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Abstract

In this paper we provide formulas for a conditional game duration in a finite state-space one-dimensional
gambler’s ruin problem with arbitrary winning p(n) and losing ¢(n) probabilities (i.e., they depend on the
current fortune). The formulas are stated in terms of the parameters of the system. Beyer and Waterman
(1977) showed that for the classical gambler’s ruin problem the distribution of a conditional absorption
time is symmetric in p and ¢. Our formulas imply that for non-constant winning/losing probabilities the
expectation of conditional game duration is symmetric in these probabilities (i.e., it is the same if we
exchange p(n) with g(n)) as long as a ratio ¢(n)/p(n) is constant. Most of the formulas are applied to a
non-symmetric random walk on a polygon.

Keywords: Gambler’s ruin problem, conditional absorption time, random walk on a polygon, birth and
death chain

1. Introduction

The classical gambler’s ruin problem is following. Having initially ¢ dollars, 1 < ¢ < N — 1, in one step
we either win one dollar (i.e., we move to ¢ + 1) with probability p € (0,1), or we lose one dollar (i.e., we
move to ¢ — 1) with probability ¢ = 1 — p. The game ends when the player reaches N (wins the game) or 0
(goes broke). The typical questions one can ask are:

e What is the probability of winning (i.e., reaching N before 0)?

e What is the (expected) game duration?

e What is the (expected) conditional game duration (i.e., game duration given we win or given we lose)?
e Is the (expected) conditional game duration symmetric in p and ¢?

Similarly, one can consider random walk on Z,,+1 = {0, ..., m}: being at state ¢ we either move clockwise
with a probability p € (0,1) (i.e., from ¢ to i4+1 mod (m+1)) or we move counterclockwise with a probability
1—p (i.e., we move from i to ¢ — 1 mod (m + 1)). We will refer to this as to the classical random walk on a
polygon (cf. |Sar06]). Assuming we start at ¢, the typical questions one can ask are:

e What is the probability that all vertices have been visited before the particle returns to 7
e What is the probability that the last vertex visited is j 7
e What is the expected number of moves needed to visit all the vertices?

e What is the expected additional number of moves needed to return to ¢ after visiting all the vertices?
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All above questions were answered in the classical settings. Several generalizations were studied. The
probability of winning in a gambler’s ruin problem with general winning and losing probabilities (i.e., p(7)
being probability of moving from ¢ to ¢ + 1 and ¢(i) being the probability of moving from 4 to i — 1, with
p(i) +q(i) < 1,4 € {1,...,N — 1}) goes back to Parzen |[Par62|, revisited in [ES09]. Siegmund duality
based proof is given in [Lorl7| (where more general, multidimensional, game is considered). In [Len09| the
questions related to the conditional game duration are answered for the classical gambler’s ruin problem
with ties allowed, i.e., p+ ¢ < 1 (with probability 1 — (p + ¢) we can stay at a given state). In [Lef0§]
author considers specific generalization, namely p(i) = ¢(i) = m, ¢ > 0 (thus the probability of staying
is1— 261.1 +1) and answers the question about the winning probability and the expected game duration (and
also considers the corresponding diffusion process). In this paper we present formulas for the expected (con-
ditional) absorption time in terms of parameters of the system (i.e., winning/losing probabilities p(i), q(7)).
Similar problem was considered in [ES00], the recursion for the expected conditional game duration is given
therein (equations (3.4) and (3.5)), however it is not solved in its general form — later on author considers
only constant winning/losing probabilities. In |GMZ12] (similar results with different proofs are presented
in [MZ16]) the generating function of absorption time (including a conditional one) is given in terms of
eigenvalues of a transition matrix and eigenvalues of a truncated transition matrix. The questions for the
classical random walk on a polygon were answered in [Sar06]. Some generalizations (rather then allowing
arbitrary winning/losing probabilities, symmetric random walks on tetrahedra, octahedra, and hexahedra,
are considered) are studied in [SM17].

In 1977 in [BWT7T] it was shown that for a classical gambler’s ruin problem with p(n) =p=1—¢(n) =
1 — g, the distribution of a conditional game duration is symmetric in p and ¢, i.e., it is the same as in a
game with p’ = ¢ and ¢’ = p. In 2009 in |Len09] it was extended to a case p + g < 1 (i.e., the classical case
with ties allowed). In this paper we show that that the expected conditional game duration is symmetric
also for non-constant winning/losing probabilities p(n), g(n) as long as ¢(n)/p(n) is constant (thus, including
for example the spatially non-homogeneous case).

In Section2lwe introduce gambler’s ruin problem with arbitrary winning and losing probabilities p(i), ()
together with main results. In Section ] the main result is applied to constant r(i) = r = ¢(i)/p(i), in
Section it is applied to non-homogeneous case, whereas the classical case is recalled in Section 2.3l The
main example is given in Section 2.4l The results are applied to a random walk on polygon in Section [3
Last Section (] contains proofs of main results.

2. Gambler’s ruin problem

Fix an integer N > 2. Let

p = (p(0),p(1),...,p(N)), a=(q(0),q(1),...,q(N)),

where p(0) = ¢(0) = p(N) = ¢(N) = 0 and p(z), q(i) > 0,p(i) + q(i) < 1forie {1,2...,N —1}. Consider a
Markov chain X = {X;}r>0 on E = {0,1,..., N} with transition probabilities

(i) if j=i+1,
Px(i,j)={ a(i) if j=i-1,
1—(p(i) +4q()) if j=i.

We will refer to X starting at i as to the (gambler’s ruin) game G(p, q, 0,4, N). Note that the chain will
eventually end up in either in N (the winning state) or in 0 (the losing state). To simplify some notation,

let r(i) = & for i € {1,...,N - 1}.



