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MULTIPERMUTATION SET THEORETIC SOLUTIONS OF THE
YANG-BAXTER EQUATION OF LEVEL 2

PREMYSL JEDLICKA, AGATA PILITOWSKA, AND ANNA ZAMOJSKA-DZIENIO

ABSTRACT. We study involutive set-theoretic solutions of the Yang-Baxter equation of multipermu-
tation level 2. These solutions happen to fall into two classes — distributive ones and non-distributive
ones. The distributive ones can be effectively constructed using a set of abelian groups and a matrix
of constants. Using this construction, we enumerate all distributive involutive solutions up to size
14. The non-distributive solutions can be also easily constructed, using a distributive solution and
a permutation. At the end we study left braces giving multipermutation solutions of level 2.

1. INTRODUCTION

The Yang-Baxter equation is a fundamental equation occurring in integrable models in statistical
mechanics and quantum field theory [22]. Let V be a vector space. A solution of the Yang—Bazter
equation is a linear mapping r : V® V — V ® V such that

(ider)(re@id)(ider)=(r®id)(id®r)(r®id).

Description of all possible solutions seems to be extremely difficult and therefore there were some
simplifications introduced (see e.g. [9]).

Let X be a basis of the space V and let 0 : X? — X and 7 : X2 — X be two mappings. We
say that (X,o0,7) is a set-theoretic solution of the Yang—Baxter equation if the mapping = ® y
o(r,y) ® 7(x,y) extends to a solution of the Yang-Baxter equation. It means that r: X2 — X2
where r = (o, 7) satisfies the braid relation:

(1.1) (id x r)(r x id)(id x r) = (r x id)(id x r)(r X id).

A solution is called non-degenerate if the mappings o(x,_) and 7(_,y) are bijections, for all
z,y € X. A solution (X, 0,7) is involutive if r? = idy2, and it is square free if r(z,z) = (z,x), for
every ¢ € X.

Convention 1.1. All solutions, we study in this paper, are set-theoretic and non-degenerate, so
we will call them simply solutions. The set X can be of arbitrary cardinality. We investigate here
mainly involutive solutions.

It is known (see e.g. [38, [I8, [§]) that there is a one-to-one correspondence between (involutive)
solutions of the Yang-Baxter equation and (involutive) biracks (X, o,\o,®,/s) — algebras which
have a structure of two one-sided quasigroups (X, o0,\,) and (X, e, /4) and satisfy some additional
identities (BI)—(E3]). This fact allows one to characterize solutions of the Yang-Baxter equation
applying universal algebra tools.

In [1IL Section 3.2] Etingof, Schedler and Soloviev introduced, for each involutive solution
(X,0,7), the equivalence relation ~ on the set X: for each z,y € X
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rey & r(a)=1(Ly).

They showed that the quotient set X/~ can be again endowed with a structure of an involutive
solution and they call such a solution the retraction of the involutive solution X and denote it
by Ret(X). An involutive solution X is said to be a multipermutation solution of level k, if k
is the smallest integer such that |Ret®(X)| = 1. Since then many results appeared that study
multipermutation solutions, often of a small level. Square-free multipermutation solutions are
always decomposable [35] and several authors gave descriptions of some of these solutions either as
a generalized twisted union [I11 [I4] [5] or a strong twisted union [I6] I8]. We have to say, however,
that this approach brings decompositions only and does not offer a direct way how to construct such
solutions. In our work we bring a simple-to-use way how to construct multipermutation solutions
of level 2 using abelian groups only. Moreover, our approach works for all such solutions, not only
for square-free ones.

It was proved by Gateva-Ivanova and Cameron [I6, Proposition 8.2] that, for an involutive
square-free solution (X,o,7), we have o, = o(x,_) € Aut(X), for all x € X, if and only if the
solution X is a multipermutation solution of level 2. In the language of identities this is equivalent
to (X, 0, \o) being left distributive. It turns out, that this property can be characterized by several
different identities and the equivalence of these identities holds in more general structures. This is
why we in Section 2 study left quasigroups and we establish connections between several identities
of binary algebras.

Given an involutive square-free solution of a multipermutation level 2 and the associated birack
(X,0,\0,9,/s), the algebra (X, 0,\,) turns out to be a medial quandle (see Lemma [3.3]). The struc-
ture of medial quandles was studied in [19] and one of the main results was a construction of medial
quandles based on a set of abelian groups, a matrix of homomorphisms and a matrix of constants.
In Section 3, we adapt the construction to the current context (the matrix of homomorphisms
is actually not needed here anymore) and we generalize it so that it may include all distributive
solutions, not only those square-free ones.

If a solution (X,o0,7) is an involutive multipermutation solution of level 2 and e € X, then
(X,00.!,0.071) is a distributive involutive solution [Theorem [[12]. This phenomenon is a special
case of something called an isotope. In Section 4 we study these special isotopes on the level of left
quasigroups.

In Section 5 we finally get to biracks and we show what results from Section 2 and Section 3
tell us in the world of distributive biracks. Some of these results generalize the latest results by
Gateva-Ivanova [I5]. We then translate the results into the language of solutions of the Yang-Baxter
equation in Section 7. We prove that an involutive solution is of multipermutation level 2 if and
only if it is medial [Theorem [[.6] and we show equivalent properties for distributive solutions of
multipermutation level 2 [Theorem [T7]. We also rephrase how to construct any involutive solution
of multipermutation level 2. Additionally, we present a short direct proof that each abelian group
(of arbitrary order) is an IYB group (Theorem [Z.IT]).

In Section 6 we focus on non-distributive biracks associated to involutive solutions of multiper-
mutation level 2 and the isotopy that transforms them into distributive ones. This way we can
effectively construct all involutive solutions of multipermutation level 2, which is used in Section 8
to enumerate small biracks. Distributive biracks are enumerated up to size 14, for the others of
multipermutation level 2 we give an upper bound only since we lack an easy-to-use isomorphism
criterion.

In the last section we recall the definition of a left brace and we study left braces that give raise
to multipermutation solutions of level 2. We prove that A is, in this case, not only a multiplicative
homomorphism but also an additive homomorphism, generalizing the very same result Gateva-
Ivanova had for square-free solutions only [I5 Theorem 8.2].
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2. LEFT QUASIGROUPS

In this preliminary section we introduce some identities that we shall use throughout the text
and we show a few examples of left quasigroups with such properties.

Definition 2.1. A left quasigroup is an algebra (X, o,\,) with two binary operations: the left mul-
tiplication and the left division respectively, satisfying for every =,y € X the following conditions:

(2.1) zo(z\oy) =y =x\o(z 0Y).

A right quasigroup is defined analogously as an algebra (X, e, /) with two binary operations of
right multiplication and the right division satisfying for every z,y € X the conditions:

(2.2) (y/ex) oz =y = (yoz)/ez.
Condition (2Z1]) simply means that all left translations L,: X — X by z
Ly(a) =z oa,

are bijections, with L;!(a) = z\oa. Equivalently, that for every x,y € X, the equation zou =y
has the unique solution u = L;*(y) in X. Similarly, Condition [2.2]) gives that all right translations
R,: X — X by z; R,(a) = a ez, are bijections with R;(a) = a/sz.

It is obvious that if (X, 0,\,) is a left quasigroup then (X, \o,0) is also a left quasigroup.

The left multiplication group of a left quasigroup (X, o,\,) is the permutation group generated
by left translations, i.e. the group LMIt(X) = (L, : x € X).

Definition 2.2. Let m € N. A left quasigroup (X, o, \,) is called:
o left distributive, if for every x,y,z € X:

(2.3) zo(yoz)=(roy)o(xoz) << LyLy= Lyoyl,
e m-reductive, if for every xg, z1,22,...,Tm € X:

(2.4) (...((zpoxy)omg)...) 0my, = (...((r1022) 0x3)...) 0Ty
o m-permutational, if for every z,y, x1,x2, ...,y € X:

(2.5) (..((xoxy)oxy)...) owpm=(...(yox1)0oxa)...) 0y,
e medial, if for every x,y, z,t € X:

(2.6) (roy)o(zot)=(zoz)o(yot) < Lyoyl, = LyorLy

e right cyclic, if it satisfies the right cyclic law, i.e. for every z,y,z € X:
27) (@a)\e(@\0z) = P\et)o(@\oz) & L3l L7 =Ll Lo' &  LiLa, =LyLy.
e non-degenerate, if the mapping
(2.8) T: X - X; zw2\ox,
is a bijection
e idempotent, if for every x € X
(2.9) rorx=2 & L(z)=z < L '(2)=ux
A left distributive left quasigroup is a rack. Idempotent racks are called quandles.

The condition of left distributivity is well established in the literature. It appeared in a natural
way in such areas as low-dimensional topology — in knot [3] and braid [7] invariants or in the theory
of symmetric spaces [24]. Probably at first it was introduced already at the end of 19th century
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in papers of Peirce [29] and Schréder [37]. Recently, Lebed and Vendramin [23] considered the
condition in the context of solutions of the Yang-Baxter equation.

The property of mediality was first investigated as a generalization of the associative law for
quasigroups (see Murdoch [26] and Sushkievich [39]). It appears also in the characterization of
mean value functions [I]. The first systematic approach to medial groupoids was undertaken by
Jezek and Kepka in [21I]. Idempotency in the theory of the Yang-Baxter solutions is called square-
freeness. Idempotent and medial quasigroups are investigated since the middle of 20th century. In
the wider context, two monographs [34] B3] of Romanowska and Smith are devoted to idempotent
and medial algebras called modes which are present in different branches of mathematics and find
applications in computer science, economics, physics, and biology.

