori> <2>7 (45)
Qn,i(‘rla ceey 5, Y1, - 7y14) -
n i+1-k k—1 . k—1 . n—=k .. k—1 .

; — _ i it1—k—q —k — k k+j—i—1 i(n— - —k
> 2l 2 )7 kg =) k(i —kg) (=R (D) =)t (73 i =im1) i) ((757) =) ()
k=1 ;=0

(G+k=1)(i+1-k—j) GHh=D(("3")+k+i—i=1) ((*37)=d)G+1-k=5) ((*31)=)(("2")+k+i=i=1))
Yg Yo Y13 Y14
Qk—l,j(xlylyz_k7 $2y2y?_k, $3y3yg_k, x4y5y?2_k7 x5y6y?4_k7 Yty .- 7y14)
Qntoit1—k—j (1950, T2yty, T3yto, Tayls, w5ty y1, - y1a).  (46)

Proof. We shall count the number of occurrences of 19 patterns of length 3 or 4 in S,,(132) using
the recursive counting method. Let o € S,,(132) such that o = n and occriz(o) = i, we have
A(o) € 8;—1(132) and B(o) € S,,—1(132), and occray (o) = (5) —i. We shall abbreviate occr,(A(0)),
occry(B(o)) and occry (A(o)) to A, B, and A, in this proof.

Similar to Theorem 2] the formulas for occurrences of patterns 123, 213, 231, 312, 321 are given by
equation (I4)), (1), (I6), (I7) and (I8]). Then we shall look at the 14 patterns of length 4. Part
(a) of the recursive counting method implies that

OCCTW17F27T34(O-) = AW1W27T34 + B7r17T27r34 + A7r17T27r3 (47)

for any mymems € S3(132). For patterns not end with 4, it follows from the recursive counting
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method that

occrazqr (o) = Aggar + Bozar + Aig - B + A2z - By
= Aoz + Bozar +j(n — k) 4+ (n — k) Ajas, (48)
ocergoar(0) = Asoar + Bsoar + Aoi - Br + Aoz - By
k—1 .
= Ason + Bsoa1 + (( 5 ) —J)(n—k)+ (n —k)Aas, (49)
occrgaiz(o) = Asaig + Bsaig + A12Bi2 + A1 B
= Asyio+Bagio+(+k—-1)(G+1—-k—j), (50)
occrggni(0) = Asgor + Bsaor + A12Bor + A1 ABoy + A1 By
. n—=k
= A3421+Bs421+(n—k)z4231+(]+k‘—1)(( 9 >+k«‘+J—Z—1> (51)
ocergoz(0) = Agias + BuiosB + Ay Biaz = Agi93 + Buios + kBios (52)
ocergoiz(0) = Asos + Baois + A1Bais = Asois + Baois + kBags (53)
oceryosi (o) = Agosi + Bagsi + A1Basi + Az12B1 = Agas1 + Bags1 + kBasi + (n — k) Az12,(54)
ocerazia(o) = Auziz + Baziz + A1Bsi12 + A21Bi2
k—1 A . .
= Au3z19 + Bazio + kB30 + << 9 ) —j) (Z—i—l—k‘—j), (55)
occrysnr (o) = Agzor + Basar + A1Bsar + Ao Boy + Az By
= Ay3o1 + Bugo1 + kBso1
k—1 . n—k .
+(7”L—k7)A321—|—<< 9 )—j) << 9 )—I—k+]—z—1>. (56)
Then, one can arrange the generating function Q@ i(x1,...,25,91,...,%14) in a similar way to
equation (IIQI) to prove the recursion. O
We can still compute the polynomials QE%ESUF‘*(:El,...,xm) = Zl(i% xﬁng)_iQm(:ng,...,:Egl)

efficiently by Mathematica as follows.