Define 7; = inf{k : X} = j}. We will study the following smaller games G(p,q, j, ¢, k) with k as the
winning state and j as the losing (j <i < k). Let us define:

piik = Plme <73Xo=1),

Tiwe = inf{n>0:X, =jor X, =klX,=1i},

Wisr = inf{n>0:X,=jor X, =klXo=1,X, =k}
Bjix = inf{n>0:X,=jor X, =kXo=1X, =7}

In other words: pj.;.1 is the probability that a gambler starting with 4 dollars wins in the smaller game;
T;.;. is the distribution of a game the duration (time till gambler either wins or goes broke); Wj.;.x is the
distribution of T}.;.; conditioned on X7, ,, = k (winning) and similarly Bj.;.x is the distribution of 7.
conditioned on X7, ,, = j (losing).

Notation. For given rates p,q by p <+ q we understand new rates p’ = q,q' = p. For some random
variable R (one of p, T, W, B) for a game with rates p,q, by R(p < q) we understand the random variable
defined for game with rates p’ = q,q’ = p (and similarly, e.g., FR(p <> q) is an expectation of R defined

" R(p ¢ q) (BR=ER(p ¢ ).
By f(n) = O(g(n)) we mean I(c1,c2 > 0) I(ng) Y(n > ng) c1g(n) < f(n) < cag(n). In this section

we use the convention: empty sum equals 0, empty product equals 1; however in Section [3] we use some
nonstandard notation, see details on page

for such a game). We say that R (FR) is symmetric in p and q if R

The results for pj.;.; - as already mentioned - are known. We state them below for completeness (and
because we will also need them later). We have

Theorem 2.1. Consider the gambler’s ruin problem on E = {0,1,..., N} described above. We have

> (%) s 10

n= j+15 ]Jrl (S) n=j+1s=5+1

Pjiak = = & 1
s
> (9 » 11
n=j+1s=5+1 n=j+1s=5+1
>ons Gldn Y04 (5 — = 1
ETj:i:k = = o1 — P Zd Z dn Z ) (1)
2n=j n S| oS P(e)ds
where ds = [[;_; 4, % = [[i=;41 7(@) (with convention d; =1).

The proof of Theorem 2] is postponed to Section ELT.1]

Next theorem (our main contribution) gives the formulas for EWy.;.,, and E By.;.;. First, let us introduce
some necessary notation. With some abuse of notation let us extend

> I (%) 1w

n= J+1 s—J+1 _ n=j+1ls=j+1

> (%) > T

n=j+1s=j+1 n=j+1s=j+1

Pjiik =

for k <4 (but still k£ > j).



For given integers n, m, k such that n < m,k € {0, [(m —n + 1)/2]} define
i =gz ki =n+ 1k <myji < gigr —2for 1 <i <k —1}. (2)
For given p,q and j € j;°"" define

o = (=) [ r(s) 1T 14 r(s), (3)

s€j se{n,...mN\juj—1
where {n,...,m} is an empty set forn >mand j—1={j1 — 1,52 —1,..., 4k — 1} for j = {41,752, .- -, Jr }-
Finally, let
grm=Y &, (4)
NS
Now we are ready to state our main theorem.

Theorem 2.2. Consider the gambler’s ruin problem on E = {0,1,..., N} described above. We have

EWyin = EWyi.n — EWoa4, where (5)
. ~ i—1 Doemei [(i—-1-n)/2] i
0:1: = ; o(n) ;) & (6)
Moreover, we have
EBoin = EW{n_in» (7)

where W{. ;. s defined for a gambler’s ruin problem with rates p’(i) = ¢(N — i) and ¢'(i) = p(N — i) for
i€ E.

The proof of Theorem is postponed to Section [4.1.2)

— = am)
2.1. Constant r(n) =r = o)

In this section we will apply Theorems 2.1] and to a gambler’s ruin problem with constant r = %.
The winning probabilities pg.;: ; are known (they are the same as in the classical formulation of the problem),
we will focus on a game duration. We have

Corollary 2.3. Consider the gambler’s ruin problem on E = {0,..., N} with constant r = %. We have

=1: ET;.;. = - _ _
' SR 2 20 T 2 2

i N—-1 n 1 i—=1 n 1
ETo.n = Nn:1;@_n:1;m’
1: ET pi—pi X SR S
r#ls Bl = =k ' S:%;rlp(S) 50 ' s:%-:kl@ |
i No1 - i—1 np—s
EToin = T—x n; [T"z_; p(s)] _nz::l [T"zp@]



Proof. We have dj, = H?Zl r = r*. Simple recalculations of () yield the result. O

For constant r we have that §;"" (given in (@) for all i € {1,..., N — 1} depends on j only through %,
thus

é-g,m _ Z 5}1,771 _ C]?’m(fT)k(l + r)m+17n72k7 (8)

Jei™

where C;"™ = |j;"™|. Moreover, we have |j;"™"| = T(m + 1 — n, k), where T'(n, k) = ("gk) is the number of
subsets of 1,2,...,n-1 of size k and containing no consecutive integers L.

The proof of the next corollary requires the following lemma.

Lemma 2.4. Letn € N and r > 0. We have

. LT
SO ) LT .

The proof of Lemma 2.4l is given in Section [£.1.2]

Remark 2.5. Note that the assertion of Lemma[Z4] can be stated in the following form (simply substituting
c= (1++)2) for n € N and ¢ € (0,1/4] we have

1 —Antt 1—2c++1—4c
n ———— . where 7= , ifce (0,1/4),
(*TH) o= | DT g % ©.1/9
k
— 1
k=0 "; if ¢ =1/4.

These sums for ¢ € {—1, 1} were known (F(n) is the n-th Fibonacci number):
~ (n—k
S (") = rwen,

k=0
1 if nmod 6 € {0,1},

3

—k
<nk )(1)k = {0 if nmod6e {25},
k

—1 if nmod6 € {3,4}.

(=)

We will give formulas for EWj.1.; for several cases (EWy.;.y can be calculated via (f)).

