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1 Lunar Arithmetic

Magic squares have been well explored here on Earth[1], but there appears to
have been little-to-no examination of magic squares on the Moon.

Lunar arithmetic (originally called “dismal” arithmetic) is an alternative
system of adding and multiplying numbers[2]. To briefly cover the definitions
given in the original paper, adding two numbers is done by taking the larger of
each digit,

15 + 83 = 85.

Multiplication is done by taking the smaller of each digit,

17× 3 = 13, 5× 5 = 5.

One performs traditional distribution where both numbers are multiple dig-
its long. Before continuing, readers not yet familiar with lunar arithmetic are
strongly encouraged to skim the original paper[2] and/or watch a recent video
in which Neil Sloane himself explains the number system[6].

Of course, lunar arithmetic can be done in any base, not just base 10.
One may think of base B lunar arithmetic as a the semi-ring of polynomials
{0, 1, ..., B−1}[x] where coefficient addition and multiplication are the max and
min functions respectively.

We will explore here the properties of 3×3 magic squares under lunar arith-
metic. Remember that a magic square is a grid of integers in which the entries
of each row, column, and the two diagonals sum to the same total.

Take

8 1 6
3 5 7
4 9 2

for example.

Sometimes one restricts the entries of the square to be the integers 1 through
n2 (where n = 3 in the former case). Here we disregard this restriction but will
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still attempt to find squares with distinct entries. We don’t care about trivial
solutions like

42 42 42
42 42 42
42 42 42

.

2 General Magic Squares

There are, in fact, magic squares on the Moon (again, throughout the paper we
say “on the Moon” to mean “under dismal/lunar arithmetic” and unless stated
otherwise, it is assumed from here on that any mention of a magic square refers
to a lunar magic square). Consider the example

12 0 20
1 22 10
21 20 2

.

Is it magic? Let’s check the sums:

12 + 0 + 20 = 1 + 22 + 10 = 21 + 20 + 2 = 22

12 + 1 + 21 = 0 + 22 + 20 = 20 + 10 + 2 = 22

12 + 22 + 2 = 21 + 22 + 20 = 22

It’s magic – the sums are all 22. It is claimed this is also the smallest possible
total of a magic square in any base B > 2. The proof is left undone.

But does there exist a binary (B = 2) lunar magic square? Yes:

1111 1110 1011
1010 0 111
110 1001 1

This is proof by construction that lunar magic squares exist in all bases, B ≥ 2.
Before going on, it is best to introduce the notion of one number dominating

another. We say a lunar integer, m, dominates another, n, if the digits of m are
greater than or equal to the digits of n paired respectively. This is equivalent
to m+ n = m. For example, 287 dominates 185. We use the notation

m ≫B n, 287 ≫B 185

to denote domination in base B.
In both of the lunar squares we have seen so far, there is a single entry which

dominates all of the others (22 and 1111 respectively). Note that for an entry
to dominate all others it must be the total.

Are there lunar magic squares in which no individual entry is also the total?
Yes:

40 34 41
42 0 24
14 43 4

.
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The total is 44 but the largest entry is 43. This square brings us to another
important observation. Since there are no carries in lunar arithmetic, a magic
square is magic for any subset of the digits. For example, if we take only the
2nd digit (counting from the right) of each entry in the former square, we get

4 3 4
4 0 2
1 4 0

.

The square no longer has distinct entries – but what concerns us is that its sums
are still all the correct. And to be clear, we are imagining each entry as buffered
on the left by zeros, 3 = ...0003. Thus we say that the 2nd digit of 3 is 0 (just
as the 2nd digit of 2745 is 4).

It follows that any magic square can be represented as an element-wise sum
of single digit magic squares,

40 34 41
42 0 24
14 43 4

=

40 30 40
40 0 20
10 40 0

+

0 4 1
2 0 4
4 3 4

. (1)

So we ask: in any single-digit magic square, what are the minimal entries
which must be included to cover all 8 sums? It turns out there are only two
arrangements (not counting rotations or reflections as distinct):

1 0 1
1 0 0
0 1 0

and
1 0 0
0 1 0
0 0 1

.

There are in fact other single-digit arrangements that cover all the sums, like

1 1 1
0 0 1
0 1 1

,

but by “minimal entries” we mean that if any entry is removed (i.e. set to 0),
the square ceases to be magic.