2-reductive groupoids were considered by Plonka as a special case of cyclic groupoids [30]. The
more general m-reductive modes were investigated in [3I] and [32]. In [19] and [20] m-reductive
quandles were characterized.

Right cyclic quasigroups (under the name cycle sets) were introduced by Rump in [35]. He
showed that there is a correspondence between involutive solutions of the Yang-Baxter equation
and non-degenerate cycle sets (see Theorem [5.1).

Finally, Condition (2.5]) was defined by Gateva-Ivanova in [I5] Remark 4.6] to describe multiper-
mutation solutions of the Yang-Baxter equation (see Theorem [[3]). Earlier, Gateva-Ivanova and
Cameron used Condition (24]) (see [I6, Theorem 5.15]). They did not name these properties.

Observation 2.3. Fach m-reductive left quasigroup is m-permutational and each m-permutational,
idempotent left quasigroup is m-reductive.

In this paper we are mainly interested in 2-reductive and 2-permutational left quasigroups. In
particular, a left quasigroup (X, o,\,) is 2-reductive if, for every z,y,z € X:

(2.10) (xoy)oz=yoz < Lyoy =Ly,

and it is 2-permutational if for every z,y, z,t € X:

(2.11) (zox)oy=(tox)oy << L,op = Liog.

Example 2.4. The left quasigroup ({0,1,2,3},0,\,) with the following left multiplication:
[0 1 2

W N = OO0
O NN O
W = W =
SN O N
— W = W W

is a 2-reductive rack and, according to Lemma [B.3] it is medial. In this case Ly = Lo = id and
Ly = L3 = (02)(13).

Example 2.5. Let ({0,1,2,3},0,\) be a left quasigroup with the following left multiplication:

o]0 1 2 3
0|1 0 3 2
113 2 1 0.
211 0 3 2
313 210
Clearly, Ly = Lo = (01)(23) and L; = Ls = (03)(12). One can check that ({0,1,2,3},0,\o) is

both right cyclic and 2-permutational but neither left distributive nor 2-reductive. Additionally,
by Corollary [6.4] ({0,1,2,3},0,\o) is medial.
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For a left quasigroup (X, o,\,), Condition (Z.3]) means that all left translations for every z € X,
are automorphisms of (X, o), i.e. for every z,y,z € X

(2.12) Ly(yoz) = Ly(y) o L (2).

Lemma 2.6. Let (X,0,\,) be a left quasigroup. Then

o (X,0,\o) is left distributive if and only if (X, \o,0) is left distributive.
e (X,0,\o) is 2-reductive if and only if (X, \o,0) is 2-reductive.

o (X,0,\o) is medial if and only if (X, \o,0) is medial.

e (X,0,\o) is idempotent if and only if (X, \o,0) is idempotent.

Proof. If L, is an automorphism, then L;! is clearly an automorphism as well, giving Property
@I2). Furthermore, for every z,y,z € X:

(woy)oz=yoz "Z' (zo(@\y)oz=(a\y)or EF yor=(a\y)oz &

Loy(2) = Ly(z) & L3l ()=L;'(2) & (2\ep)\oz =y\oz ="

(@\o@oy)\oz = (oy)\ozr TR yloz=(oy)oz &

L;l(z) = L;oly(z) & Ly(2) = Laoy(z) & (voy)loz=yoz

Similarly, we can show that for every z,y, z,t € X (see also [33, Exercise 8.6H])
(oy)o(zot)=(zoz)o(yot) <« (#\oy)\o(2\ot) = (2\o2)\o(y\ot)- O

Next examples show that, for right cyclic or 2-permutational left quasigroup (X, o,\,), the left
quasigroup (X, \o,0) does not have to be right cyclic or 2-permutational.

Example 2.7. Let ({0,1,2},0,\5) be a left quasigroup with the following left multiplication and
left division:

\o|

0
1
2

D = O 0
NN =IO
OO Ol
o= DN N
— = =[O
NN O
O O NN

or equivalently, Ly = (01) = Ly', L1 = Ly = (021) and Ly = Ly*' = (012). This left quasigroup
is 2-permutational, but

0=0\o1 = (0\o1)\ol # (1\o1)\ol = 2\o1 = 2.

Example 2.8. Let ({0,1,2,3},0,\o) be a left quasigroup with the following left multiplication and
left division:

0|0 1 2 3 o0 1 2 3
00 1 3 2 0[0 1 3 2
12 310 11320 1,
203 2 0 1 212 310
3/1 0 2 3 3110 2 3
ie. Lo=(23) = Ly', Ly = (0213) = Ly*, Ly = (0312) = L;" and Lz = (01)(23) = L3'. In this

case the left quasigroup is right cyclic, but
2=100=(001)0(000)# (lo0)o(lo0)=202=0.
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Directly from (23] and Lemma we obtain that the left distributivity implies, for every
z,y € X,

(2.13) Lyoy = LyLyLy' and Ly, =L, LyL,.

Note also that, for an arbitrary automorphism a of (X, o), we have
Lo@)(y) = a(z) oy = a(zoa™ (y)) = aLya™ (y).

3. 2-REDUCTIVE RACKS

It is known [I6, Theorem 5.15] that a square-free involutive multipermutation solutions of level 2
is 2-reductive. It turns out that 2-reductivity has connections to other identities presented in
Section 2. We study all these connections on the class of racks which are, after all, an interesting
class itself, having many applications, e.g. in knot theory [I3], [10, Chapter 5. Moreover, we can
apply existing tools, like a construction using affine meshes which is presented in the second half
of this section.

Lemma 3.1. Let (X,0,\o) be a rack. The following conditions are equivalent:
(1) (X,0,\o0) is right cyclic;
(2) the group LMIt(X) is abelian;
(3) (X, \o,0) is right cyclic;
(4) (X,0,\0) is 2-reductive.

Proof. In a rack, by (213]), the conditions (2) and (4) are equivalent:
Ly=Lyoy=L,LyL;' & LyL,=1L,L,
Furthermore, by (2I3) and [2.7) for every z,y,z € X we have:

@\ \o(@\o2) = W\o)\o(y\oz) & Lyl Lyt =Lyt Lt & LoLpy = LyLy.,
&  L,L;'LyL,=L,L,;'L,L, < LyLy=LyL, < LyLyL;'L,=L,L,L,"L,
&  Lyoyly =LyoxLy <& (roy)o(xoz)=(yox)o(yoz),
which completes the proof. O

Corollary 3.2. Let (X,0,\o) be a right cyclic left quasigroup. Then the following conditions are
equivalent:

(1) (X,0,\0) is a rack;

(2) (X,0,\0) is 2-reductive.

Proof. If (X, 0,\o) is a rack then by Lemma Bl it is 2-reductive.
Conversely, by 2-reductivity of the right cyclic left quasigroup (X, o,\,) we have

L:cL:c\oy = LyLy\ox = L:cLy = LyL:c = onny7
which shows that (X, 0,\,) is left distributive. O

Lemma 3.3. Let (X,0,\o) be a 2-reductive left quasigroup. Then the following conditions are
equivalent:
(1) (X,0,\0) is left distributive;
) the group LMIt(X) is abelian;
) (X,0,\o) is right cyclic;
) (X, \o,0) is right cyclic;
) (

(2
(3
(4
(5) (X,0,\0) is medial.



Proof. Let (X, 0,\o) be a 2-reductive left quasigroup. The implications: (1) = (2), (1) = (3) and
(1) = (4) directly follow by Lemma 311
If the group LMIt(X) is abelian then
LaoyLe = LyLy = LyLy,
which gives (2) = (1).
If (X,0,\o) is right cyclic then

LyoyLy = LyLy = LyLy ., = Ly L L.Ly,

z\oy =
and similarly, if (X, \o, o) is right cyclic then
onny = LyomLy = L:BLya

so (3) = (1) and (4) = (1) are proved.

Finally,

Lyoyl, =LyorLy & LyL,=L,L, < L,uL,=L,L,,

which shows that (1) < (5) and completes the proof. O

In [19, Theorem 3.14] David Stanovsky and the authors of this paper presented a general con-
struction of medial quandles. It turned out [19, Theorem 6.9] that the case of 2-reductive quandles
is actually much less complicated because 2-reductive quandles are rather combinatorial than alge-

braic structures. Moreover, the construction of 2-reductive quandles can be easily generalized for
2-reductive racks, as we shall see below.

Definition 3.4. A trivial affine mesh over a non-empty set I is the pair

A= ((Aier, (cigijer),
where A; are abelian groups and ¢; j € A; constants such that A; = ({¢; ; | i € I}), for every j € I.
If I is a finite set we will usually display a trivial affine mesh as a pair ((A4;);er, C'), where
C = (¢ij)ijer is a |I| x |I| matrix.

Definition 3.5. The sum of a trivial affine mesh A = ((A;)ier, (¢i,j)ijer) over aset I is an algebra
(U A4i,0,\o) defined on the disjoint union of the sets A;, with two operations

el
aob=">b+c¢;,
a\ob =b— ¢,
for every a € A; and b € A;.

Theorem 3.6. An algebra (X, 0, \o) is a 2-reductive rack if and only if it is the sum of some trivial
affine mesh. The orbits of the action of LMIt(X) then coincide with the groups of the mesh.