Corollary 2.6. Consider the gambler’s ruin problem on E = {0,..., N} with constant r = % We have:

P
i—1 Pomsi [(i—=1—n)/2] i—1 n/i
r=1: EWyis = i grli=l = i—n).
= X X 2 pim
i—1 Do [(i—1—n)/2] _ i—1 1177«7(1 B ri*")
T ?é 1: EW 14 = i 524’1,171 —_ —7"0— 10
= 2o X Z i -n (10)

Thttp://oeis.org/A011973
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Additionally, if p(n) = p is constant (so is g(n) then, since r(n) is constant) we have

125 (i—1)(i +1)
r=1: EWyiy = - —(i—n)=—"7F"—"-", 11
0:1 p;z( ) 6 (11)
1: EW, a-rm _ 3 (1—r™)(1—rim
r#1: 0:1 = —Z 177" (177& ) z:: —r")(1—=r"")
I O R R = S R B
B T 1)

p(l=r)(1—r) p(l—r)
(

Proof. We will only show case r = 1, general p(n) (the proof for r # 1 is very similar). Let us calculate
EntLi=l first. From (§) and form of C" " for r = 1 we have

E;H—Li—l _ C;l+1,i—1(_1)32i—n—1—2s — gi—n—1 (’ -—n—1- 5) (_%)S _

S

From Theorem 22 (eq. (6))) and the fact that pg.,.; = n/i (since r = 1) we have
i-1 . L(i=1-n)/2]
/

EWo.1:4 = Z /e Z grttil

n=1 p(n) s=0
B = n/i gi—n—1 U R 1\°
S TR S R &
n=1 s=0
Lemtrgm f n/i 2i—n—1i_7,_b_1+1 :Z_l n/i (i —n)
n=1 p(n) 207t n=1 p(n ’
what finishes the proof. O

In 1977 Beyer and Waterman [BWT7] showed that for a classical case i.e., for constant birth p(n) = p
and death g(n) = ¢ rates such that p + ¢ = 1, the distribution of Wy.;.y is symmetric in p and ¢ (i.e., it
has the same distribution for birth rate p’ = ¢ and death rate ¢’ = p). In 2009 Lengyel |Len09] showed that
this holds also for the classical case with ties allowed, i.e., p+ ¢ < 1. In the following theorem we show that
EW).;.n is symmetric in p and q (i.e., it is the same for case with birth deaths p’(n) = g(n) and death rates

¢'(n) = p(n)) as long as r(n) = % is constant.

Theorem 2.7. Consider the gambler’s ruin problem on E = {0,..., N} with constant r = %. We have
EWO:i:N = EWOzN(p <~ q)a

(i.e., Wo.i:n 18 symmetric in p and q).

Proof. By (B it is enough to show that EWy.1.; = EWo.1.:(p < Q).
Let Woy.1.; be defined for rates p and q, whereas W.,.; be defined for rates p’ = q and ' = p, thus

" =1/r. Since r = q( ;, we have p'(n) = q(n) = rp(n).
Ewpy, - Sl 0o (o) Z 14) r(l—r )
b = 2 L) (- 1) 2= rp(m) (1= ) (1= )
i1

o L A= a-rm)
p(n) 1—r) (1—r) °

what is equal to (0. O




It is natural to state the following conjecture.

Conjecture 2.8. Consider the gambler’s ruin problem on E = {0,..., N} with constant r = %. Then,
the distribution of Wy.;.n is symmetric in p and q.

2.2. The spatially non-homogeneous case

In this Section we consider gambler’s ruin problem with birth rates p(n) = 525 and death rates
q(n) = ﬁﬂ, where ¢ is a non-negative constant. This is often called spatially non-homogeneous gambler’s
ruin problem. We will thus still consider case with constant r(n), but with specific rates. As far as we are
aware, all results in this section, except the one for p(n) = ¢(n) = 1/2, are new.

Corollary 2.9. Consider spatially non-homogeneous gambler’s ruin problem. We have

1 2c 2c
=1:FETpn = — (iN[1+=N)—i?(14+ =i
r 0:4:N 2 (Z < 3 ) ) < 3 z)) )
1 1—rt (er +c) o (er+c)
1: ETp.;. = _eN2_ N _N 2 _
r# 0:6:N p“])(er( c — )+a ti i

Proof. Applying Corollary 23] we have:

e Caser =1

i 1< 1 i 2en + 1 2en + 1
UM o ST of SILNNEA o CECESI ol

N n=1 s=1 p(S) n=1s=1 p(s) N n=1 s=1 p n=1s=1 p

1 i N—-1 i—1

- = nlen+c+1)— n(en+c+1)

p N n=1 n=1

1 /41 . . .

p Né(N*l)(N(2C(N+1)+3)*—(171)(1(20(14’1)4’3)

1 2 2
— (N (1+2EN) =2 (1+25)).
2p 3 3

e Caser #1

1—p N-1 . n r 1—
O = DR

1 1 i N-1 n i—1 n
= = (1 5 Yy rT%(2es4+1)| — [T”ZT_S(QCS—F 1) ) .
p -r n=1 s=1 n=1 s=1
We have
r °(2es+1) = ! 5 (2er™*t —2enr + 2en — 2er + 0" — " —p 4 1)



and

k—1 .
[rn(ril)Q (QCMH_QCnr+26n_20T+7"n+l—r"—r+1)]
r—
n=1
1 QCT(T—rk)
= (71)2 (7T*C(kf1)kr+c(k71)kf2cr(k71)
7’_
_r(:7:)+:ﬂir1 +T—kr—|—k_1)
! 2 1Dk —1
= ( 1)2 (_CkQ(T—l)—i—(CT-f—T i(r )_k(cr—l—c-i-r_l)).
r— —
Thus,
1 1-— Ti 2 (257"‘1’7”71)(7“1\]71)
S p(r_1)2{ 1_TN< N (T71)+T7N(cr+c+r71))
7(76i2(r71)+w+i71)fz'(chchrrfl))}
1 1 — gl ,
) p@"*l)?{ (V) - N b err - 1)
+ci2(7’—1)+i(c7’+c+rf1)}
1 1—77 (er +¢) Yy (erte)
= _NQ_Ni_N ) (er +¢)
p(rl)(er( ¢ — )—i—cz 43 — +i).

what was to be shown.