Taul'sUl'y
132 (t7 zy,

Sxor) = 1+t + 12 (2 + 29) + 3 (2323 + 22 woxy + 12305 + T10i06 + TTT)
4 4 2 2 4 2 2 2 4.2 2

+1 (x1$10x2:173:174x5 + :E‘i’xn:n%xg:ng + X{T12T5T3T4T6 + TIT15T9T5Tg + x:{’:nnx%’xg:ng

+ xi{’xlgazgxim + x%azux%mxgm + x%xlgazg‘ux%m + a:la:mxga:gx% + xlxlgazgxg,x(;x%

+2125820287F + 2570127 + 2lafas + piweniaize) + - . (B7)

4 The functions Q]y(t, )

We use the bijection ¥ : S,(123) — D,, of Deutsch and Elizalde [2] to study the distribution of
patterns 132 and 231 in S,,(123), and we generalize our result of 132 distribution to 1m---2 in
S,(123). Our method does not apply for the pattern 321.
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4.1 The distribution of pattern 1m---2 in S,(123)

Given o € S5,,(123). If 0y, - - - 04, is an occurrence of pattern 1m - - -2, then the number o;, must be
a left-to-right minimum of o, otherwise there must exist a number o, < 0;, where the index a < 71,
and (a, 11,4y, ) is an occurrence of pattern 123.

By the bijection ¥ : §,,(123) — D,,, the number o;;, must be a peak of the corresponding Dyck
path W(o). Suppose that the number ;, is on the d" diagonal of (o), then by (3) of Lemma [3)
there are d numbers to the right of o;, that are bigger than o;,, appear in a decreasing way. It
follows immediately that there are (mcil) occurrences of pattern 1m---2 at the peak o;, since any
m — 1 of the d numbers to the right of o;, that are bigger than o;, create a pattern 1m---2 with

the number o;,.

Now let c4(c) be the number of peaks that are on the d*® diagonal of ¥ (o), then

occrim.2(0) = 3 ca(0) <m‘i 1). (58)

d>0

We also let cg(P) be the number of peaks that are on the d** diagonal of a path P.
We shall define

Qgﬁ)zg(sy T2,T3,. .., Tm) = Z gLRmin(o) pocera(9) pocerisa (o) g imm =2 g (59)
0€8,(123)

Qggg (tv S, L2, L3y« 7517m) = Z thn,123(s7 Z2,T3,. .. 7$m)7 (60)
n>0

then we have the following theorem:.
Theorem 6. Givenn > 0 and m > 2,

Qha(s, w2, ) = SQU 1ag(s,22, ) (61)
n
+ Z Qgﬁ)Lng(Sl‘% L2XZy L3LLy«++ y Tm—1Tm, JEm)Qgﬁ)k’l%(S, To, ... ,l‘m)
k=2
and
Qggg(t? 8,2, .- 7xm) = 1+ t(s - 1)Q§gg(t7 S, L2, .- axM)
+tQ§grL3) (t7 ST2,L2X3, T3L4y .-+ Tm—1Lm, xm)QgT;?)) (ty S, T2,... ,ZEm). (62)

Proof. We enumerate the pattern occurrences using the Dyck path bijection. Given any Dyck path
P, we can break the path at the first return to write P as DP; RP,, where P; is the path after the
first D step before the last R step before the first return, and P, is the path after the first return.
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Let k = ret(P). By equation (G8]), we have

Qs (3,22, )
= Y e Cd(U)(g)xQZdzo Cd(")(f)x?dzo ca@)(3) | 20 ca(@)(,n%1)
o€Sn(123)
_ Z §2dz0 cd(P)(g)xgzdzo Cd(P)(lli):EgZdzo ca(P)(5) o x%dzo caP)(,,41)
PeD,,
=5 Y sTe calPo)(3) g Zazo () | Bz ca(P2) (1)
PyeDp—1

S c a1y 3 sgca(P)(T) SasocaP)(mth)
+Z Z SZdZO d(Pl)( 0 )IIZ'2 = 1 T
k=2 P1€Dy_,
. Z Szdzo Cd(P2)(g)x2Zd20 cd(Pz)((li) . x%dz(l Cd(Pz)(mdfl)
PeD,,_y,
= SQ;T)1,123(57$27---79%)
- c 3o Cd(Pl)((g)"‘(f)) 22450 Cd(Pl)((mdfz)'i'(md—l))
_|_Z Z SZdzo d(Pl)(o)x2 a= e
k=2 P1eDy_;

Y Tt et ) S )

