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ABSTRACT. Let p be an odd prime and let a,b € Z with p t ab. In this paper
we mainly evaluate

aj? + bk>

Tlgé)(a,b) := det [tanﬂ' }
p §<4,k<(p—1)/2

(6=0,1).

For example, in the case p = 3 (mod 4) we show that TISI) (a,b) =0 and

2(p—1)/2p(p+1)/4  jf (%b) =1,

TISO) (a’v b) = {

p(p+1)/4 if (%b) =1,

—2)

where (;) is the Legendre symbol. When ( -

2,02
determinant det[cot 72 :bk

one of which states that the class number of the quadratic field Q(1/p*) with
p* = (—1)(P=1)/2p is equal to

= —1, we also evaluate the

l1<j,k<(p—1)/2- We also pose several conjectures

(—_2) o= (r=3)/2)—(1=5)/4 doy, [cotﬂﬁ} .
p P l1<j,k<(p—1)/2

1. INTRODUCTION

Let p be an odd prime. It is well known that the numbers

2
p—1
0%, 12, ... -
) ) b ( 2 )
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are pairwise incongruent modulo p. In [S19] the author investigated the deter-

minants
3% + dk?

p )} 1<),k<(p=1)/2
3%+ dk? )}

p 0<5,k<(p—1)/2
where d is an integer not divisible by p, and (1—3) is the Legendre symbol. In
particular, Sun [S19] showed that if (%) = 1 then

Recall that the tangent function tan x has period 7. For a,b € Z we define

S(d,p) = det K

Y

7(d.) = det | (

) =1and T'(d,p) = ]%S(d,p).

<2 bk.Q
Téo)(a, b) := det [tanﬁﬁ] (1.1)
p 0<j,k<(p—1)/2
and 2 2
Tlgl)(a, b) := det [tanﬁu] . (1.2)
p 1<5,k<(p—1)/2

In this paper we aim to evaluate the determinants ngo)(a, b) and ngl)(a, b).
Now we present our main results.

Theorem 1.1. Let p be an odd prime and let a,b € Z with p { ab.
(i) Assume that p=1 (mod 4). Then

T{" (a,b) = 0. (1.3)

If (%’) =1 and b= ac?® (mod p) with c € Z, then
T () = (2) pr-agF G, (14)
where €, and h(p) are the fundamental unit and the class number of the real

quadratic field Q(\/p). When (%’) = —1, we have
ngl)(a, b) = £2(=1)/2p@=3)/4, (1.5)

(ii) Suppose that p =3 (mod 4). Then

T{M(a,b) = 0. (1.6)

Also,
2(p=1)/2p(p+1)/4  ir(

(0) (g b) =
Ty (a,0) {p<p+1>/4 i (

NERG
~— —
i
I =
—_
—~
=
BN |
~—
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Theorem 1.2. Let n > 1 be an odd integer and let a and b be integers with
ged(ab,n) = 1. Then

det [tanwaj i bk} =0 (1.8)
n 0<j,k<n—1
and
det [tanwa] il bk] = (—_ab) n""2, (1.9)
n 1<),k<n—1 n

where (=) is the Jacobi symbol.

n

Theorem 1.3. Let p > 3 be a prime, and let a,b € 7 with (_Tab) = —1. Then

-2 ka
det {cot WM]
p 1<5,k<(p—1)/2

+20=1/2/ /5 ifp=1 (mod 4),
N (_1>(h(—p)+1)/2(%)2(17—1)/2/\/1—, if p=3 (mod 4),

(1.10)

where h(—p) is the class number of the imaginary quadratic field Q(\/—p).

Remark 1.1. Tt is known that 2 h(—p) for each prime p = 3 (mod 4). In 1961
L. J. Mordell [M61] even proved that for any prime p > 3 with p = 3 (mod 4)
we have

p; 1! = (—1)RE=PHFD/2 0 (mod p).

We are going to provide several lemmas in the next section and then prove
Theorem 1.1 in Section 3. Theorems 1.2 and 1.3 will be shown in Section 4.
In Section 5, we pose some conjectures on determinants involving the tangent
function.