O

Remark 2.10. Note that for p = ¢ = 1/2 we have ETy.;.n = iN (1 + %N) — 2 (1 + %z) , i.e., we obtained
Proposition 2.1 from |Lef0§].

Concerning the conditional game duration (because of () it is enough to provide formula only for
EWy...n) we have

Corollary 2.11. Consider spatially non-homogeneous gambler’s ruin problem. We have

re1: EWy = DN+ (-1t 1)

6p 6p

N +1 1 N1 41 1 |
rA 1l EWpay = — o (I yr 4y et (rdl r )

p(1—7r) \r—1 rN —1 p(1—7r)\r—1 ri—1

Proof. Applying Corollary 2.6l we have:
e r=1 . .
~— n/i l—n, (i—1)(i+1)(ci+1)
EWy.1 = ——\t—n)= - —(1—n)2en+1) = .
;p(n)( ) pnz::l - —n)( ) o

oo



o r#£1

- i—1

(1 —rm)(1 —ri=m) 1 (1 —7r")(1 —ri=n)
EWo.1.; - 2en + 1
ot z:: 1—7’1 (I—7) pnz::1 1—7’1 (1 —7) (2en +1)
_ (ci+1)((r+1)(r* = 1) —i(r — )(r* + 1))
B p(1—ri)(1—r)?
a+1 [r+1 ri+1
= — 11— .
p(l—r)\r—1 ri—1
Applying @), i.e., EWy..n = EWo.a.8 — EW.1.4, completes the proof. O

2.8. The classical case.
For constant winning/losing probabilities we recover known results (all given in Sarkar |[Sar(06]). We
state them here for completeness and will indicate how they can be derived from our more general results.

Corollary 2.12. Consider the gambler’s ruin problem on E = {0,1,..., N} with constant winning/losing
probabilities p(i) = p,q(i) =q,i=1,...,N = 1,p+qg=1. We have

1—r' d —
o ifr=1,

Po:i:N = '

~ if r #1,

i(N —1) ifr=1,
ETO:i:N = s

(i NE2h) ifr AL

$(N —0)(N +1) if v =1,
EWO:i:N = N ;

et NI ] il

3i(2N — 1) ifr—1,
EBO:i:N = L N X '

= [N:le — (N — 1) = ﬁl} ifr#£1,

Results for ETy.;.n follows from Corollary 23 (case r = 1); EWy.;.n from Corollary 26 eq. () followed
by @); EBo.;.n follows from results on EWy.;.ny and Theorem (eq. ([@)).

2.4. Ezample
Fix an integer N and some p,q > 0. Consider a gambler’s ruin problem with rates
) p(1+ aqe . q(1 + ast
pli) = 2E @) gy dltosd)
2ct+1 2ci +1

with fixed aq, g, ¢ > 0 such that p(i),q(i) > 0,p(i)+q(i) < 1,i € {1,..., N}. We want to calculate EWp.1.x.

2.4.1. N=3
We have

p(1+ai) p(1+2a;) q(1+a2) q(1+2az)
p ( b) b b q b 2c+1 b 2c+1 b



Note that in general (for oy # ag) r(n) = L% is non-constant, thus we will apply Theorem 2.2

Eq. (@) takes form

2 [(2=n)/2]
P0:n:3 nt1,2 _ P0:1:3 22 | P0:2:3 .32
EWo.1:3 = E E T =—58 "+ e
— p(n) = p(1)> " p(2)°

We need winning probabilities pg.1.3 and pg.2.3, which can be calculated from Theorem 2.1t

2 116 14 (i = 1)r(1) L+ (- e el GOl 3o

P0:i:3 n=1s=1 o - p 14+aq o p l4+aq
BT 3 n-1 1 1 Dr(2) g1+ g2 (IFaz)(1+202) ~ ° )
ST Fr()+r(L)r(2) 14 ez 4 Lasiiata) (P, ¢, a1, a2)

T LT

(in the latter the second product was 1, since {3,...,2} = 0).
Finally,

1 % +1 142 1 de+ 1
EWs = { °r <1+2M)+<1+2( +O‘2)) et } (12)
pyY(p, g0, 00) [1+ g P p(1+m)) 1420

Special cases:

e a1 = ag = a. Then (I2) reduces to

EWy.1:3 =

142 )(20+1 4c+1>. (13)

e 2\ \1l+a 1420
p(1+p+p2

Note that in this case r(n) = 1 is constant, thus (I3) could be derived easier using Corollary 2.6t

2
n 2cn—+1 2 (2c+1 4de+1
r=1: EWO:1:3 = Z 7(3 —TL) ( + ) )

2= 3p(1 + ann) "3 \l+a I+
£1: EW, iﬁi’;z(lﬂg’") 2cn +1 L-r? (2c+1 detl
r : 1:3 = -
0:1:3 2 1—r) p(l+amn) pA—-r3) \1+a 1+2a)’

what is equivalent to (I3]) in both cases. Note also that this is not a spatially non-homogeneous case
as long as a > 0.

e a3 =ay =0. Then (I2) (and thus (I3)) reduces to

2(1+1) 3c+1
EWp.13 = L <1 ) : (14)
p(l—l—%-ﬁ-g—z) to

Note that this is a spatially non-homogeneous case, thus ([[4]) could be derived from Corollary 2.1T]
(we skip the calculations).

10



e a3 =ay =0 and ¢ =0, then (I4) reduces to

2 (1 + g)
EWpa3 = NS
D (1 + » + F)
This situation corresponds to a gambler’s ruin problem with constant birth and death rates. In
particular, for p = ¢ = 1/2 we have EWp,1.3 = % what agrees with Example 1 in |[Len09].