PyeD,, i
= Sng)Lng(S, T2y ... ,IIJ‘m)
n
+ Z Q,(ﬁ)Lng(sxg, LT3, T3T4, - -+ y L1 L s a;m)ng)k’m(s, Ty ey Tp)- (63)
k=2
Equation ([62]) follows immediately from (GII). O

Evaluating m at 3 gives the following corollary for the distribution of coinversion and occryse
statistics.
Corollary 3. Q;?:)mg(s, q,x) = ZUESn(123) gLRmin(0) goceriz(0) gocer1s2(0) gatisfies

QVlas(s.0,2) =1, QPlys(s,0,0) = sQP + 3" QY (sq, 42, 2)QY (5,9, 2). (64)
k=2

Further,
3 3 3 3
Q§2)3(t7 S, 4, ‘T) =1 + t(S - 1)@%2)3 (t7 S,4, ‘T) + thQ)?,(ta 54,4, x)QSQ)?)(t? S,4, .Z')
. 12,132 _ nH)3) .
Then we can use the recursive formula to compute Q153" (¢, ¢, ) = >, 501" @), 123(1, ¢, )
Qi 2 (t, ¢, 1) = 1+t +(14+q) 2+t 1420+ >+ )+t 1+ 3¢+ 3+ P+ 22w+ 2 e+ ¢ "2+ ¢°2®)

+t5(1+4q+6q2—|—4q3+q4+3q2x+6q3x+3q4x+3q4x2+2q5x2+2q3x3+2q4x3+q6x3+2q5x4+q4x6+q6x6)
+---. (65)
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By looking at the coefficients of the generating functions, we find a coincidence among S, (132) and
S,(123) that

[{o € $,(132) : ocera...j(0) = i}| = [{o € Sn(123) : oceryj(j_y)..o(0) =i} foralli<j.  (66)

In other words, we have the following theorem.
Theorem 7. Let [z']g denote the coefficient of x* in function Q, then

[t%i]%j(m) = [t"a'] QU2 fOr i< (67)

Proof. One can use the recursive equations (B8] and (GI) to prove the theorem using induction.
Here we shall give a proof of the theorem combinatorially using the Dyck path bijections ® and V.

By equation (58)), o0 € S,,(123) has i occurrences of pattern 1j(j — 1) ---2 where j > ¢ if and only
if the corresponding Dyck path ¥(o) has i peaks on the j — 18t diagonal and no peaks on the k"
diagonal for all k£ > j.

On the other hand, let 7 € S,,(132) and occryz...;(7) = i. The corresponding Dyck path ®(m) has
no peaks on the k"™ diagonal for all k > j. Otherwise, if m; is on the k™ diagonal for some k > j,
there are k numbers to the right of 7; that is greater than m;, forming a length k + 1 increasing
subsequence with ;. There are (kj'l) > 1 occurrences of pattern 12--- j in this subsequence, which

lead to a contradiction.

Further, if my, --- 7y, is an occurrence of pattern 12---j, then my, must be a peak on the j — 18t

diagonal, otherwise any peak to the right of m, that is smaller than m, is at least on the gt
diagonal by Lemma [ (c), contradiction with the statement that ®(7) has no peaks on the k"
diagonal for all k£ > j.

Thus, 7 has ¢ occurrences of pattern 1---j where j > ¢ if and only if the corresponding Dyck path
®(7) has i peaks on the j — 15t diagonal and no peaks on the k' diagonal for all k& > j, which
proves the equations (60) and (G7). O

4.2 The distribution of pattern 231 in S,(123)

We give recursive formulas for generating functions of S,,(123) tracking the number of occurrences
of pattern 231 by refining function @,, by the number of left-to-right minima. Given o € S,,(123),
we let linv(c) be the number of pairs (7,j) such that o; is a left-to-right minimum, o; is not a
left-to-right minimum and o; > ¢;. For a Dyck path P, we also let linv(P) = linv(¥~1(0)).