2. SOME LEMMAS

Lemma 2.1. Let A be the matriz [ajilo<jk<n With aj, complex numbers for
all i,7 =0,...,n. Then

det[x-l—ajk]ogjkgn =det A + zdet B, (2.1)

where B = [bjk:]lgj,kgn with bjk = Qi — Q50 — Aok + agg-
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Proof. As (z + aji) — (x + aor) = ajr —aor for all 0 < j <nand 0 < k < n,
we have

x -+ apo T+ agl T -+ ap2 x -+ agn
10 — Qoo G111 —Aap1r @12 — Qo2 ... Qip — Qon
det[z + ajrlo<j k< = . . ) i

apo — a0 An1 —aol1 ap2 —G@p2 ... Gpp — A0n

a0 —Gpo G11 —Gp1 G12 —Ap2 ... G1p — Aon

apo — a0 An1 — Aol an2 —G@p2 ... Gpp — A0n

aoo ao1 o2 e Qon

a10 —Gpo G11 —aAp1 @12 — A2 ... Glp — Qon
Gno — a0 AaAnl1 — ap1 ap2 —AaAp2 ... Qpp — QOn

and hence det[z + a;i]o<;j,k<n — det A coincides with

x 0 0

aip —aoo  a11 — ap1 — (@10 — @po) ...  Q1p — Aon — (@10 — G0o0)
=z det B.

ano — apoo Anl — o1 — (ano - aoo) «eo Opp — Gop — (ano - CLoo)
This concludes the proof of (2.1). O

Corollary 2.1. Let m and n be positive integers with 24 n. Let f(x) : R — R
be an odd function, where R is the field of real numbers. Then, for any integer
d, the determinant

det [z + f((G+d)™ = (k+d)™)]og; k<n

does not depend on x.

Proof. Let
ajr=FfG+d" = (k+d)™) forjk=0,...,n.
For 1 < j,k < nset bj, = a;r — ajo — aor + ago. As f is an odd function, we
have
bjw = f((G+d)™ = (k+d)") = f((T+d)™ —d™) — f(d" = (k+d)™) = —by,
Thus
det[bjr]i<jhcn = (=1)" detbrji<je<n = — det|bjr]ig)kgn

and hence det[bjx]i<jr<n = 0. Applying Lemma 2.1, we immediately get the
desired result. [
The following lemma is a known result (cf. [KO05, (5.5)]).
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Lemma 2.2. We have

1 } _ [licjcren(@e —25)(Ye — yj5)
i+ Yk l1gjk<n [0 Iz (25 + )

det [ (2.2)

Lemma 2.3 (Pan [P06]). Let n > 1 be an odd integer and let ¢ be any integer
relatively prime to n. For each j =1,...,(n—1)/2 let 7.(j) be the unique r €
{1,...,(n—1)/2} with ¢j congruent to r or —r modulo n. For the permutation
me on {1,...,(n—1)/2}, its sign is given by

C)(n+1)/2

s = (&

: (2.3)

Lemma 2.4 (Sun [S18]). Let p be an odd prime. Let ( = >™/P and a € 7
with pt a.
(i) If p=1 (mod 4), then

(£)h(p)((2)-1)/2
€p

I ey =s

1<j<k<(p—1)/2

and (£)h(p)
.2 2 =
| | (Ca] . Cak )2 — (_1)(p_1)/4p(P_3)/46pp P , (25)
1<j<k<(p—1)/2

where €, and h(p) are the fundamental units of the real quadratic field Q(,/p).
(ii) Suppose that p =3 (mod 4). Then

1 7+ =1, (2.6)
1<j<k<(p—1)/2
and
[T -
1<j<k<(p—1)/2
2.
(—p)(P=3)/8 if p =3 (mod 8), (27)
- (_1)(p+1)/8+(h(—P)—1)/2(%)p(P—3)/8i if p=7 (mod 8).
Also,
(p—1)/2 ) a

H (1 . Cak ) — (_1)(h(—p)—‘,—l)/2 (5) \/Z_)Z (28)

k=1
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Lemma 2.5. Let p be an odd prime and let a,b € Z with (_T”b) = —1. Then

(r—1)/2 (p—1)/2
H H (1 B 627ri(aj2+bk2)/p>
j=1 k=1 ‘ (2.9)
o/t 1 ifp=1 (mod 4),
(—1)(r(=P)=1)/2(2)i if p =3 (mod 4).