2.4.2. General N >3,p=q and as = a1 =1
We thus have p(i) = g(clzi? ,q(i) = '72(%111). This is constant r(n) = % = 4 =1 case, which is however
not spatially non-homogeneous. We skip the lengthy calculations, but w obtain EWjy.1.n from Corollary

(Hy is the N-th harmonic number):

e n(N —n)(2en + 1)

pN(1+n)

EWO:I:N

(§(N=5)(N+2)+ 338+ N)) + 552 = 1)(1 + N)Hy = 55N> + O(N),
which for p(7) = p(1 +9),q(2) = ¢(1 +4) (i.e., for ¢ = 0) simplifies to

N+3 1 N
EWgy.q. — — — (N+1)Hy = — log(N)).
Won = % Np( +1) 2p + ©(log(N))

2.4.3. General N > 3,p=q and as = a1 = «

— n(i —n)(2cn + 1)
EWyay =
0:1: z::l i+ ar)
1 , o .
= Gaip: (@i = D(@%i(2e(i +1) +3) + (6 — 6ei) — 120)+

6(a — 2¢)(ai 4+ 1) [¢ (1+ é)_ (,’+l)])’
where 19 is a digamma function. It is known that ¢(m) = — =, where v = 0.5772156.. is a known
Euler—Mascheroni constant. Let us assume that o = % nd m is an integer. Then (1 + ) P (z + é) —

Hm - Hierfl-

3. Random walk on a polygon

Fix an integer m > 2. Let

where p(i), q(i) > 0,p(i) + q(i) < 1for i € {0...,m}. Consider the following random walk X = {X;};en on
E = Z,,+1. Being in state ¢ we move to the state i + 1 with probability p(i), we move to the state ¢ — 1 with
probability ¢(i), and we do nothing with the remaining probability. We will refer to this walk as to a random
walk on a polygon. Throughout the paper, in then context of a random walk on a polygon, all additions
and substractions are performed modulo m + 1. The notation intentionally resembles that of gambler’s ruin
problem. Throughout the Section we consider fixed p,q and m > 2 (and omit subscripts p,q in random
variables below). We are interested in:
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A = {X:Xo=14,X, =1,YoctanXs # 1, VeeeJo<t<n Xy = k}

Li; = {X:Xo=1Xn=7J,Yoct<nXt # J, ViecrTo<t<n Xt = k}
Vij = inf{n>1:Xy=1X, =7, VeerTo<t<nX: = k}
Vi = inf{n>1:Xo=1,VeerJo<i<n Xt = k}
R, = inf{ne>1:X9=14,Xn,4n, =%,n1 =inf{n > 1: VeepJo<t<n Xt = k}}

In other words: A; is the event that the process starting at ¢ will return for the first time to ¢ after all other
vertices are visited; L; ; is the event that the process starting at ¢ will reach for the first time state j after
visiting all other vertices; V; ; is the number of steps of the process starting at i to reach for the first time
state j after visiting all other vertices; V; is the number of steps of the process starting at ¢ needed to visit
all vertices; R; is the number of additional steps for the process starting at ¢ needed to reach ¢ after visiting
all the vertices.

For j < i < k, where < is a cyclic order, i.e., j <i<kori<k<jork<j<ilet G(p,q,jik)
denote a gambler’s ruin game with ¢ being a starting state, j being a losing state and %k being a winning
state. Note that independently of j, ¢, k, winning and losing probabilities p, q are fixed.

Notation. In contrast to a usual notation neither ZZ:S ar = 0 nor H};:s arp =1 fort < s—1. Since we
are considering operations in Z,,;1, we define

t
Fort<s<m,s—t>1: Zak =as+as41+ ...+ am +ao+ ...+ ay,
k=s

t
Hak::a5~as+1~...~am~a0~...~at,
k=s

t t
Fors=t+1modm+1: Zak:O Hak:zl.
k=s k=s

In all other cases we use usual sums and products. Using this notation, we are ready to state our results.

Theorem 3.1. Consider the random walk on a polygon described above. We have
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P(L;;) =

EV,; =

EV;, =

ER; =

1 1 1
14 (i) i-1 n—1

SRS ()

n=i1+1 s=i+1 n=i+2 s=n

j—1 n-1 i n—1

> 1o > I e
1 n=i+1s=j+2 n=j+2 s=j+2
j—1 n-1 ji—1 n-—1 + i g-1
1

> I X I > 1l
. . . . , r(s)

n=j+2 s=j+2 n=j+1s=j5+1 n=j+2 s=n

Pi+1iii—1 (EWiitij—1 + EBjp1-1:5 + ETjj41:5)
+(1 = pjt1:ij—1) (EBjs1:4:5—1 + EWjiva.j-1 + ETjj—1.5)
i1
> P(Lij)EVi,
j=itl
i—1
> P(Lik)ETik
k=it1

The proof of Theorem [B.1]is postponed to Section 4211

— = am)
Constant r(n) = r = PR

(15)

In this case the starting point does not matter, we consider ¢ = 0. Note that P(A;) and P(L; ;) depend
on p(n) and ¢(n) only through r(n), thus they must reduce to known results for constant birth p(n) = p and
death ¢(n) = ¢ rates (see (3.1) and (3.3) in [Sar06]). Indeed, substituting r(n) = r to (IT) and (I6]) yields

Corollary 3.2. Consider the random walk on polygon with constant r(n) = %,
L if r=1
P(A = Mmoo, . ’
IR - E A
P(L B % v if r=1,
(Loj) = rm;i(_r;n i or A

then we have

We skip the formulas for EV; ;, EVp and E Ry in this case, noting that they can be derived from Corollaries

2.3 and 26

Constant q(n) = ¢,p(n) = p..

First, let us recall formulas for EVy, ERy for the case p+ ¢ =1.

