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1. Introduction and Preliminaries

In this work, we define Gaussian generalized Tetranacci numbers and give properties of Gaussian
Tetranacci and Gaussian Tetranacci-Lucas numbers as special cases. First, we present some background
about generalized Tetranacci numbers and Gaussian numbers before defining Gaussian generalized Tetranacci
numbers.

There have been so many studies of the sequences of numbers in the literature which are defined recur-
sively. Two of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas which are special
case of generalized Tetranacci numbers. A generalized Tetranacci sequence {V;, }n>0 = {Vi(Vo, V1, V2, V3) } >0

is defined by the fourth-order recurrence relations
(11) Vi=Voa+Va 2o+ Vy 3+ Vn—4;

with the initial values Vo = co, Vi = ¢1, Vo = c2, V3 = ¢3 not all being zero.
This sequence has been studied by many authors and more detail can be found in the extensive literature

dedicated to these sequences, see for example [12], [16], [I7], 211, 28], [29].

The sequence {V,,},>0 can be extended to negative subscripts by defining

Vo ==Vt = Vem—2) = Veuos) + Vonmgy
1
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for n = 1,2, 3, .... Therefore, recurrence (LLT]) holds for all integer n.
The first few generalized Tetranacci numbers with positive subscript and negative subscript are given in

the following table:

n 0 1 2 3 4 5
Vo co c1 Co c3 cot+c1+cea+c3  cgH2c1 + 2¢o + 2c3
an Ch C3 —C2—C1 —(C 202 — C3 261 — C2 260 — C1 263 — 262 — 261 — 360

We consider two special cases of V;, : V,(0,1,1,2) = M, is the sequence of Tetranacci numbers (sequence
A000078 in [22]) and V,,(4,1,3,7) = R, is the sequence of Tetranacci-Lucas numbers (A073817 in [22]). In
other words, Tetranacci sequence {M,},>0 and Tetranacci-Lucas sequence {R,},>0 are defined by the

fourth-order recurrence relations

(1.2) My, =M, 1+ M,_o+ M, _3+ M, _4, My=0,M; =1,My=1,M3=2
and

(1.3) R,=R, 1+ Ry 2+ Ryp_3+ R,_4, Ry=4Ri=1,Ry=3,R3=7
respectively.

Next, we present the first few values of the Tetranacci and Tetranacci-Lucas numbers with positive and

negative subscripts:

n 0 1 2 3 4 ) 6 7 8 9 10 11 12 13
M, 0 1 1 2 4 8§ 15 29 56 108 208 401 773 1490
M_, 0 O 0 1 -1 0 0 2 =3 1 0 4 -8 5
R, 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071
R, 4 -1 -1 -1 7 -6 -1 -1 15 -19 4 -1 31 =53

It is well known that for all integers n, usual Tetranaci and Tetranacci-Lucas numbers can be expressed

using Binet’s formulas

n+2 5n+2

R

an+2 BnJrQ y

@ Bla-—a-0 B-aB-1NE-9 -0~ -3
(see for example [12] or [30])

or

M, =

6—1
n—1 —57171
L

a—1 __ 6—-1 . _ v—1
1.4 Mn: n—1 n—1
(1.4) sa—3% Tis—s’ Ti-s

(see for example [A])

and
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respectively, where o, 3,7 and & are the roots of the cubic equation z* — 23 — 22 — 2 — 1 = 0. Moreover,

Y + 11 2 B
(8] = — — — -
173 il
Y 13
— _ _ _ _ 2 .41
h 1% \/ Wit
111 it 13
TT g TY TV T T Y
L1 1™ 13
d = -y =2 =yt
1 ¥ TV YT Y

where

1/3 1/3
oo | By (85, 583\ (=65 [563
T\l 12 54 108 54 108 '

Note that we have the following identities:

a+p+y+0 = 1,
af+ay+ad+py+p5i+v = -1,

afBy+aBd+ayd+pys = 1,
afyé = -—1.

We present an identity related with generalized Tetranacci numbers and Tetranacci numbers.

THEOREM 1.1. Forn >0 and m > 0 the following identity holds:

(15) Vm+n = Mm—2vn+3 + (Mm—3 + Mm—4 + Mm—S)Vn+2 + (Mm—3 + Mm—4)Vn+1 + Mm—3Vn

Proof. We prove the identity by induction on m. If m = 0 then

Vo=M_oVois+ (M 3+ M_s+M_5)Voyo+ (M_s+M_4)Vni1 +M_3V,
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which is true because M_5 =0, M_3 =1, M_4 = —1, M_5 = 0. Assume that the equaliy holds for all

m < k. For m = k + 1, we have
Viersn = Vare +Vagr—1 + Vagre—2 + Vatr—3

= (Mp—2Vigs + (My—s 4+ My—a + My—5)Vito + (My—3 + My—_4) Vi1 + My_3Vy)
+(Mr—3Vits + (My—a + My—5 + My—6)Viy2 + (Mg—a + My—5)Vii1 + Mi_4Vi)
H(My-aVipys + (My—5 + My—¢ + Myg—7)Vyi2 + (Mi—5 + Mi—6) Vi1 + My—5V,,)
H(My—5Vny3 + (Mi—¢ + My—7 + My—8)Vyi2 + (Mi—¢ + Mi—7)Vy1 + My—6Vy,)