P
Proof. For m € Z set

r(m) :=H<j,k>: 1<jk<?

e () (52)- O

Note that r(0) = 0 since (_Tab) # 1.
Let me {1,...,p—1}. Then

and aj? + bk? = m (mod p)}‘

b(m—am))

() +1 (&=
=3, 5 2

0<z<p
ptax—m

() G) - (52) )5
S () SEG) S )

z=0 z=0
CLfmy po1 (]
4\ p 4 4
_EIS —abxz? + bmax _i_p—l_(%)‘f’(b?)‘f’l
4~ p 4 4 '

It is well known that for any ag, a1, as € Z with p { ag we have

(2.10)

pz_:l <a0x2 -l-alx-l—ag) B { —(%O) if p 1 af — 4agas,

P (p—l)(%o) if p | a3 — 4agas.

(See, e.g., [BEW, p.58].) Therefore

r(m) = 1(—_ab)+p—1 (22) + () +1 po1 1_(—71)<am).

D 4 4 4 4
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In view of the above,

(p—1)/2 (p—1)/2

H H (1 o e27‘ri(aj2—|—bk2)/p)
k=1

j=1
p‘l( S T[22k (1 = e2mim/p)(p=1+(5)(A=(5H)/4
— 1 — g2mim/pyr(m) _ m= _
1 H?E’;if (1 _627rim/p)(;)(1_(71))/2
Clearly,
p—1 »
_ L2mim/py _ 3; P —1 _
}_:[1(1 € )= lim ———=p.
In view of (2.8),
1 if p=1 (mod 4),

T[] (- emimim)a=(3n/2 {

0<m<p
my_q
()

(=1)r=P+D/2 B if p=3 (mod 4).

Thus the desired (2.9) follows. [

3. PROOF OF THEOREM 1.1

We can easily verify the desired results for p = 3. Below we assume that
p > 3. For convenience, we set n = (p — 1)/2 and ¢ := ¢*™*/P. Since

— 2 _"p=0 (modp).

zn:kQ_n(n-l-l)(Qn-i-l) p?—1
k=0

6 24
we have .
[T¢¥ =1 (3.1)
k=0
As
: i _ ,—ix\ /[ _ il s2i :
tanx = 25in = (e - ¢ )/2 = 2(6, D) =—1+ .L,
2cosx €T 4 g—iT e2ir 4 1 ez 1
we also have
aj? + bk? 2

i+ tanm for all j,k=0,...,n. (3.2)

= C(lj2+bk2 + 1
By Lemma 2.3, for each 6 € {0,1} and integer d # 0 (mod p), we have

d
§ 2
T (a, +ad®) = (—

n+1
p) 7% (a, +a). (3.3)
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Proof of the First Part of Theorem 1.1. As p =1 (mod 4), we have 2 | n. For
q=((p—1)/2)! we have ¢> = —1 (mod p) by Wilson’s theorem, hence
:2 bk2
—TISO) (a,b) =det {— tan Wu]
p 0<j,k<(p—1)/2

a(qj)? + b(gk)?

} = TISO)(a, b)
p 0<j.k<(p—1)/2

=det {tan T

and thus det T,go)(a, b) = 0.

If (%’) =1 and b = ac? (mod p) with ¢ € Z, then b = —a(qc)? (mod p) and
hence

TD (¢, b) = 2¢ 71
P (CE, ) - F P (a7 —CE)

by (3.3) and the equality (1) = (%) (cf. [S19, Lemma 2.3]).

By Corollary 2.1,

2 1.2
det {93 + tan ﬂ‘u]

p 1<,k<n

a(j+1)2 —a(k + 1)2]
0<

p < k<n—1

=det {93 + tan

does not depend on z. So, with the help of (3.2), we get

22 ]{72
Tlgl)(a, —a) =det {Z + tanﬁu}
p 1<j,k<n
2i
=det —
e Lzma(ﬂ_kz)/p + 1} L<k<n
n R 1
=] (2i¢c**") x det [7} :
f—1 9% + ¢ [ k<
In light of Lemma 2.2,
2 -2
dot [ 1 } B H1<j<k<n(cak — (W72
€%+ ¢ | gren Tlema (€% 4+ C%%°) X T cpgn (€97 + (2F7)2
Therefore,
ak? - aj2 2
T(l)(a, —a) =i" !
: 1<]1<_£<n Cak2 T Ca]z
ak® _ raj?\2 o
_(—1)-1/ [ligj<ren(€ ¢ -3/ CHMPE=(3)