Corollary 3.3. [Sar06] Consider the random walk on a polygon with constant g(n) = q,p(n) =p,p+q=1.

We have

EVy

ER,

mUt) if r=1,
2 m 2 .

:%1 |:m - Til - TTT,1 + Emillzl} Zf r # 1)

Fm+1)(m+2) if r=1,

st |2y - md - ] i r

13



In the case p+¢ < 1 note that EBjin = 5y EB i EWjiie = 5y EWins ETjsie = 5y BT i
where superscript 1 denotes the case p + ¢ = 1. Thus Theorem Bl implies EVy = EV, ERy = ER}, i.e.,

we have

Corollary 3.4. Consider the random walk on a polygon with constant g(n) = q,p(n) = p. We have

EV m(Tp+1) if =1,
0o = m2 m-1)2 .
i -y - B ] A
BB 35 (m + 1)(m + 2) if r=1,
0o = r m(m m 2 }
= |:Tl e = fmjll—)1:| if r#1

4. Proofs

4.1. Gambler’s ruin problem

4.1.1. Proof of Theorem [21]
Proof of Theorem [2]. Consider the birth and death chain with j and k (j < k) as recurrent absorbing
states (p(j) = q(j) = p(k) = q(k) = 0). First step analysis yields (for j < i < k)

ETj0 =p(@) 1+ ETjiq1:6) + ()1 + ETji1i) + (1 — q(3) — p(0))(1 + ET}r),

thus

q(i) 1
ETz 1:k = ETzk + —= (ET‘:i:k - ET’:i—l:k - —) . 20
g+ J p(l) J J q(z) ( )

Since ET}.;.r = 0, we have:

q(j+1)) G+l 1
Jj+1)

ET 2k — ET 1:k (1 + 3 X X .
7T 7T »( pG+1)qi+1)

Recall that ds =[] % (where d; = 1), iterating the above equations yields:

i=j+1 p(
1—1 1—1 s 1
ETj:i:k = ETj:jJrl:k st - Z ds Z —7 | (21)
s=j s=j+1 m=j+1 p(m)dm

what can be checked by induction. Plugging (2I)) into (20) we have:
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ETjiv16 =

' 1
]szd R (s)d
n=j+1 s=j+1 P3G
q(i) = — G
U S YD M Dy
(i) = T e p(s)ds
i—2 i—2 n 1 1
*ET j+1:k dn - [dn ] - TN
" ; ngl mgl p(s)ds” q(i)
1—1 1—1 n 1
= ETjjrue) dn— D |du D (s)d
n=j n=j+1 s=j+1 p S
q(i) = 1 1
+ =5 | ETjjvkdior — dia —d;
(i) " s;‘,—l p(s)ds d;q(4)
1—1 i n 1 ] i
= 1:k d - dn + E 1: kd d
S S S wi e R e e
7 i—1 [ n 1 T
= ETjjrue) dn— D |du D (s)d
n=j n=j+1 | s=j+1 p 5_ s= g+1
i i i n 1 ]
= ETj:jJrl:k Z dn — Z dy Z (S)d
n=j n=j+1 | s=j+1 p ® ]

Since ETj.,:; = 0, we have:

1
k—1 k—1 n Z dn Z p(s)ds

1 n=j+1 s=j+1
0= BTypinn Ydu= 3 |dn 3 | = BTyyine = ,

n=j n=j+1 s=j+1 Zdn
n=j
thus
S [d Y 5T } — — = 1
ETj:i:k = Zk 1 d Zdn - Z dn Z p(S)dS ;
n=j " n=j n=j+1 s=j+1

what was to be shown.

4.1.2.  Proof of Lemma[2.7] and Theorem [2.2
Proof of Lemma[2.7] Denote by f(n) lhs of (@) and by h(n) its rhs. We will show that generating functions
of f and h are equal. Let us start with gy (x), the generating function of f at x:
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S - SL() () = EE () () -

(") (o)

- 220 (o) - )+ 20

k=0 n=0

L=\ ¥
Applying Z B )= m we have

n=0
%) r k xk 1 o 77,$2 k
gs(r) = kz_o<(1+r)2> xk(l—x)kﬂ - 1—1:];) (W)
1 A+r?Q-2) (147

1—z)(1+r)20 —z)+rz2  (1+7)2(1—z)+ra?’

On the other hand, the generating function of A is following:

- — 11—t 1 — 1 — "
_ h n _ n n
i) = Srowt =S e = o (S S )
1 - 1 o, 1 147 1+r
(1= <T§)(1+7’)"JC _;(1+T)n$>_(1r) (1+T:L'_T1+T$7’)
_ l4r l4r—ar—r—r—ar 1+7r I+l -7

A1—7) A+r—a)1+r—ar) (1—7r)(1+7r)2—1+7)(z+ar)+22r

(1+47)?
(14+7)2(1 —z) + 722’

thus g (x) = g¢(z), what finishes the proof.

The following lemma will be needed in a proof of Theorem

Lemma 4.1. Consider the gambler’s ruin problem with general rates p,q. Define

a; = _ Po:izi41 _ _ Po:izi41
' p(i) p(i)
b, = (p(l) + q(i))po:i:iJrl
p(i) ’
i
Ci *ﬁpo:i Lii+1
p(i)
200 Then, for all N > 1 we have
ijCjag 10 a 1 0 Ay
]._.[1 1 0 0)=(1 0 An-],
=2 \ 0 1 0 0 1 00 1



where
M [(M—n)/2]