= (Mg—2+ Mg—3+ My—s+ My_5)Vny3
+((My—g + My—g + My—5 + My_6) + (Mp—a + My—5 + My_¢ + Mi_7)

+ (My—s + My— + My_7 + My_3g))Voi2

+((Mg—3 4+ Myg—g+ My_5 + My—¢) + (Mp—g + Mp_5+ M6+ Mg_7))Voi1
+(My—3 + My—s + My_5 + My_¢)V,,

= My1Vays+ (M2 + M3+ My—4)Vaio + (M2 + Mi_3)Vy1 + My_2V,

= Mgy1)—2Vars + (Mgy1)-3 + Mgy —a + Mgy1)-5)Vate
F(Mrg1)—3 + Mgy1)-a)Vat1 + Mg y1)-3Va.

By induction on m, this proves ([B.8]).
The previous Theorem gives the following results as particular examples: For n > 0 and m > 0, we have

(taking V,, = M,,)
Mypin = My—oMpi3+ (Mpyp—3 + Myp—g + My —5)Mpqo + (Mpp—3 + My—a) My 1 + My —sM,
and (taking V,, = R,)
Ryvin = Mp—oRpi3+ (My—3+ Mpy—a+ My_5)Rpt2 + (Mpm—3 + Mpm—a)Rpt1 + Mym—3R,.
Next we present the Binet’s formula of the generalized Tetranacci sequence.
LEMMA 1.2. The Binet’s formula of the generalized Tetranacci sequence {V,} is given as
Vi = My _3Vo + (Mp—3 + Myn—a)Vi + (Mp—3 + My_s + My _5)Va + My 5 V5.

Proof. Take n = 0 and then replace n with m in Theorem [Tl
For another proof of the Lemma [[L2] see [2I]. This Lemma is also a special case of a work on the nth

k-generalized Fibonacci number (which is also called k-step Fibonacci number) in [2] Theorem 2.2.].

COROLLARY 1.3. The Binet’s formula of the generalized Tetranacci sequence {V,,} is given as

Vn — AO&n76 +B/Bn_6+c'}/n76+D")/n76
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where
A = 5i118(%a3 + (Vo + Vi +Va)a? + (Vi + Va)a+ V)
B = 5%__18(‘/3[33+(V0+V1+V2)ﬂ2+(V1+V2)ﬂ+V2)
c = 577—__18([/3734—(1/04—%—|—V2)72+(V1+V2)7+V2)
D = %(‘/},73—1—(%4"/1"1“/2)'72"1‘(‘/1""/2)'7"_‘/2)

Proof. The proof follows from Lemma and (T4).
In fact, Corollary [[3]is a special case of a result in [2] Remark 2.3.].

o0
Next, we give the ordinary generating function Y a,z™ of the sequence V,.
n=0

o0
LEMMA 1.4. Suppose that fy,(z) = > anz™ is the ordinary generating function of the generalized
n=0
Tetranacci sequence {Vyp}n>o0.Then fy, (z) is given by

o+ i =Vo)o+ (Vo = Vi = Vo)a® + (Vs — Vo — Vi — V)2
N l—z—22—a3— 24 '

(1.6) fv, (x)
Proof. Using (II)) and some calculation, we obtain
fr. (@) = afv, (2) = 2° fv, () = 2° fv, (&) = Vo + (Vi = Vo)a + (Vo = V1 = Vp)a?

which gives (6l
The previous Lemma gives the following results as particular examples: generating function of the
Tetranacci sequence M, is

T
2 _

Tr—2x 3 — 2t

oo
an(‘r) = ZMnxn = 1 _
n=0
and generating function of the Tetranacci-Lucas sequence R, is

4— 3z — 222 — 23

1—z—a2—23% -zt

fr, () = ZRnx" =
n=0

In literature, there have been so many studies of the sequences of Gaussian numbers. A Gaussian integer
z is a complex number whose real and imaginary parts are both integers, i.e., 2 = a + b, a,b € Z. These

numbers is denoted by Z[i]. The norm of a Gaussian integer a + b, a,b € Z is its Euclidean norm, that is,

N(a+ib) = Va? +b> = \/(a + ib)(a — ib). For more information about this kind of integers, see the work
of Fraleigh [G].

If we use together sequences of integers defined recursively and Gaussian type integers, we obtain a new
sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell, Gaussian Pell-
Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-Padovan numbers; Gaussian
Tribonacci numbers.