[T <jcnen (€ + CoF)2
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with the help of Lemma 2.4(i).
Now suppose that (%’) = —1. Clearly, ngl)(a,b) = det|cji]i1<j,k<n With
cjr, = tanm(aj? + bk?)/p. By Lemma 2.1,

det[w + Cjk:]lgj,kgn = ngl)(a, b) + .’Edet[djk]l<j’k<n, (34)
where djk = Cjk — Cj1 — C1k T C11. In light of (3.1),

27

m} e = det[l + Cjk]lgj’kgn = ngl)(a, b) + Zdet[d]k]1<3’k<n
\.]7 \n

det [

and hence (1.5) is implied by

2

W’Tﬂ]x-m = £207 2=/ (3.5)
\J: \n

D,(a,b) := det {

(Note that both ngl)(a, b) and det[d;x]1<j k<n are real numbers.)
With the help of Lemma 2.2,

2 1
Dy(a,b) :kl:[l <Cb?) x det [—Cajz T ] < ren
_ (20)" ‘ H1<j<k<n(cak2 - Caj2>(c_bk2 - C_bj2>
[ Loy COF° H;'L:1 [T5—y(C%° 4 ¢70%%)

ak? aj?y (—bk? —bj2
:(_1>(p—1)/42(p—1)/2 H1<]<k<7?(c n_C J'z)(c _ - C J )
[L= [Ty (€77 0% 4+ 1)

Note that

a aj — —bj — (%)"‘ %b )h(p) —
[T (¢ = o) = ¢")2 = o9/ [T o=z

1<j<k<n
by (2.5), and

1— C2aj2—|—2bk:2

Hl H(Caj2+bk2 +1) = 1_[1 kl_[l T carTE 1
J=1R= j=1k=

by Lemma 2.5. Therefore (3.5) holds and hence so does (1.5).
In view of the above, we have completed the proof of part (i) of Theorem
1.1. O

Proof of the Second Part of Theorem 1.1. As p =3 (mod 4), we have 2t n.
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If (%’) = —1, then b = —ad? (mod p) for some integer d #Z 0 (mod p) and
hence by (2.9) we have Téo)(a, b) = Téo)(a, —a) and T,gl)(a,b) = T,gl)(a, —a).
Note that ngl)(a, —a) = 0 since

k2 _ j2 N
ngl)(a, —a) = det [tarwr } =(-1) ngl)(a, —a) = —Tlgl)(a, —a).
p 1<5,k<n

Now we determine T,go)(a, —a). In view of Corollary 2.1 and (3.2), we have

:2 k’2
Téo)(a, —a) =det {Z ttang 9%

e 2
— O eamia(P K)o 1

p }ogj,kgn

]ogmkgn

n ) 1
= (2Z<ak ) x det |:7:| .
kl;[o " + (o 0<j,k<n
By Lemma 2.2,
2 -2
¢+ ¢ Joginan  Tamo(C%F 4+ C%) X Tlogjcngn (€97 + CF7)?
Therefore,
ak:2 _ aj2 2
T (a, —a) ="t H <!>
p ’ ak? aj?
0<j<k<n C + C !
n a 2 2 ak2 a
1>(p+1)/4 H ¢ 1 H1<3<k<n(< - i* )
- Cak2 + 1 H1<]< (Cag +<‘ak2)
By Lemma 2.4,
= 2 5 n C2akz2 1)2 —p
[T~ 17 = —p and T[4 17 H e = = =1,
k=1 k=1 k=1 C —-p
and

[T -y =(p® " and ] (" +¢9)

1<j<k<n 1<j<k<n
Therefore

det TIEO)(G, —a) = (=1)PHD/A(p)(—p)P=3/4 = pp+D/4,
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If (%’) = 1, then b = ac® (mod p) for some ¢ € Z with p { ¢, and hence
by Lemma 2.3 we have ngo)(a, b) = ngo)(a, a) and ngl)(a, b) = ngl)(a, a) since
(p+1)/2 is even.