Next, we define

Dn(S, q,, y) — Z SLRmin(J) qoccrlg (o) xlinv(a) yoccrggl (o) and (68)
o€Sn(123)

Dn,k(Qa z, y) — Z qoccrlg(cr) xlinv(o)yoccrggl(o) ’ (69)
0€8,(123),LRmin(o)=k

then Dy (s,q,z,y) = > 1y skDmk(q, x,y), and we have the following theorem for D, (s, q,x,y).
Theorem 8. Dy(s,q,z,y) = Doo(q,xz,y) =1. For any n,k > 1,

Dn,l(ngj)y) = qn—l, Dn,n(Q7$7y) = 17 Dn7k(Q7x7y) =0 fOT k> n, and (70)
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Dy (q,2,y) = 2" "Dyt 5-1(q, 2,y) + ¢"Dp_1,4(q, 2y, y)
n—1 min(i—1,k—1)
+>0 > PRI RTID, gy my, y) Daip—j (g, 2, y). (T1)
1=2 j=max(1,k+i—n)

Proof. Given o € §,(123) such that LRmin(c) = k, we let P = ¥(0) be the corresponding Dyck
path which has k peaks by Lemma [l Suppose that ret(c) = i, then like Theorem [ we can write
P = DPRP,, where P; is a Dyck path of size ¢ — 1 and P» is a Dyck path of size n — 1.

If i = 1, then P, is empty, and DP| R is a peak on the main diagonal, thus P, should be a Dyck
path of size n — 1 with k& — 1 peaks. There are n — k extra linvs between the first peak and the
n — k non-peaks in P, thus the contribution of this case is x”_an_l,k_l(q, x,y).

If i = k, then Ps is empty, and P = DP;R. P should be a Dyck path of size n — 1 with k peaks.
There are k more inversions of W=1(DP; R) than ¥~1(P;), and linv(P;) more occurrences of pattern
231 in ¥~ (DPR) than U~!(P;), thus the contribution of this case is qun_l,k(q,:Ey,y).

If 1 < ¢ < n, then both P, and P, are not empty. Suppose that there are j peaks in P;, then
there are k — j peaks in P». Other than the statistics counted inside P; and P, there are j more
inversions of W"1(DPR) than W~1(P), j(n — i — k + j) extra linvs between P; and P, and
j(n—i)4 (n—1i)ocerio(¥~(Py)) +linv(P;) extra occurrences of pattern 231, thus the contribution
of this case is qjxj(”_i_kﬂ)yj(”_i)Di_l,j(qy"‘i, 2y, Y)Dn—i k—j(q, 2, y).

Summing over all the cases gives (1]). O

Then we can compute Q}gfgl(t, q,r) = ano t"Dy(1,q,1,z) using the recursive formula:

Mt g, ) = 1+t (14+q) 2 +t3 (14 +2¢° +qx) +t* (14 ¢+2¢°+23 +¢* +qr+2¢3 e+ gr? + 3¢a?)

+ t5(1 +q+2¢% +2¢3 + 3¢* 4+ 2¢° + gz + 2¢3x + 2¢°x + q2® + 3¢%2? + 5gta? + 2¢°?
—|—qx3—|—q2x3—|—4q3:133+q4$3+3q2x4+4q3$4—|—q4$4)+---. (72)

5 Applications in pattern popularity

Let S be a set of permutations and 7 be a permutation pattern. The popularity of v in S, fs(v),
is defined by

fs(v) = ocer(y). (73)

Let =
Ey(t) = Z:Ofsn(l?,z)(’Y)t" and (74)
Gy(t) = ngofsnm(v)t", (75)

Béna [I] and Homberger [4] studied the popularity of length 2 or 3 patterns in S,,(132) and S,,(123).
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Theorem 9 (Béna and Homberger). Let C(t) = ), 5o Cnt" be the generating function of Catalan
numbers. Then

- t203(t)
F12(t) - (1—2750(75))27 (76)
2
Giz(t) = % (77)

In this section, we shall give two applications of the results in Section 3 and Section 4 about pattern
popularity in the following theorem.
Theorem 10. Let m > 2 be an integer. Then

tO(t) Fig...(m—1) (1)

Flowm(t) = P (78)
C(t)G1(m—1)-..
Gunealt) = D2l (79)

Proof. Equation (78] is a consequence of equation (B9]). It follows from the definition of
QU (t s, ... ) that