Manufacturing magic squares is easy given this information. For example,
if we choose any a ≫B b, c, d and α ≫B β, γ, δ, then a square may be produced
as follows:

a0...0 b0...0 a0...0
a0...0 0 c0...0
d0...0 a0...0 0

+
0 α δ

γ 0 α

α β α

=
a0...0 bα aδ

aγ 0 cα

dα aβ α

.

The total is aα. For example, the square in equation 1 is generated by choosing
(a, b, c, d) = (α, β, γ, δ) = (4, 3, 2, 1).
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3 Magic Squares of Powers

It is unknown whether or not a 3× 3 magic square of squared integers exists on
Earth[5]. It turns out that an abundance of magic squares of squares exist on
the Moon.

We should define what a lunar square is before going on. It is simply any
lunar integer multiplied by itself (12 = 1, 22 = 2, ..., 572 = 557, ... [4]). Our first
example can be obtained with the parametrization of in the previous section:

440 330 440
440 0 220
110 440 0

+

4 8 5
6 0 8
8 7 8

=

444 338 445
446 0 228
118 447 8

=

442 382 452

462 02 282

182 472 82
.

The total is 482 = 448. But there is a magic square of squares with a smaller
total, 242:

222 02 142

12 242 22

42 32 232
.

This seems to be the smallest total of any magic square of squares.
It was remarked without proof in the original paper that lunar integers

whose digits are non-decreasing (eg. 1134448) are closed under addition and
multiplication[2] (see the end of section 2). We give here, without proof the
formula for the nth power of such an integer. If a = ak...a1a0|B and ai+1 ≤ ai
then

an =

n times
︷ ︸︸ ︷

ak...ak ...

n times
︷ ︸︸ ︷

a1...a1 a0.

For example, 11344483 = 1111113334444444448. It follows immediately that
our magic square of squares is valid for any alternative power. That is to say,

443 383 453

463 03 283

183 473 83
,

444 384 454

464 04 284

184 474 84
,

445 385 455

465 05 285

185 475 85
, ...

are also magic squares. This may be interpreted as proof that infinitely many
lunar magic squares of any power exist. There are many other such families as
well. Consider

1447n 1347n 1444n

1446n 0n 1247n

1147n 1445n 1n
.

But, is there a lunar magic square of squares in base 2? Yes:

112 1012 10012

1102 10112 12

10102 02 1112
=

111 10101 1001001
11100 1011111 1

1010100 0 11111
. (2)
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Each entry in this binary square has 7 digits. This is also the smallest
possible total of any binary magic square of squares.

In all the examples of magic squares we have seen, the total has been a lunar
square (482, 242, and 10112). So does there exist a magic square of squares whose
total is not a lunar square? Yes:

392 402 292

192 332 412

422 92 432
.

The total, 439, is not a lunar square (which can be checked by brute force since
there are only 100 lunar squares with 3 digits or less). In fact, we have found
a magic square of squares whose total is a lunar prime(!). See section 3 of the
original paper to find out what exactly that means[2].

4 Pythagorean Triples

There are, in fact, Pythagorean triples on the Moon:

222 + 42 = 242.

Many of these triples are trivial (example: 32 + 32 = 32). So to keep things
interesting, we will define a lunar Pythagorean triples to be distinct.

It follows from the observations we made in Section 2 that the element-wise
sum of any two magic squares is also a magic square (just like back on Earth!).
So do there exist magic squares of squares whose element-wise sum is also a
magic square of squares? Yes:

57892 57782 67782

66782 67892 56892

67882 56782 66892
+

134582 133482 233482

223482 234582 124582

234482 123482 224582

=

157892 157782 267782

266782 267892 156892

267882 156782 266892
.

There are nine Pythagorean triples represented here.

5 Questions

1) What is the smallest 3× 3× 3 magic cube of lunar squares in base 2? (Note
that “smallest” is open to interpretation as the lunar integers have no “fully
satisfactory” ordering[2]; see Section 5 of the original paper). The smallest such
square was given in equation 2.
2) What is the smallest example of two magic squares of squares whose element-
wise sum is also a magic square of squares in base 2?
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