Clearly Tlgo)(a,a) = det[ajk]o<jrcn With ajr = tanm(aj? + ak?)/p. By
Lemma 2.1,

det[z + ajrlocjrcn = T3 (a,a) + @ det[bjr]i<; pen (3.6)
where
-2 2 -2 2
aj® + ak a ak
bjk = Qi — Qo — ok + Qoo = tanwji - tanﬁi —tanm——-.
p p p
Recall that ; 4t
anz + tany
tan(x = .
(z+y) 1 —tanxztany
So we have - 2 .2 2
bjr = tanwﬂ X tanwa— X tanwu
p b b
and hence
1 & 2 aj2
det[bjr]i<jbcn = ng )(a,a) H tan® T ——. (3.7)
. p
7j=1

In view of (3.2), (3.6) and (3.7),

21

det {m

] =det[i + ajrlogjk<n
0<j,k<n
52}

:ngo)(a, a)+ iTlgl)(a, a) H tan? ’ﬂ'%.

j=1
Thus
70, a) = 20~/ 2P 4 and T 0,) = 39
if and only if
Cali®+k2) 11 0<j k<n

With the help of Lemma 2.2,

dt{ 2i } "<2z)xdt{ 1 }
CUH + 1 ok g N 99" + ¢ Jocjncn

i Togyeren€ =€ )(E - o)
MoC™ T g+ ¢ %)
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Therefore
21
det | ———
{Ca(ﬁﬂc?) + 1} 0<j,k<n o
’ 2 —ak? —ai? .
:(_1)(p+1)/42(p+1)/2H0<j<k<n(cak _Ca] )(C L —C ; )
n ) — .
Hj:() Hk:O(Ca(] +k )+ 1)
By Lemma 2.401)’
H (Cakz _ Caj2)(<—ak2 _ C—aj2)
0<j<k<n
n 2 —ak? ai? ak? a2 e
! 1<j<k<n

_p x pPI/4 _ prH1)/4,

In view of Lemma 2.4(ii) and Lemma 2.5,

n .2 2 " — 2a5? ?
[T+ =" +1]] (%) )

0 k=0 j=1 J

() (-

Combining these with (3.10) we get (3.9) and hence (3.8) holds.
By the above, we have finished the proof of part (ii) of Theorem 1.1. [

ﬁ 1— <2a(j2+k2)/p
_ (a(g2+k?
P 1 —¢ali )/p

J

n n

1

4. PROOFS OF THEOREMS 1.2-1.3

The following lemma is Frobenius’ extension (cf. [BC15]) of the Zolotarev
lemma [Z].

Lemma 4.1. Letn be a positive odd integer and let a € Z be relatively prime to
n. For j=0,... ,n—1 let 0,(j) be the least nonnegative residue of aj modulo

n. Then the permutation oo on {0,... ,n — 1} has the sign sign(c,) = (%).

We also need another lemma.

Lemma 4.2. Let n > 1 be an odd number and let a € Z with ged(a,n) = 1.
Then

H <627riak/n _ 627Tiaj/n)2 — (_1)(71—1)/2”71—2' (41)

1<j<k<n—1

Proof. Let ¢ = e2™@/™ Clearly,

=n (4.2)



ON SOME DETERMINANT INVOLVING THE TANGENT FUNCTION 13

and hence
ne1 ) n—1n—1 n—1n—1
SR | NGO | B I (GO ¢ (1 - ¢k
1<j<k<n—1 j=1 7;;; j=1 Z;ZJL
n—1 j\n—2 n—1
- (ic—)g—j [Ja Ck_g))
= iz

So (4.1) holds. O

Proof of Theorem 1.2. In view of Lemma 4.1, for each 6 = 0,1 we have

| -+ bk | -+ bk —ab
det {Waj + } = (E) det {’ﬂ'j + } = (_a) Dﬁf),
n 6<j,k<n—1 n N s k<n—1 n
where .
Dg) = det {tanw‘j — } .
§<j,k<n—1
Since

DY) = det [tanwk — ]}
n Jog

g ksn—1

=(—1)"det {tanwj }
N Jogjk<n—1

we have D;O) = 0.
Now it remains to show that Dﬁll) = n"2. Write ¢ = €27/™. Similar to
(3.2), we have

g 9

z'—l—tamr]p :cj—k:l forall j,k=1,...,n—1.

Combining this with Lemma 2.1, we see that D,gl) is the real part of the deter-
minant

1

2 }
¢+ ¢k 1<,k<n—1

D = det [7}
ik 41 1<), k<n—1

n—1
= ] (2i¢*) x det {
k=1
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By Lemma 2.2,
1 H1<j<k<n—1(ck —(7)?
det | % R e s YT}
¢+ ligren—  TI2) Tz (¢9 4 ¢F)
H1§j<k<n—1(<k —¢7)?
Z;ll (2¢%) x H1§j<k<n—1<ck +¢7)?