In 1963, Horadam [I3] introduced the concept of complex Fibonacci number called as the Gaussian

Fibonacci number. Pethe [I9] defined the complex Tribonacci numbers at Gaussian integers, see also [g].
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There are other several studies dedicated to these sequences of Gaussian numbers such as the works in [II,

Bl &, B, @, 00, 1, 03], 04, 03], 08, 23], 24, 25, 6], among others.
2. Gaussian Generalized Tetranacci Numbers
Gaussian generalized Tetranacci numbers {GV,, }n>0 = {GV,(GVo, GV1, GV, GV3) }y >0 are defined by
(2.1) GV, =GV + GV + GVy_3 + GV _y,
with the initial conditions
GVo=co+i(cs —ca—c1 —cp), GV = c¢1 +ico, GVa = ¢ca +ic1, GVa = 3 + ica,
not all being zero. The sequences {GV,, },>¢ can be extended to negative subscripts by defining
GV_p==GV_(_1) = GV_(n_2) = GV_(n_3) + GV_(;,_g)
for n = 1,2,3,.... Therefore, recurrence (2.1]) hold for all integer n. Note that for n > 0
(2.2) GV, =V, +iV,_1.

and
GV_,=V_,+iV_,_1

The first few generalized Gaussian Tetranacci numbers with positive subscript and negative subscript

are given in the following table:

n GV, GV_,

0 co+iecs—ca—c1—cp) co+i(ecs —ca —c1 — o)

1 c1 +ico (cg —ca —c1 — o) +i(2¢c2 — c3)
2 co +icy 2¢9 — 3 +1i(2¢1 — ¢2)

3 c3 +icy 2¢1 — g +1i(2¢ — 1)

4 cotc1+ceategtics  2co—c1+i(2e3 —3co — 2¢1 — 2¢2)

We consider two special cases of GV, : GV,,(0,1,1+4,2+14) = GM,, is the sequence of Gaussian Tetranacci
numbers and GV, (4 — 4,1+ 4i,3+ 4,7+ 3i) = GR,, is the sequence of Gaussian Tetranacci-Lucas numbers.
We formally define them as follows:

Gaussian Tetranacci numbers are defined by
(2.3) GM,, =GM,_1+GM,, o+ GM,_3+ GM,,_4,
with the initial conditions
GMy=0,GM; =1,GMy=1+4+i,GM3 =2+
and Gaussian Tetranacci-Lucas numbers are defined by

(2.4) GR,=GR,_1+GR, s +GR,_3+GR,_4
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with the initial conditions

GRy=4—i,GR; =1+4i,GRy =3 +1i,GR3 = 7 + 3i.

Note that for n > 0

GM, = M, +iM,_1, GR, = R, +iR,_1

and

GM_, =M_p, +iM_p_1,GR_, = R_,, +iR_,_1.

The first few values of Gaussian Tetranacci numbers with positive and negative subscript are given in the

following table.

n 0 1 2 3 4 5 6 7 8 9
GM, 0 1 1+¢ 244 4+2i 8+4i 15+8i 29+ 15¢ 564297 108+ 56¢
GM_, 0 0 1 1-7 -1 0 24 2—-3 -3+ 1

The first few values of Gaussian Tetranacci-Lucas numbers with positive and negative subscript are given

in the following table.
n 0 1 2 3 4 5 6 7 8

GR, 4—i 1+4i 3+ T+31 15+7i 26+15¢ 51426¢ 994 51i 191499

GR_, 4-¢ -1—-¢ —-1—¢ —-1+4+7 7—-6i —6-—¢ —-1—¢ —1+15 15—19;
The following Theorem presents the generating function of Gaussian generalized Tetranacci numbers.

THEOREM 2.1. The generating function of Gaussian generalized Tetranacci numbers is given as

GV + (GVi — GVo)z + (GVa — GV4 — GVp)a® + (GVs — GVa — GVi — GVp)a®
B l—z—a%2—2%— 2t '

(2.5) fav, ()

Proof. Let
fov, () = Z GVpz"
n=0

be generating function of Gaussian generalized Tetranacci numbers. Then using the definition of generalized

Gaussian Tetranacci numbers, and substracting = f(x), 22 f(z), 2° f(x) and z* f(x) from f(z) we obtain (note
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the shift in the index n in the third line)
(1—z—2*—2° —2%) fav, ()

= i GVpa" —x i GV — 22 i GV,z™ — 23 i GV,a" — 4 i GV,x"
n=0 n=0 n=0 n=0 n=0

= i GV,xz" — i GV, z"tt — i GV, a"t? — i GV, a"t3 — i GV, z"
n=0 n=0 n=0 n=0 n=0

= Z GVya" — Z GVy_12™ — Z GVy_ox™ — Z GVy_3x™ — Z GVy_sz"
n=0 n=1 n=2 n=3 n=4
= (GVp + GViz + GVaz® + GV33?) — (GVox + GVia? + GVaz®) — (GVoz? + GViz?) — GVpa®

+ > (GVo = GVyoy = GV — GV — GV _g)a”

n=4

GVo + (GV1 — GVp)z + (GVa — GV — GV + (GVs — GV — GVy — GVp)a®

Rearranging above equation, we get

_GVo + (GVi — GVo)z + (GVa — GVi — GVy)a? + (GVs — GV — GV; — GVp)a

1—oz—a%—23— 24

fev, (z)

The previous Theorem gives the following results as particular examples: the generating function of
Gaussian Tetranacci numbers is
x +ix?