Ay = — ; ﬁpo:n:MH kZ:O ZH’M
and EZH’M was defined in ().
Proof. Recall that j;" was defined in ([2)) as
W=z gk s 2 Lk <myji < jiga — 2 for i€ {1,k — 1}}.
For given p,q, bn, ¢, and j € j;°™ define

n1m p—
Dy = bnbny1 - 0,264, 05, 11bji 42 -+ bjy—2C4, by 41052 b 265, bj 410G 2 - O

and let
Sp™= Y Dim.
jei™
Let
_ 1
Q= _Ma
5, = W) +a() _ 147 (i),

Df’m can be rewritten as

D™ = poinimt1 BnBntr - Bji—2%5 Bin+1Bir2 -+ Bia—2Vsa

Bijx 14185k 1+2 - - - Bjx—275x Bi+1B8j5+2 - Bm

= (71)]c H T(S) H 1+ T(S) = pO:n:m+15;7m'

SEJ s€{n,....m}\juj—1

Thus S, = g D}L’m = P0:n:m+1 E 5}1’7" =: ponm+1§), " and Aps can be rewritten as
AISH Jei™

M [(M—n)/2]
A=Y an S spran
n=1 k=0
We will show this by induction.

e For M =1 we have

1 [(1—n)/2] [0/2]
A=Y a Y S —a Y 62— st = a,
n=1 k=0 k=0

e For N > M > 2 assuming Ay, = Zﬁil an Z,E(:Agfn)/ﬁ SZH’M we shall prove that Ay+1 = by+1 AN+
CN+1AN71 + an+1. We have
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bnNt1AN + eNvp1AN—1 +ans1 =

N [(N=n)/2] N-1 |[(N-n-1)/2]
= bN+1Zan Z SZH’N-FCNH Zan Z SZH’NA—FGNH
k=0 n=1 k=0
N L(N n)/2] N-1 [(N-n—-1)/2]
= Yo > DO Y e X e ¥ D e
n=1 k=0 JZ+1N k=0 j:+1,N 1

L(N+1-n)/2]

N
n+1,N+1
= E A, E E Djn,+1,N+1
k
n=1 k=0 uthNEL g 2N
N [(N+1-n)/2]

n+1,N+1
+ E an, § E D_] nt1N+1 T ANF1
n=1

k=0 JULNTL G N
N+1  (N+1-n)/2] N+1  [(N+1-n)/2]
n+1,N+1 _ n+1,N+1 _
= § 429 § § D JoHLN+ E Gnp E Sk = AN+1
n—=1 n+1,N+1 n=1 k=0

Jk

what finishes the proof.

Proof of Theorem[22. First step analysis yields (for N > i > 1):

EWoien = (14+EWp—1.n)P(Xi=i—-1Xo=1%,Xr=N)
+(1 + EWOzi:N)P(Xl = i|X0 =1, Xp = N)
+(14+ EWoiigp1.8)P(X1 =i+ 1|Xg =4, X7 = N).

We have EWy.n.x = 0 and for simplicity we also set EWy.o.n = 0. We have

PX,=i-1Xo=1i,Xr=N) = — IIL)((;)(TZ)Z(ﬁ)((ﬁ g‘Xl == i )FZO:;LN = q(i)po:i—1:i;
1-— — ‘i . .
PG =ilXo=i Xp=N) = GOty )
P0:i: N
. . T 41 .
P(X1=i+1|Xo=i,Xr=N) = p()ppoi“lv = p(i)po-itii-
0:3: N

For i = 1 we have
EWpa.n = [1+ EWoa.n](1 —p(1) — q(1)) + [1 + EWo.2.n]p(1) po:2:1,

thus (
EWO:Q:N = L

= EWo.1.N-

) +a())pere
) p(1)
For 1 <i < N we have

EWoi:n = (1 4+ EWoii—1:8)q(3) poii—1: + (1 + EWoion ) (1 — p(3) — ¢(2)) + (1 + EWorig1:8)P(8) positia (22)

and
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_ _ (p() +9(@))poiivr  q(@) o posiitl
EWO:erl:N - p(l) p(i)po:zflzwrl 1 p(l)

(p(l) + q(i))po:i:i-i-l EWO N
p(3) "

= bit+c—1+a;+b;EWoin + i EWoim1:n

+

7
— @PO:i—l:H—lEWO:i—l:N;
p(i)

—

*

= a; +b;EWo..n + ci EWo.i—1:n, (23)

~

where a;, b;, ¢; were defined in Lemma [Tl and in (%) we used the fact that

(p(i) + q(i)po:i:iv1  q(i)

bi +c = " — N FO::4
p(0) P!
- . i n—1 (q(k) ) i—1 n—1 ( q(k)
_ p(l) —+ q(’[,) Zn:l k=1 (p(k)) _ @ Zn:l k=1 (p(k))
; i+1 =1 (q(k ) sl -t gk
(i) anl he1 (%) p(i) Zn11 k=1 (%)

% n—1 k 9 k i i—1 n—1 k
S I (58) + 98 S I (48) - g o I (49)
- i+1 n—1 k

hIsiiey § i, (Z(kg)

i n—1 k i —1 k
Zn:l k=1 (ngg) ZEl) Zn zH k=1 (ng )
- i+1 7rn—1 (q(k

Zn:l k=1 (ngg)

N N

i k i+1 =1 (q(k
PO | Vi (ngg) +Hk 1( (k ) pOiey | (Z(kg) _1
i+1 =1 ( q(k) i+l =1 (qk)\
Zn:l k=1 (%) anl k=1 (%)

Equations ([22) and (23) can be written in a matrix form:

EWO:iJrl:N bz C; Qg EWO:i N
EWoin | =11 0 O EWo.i—1:n (24)
1 0 0 1 1

Note that ¢; = — Wi = —2-0 = 0 and

1 n—1 (q(k) a(1)
00 FaWposs _p) e T TR (58) 148 1
1 1 2 n—1 (q(k 1 a®) ’
p( ) p( ) Zn:l k=1 (%) 1+ p(1
thus using ([24)) recursively we obtain
0 EWQ:N:N N-1 bj Cj aj 1 0 a1 EWO:l N
EWon_1n | = | EWon_1N = 1 0 0 10 0 EWo.0.n
1 1 j=2 \0 0 1 0 0 1 1



where Ay is given in Lemma 1] what implies
EWoa.n = —An—1

d' 3
and thus proves (G). Equation (@) follows from the fact that Wy.1.x (distr) Wo.1:: + Wo.i.n (Markov property,
moreover Wo.1.; and Wy.1.; are independent).