8@&2?2) (t7 L2, ... 7$m)
Fio. n(t) =
12--m (1) T o (80)
To=+=Tm=
Taking partial derivative of equation ([B9) over x,, and evaluating s, ..., z,, at 1 give
(m)
F12m(t) _ 8@132 (t7 .Z'g, “ee ,.Z'm)
afL'm To==Tmym=1
Q'™ t, 2o, oy Tm) ~(m
= t( Qs a;m )Qggz)(t,a:g,...,a:m)
0Q\™) (t, w2, ..., Tm) ~(m
L.
Q™ (t, 29, ..., ) ~(m
Dt Wt 23,.. )
m To=:=Tm=1
= t(Ct)Fia(m-1)(t) +2C(t) Fiz..m(1)) , (81)

which implies equation ([78]).

Equation ([79]) is a consequence of equation (62]) and can be proved in a similar way. We shall omit
the proof of equation (79)). O

6 Circular pattern distribution in CS,(1243) and CS,,(1324)

We first define circular permutations. A circular permutation is a permutation with only one cycle.
We use the cycle notation for circular permutations in this section. Let CS,, denote the set of
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circular permutations of size n, then for any o = (01---0,) € CSy, o can also be expressed as
(0 -0opoy---04—1) forany i =1,...,n.

Next, we define pattern avoidance of circular permutation. For any permutation 7 € §;, we say
that a circular permutation o = (o1 - - 0,,) € CS,, circularly avoids the pattern 7 if each expression
0;--opoy---0i—1 (for i =1,...,n) avoids the pattern 7. We let CS,,(7) denote the set of circular
permutations that circularly avoid the pattern 7. Let coccr.(o) denote the number of circular
occurrences of pattern 7 in circular permutation o.

CS,(7) is the empty set when 7 has length < 2 and n > 2. CS,(7) is also trivial when 7 is of length
3. We shall study circular pattern distribution in CS,,(7) where 7 is of length 4.

There are 6 circular permutations of length 4. By the reverse (or complement) action, we have
ICS,(1234)| = |CS,(1432)|, |CS,,(1243)| = |CS,(1342)| and |CS,(1324)] = |CS,,(1423)|. Thus
by symmetry, we only need to study circular pattern distribution in CS,(1234), CS,(1243) and
CS,,(1324). We will extend our result on classical permutation pattern distribution in S,,(132) to
circular pattern distribution in CS,,(1243) and CS,,(1324).

6.1 Circular pattern distribution in CS,,(1243)

Given o = (071 -+ - 0p,) € CS,,, without loss of generality, we let 01 = 1. Let 0 =red(o2 - - 0y,), then
o € CS,(1243) if and only if 7 € S,,_1(132,3124,4312), and we can count the number of circular
pattern occurrences of ¢ from the permutation o.

Next, we consider circular pattern distribution in circular permutations. When the circular pattern
is of length 2, we have coccris(o) = coccrgy (o) = (g) for all o € CS,,, which is trivial. We study all
the 2 circular patterns of length 3 and all the 5 nontrivial circular patterns of length 4 in CS,,(1243).
For 0 € CS,(1243) and o defined as before, we have

0]
[\S)

AN N N N N N T
[09)
ot

S N e N N N N

coccrigz(o) = ocerya(0) + oceryaz(0) 4 ocersia (o) 4 ocerazy (0),

~— ~—
oo
w

coccrige(o) = ocerg (o) 4 ocera3(d) + ocersar (),

[02¢]
=

COCCri1234(0 OCCri23 o)+ OCCI'1934 5) + 0CCI‘4123(5) —+ occraqi2 (5) —+ occrazql (5),

occrai3(o) + ocersaqy (0),

(o) (
(o) (0)
occrazy (0) + ocerayse (0)
(o) (0)
(@) (o)

0
(=2}

COCCri1342(0 + 0CCr4213 (5) + 0CCr3421 (5),

o
J

coccerigos(o occrsie(o) + ocerogia(o +occr4231(5),

)

(0)

(0)
coccrigay (o)
(0)

(0)

(o)

Qo
Qo

coccrigsa(o) = occersar(0) 4 ocersaiq () + occeryser (o).