1l—z—a2—a3—2a?

(2.6) fen, (2)

and the generating function of Gaussian Tetranacci-Lucas numbers is

(2.7) for. (@) = = (L+d)a® — (2+2i)2? — (3 —45¢) T4—i

l—oz—22—23—=x

The result ([Z6]) is already known, (see [24]).

We now present the Binet formula for the Gaussian generalized Tetranacci numbers.

THEOREM 2.2. The Binet formula for the Gaussian generalized Tetranacci numbers is
GVn _ (Aan76 +Bﬂn_6 + O")/n76 + D’Yn76) 4 (AOén76 + Bﬂn_ﬁ + C,Ynfti _|_D,_Yn76)
where A, B,C and D are as in Corollary (I.3).

Proof. The proof follows from Corollary (L3) and GV,, = V,, + iV, ;.
The previous Theorem gives the following results as particular examples: the Binet formula for the

Gaussian Tetranacci numbers is

n+2 n+2 n+2 n+2

o - | TAee s tEar e |y Theaee T Eee e
n ,Yn+2 n sn+2 n ,Yn+2 n §n+2
e T T ) R ey e Ty

and the Binet formula for the Gaussian Tetranacci-Lucas numbers is

GRy = (a4 8" 9" +6") i (a7 4 5771 49771 407).
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The following Theorem present some formulas of Gaussian generalized Tetranacci numbers.

THEOREM 2.3. For n > 1 we have the following formulas:

(a): (Sum of the Gaussian generalized Tetranacci numbers)

> GV = %(GVW +2GV, + GV, — GV + GV; — GV3)
k=1

(b): Yo i GVarg1 = 2(2GVany2 + GVay — GVan_1 — 2GVy — GVy — 3GV, + GV3)
(€): Spy GVap = 2(2GVans1 + GVapo1 — GVay—z + GVy — GVi + 3GVa — 2GV3).

Proof.

(a): Using the recurrence relation
GV, =GV 1 +GV,_o+GV,\_3+GV,_4

i.e.
GVyy =GV, —GV,y_1 —GV,y\_o — GV, _3

we obtain

GVo = GVi—GV;—GVs— GV

GVi = GVs—GVi—GVs—GVy

GVa = GVs—GVs—GVy—GV;

GV = GV;—GVs—GVs — GV,

GVi = GVi—GV;—GVs—GVs
GVpoy = GVp— GVt —GVyy— GVy_3
GVps = GVpi1 =GV — GVt — GVy_s
GVioy = GVpio — GVii1 — GVy — GV_y
GVpo1 = GVpis — GViis — GViyy — GV,

GV, = GVipia—GVipis— GViys — GVisr.

If we add the equations by side by, we get

k=1

(GViss — GVipso — 2GVii1 — GVo + GV; — GV3)

Wl Wl

(GVisa + 2GV,, + GViu_y — GVo + GVi — GV3).
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(b): When we use (2.I]), we obtain the following equalities:

GV = GVi1+GVio+GVi_s+GVi_y
GVy = GVa+GWh+GVI+GV
GV = GVs+GVy+GVs+GVy
GVs = GVi+GVe+GVs +GVy
GVipo = GVo+GVs+GVz +GVy
GVaopia = GVany1 +GVap + GVay 1 + GVay .

If we rearrange the above equalities, we obtain

GVz = GVy—GVo —GVy — GV

GVs = GVg—-GVy—GVs— GV

GV; = GVg—GVy—GVy -GV,

GVy = GVig—GVs—GVz — GV
GVop—1 = GVop, — GVap_o — GVap_3 — GVay_4
GVant1 = GVapipo — GVap — GVapog — GVap—a.

Now, if we add the above equations by side by, we get

2n—1

Y GVarpn = GVania—GVa— > GV — GV
k=1 k=1

1
= GVapyo — GV — g(GV(2n71)+4 — GVion—1)42 = 2GVign_1)41 — GVo + GV1 — GV3) — GV}
= GVantz — GVs — 5(GVanss — GVanta — 2GVan — GVo + GV — GV3) — G
- —%(—301/%2 + GVanys — GVani1 — 2GVap + 2GVo + GVi + 3GVa — GV3)

1
= §(3GV2n+2 — GVapys + GVayq1 + 2GVa, — 2GVy — GV — 3GVa + GV3)

and
3GVapyo — GVanys + GVang1 +2GVa,, = 2GVang2 + (GVanyo + GVang1 + GVan — GVanyz) + Gy,
= 2GVapia +GVapy — GVopy
So

S GVaksr = 3(2GVansz + GVan — GVan 1 — 26V — GVi — 3GV + GV).
k=1
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(c): Since
n n 2n+1
ZGV2k+1 + Z GVyy, = Z GV, — GVy
k=1 k=1 k=1
we have
Y 6w = %(GVWH — GVpyo — 2GVi1 — GVo + GV — GV3)
k=1
1
= 5(GVaia +2GV, + GVoy = GV + GV = GV3),
- 1
> GVappr = 5 (2GVans2 + GVan — GVon—1 — 2GVo — GVi = 3GVa + GV5)
k=1
n 2n+1 n
Y GVar = Y GVi—) GVarp—GW
k=1 k=1 k=1