O

4.2. Random walk on a polygon

4.2.1. Proof of Theorem [ 1]

Proof of eq. (I1) . Let F; denote the event that at the first time we leave state i (recall, ties are allowed)
we move clockwise. Similarly, let F¥ denotes the event that at the first time we leave state ¢ we move
counterclockwise. We have

N p(i) 1
M= e T T
P(F) = qé) ()

p(i) +q(i) 1 +7(i)
and

P(Ai|F) + ﬂp(/xiw).

P(4s) 14 (i)

1
P(F))P(A|F)) + P(F)P(A;|FF) = ———
(P)P(AIF) + PF)PUAIR) = 1
e For P(A;|F;) we have: we start at i + 1 and we have to reach i — 1 before reaching . This is the

probability of winning in the game G(p,q,%,7 + 1,7 — 1). We thus have

1
P(A|F;) = pisitiio1 = B —
> Il
n=1+1s=i+1

o Similarly for P(A;|Ff) we have: we start at ¢ — 1, and we have to reach ¢ + 1 before reaching ¢ which
corresponds to losing in the game G(p,q,%+ 1,4 — 1,i). We thus have

i—1 n-—1 i—1
> I e Il
(A |FC) =1- Pit1:i—1:4 = =1- = Z+2S 2 Z-S:itf,l 7 11— il 1 ’
S o > T > ()
n=i+2 s=i+2 n=1i1+2 s=i+2 n=i+2 s=n
Finally
P(4;) = : + 7;(1)1 n )
Gy S T re (e 3 H((—>
n=1+1 s=i+1 n=i+2 s=n
1 1
= —+ . )
(147 Z H (1+1() Z H((—)
n=i+1 s=i+1 n=i1+2 s=n
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Proof of eq. (I8). Let us define Ty = inf{t: X; = j — 1V X; = j + 1|Xo = ¢} and consider separately two
cases when at 177 we are at j — 1 or j + 1. The first one corresponds to winning, whereas the second one
corresponds to losing in the game G(p,q,j + 1,4, — 1). The winning probability is

Pji+1::5—1-

In the first case (when we get to the j — 1 before j + 1) vertex j will be the last one if we reach j + 1 earlier
- this can be interpreted as losing in the game G(p,q,j + 1,j — 1, ), what happens with probability:

j—1

Z 11 - I )
:J_ s=j+2 _ s=j+2
2

r(s) Z 1:[ r(s

n=j+2 s=j+2 n=j+2 s=j5+2

1—-pjt15-15 = 1—

In the second case (when we get to the j+ 1 before j — 1) vertex j will be the last one if we reach j — 1 earlier
- this can be interpreted as winning in the game G(p,q,j,j + 1,7 — 1), what happens with probability:

1
Pjj+1:5—1 N E—
> I
n=j7+1s=5+1
Finally:
P(Lij) = (1—=pjt1a:5-1)pjj+1:j—1 + pittiii—1(1 — pig1—1:4)
i n—1 i n—1 -1
> I e > II v 1T 7
B 1— n=j+2s=j+2 1 n= j+2s—j+2 s=j+2
- 7j—1 n—1 j—1 n—1 n—1 J n—1
ST ST S Mo T
n=j+2s=j+2 n=j+1s=j+1 n=j+2s=j+2  n=jt+2s=j+2
Jj—1 n—1 i n—1 j—1
> Il > Il e I 7
_ n=itls=j+2 1 n=j+2 s=j+2 s=j+2
= -1 - T—1 n-1 e j n—1
> I e X ZONED DI | IO RS | IO
n=j+2s=j+2  n=jt+ls=j+1 n=jt+2s=j+2  n=jt2s=j+2

ji:l "1:[1 r(s) ( zz: nI:Il s)) (ﬁ r(s))
+

_ 1 n= H—ls J+2 n=j+2 s= J+2 s=j+2
- Jj—1 n—1
> I Z H > H r(s)
n=j+2s=5+2 n=j+1s=j+1 n=j+2s=j+2
Jj—1 n—1 i n—1
> I v r(s)
_ 1 n=i+1s=5+2 4 n=j+2 s=j+2
- j—1 n— j—1 n-—1 J -1
STl S T ¥ 1.5
n=j+2 s=j5+2 n=j+1s=j5+1 n=j+2s=n
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Proof of egs. {I4), (I8) and (I9) . Let us start with the expectation of V; ; — number of steps to visit all
vertices starting at ¢ when j is the last visited vertex. As earlier, let Ty =inf{t: X; =j — 1V X; = j + 1}.
We have two cases:

o If X7, =j—1 (and j was the last visited vertex) then the expected game time consists of: expected
time to win in G(p,q,j + 1,4, — 1), expected time to lose in G(p,q,j + 1,7 — 1,7) and expected
duration of the game G(p,q,j,j + 1,7). That is:

EWiiii5-1 +EBjy1:j—15 + ETj 414

o If X7, =j+1 (and j was last visited vertex) then the expected game time consists of: expected time
to lose in G(p,q,j + 1,i,j — 1), expected time to win in G(p,q,j,7 + 1,7 — 1) and expected duration
of the game G(p,q,j,7 — 1,7). That is:

EBji1::5-1 + EWjjia-1 + ETjj1

Now, conditioning on Xz,, we obtain:

EVij = pj+1ij-1 (EWjitri—1 + EBjra:j-15 + ETjj41:5)
+(1 = pjt1:ij—1) (EBjs1:4:i—1 + EWjijra-1 + ETjj—1.5) -

Equations (I8)) and (I9)) are simply obtained by conditioning on the states.
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