Proof. At first we show that the sum of a trivial affine mesh is a 2-reductive rack with orbits A;,
Z EL{a‘t ac A;, be Aj, c € A, Obviously the equation a o x = x + ¢; ; = b has a unique solution
r=0b—c¢;; € Aj. Furthermore,
(aob)oc=(b+cj)oc=c+cjr=boc,

and

ao(boc)=ao(ct+cip) = (c+cp)+cik=(ctcin) +op=

(b+cij)o(c+cig)=(aob)o(aocc).
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For x € A; and a € A}, we have
Ly(r) =aocx=x+cj € Aj.

Thus the group LMIt(X) acts transitively on A; if and only if the elements ¢ ;, k € I, generate
the group A;.

Now let (X, 0,\s) be a 2-reductive rack, and choose a transversal E to the orbit decomposition.
By Lemma B3] the group LMIt(X) is abelian. Hence for every e € F, the orbit Xe = {a(e) | a €
LMIt(X)} is an abelian group (Xe,+, —,¢e) with a(e) + B(e) = af(e) and —a(e) = a~(e), for
a, 3 € LMIt(X).

Let for every e, f €

Ce,f =eof=L(f) € X[

Since LMIt(X) is abelian, and each o € LMIt(X) is an automorphism of (X, o), we have a(e)of =

Loy (f) = aLea ™ (f) = Le(f) = eo f. This implies that the set
{cerlec B} ={eoflec E} ={ale)o f|aecLMIt(X) e € E} ={La(f) | a € X}

generates the group (X f,+, —, f). This shows that (X, o0,\,) is the sum of the trivial affine mesh
((Xe)ecE; (Ce,f)e,fecr) over the set E.
Finally, let a = a(e) € Xe and b= f(f) € X f with «, 8 € LMIt(X). Therefore we obtain

aob= La(b) = La(e)ﬂ(f) = Leﬂ(f) = Le(f) + /B(f) = Ce,f + b.
So we verified that the sum of ((Xe)eer, (ce,f)e,fer) yields the original rack (X, o,\o). O

Note that the sum of such trivial affine mesh is idempotent if and only if ¢; ; = 0, for each i € I.

Theorem 3.7. Let A = ((Ai)icr, (aij)ijer) and B = ((Bj)icr, (bij)ijer) be two trivial affine
meshes, over the same index set 1. Then the sums of A and B are isomorphic 2-reductive racks
if and only if there is a bijection m of the set I and group isomorphisms ;: A; — By such that

Yj(aiz) = briyx(j), for everyi,j € 1.
Proof. The proof goes in the same way as the proof of [19, Theorem 4.2] for medial quandles in the
case of 2-reductive ones. O
Example 3.8. Up to isomorphism, there are exactly five 2-reductive racks of size 3. They are the
sums of the following trivial affine meshes:

e One orbit: ((Z3),(1)).

Theorems and 3.7 allow us to enumerate 2-reductive racks, up to isomorphism. The numbers
are presented in Table [ in Section Bl

4. 2-PERMUTATIONAL LEFT QUASIGROUPS

Our goal in this paper is to study involutive multipermutation solutions of level 2. In the language
of identities they are 2-permutational, see Theorem This is why we focus on 2-permutational
left quasigroups. In particular, we link them via a permutation to 2-reductive left quasigroups
studied in the previous section. We start with a few auxiliary lemmas.

Lemma 4.1. Let (X,0,\o) be a 2-permutational left quasigroup. Then for every x,y,z € X
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Proof. By ([2I1) and 2II), we have
LLngl(:c)(t) =(yo(z\ox)) ot =(z0(2\ox)) ot =z 0t = Ly(t). O

Lemma 4.2. Let (X,0,\o) be a medial left quasigroup. Then for every x,y,z € X

(1) Loy = LzozLxLz_l;'
(2) Lz\om =L L.L.;

z0z

(3) L,L;'L, = L,L;'L,.
Proof. Directly by mediality we have
LooxLl, = LyozLy and  Lyoy L\ o = Lo\ ou) Lz = Lo L.

Further, by (2.6])
LzozLxLz_lLy = LzomLy = Lzony = LzoyLsz_le = LzozLyLz_lea

which implies
L,L;'L,=L,L;'L,. O

As we noticed in Examples 7] and 28] for right cyclic or 2-permutational left quasigroups
(X,0,\0), the left quasigroup (X,\,,0) need not be right cyclic nor 2-permutational. But under
some additional assumptions, they are.

Lemma 4.3. Let (X,0,\,) be a 2-permutational medial left quasigroup. Then both left quasigroups
(X,0,\0) and (X, \o,0) are right cyclic.

Proof. Let x,y € X. Then

() 239 &I ()
LoLavoy =" Lyo\onr)Lavey = Lyo\om)Laper = Loo@oy)Ly\or = LyLy\or and
@D €9 E&ID €D
LaoyLe "=" LooyLyp\o(yor) = Luoy\o(woa) Ly = Lyo(y\otyor) Ly = LyoxLy. u
Lemma 4.4. Let (X,0,\o) be a right cyclic medial left quasigroup. Then both (X,0,\o) and
(X, \o,0) are 2-permutational.

Proof. We prove the claim first for (X, \o,0) using Lemma Note that Condition (8] for
(X, \o,0) means that for z,y,z € X

—1 -1 _ 7-—1 —1 -1 —1 _r—1
(4.2) Lt = Lt e Ll L', = L)

Hence,

1 @& o, @
Ly\om = Lm\oyLm L, = Lw\om
and the right-hand side does not depend on y. Now, for (X,o0,\,), we notice that substituting
y+— z\oy in ([2.0) we get Lo, = LyLzL;\loy which we use in
(2 _ _ _ _ _
Lyoy = LyoaLyL7' = LyL:Ly! LyL;' = LyL.L L,L7",

where the last equality follows from (X, \,0) being 2-permutational. Again, the right-hand side
does not depend on x, which finishes the proof. O

In the theory of quasigroups (see e.g. [28] Section II1.2]), there is a standard method, called
1sotopy, how to derive a quasigroup from another quasigroup. We do not need this notion here in
the full generality, we shall present here a special case only.
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Definition 4.5. Let (X,0,\,) be a left quasigroup and 7 be a bijection of the set X. Define on
the set X new binary operations:

(4.3) xxy:=xzom(y) = Lyn(y) and
(4.4) 2\oy =71 (2\oy) = 7L (y).
The algebra (X, x, \«) is called the m-isotope of (X,0,\s).
Remark 4.6. It is easy to note that
z# (2\oy) = Lywn 'L (y) =y and
2\u(zxy) =7 Ly Lom(y) = y.

Therefore (X, *, \,) is also a left quasigroup. To obtain the multiplication table of * for a m-isotope
of a finite left quasigroup (X, o,\,), one should permute all columns of the multiplication table of
o using the permutation .

Lemma 4.7. Let (X,0,\s) be a left quasigroup and w be a bijection of the set X. Then the w-isotope
of (X,0,\0) is

(1) 2-reductive if and only if, for every z,y € X,
(4.5) Lp,nty) = Ly,

(2) 2-permutational if and only if, for every x,y,z € X,
(4.6) Lin(z) = Liyn()

(3) left distributive if and only if, for every x,y,z € X,

7)

(4. Lipr)TLe = LemLy,.

Proof. Let (X, *,\«) be the m-isotope of (X, 0,\,). Hence for every z,y,z € X
(xxy)xz2=yxz & L q7(2)=L7(2),
(xxz)xt=(yx2)xt & Ly (7(t)= LLyW(Z)ﬂ'(t),
(wxy)*(xxz)=x%(y*2) <& Lpymlem(2) = Ly pmLem(2) = LymLym(2).
]
Remark 4.8. A left quasigroup (X, o,\o) is 2-permutational if and only if (X, o,\,) satisfies Con-
dition (6] for a bijection 7 of the set X. Indeed, for every z,y € X we have

2w 1(2)
Liww(z) = Liynzy = Lia(z) = Ly (o)
Lemma 4.9. Let (X,0,\,) be a 2-reductive left quasigroup and o be a bijection on the set X. Then
the o-isotope of (X,0,\o) is a 2-permutational left quasigroup.

Proof. By Lemma [£7)2) it is sufficient to show that the p-isotope of (X, o0,\,) satisfies Condition
#4). For z,y,z € X we have

I I
Loy = Loty = Lir.ow)

which finishes the proof. U

The idea of the next theorem is the following: we already know how to construct 2-reductive
racks, using the construction from Section 3. Now, according to Lemma 4.9 p-isotopes of these
2-reductive racks are 2-permutational. And we want these p-isotopes to be right cyclic.

10



Theorem 4.10. Let (X,0,\o) be a 2-reductive left quasigroup and o be a bijection on the set X
such that for every x,y € X

(4.8) Lyw)oLe = LoywyoLy < Vz€X o(y)oo(zoz)=o(x)ooyoz).
Then the o-isotope of (X,0,\o) is a 2-permutational right cyclic left quasigroup.
Proof. Let (X,*,\.) be the g-isotope of (X,0,\,). By Lemma 9] (X,x*,\,) is 2-permutational.
Further, Condition (4.8]) is equivalent to the following one:
-1 —17-1 _ ;-1 _—17-1

(4.9) Ly 0 Loy = Ly 07 Ly
Substituting = by ¢~ !(x) and y by 0~ !(y) in (@) we obtain:

-1 —17-1 -1 —17-1
(4.10) Lo Ly =L 0 Ly
Together with Lemma this implies that for x,y,z € X

(#\e)\s(2\s2) = 0L () \wo ' L (2) = 07 'L ol (z) B

o 1L ()
1 1 em 4, 1y— (2 00)) R
e 1LQ*11(x)Q ILL;I(y)(z) = 0 1Lg}1(m)9 lLyl(Z) = 0 IL 11
EID g,

L L@ TS 0T 0T Ly () = 0T L )\ () =
(1\«2)\x(y\42),
which shows that the left quasigroup (X, *, \«) is right cyclic. O

On the other hand, each 2-permutational medial left quasigroup has as an isotope that is a
2-reductive rack.