1
= g(G‘/(2n+1)+4 — GViony1)+2 — 2GViong1)41 — GVo + GVi — GV3)
1
—§(2GV2n+2 + GVayy — GV — 2GVy — GV — 3GV + GV3) — GV4

= %(GV%% = GVanys — 2GVap 2 — GVo + GVI = GV3) + %(—2GV2”+2 — GVa,
+GVap—1 +2GVo + GV + 3GVa — GV3 — 3GV7)

= %(GV%% — GVany3 —2G Voo — GV + GVI — GV3 — 2GVap o — GVap + GVop 1
+2GVy + GV; + 3GVa — GV3 — 3GVy)

1
= (G‘/Qn—i-5 - GVv2n+3 - 4G‘/2n+2 - G‘/Zn + GVv2n—l + CT"/'O - G‘/l + 3G‘/é - 2GVv3)

3
L (20Von1 + OVau s — GV s+ GV — GVA +3GT — 2G1))

This completes the proof.

As special cases of above Theorem, we have the following two Corollaries. First one present some

formulas of Gaussian Tetranacci numbers.

COROLLARY 2.4. Forn > 1 we have the following formulas:

(a): (Sum of the Gaussian Tetranacci numbers)
- 1
> GM, = 5(GMygo +2GMy, + GMy g — (141))
k=1

(b): ZZ:l GM2k+1 = %(2GM271+2 + GMsy, — GMop_1 — 2 — 22)
(C): ZZ:l GMyy, = %(2GM27H_1 +GMop—1 — GMop_9 — 2+ Z)

Second Corollary gives some formulas of Gaussian Tetranacci-Lucas numbers.

COROLLARY 2.5. Forn > 1 we have the following formulas:
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(a): (Sum of the Gaussian Tetranacci-Lucas numbers)
- 1
> GRy = 3(GRuss + 2GR, + GRoy =10+ 2)
k=1
(b): ZZ:l GR2k+1 = %(2GR2H+2 + GRyy,, — GRyp—1 — 11 — 21)
(C): ZZ:I GRyy, = %(2GR2n+1 + GR2p—1 — GRop—g — 2 — 82)

In fact, using the method of the proof of Theorem 2.3, we can prove the following formulas of generalized

Tetranacci numbers.

THEOREM 2.6. For n > 1 we have the following formulas:

(a): (Sum of the generalized Tetranacci numbers)
- 1
D Vi=3(Vara +2Va+ Vaor = Vo + Vi = Vi)
k=1
(b): Yoy Vars1 = 3(2Vanyo + Van — Vano1 — 2Vo — Vi — 3V, + V3)
(C): ZZ:I ‘/Qk - %(2‘/271—1-1 + ‘/271—1 - Vv2n—2 + ‘/O - ‘/1 + 3‘/2 - 2‘/3)

As special cases of above Theorem, we have the following two Corollaries. First one present some

formulas of Tetranacci numbers.

COROLLARY 2.7. Forn > 1 we have the following formulas:

(a): (Sum of the Tetranacci numbers)
1
> My = o (Mo +2My + My g — 1)
(b): >op_y Mogyr = %(2M2n+2 + Moy, — Mop_1 —2)
(€): Dopqy Mo = 3(2Mapiy + Map_1 — Map_g — 2).
Second Corollary gives some formulas of Tetranacci-Lucas numbers.

COROLLARY 2.8. Forn > 1 we have the following formulas:

(a): (Sum of the Tetranacci-Lucas numbers)

- 1
> R = 5 (Rni2 + 280 + Ry oy — 10)
k=1

(b): > p_; Rort1 = 3(2Rap42 + Rap — Rap—1 — 11)
(c): Yop_q Ror = %(2R2n+1 + Rap—1— Ron—2 — 2).

Note that if the sum starts with the zero then the constant in the formula may only change, for example
D Rx=Ro+) Ri=4+z(Rnt2+28n+ Ro1 —10) = 2(Rnyz+ 2Ry + Rn1 +2)
k=0 k=1

but
n n n 1
My, = My + M, = My, = =(My49 +2M,, + M,_1 —1).
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3. Some Identities Connecting Gaussian Tetranacci and Gaussian Tetranacci-Lucas Numbers

In this section, we obtain some identities of Gaussian Tetranacci numbers and Gaussian Tetranacci-Lucas
numbers.

First, we can give a few basic relations between {GM,,} and {GR,} as

(3.1) GR, = —-GM, 43+ 6GM, 1 — GM,,

(3.2) GR, = —GMy,42 +5GMy 1 —2GM,, — GM,,—1
and also

(3.3) GR, =4GM, 1 —3GM,, — 2GM,,—1 — GM,,_5.