Therefore

D=t ] M — (D=2 ] (¢F = ¢

2k _ /27\2 2k _ r25)2°
1<j<k<n—1 (C ¢ ]) 1<j<k<n—1 <C ¢ J)

Combining this with Lemma 4.2, we immediately get D = (n""2)2/n"2 =
n"=2. Thus DY = Re(D) = n"~2 as desired.
The proof of Theorem 1.2 is now complete. [

Proof of Theorem 1.3. For any nonzero real number x, we obviously have

) Cos T (e + e7) /2 - 2i
cotx = = — : =+ =
sinz (e —e~) /(21) e?ir — 1
Thus
2 + bk? 2i
—1i + cot 7 il = !

T — forall j,k=1,...,n

where n = (p —1)/2 and ¢ = ¢*™/P. Combining this with Lemma 2.1, we see
that

2 2
C :=det [cot M}
p 1<j,k<n
is the real part of
2i a 1
det [—} 20¢") x det [—} .
<a32+bk2 -1 Lk kl;[l Caj2 _ C_bk2 L <)k
By Lemma 2.2,
2 ) 112 2
det { 1 } :H1<j<k:<n(cak — () (=T = (=¢7M))
Cajz - C_bkz 1<j,k<n H;'L:1 HZ:1(CCU2 - C_bkz)

@ Mg 6 =T - ¢
(T ) T Ty (R = 1)
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Note that [[,_, (" =1 by (3.1).

Case 1. p=1 (mod 4), i.e., 2 | n.
As (3) = —(%b), in view of (2.5) we have

H (Cakz2 . Caj2)2(<—bk2 . C—bj2)2 _ p(p—3)/2

1<j<k<n
and hence
H (Cakzz - CajZ)(C—ka o C—bJZ) — :tp(p_?’)/‘l.
1<j<k<n
By Lemma 2.5,
2 2
H H(l & +bk ) p(p—l)/4
j=1k=1
Therefore (p—3)/4
2 WD
det |:Caj2+bk2 1:| 1<jk<n :l:(22) p(p_l)/4
and hence

c R(dt[ 2 ] ) £ 2707
=Re| det | —5—5—= = .
<a32+bk2 -1 1<)k \/23

~

Case 2. p=3 (mod 4), i.e., 21 n.
In light of (2.7),

H (CakZ N CajZ)(C—ka - C—bjz) — p(p_3)/4'

1<j<k<n

Therefore, with the help of (2.9) we have

dot | | =i (-n® it
Cai® bR ] \<jk<n (__1)n(__1)(h(—p)—1)/2(%)p(P—l)/4i
2ni<2’2)(n—1)/2(_1)(n—1)/2
- (—1)PEPHN/2(2) pi
and hence

21 2(p—1)/2
C = Re(det |:2++:| ) = (—1>(h(_p)+1)/2 (g) .
G —lligrgn p) P

In view of the above, we have completed the proof of Theorem 1.3. [
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5. SOME OPEN CONJECTURES

Conjecture 5.1. For any odd prime p, we have

9
_ <?) 20=)/2 =) AR ((_1)=D/2p)  (5.1)

ik
det [Cot 71']—:|
P 1< k<(p—1)/2

Remark 5.1. This conjecture is interesting since it gives a new formula of the
class number of the quadratic field Q(/p*), where p* = (—1)®~1/2p with p an
odd prime. We have verified (5.1) for all odd primes p < 30.

Conjecture 5.2. Let n be a positive integer.
(i) The number

ik
Sn = (2n +1)7"2 det {tanﬁ J } (5.2)
nt+1]ig)rgn
18 always an integer.
(ii) We have
det {tan2 0y } € (2n+1)(ntV/2gn=17, (5.3)
2n+1lige<pr-1)/2

Remark 5.2. Via Mathematica we find that

s1=1, s =—2, s3 =154 =4, s5 =48, s¢ = —160,
S7 = 32, Sg = 2176, Sg = 6912, S10 = O, S11 = 273408.