Theorem 4.11. Let (X,0,\,) be a left quasigroup and 7 be a bijection on the set X which satisfies
Condition [@B) and such that for each z,y € X

(4.11) LymLy = LyrL,.
Then the m-isotope of (X,0,\o) is a 2-reductive rack.

Proof. Let (X,x*,\.) be the m-isotope of (X,0,\o). By Lemma [L7(1), (X,*,\«) is 2-reductive.
Moreover, for x,y € X we have

Lypnle = Ly, "2 LoxL,.

By Lemma [L.7(3) the left quasigroup (X, *,\) is left distributive, and in consequence 2-reductive
rack. O

Corollary 4.12. Let (X,0,\o) be a 2-permutational medial left quasigroup and e € X. Then the
L -isotope of (X,0,\o) is a 2-reductive rack.

Proof. By Lemmas LT and FL2] for each x,y € X
Ly vy =Ly and LoLi'Ly=LyL; Ly,

which shows that Conditions ([@F) and (@II]) are satisfied for 7 = L_!. Corollary follows by
Theorem 111 O

Example 4.13. Let (X,0,\,) be the 2-permutational medial left quasigroup from Example
and let e = 0. Then (X, *,\.), with z xy = 2 0 Ly *(y) and 2\.y = Lo(x\oy), is a 2-reductive rack
with the *-multiplication table presented in Example 2.4l

The next example shows that the assumption of mediality in Corollary [4.12]is not always needed.
11



Example 4.14. Let ({0,1,2},0,\,) be a left quasigroup with the following left multiplication:

ie. Lo =Ly = (12) and Ly = (012). This left quasigroup is 2-permutational, but not medial
0=000=(000)o(100)# (001)o(000)=200=1.
But for 7 = Ly ' = (12) Condition (@I is satisfied and the 7-isotope of ({0,1,2},0,\o)

is 2-reductive rack ((Zz2,Z), (9 8))-

It is worth emphasizing that all results from Sections 2] — [ established for left quasigroups are
also true for right quasigroups, when using their dual versions.

5. LEFT DISTRIBUTIVE BIRACKS

In the previous three sections we prepared tools that we shall be now using on biracks — universal
algebraic incarnations of set-theoretic solutions of the Yang-Baxter equation. Originally, biracks
are algebras studied in low-dimensional topology [12| [10]. The equational definition of a birack we
use here was given first in [38].

Definition 5.1. An algebra (X, o, \o, e, /o) with four binary operations is called a birack, if (X, 0, \o)
is a left quasigroup, (X, e, /,) is a right quasigroup and the following holds for any x,y, z € X:

(5.1) o (yoz) = (oy)o((zey) o),
(5.2) (zoy)e((wey)oz) = (ze(yoz)o(ye2),
(5.3) (roy)ez=(ze(yoz)e(ysx).

We will say that a birack (X,0,\.,e,/s) is left distributive, if (X,0,\,) is a rack, is right dis-
tributive, if for every x,y,z € X

(y.Z).{I}:(y.x).(Z.{E)7

i.e. the right quasigroup (X,e, /) is right distributive. The birack is distributive if it is left and
right distributive. It is evident that all properties of left distributive biracks stay true in its dual
form for right distributive ones.

Lemma 5.2. Let (X,0,\o,®, /o) be a birack. The following is equivalent:

(1) (X,0,\0,®,/e) is left distributive;
2) (X,0,\0,®,/s) satisfies, for every z,y € X,

(

) L, = Lmoy§
(3) (X,0,\0,®,/s) satisfies, for every x,y € X,
)

Ly =Ly,
12



Proof. Indeed, by (51) we have for z,y,z € X
(oy)o(zoz)=xzo(yoz) < (zoy)o(roz)=(xoy)o((zey)oz) <«
rxoz=(rey)oz & Ly = Lyey.
Additionally, by (22]), substituting of = by x/ey in (5.4]) we immediately obtain
Ly =Lgy,y
Similarly, substituting of 2 by = e y in (5.5]) we have
Lyey = Ly. O

Analogously we can show that

Remark 5.3. Let (X,0,\,,9,/s) be a birack. The following is equivalent:

(1) (X,0,\0,®, /) is right distributive;
(2) for every z,y € X, Ry = R\ ,;
(3) for every z,y € X, R, = Ryo,.

Example 5.4. Let X be a non-empty set and let f,g: X — X be two bijections with fg = gf.
An algebra (X, o0,\o, e, /e) such that for every z,y € X,

zoy=fly), z\oy=["(v),
zey=yg(x), z/ey=g '(x)

is a birack called 1-permutational (since both quasigroups are l-permutational). If f,¢g = id, 1-
permutational birack is called a projection birack.

Each 1-permutational birack is left distributive, since for every z,y,z € X
zo(yoz)=LyLy(z) = f2(z) = LyoyLy(2) = (z0oy)o (w0 2).

A birack is idempotent if both one-sided quasigroups (X, o,\,) and (X, e, /s) are idempotent.
And a birack is involutive if it additionally satisfies, for every =,y € X:

(5.6) (zoy)o(rey)=u,
(5.7) (zoy)e(zey) =y.
Note that Conditions (5.6]) and (B.7) give, for every z,y € X,
(5.8) zoy=Ly(r)=(zoy\or and woy= Ry (y) =y/s(rey).

It follows then, that an involutive birack is idempotent if (X,0,\s) or (X,e, /) is idempotent.
We shall see (Corollary [5.9]) that an involutive birack is left distributive if and only if it is right
distributive.

The next, well known result (see [35, Proposition 1], [8, Proposition 1.5, [20, Section 4.2]) is
crucial for our considerations.

Theorem 5.5. An algebra (X,0,\o, e, /o) is an involutive birack if and only if (X,0,\o) is a non-
degenerate right cyclic left quasigroup.

Recall, if (X, 0,\,) is a non-degenerate right cyclic left quasigroup then defining for every x,y €
X,zey =Ry(x) = (xoy)\ox, and z/4y = R;l(:r), the algebra (X, o0,\o,e, /e) is an involutive
birack.
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Remark 5.6. Conditions (5.1) — (5.3) and (5.6) — (5.7) are dual with respect to operations o and
e. Thus Theorem immediately implies (see [8], [35] or [20, Section 4.2]) that in an involutive
birack (X, 0, \o,®, /e), the right quasigroup (X, e, /4) is non-degenerate and left cyclic i.e. for every
z,y,z € X
(zez)e(yex)=(z0y)e(rey),
and the mapping
S: X = X; z—x/ex

is a bijection. Moreover (see [35] and [20, Section 2]), operations \, and /e are connected by

(@\ot)/e(x\ow) =z and (x/ex)\o(z/ez) =z,
which is equivalent to the fact that the mappings S and T: X — X;x +— x\o,x are mutually inverse.
It simply means that each involutive birack is a biquandle (see [38]).

An involutive birack (X, o, \o,e, /e) is 2-reductive if the left quasigroup (X, o,\,) is 2-reductive.
By Theorem and Corollary we directly obtain the following.

Corollary 5.7. An involutive birack is left distributive if and only if it is 2-reductive.

From now on, we will use both terms: a (left) distributive involutive birack and a 2-reductive
involutive birack, interchangeably.

In some cases in a birack (X, 0,\o, e, /), the left multiplication o and the right multiplication e
are mutually inverse, i.e. for every z,y € X, the following condition is satisfied:

(5.9) (roy)ex=y==zxzo(yex) < L,=R,

Condition (0.9 was called Iri in [I8], Definition 2.17].

For example, Condition (5.9)) is satisfied in idempotent involutive biracks [18, Corollary 2.33].
Moreover, Gateva-Ivanova showed that also 2-reductive involutive biracks satisfy this condition.
Below we present a shorter alternative proof of this fact.

Lemma 5.8. [I5, Lemma 7.1] An involutive 2-reductive birack satisfies Condition (5.9]).

Proof. Let (X,0,\o,®,/s) be an involutive 2-reductive birack. Then, for each z,y € X we obtain

zo(yex) @xoL;olm(y) B oL ) = w0 (\ey) By

and
G ;1
(.Z' ° y) °r = L(woy)ox

(zoy) e L'Ly(y) = v. O

Corollary 5.9. An involutive birack (X,0,\o,®, /s) is left distributive if and only if it is right
distributive, i.e. for every x,y € X
L,=1Lsy < R.,=R,.,
L, = Lm/.y 4 R, = Ryox.

and

Hence, an involutive left (or right) distributive birack is distributive.