Note that the last three identities hold for all integers n. For example, to show [B.1l), writing
GRn = CLGMnJrg + bGMnJrQ + CGMn+1 + dGMn

and solving the system of equations

GRy = aGM3+bGM;y+ cGM; + dGM,
GRy = aGMy+bGMs+ cGM3 + dGM,
GRy = aGMs+bGMy+ cGMs3 + dGM,
GRs = aGMs+bGMs+ cGMy+ dGMs

we find that a = —1,b =0,c = 6,d = —1. Or using the relations GM,, = M,, + iM,,—1, GR, = R, + iR,
and identity R,, = — M43 + 6M,,11 — M,, we obtain the identity ([B.I). The others can be found similarly.
We will present some other identities between Gaussian Tetranacci and Gaussian Tetranacci-Lucas num-
bers with the help of generating functions.
The following lemma will help us to derive the generating functions of even and odd-indexed Gaussian

Tetranacci and Gaussian Tetranacci-Lucas sequences.

o0
LEMMA 3.1 ([M). Suppose that f(x) = > anx™ is the generating function of the sequence {an}n>o-
n=0

Then the generating functions of the sequence;{agn}nzo and {azn+1}n>0 are given as

fure @) = 3 gy = L) s (—v7)
n=0

and
fWz) = f(=Va)
2Vx

00
fa2n+1 (‘T) = Z a2n+1xn =
n=0

respectively.

The next Theorem presents the generating functions of even and odd-indexed generalized Tetranacci

sequences.
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THEOREM 3.2. The generating functions of the sequences Vo, and Va1 are given by

- Vot (=3Vo + Va)a + (—2Vo + Vi — 2Vo + V3)a? + (—2V, 4 Vs)a?

fve, (@) = 24+ 23 — 322 — 3z + 1
and
Fon(2) = Vi+ (=3Vi 4+ Va)z + (Vo — Vi + 2V — W3)a® + (Vo + Vi + Vo — V3)a®
Vant1 1) = ot + 2% — 322 -3z +1
respectively.

Proof. Both statements are consequences of Lemma 3.1 applied to (L) and some lengthy work.
From the previous Theorem we get the following results as particular examples: the generating functions

of the sequences My, and Ms, 11 are given by

? 2?2 —r+1

I, () = A8 322 — 301 frty iy (2) = 24 + 23 — 322 — 3z + 1

and the generating functions of the sequences Ry, and Ra,1 are given by

23 — 622 —9x + 4 f (@) 234+ 222 44+ 1
x) = )
4+ 23 — 322 _ 3z 417 Jfen xt 423 —322 -3x+1

[Rs, (:E) =

The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized

Tetranacci sequences.

THEOREM 3.3. The generating functions of the sequences GVay, and GVapy1 are given by

_ GVo + (—=3GVy + GVa)z + (—2GVy + GVi — 2GVa + GV3)a? + (—2GV; + GV3)a?

o = ot 4+ 2% — 322 -3z +1
and
oy, = TAT IOV ¥ CViJe 4 (Vo — OVi + 20V, - GVa)a” + (GV + GV + GVa — Voo
x4+ a5 — 32 -3z +1
respectively.

Proof. Both statements are consequences of Lemma B] applied to (Z3) and some lengthy algebraic
calculations.
The previous theorem gives the following two corollaries as particular examples. Firstly, the next one

presents the generating functions of even and odd-indexed Gaussian Tetranacci sequences.

COROLLARY 3.4. The generating functions of the sequences GMay, and GMapy1 are given by

(1+4d)x+ (1 —i)2® —iz?

(3.4) fGMgn = 24+ 23 — 322 —3r + 1
and

1—(1—4)z—(1—14)z?
(35) fGM2n+1 = ( ) ( )

o4+ a3 —322 -3 +1

respectively.



GAUSSIAN GENERALIZED TETRANACCI NUMBERS 15
The following Corollary gives the generating functions of even and odd-indexed Gaussian Tetranacci-
Lucas sequences.
COROLLARY 3.5. The generating functions of the sequences GRa, and GRo,41 are given by

(4—14)—(9—4i)x — (6 — 7i)2® + (1 + i) 23

3.6 =
(3.6) fer,, () 2t 2% — 322 —3r+ 1
and

(144D + (A 90)z + (2 6D)a® + (1 +14)a
(3.7) faRa, 1 (2) = x4+ 13 — 322 — 3z +1
respectively.

The next Corollary present identities between Gaussian Tetranacci and Gaussian Tetranacci-Lucas se-

quences.
COROLLARY 3.6. We have the following identities:

(4 —i)GMay, — (9 — 4i) GMay, o — (6 — 7i) GMay 4 + (1 + 1) GMay,_g
= (144)GRap 2+ (1 —4)GRyy_4 — iGRap s,

(14 449)GMap, + (4 — 9i) GMay—o + (2 — 6i) GMay—g + (1 + i) GMay—¢
= (144)GRayn_1+ (1 —i)GRyp_3 — iGRan_s),

(4= ) GMany1 — (9 — 4i) GMan_1 — (6 — i) GMap_3 + (1 +4) GMap_s
= GR2, — (1 -i)GRap—2— (1 —14))GRay—4