Let ¢, denote the nth term of the sequence [I16, A277445]. We guess that

Sp = —t, if n =3 (mod 4), and s,, = t,, otherwise.

Let p = 2n + 1 be a prime with n even. Then, for ¢ = n! we have ¢ = —1
(mod p) by Wilson’s theorem, and (%) = (%) by [S19, Lemma 2.3]. For any
integer a Z 0 (mod p), by Lemma 2.3 we have

-2k2 ; 2k2
det [tarwr } = det {tanww}
P Jigjesn p 1<j,k<n
'2k2 ) '2k2
= (g) det [tanwaj } = (—) det [tanwaj } .
p P ligk<n p P ligk<n
Thus i
aj?k? .
det [tan7 =0 ifp=5 (mod 8). (5.4)
P higk<r-1)/2
Similarly,
_ 2127
det | cot 722 =0 ifp=5 (mod 8). (5.5)
i P 1< ke<(p-1)/2
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Conjecture 5.3. For any prime p = 1 (mod 8) and integer a # 0 (mod p),

we have
27,2 97,2
K =0 and det [cotwa] K

det {tanw =0.

p ] 1<5,k<(p—1)/2 p } 1<5,k<(p—1)/2

(5.6)

Remark 5.3. We have verified this for p = 17. We also conjecture that
det[sec QW%]Ogj,kg(p_l)/2 = 0 for any prime p =1 (mod 4).

Conjecture 5.4. For any odd integer n > 1, we have

|+ k
det {tan2 7T‘7 € 7 and det {tan2 WJL:| e n"27.
n

} 1<j,k<n—1 1<, k<n—1
(5.7)

Conjecture 5.5. Let p =3 (mod 4) be a prime, and let a,b € Z with p t ab.
Then

2 bk?2
det {tan2 Wu] e plP=3/47, (5.8)
p 1<), k<(p—1)/2
and ) )
j bk
det {t&m2 WM} e plrti/ig, (5.9)
p 0<4,k<(p—1)/2

If(%’) =1, then
aj? + bk> . 2r—3

p L@,k«p—l)m p

det [cot2 7r Z. (5.10)

Let p =1 (mod 4) be a prime, and let a,b € Z with p t ab. Choose ¢q € Z
with ¢> = —1 (mod p). Then

-\ 2 2 -\ 2 2
det [(a(qj) + b(gk) )tama(‘”) + b(gk) }
p p 0, k< (p—1)/2

-2 2 -2 2
(D)2 g KM) th]
p p 0<4,k<(p—1)/2

and hence

2 bk?2 2 ka
det [(u) tabn7rM = 0. (5.11)

p p L<j,k<<p—1)/2
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Conjecture 5.6. Let p = 3 (mod 4) be a prime and let a,b € Z with p 1 ab.

Then 2 2 2 2
det Ku) LY i

} € pZ. (5.12)
p p 0<j,k<(p—1)/2

If(%’) =1, then

2 2 2 2
V/pdet [(@) cot Wm] € Z. (5.13)

1<5,k<(p—1)/2

Remark 5.4. For any prime p = 3 (mod 4) set

1 2 4+ k2 2+ k2
a;t = —det [(‘7 ) tanwj } .
p p P Jogyk<(p—1)/2

Via Mathematica we find that

ai =a3 = -1, af =60, a; =3, af; =2°x 3%, ay; = 373,

afy =22 x3x5%x7x 11 x 17 and ajy = —5 x 7 x 89 x 3803.

Conjecture 5.7. Let n be a positive integer.

(i) We have
1 ik ik wer p(n=1D/2
— det |:COS W‘y—} = det |:COS ﬂ‘j—} — (_1>L#J n RS
2n n 0<j,k<n n 1<j,k<n 2(”‘ )/
(5.14)

If n is odd, then for each 6 = 0,1 we have

: (n+1)/4-46
det |cos 27Tﬁ _(2 no (5.15)
N lseihsnoryp 0/ 207D

(ii) If n > 1 then

" L p(n—1)/2
det |sin 72" = (—I)L—IJL. (5.16)
" 1< k<n—1 2(n—1)/2
If n is odd, then
- _ (n—1)/4
det sin27rﬁ _ (= no_ (5.17)
N 1<) k<(n—1)/2 n ) 2=/

Remark 5.5. We have checked this conjecture via Mathematica; for example,
we have verified (5.14) for alln =1,...,12.
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