Proof. By Corollary 5.7l an involutive left distributive birack is 2-reductive and by Lemma [(.8] it
satisfies Condition (5.9). Hence, for every x,y € X, we have:

_ -1 _ 7—-1 _r—1 _ -1 _
R.=Ry.. © L'=LL =Lg =L, & Li=Luwy, and
o -1 _ 7-1 -1 -1 _
Re=Ryr & L'=Lp,=Lph, =L, & Lo=Ly,

14



The proof in the opposite direction follows by the fact that a right distributive right quasigroup
satisfies dual 2-reductive law, and in consequence it also satisfies Condition (£.9]).
O

Moreover, if (X, 0,\o,®, /) is an involutive distributive birack then the left quasigroup (X, o, \,)
and the right quasigroup (X, e, /,) are mutually orthogonal, i.e. for every a,b € X, the pair of
equations

a=zoy and b=z ey
has a unique solution: & = aob and y = b\,a. Indeed, by Corollary 5.7 the left quasigroup (X, o, \o)
is 2-reductive. Therefore, we have
xoy=(aob)o(b\oa)= LaobLb_l(a) = LbLb_l(a) = a.
Further, by Lemma 5.8 z ey = y\oz and x/,y = y o . Hence,

rey=(aob)e(bloa) = (B\oa)\o(aod) = Ly La(b) B L7 Ly(b) =b.

Since by Corollary 57, for an involutive distributive birack (X,o,\,e, /s), the left quasigroup
(X,0,\o) is 2-reductive, Theorem immediately implies

Theorem 5.10. Each involutive distributive birack (X, 0,\o, e, /s) is a disjoint union, over a set
I, of abelian groups A; = ({a;; | i € I}), for every j € I, with operations:
roy=y+a;; and x\oy=y—a,j,
zoy=(roy)\ox =y +aij)\or=2—a;; and z/oy=2x+aj;
forx € Aj and y € A;.
Taking the notion from 2-reductive racks, we will shortly say that the birack (X, o0,\o,e, /) is

the sum of a trivial affine mesh A = ((Ai)icr, (as)ijer) over a set I. Note that each orbit is a
1-permutational birack.

Let (X,0,\o,®,/s) be a birack. Etingof, Schedler and Soloviev defined in [II] the relation
(5.10) a~b & Ly,=L, & VreX aox=bou.

By their results, the relation ~ is a congruence of involutive biracks, i.e. an equivalence relation
on the set X preserving all four operations in a birack (X, o, \,,®, /s). In the case of non-involutive
biracks, the equivalence ~ need not be a congruence (see |20, Example 3.4]) but it is so if the birack
is left distributive.

Theorem 5.11. Let (X,0,\o,e,/s) be a left distributive birack. Then the relation (BIQ) is a
congruence of (X,0,\0,9, /e).

Proof. By [21), (213) and (5.4) the proof is straightforward. Let a ~ z and b ~ y. Then

Laop = LaLbLgl = LxLyL51 =Lzy = aob~uwoy,

La\ob e L'LyL,=L'L,L, =L
GD

oy a\ob ~ $\Oy7

Loey = La:Lx:L:coy = a.bN‘T.yy
G2D) @D
La/.b = L(a/.b)ob = Lo=1L; = L(x/.y).y = L:c/.y = a/.b ~ $/.y. ]
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Example 5.12. Let (X,0,\o,®,/s) be an involutive distributive birack. By Theorem .10 the
birack (X, 0, \o, e, /) is the sum of a trivial affine mesh ((A4;)icr, (¢i ;)i jer) over aset I. For a € A;
and b€ A;

a~b & Vkel VeeA, z+c¢r=aox=borx=x+c, & Vel cp=cjp
Lemma 5.13. Let (X,0,\o,9,/s) be a left distributive birack. Then the quotient (X/~,0,\c,®, /s)

is idempotent. If additionally, (X,0,\o,e,/s) is involutive, the quotient (X/~,0,\s,®,/s) is a
projection birack.

Proof. By the left distributivity and (&.4)), for every z,y € X,
T~ T Y.

Furthermore,
Lx = LmLmLm_l — onma
which shows that  ~ x oz and (X/~,0,\o,e, /s) is idempotent.
If a left distributive birack (X, o, \o,®, /) is involutive then, by Corollary B.7 it is 2-reductive.
In consequence, x oy ~ y, which finishes the proof. O

For an involutive solution of the Yang-Baxter equation, Gateva-Ivanova considered in [I5], Defi-
nition 4.3] the Condition () which in the language of biracks means that

(%) VeeX dacX aox=u.

It is evident, that each idempotent birack satisfies Condition (). On the other hand involutive
distributive biracks without fixed points are examples of biracks which do not satisfy the condition.
The representation of involutive distributive birack as the sum of a trivial affine mesh allows one
to verify quickly Condition ().

Remark 5.14. Let (X, 0,\o, o, /o) be an involutive distributive birack. By Theorem[BEI0] (X, 0, \o, e, /s)
is the sum of a trivial affine mesh ((A4;)icr, (¢ij)ijer) over a set I. Then (X, o,\o,e, /) satisfies
Condition (x) if and only if

Viel VexeA, Jjel JacAj aocx=ax+c;=2 & Viel Jjel ¢;=0.

Remark 5.4 says that an involutive distributive birack satisfies Condition (x) if and only if in
each column in the matrix of constants there is at least one 0.

Example 5.15. Let a birack (X, o0, \o,9, /e) be the sum of the trivial affine mesh ((Z4,Z4), (3 2)).
Then (X,0,\o,e,/s) is distributive but does not satisfy Condition (x). This birack is also not
1-permutational.

By Observation[2.3]we have that each idempotent m-permutational left quasigroup is m-reductive,
for arbitrary m € N. The same is also true for m-permutational left quasigroups which satisfy Con-
dition (x) (see also [I5, Proposition 4.7]).

Lemma 5.16. Let (X,0,\,) be a left quasigroup which satisfies Condition (x) and m € N. Then
(X,0,\0) is m-permutational if and only if it is m-reductive.

Proof. We have only to prove that each m-permutational left quasigroup which satisfies Condition
(%) is m-reductive. But it is evident. By Condition (%) for each x € X there exists a, € X such
that a, o x = x. Then for every xg,x1,x2,...,2y; € X we have:

(...(($00$1)0$2)...)O$m@(...((axlO$1)O$2)...)O$m:(...(($10$2)03§‘3)...)O$m,

which completes the proof. O
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6. 2-PERMUTATIONAL BIRACKS

Lemma B I3shows that, for each involutive distributive birack, its quotient by the relation (510
is a projection birack. There are also not distributive involutive biracks such that the quotient is a
1-permutational birack.

Example 6.1. Let (X ={0,1,2,3},0,\o,e, /s) be the following involutive birack:

o]0 1 2 3 e|0 1 2 3
0[1 0 3 2 03 1 3 1
113 210 112 0 2 0,
211 0 3 2 211 313
313210 3]0 2 0 2

i.e. L() = L2 = R1 = R3 = (01)(23) and Ll = L3 = R() = R2 = (03)(12) Example
shows that the birack (X, o,\,e,/s) is not left distributive, but the left quasigroup (X,o,\o) is
2-permutational. Clearly, the quotient (X/~,0,\, e, /s)

o |0/~ 1/~ o |0/~ 1/~
0/~ |1/~ 0/~ 0/~ 1/~ 1/~.
1~ | 1/~ 0/~ 1/~ | 0/~ 0/~

is a l-permutational, but not a projection birack.

Definition 6.2. An involutive birack (X, o0,\o,e, /s) is 2-permutational (medial) if the left quasi-
group (X, o0,\o) is 2-permutational (medial).

Proposition 6.3. An involutive birack is 2-permutational if and only if it is medial.

Proof. Let (X,0,\o,e,/s) be an involutive 2-permutational birack. Since the relation (L.I0) is a
congruence of an involutive birack then by (1] and 11 for every z,y,z € X we have:

2oty = 2\o(@ 0 (2\oy)) ~ 2\o(2 © (2\oy)) = 2\oy,

which implies
Lavoy = Loy
By Theorem [5.5] the left quasigroup (X, o,\o) is right cyclic. Hence for x,y,a,b € X we obtain

LoLowy = LoLovy & LyLy o = LyLy,...

a’\oy x\Oy y\ox
Substitution of x by bo x and y by a oy gives that the birack (X, o,\o,e, /s) is medial

LboxLy:LaoyLm = Lbony-

Lemma [£4] completes the proof. ]

Rump showed in [35, Theorem 2] that each finite right cyclic left quasigroup is non-degenerate
(see also |20, Proposition 4.7]). Therefore, directly by Theorem [5.5] and Proposition [6.3], we obtain

Corollary 6.4. Fach finite 2-permutational right cyclic left quasigroup is medial.
But the following question is still open.
Question 6.5. Is it true that every infinite 2-permutational right cyclic left quasigroup is medial?

Corollary 6.6. An involutive 2-permutational birack (X,0,\o,®, /s) is distributive if and only if
the quotient (X/~,0,\c,®, /e) is idempotent.
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Proof. By Proposition [6.3]the birack (X, o0, \o, e, /¢) is medial. Let (X/~,0,\o,®, /o) be idempotent.
This implies that for each z € X, x ~ 2 o x. Therefore, by Lemma [L.2] for every e,z € X,

Leox = LeoeL:cLe_l = LeL:cLe_l'
Lemma [5.13] completes the proof. O

In Section 4 we presented the notion of a m-isotope. This construction allows us to tie distributive
and 2-permutational biracks.