(14+4))GMapt1+ (4 —9i) GMayp 1 + (2 — 61) GMay—3 + (1 + ) GMay—5

= GRony1— (1 —49)GRap_1 — (1 —))GRapn_3
Proof. From ([B4) and ([B.6) we obtain
(A—i)—(9—4i)az— (6 —Ti) 2>+ (1+1)2°) far,, = (L+)z+ (1 —i)2? —iz®) far,, .
The LHS (left hand side) is equal to

LHS = (4—i)—(9—4i)z—(6—"7i) x>+ (1 +1i)a?) i G Mo, x"
n=0

(5 — Z) $2 + (5 + 32) T+ i((‘l — Z)GMgn — (9 — 42) GMQn_Q
n=3

— (6 — 72) GM2n74 + (1 + Z) GMang)In
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whereas the RHS is

RHS = ((1+i)x+(1—i)a’—iz®)) GRona"

n=0

= (5-)2®+(B+3)x+ Y ((1+17) GRana + (1 — i) GRan—s — iGRap_g)".

n=3

Compare the coefficients and the proof of the first identity is done. The other identities can be proved

similarly by using (B.4))-(B71).

We present an identity related with Gaussian general Tetranacci numbers and Tetranacci numbers.
THEOREM 3.7. For n >0 and m > 0 the following identity holds:
(3.8) GVign = My—2GViys + (Mp—3 + My—a4 + My—5)GVpo + (My—3 + My—4)GVpt1 + My —3GV,,
Proof. We prove the identity by strong induction on m. If m = 0 then
GV, =M_3GVois+ (M_s+M_y+M_5)GVyyo+ (M_5+ M_4)GVyyp1 + M_3GV,

which is true because M_o =0, M_3=1,M_4, = —1, M_5 = 0,. Assume that the equaliy holds for m < k.

For m =k + 1, we have

GVigs1y4n = GVagk + GVagk—1 + GVigk—2 + GVigp—3

= (Mr—2GVyy3 + (My—3+ My—g+ My_5)GVyyo + (My—3 + My 4)GVyip1 + My_3GV,,)
+(My—3GViys + (My—a + My_5 + My_6)GVpyo + (My_g + My_5)GVpi1 + My_4sGV,,)
+(My—4GViy3 + (My—s + My—6 + My_7)GViyo + (My—5 + My—6)GVyy1 + My_sGVy,)
+(My—5GViys + (My—6 + M7 + My—3)GVyi2 + (Mi—6 + My—7)GVip1 + My—GVy)

= (Mp—o+ Mi_35+ Mg_sg+ My_5)GVyis
+(My—3 + My—g + My—5+ My—¢) + (My—4 + My_5 + My + My_7)
+(Mg—5 + My + My—7 + My —5))GVyp2
F(Mg—3+ Mp—a + My—5 + My_—¢) + (Mr—a + My—5 + M6 + M_7))GVp11
+(My—s + My—_s + My_s + My_g)GV,,

= My 1GVigs + (Mp—o + My—3 4+ My_4)GVyjo + (My—o + My_3)GVyp1 + My_2GV,

= Mug1)—2GVnys + (M(gg1y—3 + Mgg1)—a + M(gy1)—5)G Vo2

F(Mrg1)—3 + Mgy1)-4)GVat1 + Mg 1) -3GVy

By strong induction on m, this proves (B.8).
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The previous Theorem gives the following results as particular examples: For n > 0 and m > 0, we have

(taking GV,, = GM,,)
GMern = Mm72GMn+3 + (Mm73 + Mm74 + Mm75)GMn+2 + (Mm73 + Mm74)GMn+1 + Mm73GMn
and (taking GV,, = GR,,)

GRern = Mm72GRn+3 + (Mm73 + Mm74 + Mm75)GRn+2 + (Mm73 + Mm74)GRn+l + Mm73GRn-

4. Matrix Formulation of V,,

Now, consider the sequence {U,,} which is defined by the fourth-order recurrence relation
Un=Up1+Up2+Up3+Us g, U=U=0Us=Us=1.

Next, we present the first few values of numbers U,, with positive and negative subscripts:

n 012 3 456 7 8 9 10 11 12 13 14
v, 001 1 2 4 8 15 29 56 108 208 401 773 1490
v, 001 -1002 -3 1 0 4 -8 5 -1 8

Note that some authors call {U,} as a Tetranacci sequence instead of {M,}. The numbers U, can be

expressed using Binet’s formula

a” g" " o
T Ba-Ne-0  B-aB-1F-0) (- -B-0  G-ap-Ao-)

The matrix method is very useful method in order to obtain some identities for special sequences. We define

the square matrix A of order 4 as:

S O = =
S = O =
= o o =
[ R s
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such that det M = —1. Induction proof may be used to establish