Let

Pn,l243(y1237 Y132, Y1234, Y1324, Y1342, Y1423, y1432) =

coccrioz(o) cocerise(o) coceriosa(o) cocerizeq (o) cocerizqaz(o) coceriqz(o) cocceriasz (o)
E , Y123 Y132 Y1234 Y1324 Y1342 Y1423 Y1432 (89)

0€CS,, (1243)

and recall the function ngltzggum (1,...,291) defined in (@3]), then Theorem [T follows.
Theorem 11. Given anyn > 1,

Pn,1243(y1327 Y1234, Y1324, Y1342, Y1423, y1432)
_ IoUl'3uUl'y
= Qn_1,132 (y1237 Y132, Y123Y1234, Y132Y1324, Y123Y1342, Y123Y1423, Y132Y1432,

Y1234, Y1342, Y1423, Y1234, 0, Y1432, Y1324, Y1234, Y1342, Y1234, Y1342, Y1423, 0, y1432).  (90)
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Thus, one can compute P, 1243(y132, Y1234, Y1324, Y1342, Y1423, Y1432) directly from
IoUl'sUl'y
Qn,132 (l‘l,...,iﬂgl).

6.2 Circular pattern distribution in CS,,(1324)

Given o = (01 ---0y) € CSy,, without loss of generality, we let 0,, = n. Let @ = 01+ 0y_1, then
o € (CS,(1324) if and only if 7 € S,,_1(132,3241), and we can count the number of circular pattern
occurrences of o from the permutation .

Similar to CS,,(1243), we study all the 2 circular patterns of length 3 and all the 5 nontrivial circular
patterns of length 4 in CS,,(1324). For o € CS,,(1324) and & defined as before, we have

Ne
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coccrigz(o) = ocerya(0) + oceryaz(0) 4 ocersia (o) 4 ocerazy (0),
)
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(o)
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COCCI'1432\0

Let

Pn,1324(y123, Y132, Y1234, Y1243, Y1342, Y1423, 311432) =

coceri23(0) coceriza(o)  cocerioza(o) coceri243(o) cocerizan (o) coceriq3(o)  coccriazz (o)
E Y123 Y132 Y1234 Y1243 Y1342 Y1423 Y1432 , (98)

0eCSy,(1243)

then Theorem [12] follows.
Theorem 12. Given anyn > 1,

P, 1324 (Y132, Y1234, Y1243, Y1342, Y1423, Y1432)

[oUl3UT
= Qn2_171332 * (y1237 Y132, Y123Y1234, Y132Y1342, Y123Y1423, Y123Y1243, Y132Y1432, Y1234,

Y1342, Y1423, Y1234, Y1243, Y1432, 0, Y1234, Y1342, Y1234, Y1342, Y1423, Y1243 y1432). (99)

7 Summary and future work

We obtained the recursion tracking all patterns of length 2, 3 or 4 in §,,(132). In fact, it is possible
to give a recursion for the generating function tracking patterns of any length in S, (132) if we do
enough refinement of the functions @,,.

On S§,,(123), we only track 2 patterns of length 2, 2 of 3 patterns of length 3 and the special pattern
Im(m —1)---2. The recursions in S,(123) tend to be more complicated than those in S,(132),
and we are not able to get a recursion for the pattern 321.

We also adapt our method to circular permutations. We define patter avoidance in circular permu-
tations, and we are able to track all circular patterns of length 3 or 4 in CS1243 and CS1324. The
pattern distribution problems in the circular permutation class CS1234 remain to be solved.
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We notice other equalities of coefficients of generating functions Q73, and Qo except equation
(67). For example, the number of permutations in S, (123) with one occurrence of pattern 231 is
equal to the number of permutations in S,,(231) with one occurrence of pattern 123, which is equal
to 2n — 5; the number of permutations in S, (132) with one occurrence of pattern 3412 is equal to
the number of permutations in S, (132) with one occurrence of pattern 2341, which is one less than
the 2n — 5™ Fibonacci number.

We have not studied sets of permutations avoiding patterns of length bigger than 3, and circular
patterns of length bigger than 4. We shall study the problems in the future.
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