Theorem 6.7. Let (X,0,\o,9,/s) be an involutive birack and 7 be a bijection on the set X. We
define the following four operations on the set X:

zxy:=Lym(y) and 2\.y:=7 'L;'(y),

xT

roy = ﬂ_lejl(x) =y\«x and /oy :=Lym(z) =y=*x.

Then,
(1) if m satisfies Conditions ([&D) and (AII), then (X, *,\«, 0, /o) is a distributive involutive
birack;
(2) if (X,0,\0,9,/e) is distributive and 7 satisfies Condition (L), then (X, *,\x,0,/s) is a
2-permutational involutive birack.

Proof. By Remark [L5] (X, , \«) is the w-isotope of (X, 0,\,). Further, for every x,y € X

(y/om)ox = (zxy)ox =a\i(rxy) =y,
and

(yoz)/or = (2\sy)/or =z * (x\sy) =y,
which implies that (X, 9, /,) is a right quasigroup.

By Theorem [5.5] the left quasigroup (X, o,\,) is right cyclic and non-degenerate. It means that
the mapping
T:X = X; xw— L Yz) =1\,

is a bijection. This implies that the mapping

T X - X; zer L7 N(z) =2\,
is a bijection, too. This proves that the left quasigroup (X, *,\s) is non-degenerate.

(1) Let 7 satisfy Conditions (£3]) and (£I1). By Theorem .11l the left quasigroup (X, x*,\.) is
a 2-reductive rack. Finally, Corollary 5.1 implies that (X, *,\.,©, /o) is an involutive distributive
birack.

(2) Let (X,0,\o,®,/s) be distributive and 7 satisfy Condition (£J]). By Corollary B.7 and
Theorem [0 (X, *, \«) is a 2-permutational right cyclic left quasigroup. Hence, by Theorem [5.5]
(X, *,\«, 9, /o) is a 2-permutational involutive birack. O

Note that for the involutive birack (X, *, \«, ¢, /o) constructed in Theorem [6.7], the left quasigroup
(X, *, \«) is the m-isotope of the left quasigroup (X, o, \). Thus this justifies the following definition.

Definition 6.8. Let (X, x,\.,¢, /o) and (X, 0,\o,®,/s) be two involutive biracks. The birack
(X, %, \«, 9, /o) is a m-isotope of (X,0,\o,e, /e) if, for some bijection 7 of the set X, the left quasi-
group (X, *,\,) is the m-isotope of (X,o0,\,).

Let an involutive birack (X, *,\«,©, /o) be a m-isotope of an involutive birack (X,o,\,,e, /), for
some bijection 7 of the set X. Then (X, x, \«, ¢, /) satisfies Condition ([5.9]). Moreover, if the birack
(X,0,\0, 9, /e) is finite, then the multiplication table of % is obtained by a permuting columns of
the multiplication table of o and the multiplication table of ¢ is obtained by a permuting rows of
the multiplication table of e.
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Example 6.9. Let ({0,1,2,3},0,\c,9,/s) be the 2-permutational involutive birack with its left
quasigroup ({0,1,2,3},0,\s) from Example Then, by Proposition and Example [£.13], the
Ly Hisotope ({0,1,2,3}, %, \s,0, /o), with 2+ y = 2 0 Ly ' (y), #\sy = 00 L7 (y), zoy =00 L (x)
and /0y =y o Ly () is an involutive distributive birack with the *-table presented in Example

24

Example 6.10. Let ({0,1,2,3},0,\0, 9, /e) be the distributive involutive birack with the left quasi-
group ({0,1,2,3},0,\o) defined in Example 241 Note that the permutation 7 = (01)(23) satisfies
Condition (£8). Then constructing the m-isotope of ({0,1,2,3},0,\s,9,/s) we obtain the birack
({0,1,2,3}, %, \«, ¢, /o) with the x-table presented in Example

Note that different choices of a bijection in Theorem may give non isomorphic biracks.

Example 6.11. Let ({0,1,2,3,4},0,\,9,/s) be the 2-permutational involutive birack with mul-
tiplication o

o0 1 2 3 4
0/0 2 1 4 3
113 2 1 0 4
214 2 1 3 07
310 2 1 4 3
410 2 1 4 3

i.e. Lo =Lz = Ly=(12)(34), Ly = (03)(12) and Ly = (04)(12). Then L; '-isotopes, for i € {0,1},
of ({0,1,2,3,4},0,\0,9, /e) have the following multiplication tables of x;

% 0 1 2 3 4 10 1 2 3 4
00 1 2 3 4 04120 3
11312 4 0 1101 2 3 4
214 1 2 0 3 and o g g 9 4 -
3101 2 3 4 314120 3
4101 2 3 4 4014120 3

Both isotopes are distributive. It is clear that these two biracks are not isomorphic, as the Ly L
isotope is idempotent, whereas the Ll_l—isotope is not.

Example 6.12. In Example[6. 10/ we showed that the birack ({0, 1,2, 3}, *, \«,©, /o) with the *-table
presented in Example2.5lis the m-isotope, for 7 = (01)(23), of the distributive birack (X, o, \o, ®, /4)
with the left quasigroup (X,o,\s) defined in Example 24l Nevertheless, there is another choice
of a permutation that yields another birack. If we take v = (0123) then this v satisfies Condition
([£3]) as well and we obtain the involutive birack with multiplication :

¥1/0 1 2 3
0|1 2 3 0 1 1

. Ly=Ly,=R; =R, =(0123)
113 0 1 2 or in other words 0 2
511 2 3 0 L =Ly =R;' =R;" = (3210)
313 01 2

which is clearly not isomorphic to the birack ({0,1,2,3}, %, \«,©, /o).

Theorem below shows that each 2-permutational involutive birack originates from an involutive
distributive birack.

Theorem 6.13. Fach 2-permutational involutive birack is a mw-isotope of a distributive one, for

some bijection .
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Proof. Let (X,0,\o,9,/s) be a 2-permutational involutive birack. By Proposition [6.3] the birack
(X,0,\0,9,/s) is medial. Now let e € X and (X, *, \«,, /o) be the L -isotope of (X,0,\., e, /e).
By Corollary and Theorem [67] (X, *, \«, ¢, /o) is a distributive involutive birack.

Let o = L.. By Lemma[42)3) we have for each z,y,z € X

o(y) * o(wxz) = Ly L' LeLo L7 (2) = Ly (yyLa L' (2) = Ly () LyLz ' Lo L7 (2) =
LieyLaly ' LyL; " (2) = Ly (o) LyL; ' (2) = Ly, (s)Le ' LeLy L7 (2) = o(x) * o(y * 2),

which shows that the left quasigroup (X, *, \.) satisfies Condition (L8]), for ¢ = L..
Moreover, for each z,y € X

zx0(y) = LyL;'Le(y) =zoy and o '(z\sy) = L. 'L L' (y) = 2\oy,
0 (W\ew) = L' Lo Ly M (2) = y\ox and  yx o(zx) = LyL, ' Le(z) = you,

which shows that (X, 0, \o, e, /e) is the L-isotope of the involutive distributive birack (X, *, \«, <, /o).
]

At the end we collect some useful facts about bijections satisfying Conditions ([A5]) and (LS]).

Remark 6.14. Let (X,o0,\o,®,/s) be an involutive birack and let p be a bijection on the set X
which satisfies Condition (48]). Then, for every =,y € X,

z~y e o)~ oy).
Indeed, by Definition we have

@3
r~Yy & L, = Ly = Lg(y)QLm = LQ(:(:)QLy = LQ(I)QLQU = Lg(x) = Lg(y) = Q(l‘) ~ Q(y)

On the other hand,

@3
o(x) ~o(y) & Low) =Low) = Low)0Le = Low)oLy = LoyyoLy = La=Ly & x~y.

Remark 6.15. Let (X,0,\,,e,/s) be a 2-reductive involutive birack. By Lemma [L7](1), 7-isotope
of (X,0,\0,9,/s) is 2-reductive if and only if L; ., = Ly, for every z,y € X. Since

Liny "2 Ly,
this shows that the m-isotope of a 2-reductive involutive birack (X,o,\o, e, /e) is 2-reductive if and
only if for every x € X
(6.1) L) = Ls.
If = happens to be an automorphism of the left quasigroup (X, o,\,), then
Lo =Ly =nLlym' & wLly = L,m.

Hence, in this case the m-isotope of (X, 0,\o, e, /s) is 2-reductive if and only if the automorphism
m commutes with each left translation. In particular, the m-isotope is 2-reductive for any choice
m=L.orm=L_! withe€ X.

Note that even for a distributive involutive birack (X, o,\.,e,/s) and 7 being an automor-
phism of the left quasigroup (X, o,\o), the m-isotope does not need to be isomorphic to the birack
(X,0,\0,9,/s); consider, e.g., Example 612t both permutations (01)(23) and (0123) are actually
automorphisms of the 2-reductive involutive birack.
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7. SOLUTIONS

As it was written in Section 1, each non-degenerate (involutive) solution (X, o, 7) of the Yang-
Baxter equation yields an (involutive) birack (X,o,\o,®, /s). And conversely, if (X,0,\o, e, /o) is
an (involutive) birack, then defining

r(a,y) = (o(z,9), 7(2,y)) = (xoy,x e y) = (Lu(y), Ry(2)),

we obtain a non-degenerate (involutive) solution (X, L, R) of the Yang-Baxter equation.

Such an equivalence allows us to treat each non-degenerate (involutive) solution as a birack and
formulate results from Sections Bl and @ in the language of solutions. In particular, 1-permutational
birack corresponds to a permutation solution and the projection birack corresponds to the trivial
solution.