Mp1 My + My + M, My, + M, M,
W o M, My o+ M, o+ M, 5 M, +M, 5 M,
My, 1w My o+ My s+Myy My o+My_3 My_s
My_o My s+M,_gs+M,_5 My_s3s+M,_y M,_3
Unio  Unir +Un+Uny Upsr +Un Upir
(4.2) _ Upt1 Up+Up1 +Up—2 Uy, +Up—1 U,
U, Up1+Us2+4+U3 Up1+Up—o Uy
Un-1 Upo+Up3+Upy Upo+U,_3 Up_o
Unt2 Upy2—Un—2  Unt1+Un  Unta
(4.3) _ Upy1 Upy1 —Up—s U, +U,_1 U,
Un U,—-Ups U1 +Up—2 Uy

Unfl Unfl - Un75 Un72 + Un73 Un72

Matrix formulation of M,, and R,, can be given as

My 1 1 1 1 Ms
M, 1 0 0 O M-
(4.4) +2 _ 2
M1 01 0 O M,
M, 0 01 0 My
and
Rui3 1 1 11 R3
R, 1 0 0 O R
(4.5) 2= 2
Ry 01 00 R,
R, 0 01 0 Ry

Induction proofs may be used to establish the matrix formulations M,, and R,,. Note that

GM, = iUy, + Uns1

and

GRy = (3—20)Unsa — (2= 60)Uns1 — (L + ) Un + (1 +14) Un_o.
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Consider the matrices Ny, F)s defined by as follows:

24i 14i 1 0
1+i 1 0 0
Ny =
1 0 0 i
0 0 i 1—3i
GMuys GMis GM,y; GM,
5 GM,io» GM,.1 GM, GM,_,
M p—
GM,y1 GM, GM,_1 GM,_»

GM, GM,-1 GM,—o GM,_3

Next Theorem presents the relations between A™, Ny, and E)y.

THEOREM 4.1. For n > 3, we have

A"Ny = Eyr.

Proof. Using the relation

GMn =1U, + Un-i—lu

and the calculations

a = Q2+)Up+ 1A +0)Up1+2+1)Ung1 + (2417) Ungo
= 2Up+ iUy + Up-1 +iUp1 + 2Ups1 + iUpy1 + 2Upi2 + iU 0
= i(Unt2 +Uny1 +Un +Up1) + (2Un12 + 2Up 11 + 2Up + Up—1)
= iUpys+ Uns2+Uns1 +Upn + (Upg2 + Upg1 + Up + Up—1))

= WUpqs+ (Un+2 +Upt1 +Un + Un+3) = iUpss +Upya = GM,y 43

and

Un + Un—l + Un+1 + (1 + l) Un+2 = Un + Un—l + Un+l + Un+2 + iUn+2

iUn+2 + Un+3 = GMnJrZ;

19
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we get
Uito Upt1 +U,+Up—y Upnt1+U, Unt: 241 141
ANy, = Upy1 U+ U1 +U,—2 U,+ U, U, 1+ 1
U, Up1+Up2+4+Up3 Up1+Up—2 Upa 1 0
U1 Upo+Up3+Upgy Up2a+Uyp3 U, 0 0
GMyys GM,s GM,.1 GM,
| GMuys M GM, GM,
| GMy GM,  GM,, GM, ,
GM, GM,—1 GM,—o GM,_3

Above Theorem can be proved by mathematical induction as well.

Consider the matrices Ny, Er defined by as follows:

T+31 3+1 1+44 4—1

3+7 1+4: 4 —q —1—1
Np =

1+4¢ 4—1¢ —-1—7¢ —1-—1

4—9 —-1—-4¢4 —-1—1¢ —-14+T7:

GRuis GRuss GRuii GR,

GRn,y2 GRny1 GR, GR,
En =

GRpii  GR, GRy1 GRy

GR, GR,-1 GR,—2 GR,_3

The following Theorem presents the relations between A", Nrp and Eg.

THEOREM 4.2. We have

A"Ngp = Eg.

Proof. The proof requires some lengthy calculation, so we omit it.

The previous Theorem, also, can be proved by mathematical induction.

Similarly, matrix formulation of V,, can be given as

Vs

Vira

Vit
Vi

n

111 1 Vs
1000 Vs
0100 i
0010 Vo

S O =
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Consider the matrices Ny, By defined by as follows:

ica+cC3 ic1+co ico+c1 a1
ic1+co ico+c1 (1 —i)c,—ici—icatics as
NV = )
ico+cy (1 —i)cy—ici—ica+ics (1 —i)cg—e1—(1 = 2i)cy—co  as
(1 —i)cyg—ici—ica+ics (1 —i)eg—c1—(1 —2i)cy—co 2ic1+(2 — i)ey—cs ay
GVpys GViro GVippr GV,
GVn+2 GVn+1 GVn GVn—l
Ey =
GVpr1 GV GVuop GVp_g
GV, GV,_1 GV,_o GV,_3
where
a; = (1 — i)CQ —ic1 — icy + 1c3
ag = (1 — i)Cg —C1 — (1 — 2i)02 — Cp
az = 2ic1+ (2 — i)Cg —C3
ay = 2ico+ (2 — i)Cl — Co.

il

[9

]

We now present our final Theorem.

THEOREM 4.3. We have
A"Ny = Ey.

Proof. The proof requires some lengthy work, so we omit it.
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