Etingof et al. reasoned that the quotient set X/~ by the relation (5.I0]), has a structure of
an involutive solution (X/~,7,7) with &(z/~,y/~) = o(z,y)/~ and T(x/~,y/~) = 7(x,y)/~ for
x/~,y/~€ X/~ and x € x/~,y € y/~. They called such solution the retraction of (X,o,7) and
denoted it by Ret(X, o, 7). The birack corresponding to the retraction solution Ret(X, o, 7) is the
quotient birack (X/~,0,\,®, /s).

Among involutive solutions, an important role is played by multipermutation solutions, see e.g.
[5l 16, [40]. Let (X,o,7) be an involutive solution. One defines iterated retraction in the following
way: Ret’(X,0,7) := (X,0,7) and Ret*(X, 0, 7) := Ret(Ret*~1(X,0,7)), for any natural number
k > 1. A solution (X,o,7) is called a multipermutation solution of level m if m is the least
nonnegative integer such that

|[Ret™(X,0,7)| = 1.

In the language of an involutive birack (X,o,\o,e, /e) this means that applying m times the
congruence ~ to the subsequent quotient biracks, one obtains the one-element birack.

Let us consider (X/~,0,\s,®, /), the quotient birack of (X, o, \,, ®, /o) and denote it by Ret(X, o, o).
Let Ret’(X,0,8) := (X,0,e) and Ret?(X,0,e) := Ret(Ret*"!(X,0,e)), for any natural number
k> 1.

Definition 7.1. An involutive birack is a multipermutation birack if there exists a positive integer
m such that Ret™ 1(X, 0, e) is a I-permutational birack. A birack of (X,o0,\,e,/s) is called a
multipermutation birack of level m if m is the least nonnegative integer m such that

[Ret™(X,0,0)] = 1.
A birack (X, 0, \o,e, /e) is irretractable if Ret(X,0,8) := (X, 0,e), i.e. ~ is the trivial relation.

Observation 7.2. [I7, Section 3] Let |X| > 2. A square-free solution (X,o0,7) is a multipermuta-
tion solution of level m if and only if Ret™ (X, 0,7) is a trivial solution.

Theorem 7.3. [15, Proposition 4.7] Let (X,o0,7) be a solution and |X| > 2. (X,0,7) is a mul-
tipermutation solution of level 0 < m if and only if Condition (23] holds for the corresponding
birack (Xv O, \07 e, /.)

Definition 7.4. An involutive solution is distributive (2-reductive, 2-permutational, medial, re-
spectively), if it corresponds to a distributive (2-reductive, 2-permutational, medial, respectively)
involutive birack.

Fact 7.5. [16l Proposition 8.2, [15, Proposition 4.7] A square-free involutive solution (X, o,T) is
multipermutation of level 2 if and only if it is distributive. In this case it has an abelian permutation
group {(o,: x € X). More generally, if an involutive solution satisfies Condition (x) then it is a

multipermutation solution of level 2 if and only if it is 2-reductive.
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By Corollary 5.7, Proposition [6.3, Corollary [6.6land Theorem [(.3], we can generalize some results
given in [I8] [16] [15].

Theorem 7.6. Let (X,0,7) be an involutive solution. Then

(1) (X,0,7) is a multipermutation solution of level 2 if and only if it is medial.
(2) If (X,0,7) is distributive then it is a multipermutation solution of level 2.

Theorem 7.7. Let (X,0,7) be an involutive solution. The following conditions are equivalent:
(1) (X,0,7) is distributive,
(2) (X,0,7) is 2-reductive,
(3) Ret(X,0,7) is the trivial solution.

By Theorem [5.10] we can completely describe all involutive distributive solutions.

Theorem 7.8. Fach involutive distributive solution (X, o,7) is a disjoint union, over a set I, of
abelian groups A; = ({a;j | i € I}), for every j € I, with

(7.1) o:(y) =y +a;; and 7y(z)=2x—aj;
where x € A; and y € Aj.

By Corollary each involutive distributive solution satisfies Condition stu, introduced in [I8],
Definition 5.1], which means that it is trivially a strong twisted union of abelian groups A;.

Example 7.9. Let I be a (finite or infinite) index set and let A;, for i € I, be cyclic groups. Let
(@i j)ijer be constants such that a; ; € Aj, for all 4,5 € I, and, for each j € I, there exists at least
one i € I, such that a; ; is a generator of the group A;. Then (|J A4;,0,7), with o and 7 defined in
1)), is an involutive distributive solution.

We can construct all distributive solutions of size n using the following algorithm:

Algorithm 7.10. Outputs all distributive solutions of size n:
(1) For all partitionings n = ny +ng + - - - +ny do (2)-(4).
(2) For all abelian groups A, ..., Ay of size |4;| = n; do (3)—(4).
(3) For all constants a; ; € A; do (4).
(4) If, for all 1 < j < k, we have A; = ({a;; | ¢ € I}) then construct a solution (|JA4;,0, )

using (7).
When all solutions are constructed, we can get rid of isomorphic copies using Theorem [B.71

In [4] the permutation group (o,: x € X) of a finite involutive solution (X, o, 7) was called the
involutive Yang-Baxter group (IYB group) associated to the solution (X, o, 7). In particular, Cedo
et al. showed in [4, Corollary 3.11] that each finite nilpotent group of class 2 (and thus each finite
abelian group) is an IYB group. Here, using the construction of the sum of a trivial affine mesh,
we present short direct proof of this fact for an abelian group of an arbitrary cardinality.

Theorem 7.11. Let A be an abelian group. Then there exists an involutive solution (X, o, T) with
its permutation group isomorphic to A.

Proof. Let A be generated by a (finite or infinite) set {g;: ¢ € I'}. We construct the solution (X, o, 7)
as the sum of the trivial affine mesh ((A;)icr, (¢ij)ijer) over I, with A; = A and ¢;; = g;, for
all 3,5 € I.

By construction, Lq(b) =b+c¢;j = b+ g;, for all a € A; and b € A;. Therefore the permutation
group consists solely of mappings b; — b; + ¢, for each j € I and some ¢ € A. This means that the
group (o, : € X) naturally embeds into A. Moreover, the permutation group is generated by L,
for a € A, and hence it is isomorphic to A. O
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By Corollary 412l and Theorem each involutive multipermutation solution of level 2 defines
a distributive one.

Theorem 7.12. Let (X,0,7) be an involutive multipermutation solution of level 2 and e € X.
Then (X,00. %, 0,07 1) is an involutive distributive solution.

On the other side, Theorem [6.13] shows that each involutive multipermutation solution of level
2 originates from an involutive distributive solution. We have even more. The theorem gives a
procedure how to obtain all involutive multipermutation solutions of level 2 from distributive ones.

We have to take all involutive distributive solutions (X, o, 7) such that there exists a € X with
L, = id and, for each of them, all permutations 7 of the set X which satisfy Condition (L8] i.e.

On(y) Oz = Op(g)TOy.

Then (X,om, 7 '¢~!) will be involutive multipermutation solutions of level 2. Obviously, each
involutive multipermutation solutions of level 2 satisfies Condition Iri (Condition (59])).

By Remarks [6.14] and [6.T5] we can construct all non-distributive involutive solutions of multiper-
mutation level 2 of size n.

Algorithm 7.13. Outputs all non-distributive involutive solutions of multipermutation level 2 of
size n:

(1) For every distributive solution (X, o, 7) of size n do (2)—(7).
(2) If there exist no x € X such that o, = id return to (1).
(3) For every permutation m € Sx do (4)—(7).
(4) If 7 € (0,: x € X)), return to (3).
(5) If m does not send classes of ~ onto classes of ~, return to (3).
(6) If m permutes classes of ~, that means if 7 satisfies (G.]), return to (3).
(7) If = does not satisfy (4.8]), return to (3).
(8) Construct the solution (X, om, 7 1o™1).
Unlike in the case of distributive solutions, we do not have any efficient criterion to test isomor-
phisms. As Example shows, the same solutions can be obtained from different distributive
solutions.

8. ENUMERATION

In this section we enumerate involutive solutions of multipermutation level 2 for small sizes and
we estimate, for all sizes, how many racks and involutive solutions are there, up to isomorphism.

Using the characterization by sums of trivial affine meshes we can straightforwardly describe all
involutive solutions of small sizes. The size 4 can be done manually.

Example 8.1. By results of [II], there are 23 involutive solutions of size 4, up to isomorphism.
Two of them are irretractable. Exactly 17 of them are distributive. They are the sums of the
following trivial affine meshes:

e One orbit: ((Z4),(1)).

e Two orbits: ((Zg,Zl) ((1] 8)), ((23721)7((1)8))7 ((Zi’nZl)?(%g))? ((Zi’nzl)?(% 8))7
((Z2aZ2)7 ((1] (1)))7 ((Z27 2)7(% (1)))7 ((ZQ,ZQ),(%S])), ((Z2az2)7 ((1) (1)))7
((Z2722)7((1](1)))7 ((Z%Z?)v(%%)o)o 000 000

o Three orbits: ((Zo,Z1,%Z1), (888))’ (Z2, 70, Z0), (?88>)7 (Za, 24, Z4), (%88>)’

ocoo ¢

10 100
(22,24, Zy), ((1)8 > ((Z2,Z4,Zy), (%8 ))-
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[elenlen)

0000
e Four orbits: ((Z1,21,%Z1,7Z1), <88 8))-
0000

There remain four multipermutation solutions of size 4 that are not distributive. Two of them are
of level 2, both of them described in Example[6.121 Two of them are of level 3 - the corresponding
biracks have the following tables of o-multiplication:

ol0 1 2 3 o|0 1 2 3
00 1 2 3 0[1 0 2 3
10 1 2 3 and 1|1 0 2 3.
210 1 3 2 210 1 3 2
3/10 3 2 3/10 3 2

=+

They are not isomorphic since the first one has two idempotent elements, whereas the other one

has none.

The same way as we did it for size 4, we can compute other small sizes, on a computer of course.
We start with the numbers of small racks. In Table [l we compare the numbers of isomorphism
classes of all racks (see OEIS sequence A181770 [27]) and 2-reductive racks. Computing 2-reductive
racks directly using Theorems and [3.7] is hopeless for larger numbers. Hence the numbers of
2-reductive racks were computed using Burnside’s lemma, see [I9] for more details.

As we can see, the numbers of 2-reductive racks grow really fast, actually, according to Black-
burn [2], there are at least gn?/4=0(nlogn) 9 reductive racks of size n. We can also give an upper
bound, which is not far from the lower bound. The proof is exactly the same as the proof of [19]
Theorem 8.2].

Theorem 8.2. There are at most 21/4+0(Wn* 2_reductive racks of size n, up to isomorphism.

The numbers in Table [Tl suggest that the vast majority of all racks are 2-reductive. However, we
do not have any proof of this fact. Hence we can only conjecture that:

Conjecture 8.3. There are 2(1/4+o(1)n? g ks of size m, up to isomorphism.

In Table 2 we can see the numbers of involutive solutions. The total numbers of solutions is
taken from [II], the numbers of 2-reductive solutions are the same as the numbers of 2-reductive
racks. The numbers of 2-permutational solutions (i.e. multipermutation solutions of level 2) that
are not 2-reductive were computed by a brute force search algorithm using the Mace4 software [25].

Theorem 8.4. There are at most 2(/4TWIn* inyolutive multipermutation solutions of level 2 of
size m, up to isomorphism.

Proof. As was shown in Theorem [[.12] every multipermutation solution of level 2 can be obtained
as an isotope of a 2-reductive solution using a permutation. Hence, using Theorem 8.2] the number
of 2-permutational solutions is less than 2(1/4+e(M)n® .1 — 9(1/4+o(1))n? O

In the case of solutions, Table 2] suggests that the numbers of all involutive solutions grow faster
than the numbers of multipermutation solutions of level 2 but not much faster. We can therefore
conjecture:

Conjecture 8.5. There are 20?) inwolutive solutions of size n, up to isomorphism.

9. BRACES

A popular way how to approach involutive set-theoretic solutions of the Yang-Baxter equation
are left braces. In this section we look at left braces corresponding to multipermutation solutions
of level 2.
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n|{l 2 3 4 5 6 7 8 9 10 11
racks |1 2 6 19 74 353 2080 16023
2-reductive | 1 2 5 17 65 323 1960 15421 155889 2064688 35982357
n 12 13 14
racks

2-reductive racks | 832698007 25731050861 1067863092309

TABLE 1. The number of racks and 2-reductive racks of size n, up to isomorphism.

4 5 6 7 8
23 88 595 3456 34528
19 70 359 2095 16332
17 65 323 1960 15421

2 5 36 135 911

n
involutive solutions
multipermutation of level 2
2-reductive

2-permutational, not 2-reductive

O | = ==
O NN N DN
| O O O W

TABLE 2. The number of involutive solutions of size n, up to isomorphism.

Definition 9.1. An algebra (B, +,-,0) is called a left brace if (B, +,0) is an abelian group, (B, -,0)
is a group and the operations satisfy for all a,b,c € B

(9.1 a-b+a-c=a-(b+c)+a.
A left brace is called trivial if a +b=a - b, for all a,b € B.
Given a left brace (B, +,-,0), we can define \,(b) = a-b—a and
aob= A (b), a\ob = \;(b), aeb= )\;al(b)(a), a/eb = Ay, @ (a).

It turns out that (B,o,\o,e,/s) is an involutive birack [36]. We shall write £,(b) = A,(b) and
Ry(a) = )\;al(b)(a) = 523(1))(‘1)-

For left braces, it can be shown that kernels of homomorphisms are subsets called ideals. An
ideal of a left brace (B,+,-,0) is a normal subgroup of (B,-,0) closed on A,, for each a € B. An
important ideal is the socle defined as Soc(B) = {a € B: A\, = id}.

The following characterization of left braces corresponding to multipermutation solution of level 2
effectively generalizes an analogous result by Gateva-Ivanova [I5, Theorem 8.2] for square-free
solutions:

Theorem 9.2. Let (B,+,-,0) be a left brace. Then the following conditions are equivalent:

(i) (B,L,R) is a multipermutation solution of level at most 2;
(ii)) (B,L,R) is a 2-reductive solution;
(iii) the factor left brace B/Soc(B) is trivial;
(iv) the mapping A: a — Aq is a homomorphism from (B,+,0) onto (L4, Re: a € B);
(v)
Proof. The equivalence (i)« (iii) is well known, see [35]. Since A9 = id, the solution (B,L,R)
satisfies Condition (x) and the equivalence (i)<(ii) comes from Lemma [5.T6]
We remark now that Condition (iii) can be equivalently reformulated as follows:

v) we have Ag+p = Agp, for all a,b € B.

(a4 b)(ab)~! € Soc(B), for all a,b € B,
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since the element (a+b)(ab)~! is zero in every trivial left brace. We know that X is a homomorphism
from (B,-,0) (see [6]) and therefore

Aaby(an) 1 = Aatodgy
The left hand side is the identity mapping under Condition (iii) and the right-hand side is the
identity mapping under Condition (v), proving thus (iii)<(v).
Now (iv)=(v) is obtained by
)\a—l—b = )\a)\b = )\a-b
and (v)=(iv) by
Aatb = Aab = Ag b O

Example 9.3. Consider the following left brace: (Zg,+,+,0) where + is the usual operation in Zg
and a-b = a+ (—1)%. Here we have \g = Ao = Ay = id and \; = A3 = A5 = (15)(24). Since A
here is a homomorphism from (Zg, +,0) onto a two-element group, the corresponding solution is
2-reductive. Indeed, we have 0 ~ 2 ~ 4 and 1 ~ 3 ~ 5 and the retraction is a trivial 2-element
solution. We can obtain the 6-element solution coming from the left brace as the sum of the
following affine mesh:

where the first two components correspond to the two orbits of the permutation group that lie in
the socle, namely {0} and {2,4} and the other two correspond to the orbits outside of the socle,
namely {3} and {1,5}.

Every involutive solution embeds into a solution coming from a left brace. There is a standard
construction of such a left brace. Let (X,o,7) be an involutive solution and (X,0,\,,e, /e) its
corresponding involutive brace. The abelian group can be taken to be the free X-generated Z-
module, that means (Z*,+,0). We define \, € Aut(Z¥), for each a = Y, vz € ZX by
induction on |a| = ) |c.|, following [I1, Subsection 2.3]:

)\0 =id
Az = N0y forx e X
Ay = 770’;\101, forx e X
Aotz = Mg (z)Na for x| =1 and |a+ x| = |a| + 1

where 1 : Sx — Aut(ZX) is the homomorphism that extends uniquely a permutation of the basis X
to an automorphism. It can be proved that, by defining

a-b=X\(b) +a,

the algebra (Z~,-,0) is a group [I1]. By construction, for all 2,y € X, we have z oy = 0,(y) =
no.(y) = A\e(y) = Lo(y) and therefore (X, o, 7) is a proper subsolution of (ZX, £, R).

It is a question, which properties of (X,o,7) hold in (ZX,£,R) as well. We know that the
solution (Z~,£,R) has always an element with trivial permutations, since Lo(a) = \o(a) = a, for
each a € ZX. This means, for instance, that (Z~,£,R) can never be a non-trivial permutation
solution, even if (X, o, 7) is. In the case of distributive solutions we can prove that they embed into
distributive solutions coming from left braces.

Theorem 9.4. Let (X,0,7) be an involutive solution. Let (ZX,+,-,0) be the corresponding left
brace and let (ZX,L,R) be the solution formed from the left brace. Then the following conditions
are equivalent:
(i) (X,0,7) is a 2-reductive solution;
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(ii) (ZX,L,R) is a 2-reductive solution;
(ili) the group LMIt(ZY) = (Lq: a € Z%) is abelian and Lo = n][,ex 05, for all a € Z*
written as a =)y CzT.

Proof. (i) = (iii) The group LMIt(X) is abelian, according to Lemma 3.3}, and LMIt(ZX) is clearly
isomorphic to LMIt(X) since LMIt(ZX) is generated by automorphisms 5o, for z € X.

The structure of £, is evident fora =0 and a =z € X. Now, L_, = \_, = 770’;\10:0 = 770’;1.

Next, we suppose that the claim holds for b =) cyy and we prove it for a = b+ .

yeX

Lo =N = Aotz = Ay ()b = (nanggy(x))(nnay%) =N HLycya
where we used O 0% (z) = L, due to 2-reductivity.

(iii)=-(ii) follows from Theorem I since such A is an additive homomorphism. And (ii)=(i) is
trivial since (X, o,7) is a subsolution of (Z*, £, R). O
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