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NONCOMMUTATIVE CYCLIC ISOLATED SINGULARITIES

KENNETH CHAN, ALEXANDER YOUNG, JAMES J. ZHANG

ABSTRACT. The question of whether a noncommutative graded quotient sin-
gularity AS is isolated depends on a subtle invariant of the G-action on A,
called the pertinency. We prove a partial dichotomy theorem for isolatedness,
which applies to a family of noncommutative quotient singularities arising from
a graded cyclic action on the (—1)-skew polynomial ring. Our results general-
ize and extend some results of Bao, He and the third-named author and results
of Gaddis, Kirkman, Moore and Won.

0. INTRODUCTION

Auslander [Au] proved that if G is a small finite subgroup of GL,(C), acting
linearly on the symmetric algebra over C (namely, the commutative polynomial
ring) R := C[C®"], with fixed subring R, then the natural map

R#G — Endge (R)

is an isomorphism of graded algebras. Here R#G denotes the skew group algebra
associated to the G-action on R and the hypothesis of G being small means that G
does not contain any pseudo-reflections (e.g. G is a finite subgroup of SL,,(C)). This
theorem plays an important role in the McKay correspondence, relating representa-
tions of G and those of R“; and in the special case of dimension two, further relating
configuration of the exceptional fibers in the minimal resolution of Spec R®. The
noncommutative version of this theorem of Auslander is an important ingredient in
establishing a noncommutative McKay correspondence, see [CKWZIL [CKWZ2] for
some recent developments. In [BHZI] [BHZ2], a numerical invariant was introduced
for a semisimple Hopf algebra action on a (not necessarily commutative) algebra R
with finite Gelfand-Kirillov dimension (or GKdimension for short). The pertinency
of a Hopf algebra H-action on R [BHZIl Definition 0.1] is defined to be

p(R, H) := GKdim(R) — GKdim(R#H/(eo))

where (eg) is the two-sided ideal of the smash product R#H generated by the
element eg := 1# [, where [ denotes an integral of H. One of the main results in

[BHZ1l [BHZ2] is the following.

Theorem 0.1. [BHZI Theorem 0.3] Let R be a moetherian, connected graded,
Artin-Schelter regular, Cohen-Macaulay algebra of GKdimension at least 2. Let
H be a semisimple Hopf algebra acting on R inner-faithfully and homogeneously.
Then the following are equivalent:

(1) p(R, H) = 2.

(2) The natural map R#H — Endge (R) is an isomorphism of graded algebras.
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The above theorem is useful for studying quotient singularities R and for con-
necting the representation theory of H and that of R¥. Several groups of re-
searchers have computed the pertinency p(R, H) in different situations. A lower
bound of the pertinency for the cyclic permutation action on the (—1)-skew poly-
nomial rings and for the group actions on the universal enveloping algebra of some
Lie algebras was given in [BHZI, BHZ2]; in [GKMW], the authors computed the
pertinency for many new examples; the authors in introduced a new method
of computing pertinency by using pertinent sequences; the paper [CKZ| provided a
lower bound of the pertinency for group coactions on noetherian graded down-up
algebras.

Although many of these ideas can be applied to the Hopf algebra setting, in this
paper we only consider group actions, namely, H is a group algebra over a finite
group G. When G is acting on an algebra R, we usually assume that this action is
inner-faithful.

In algebraic geometry, singularities have been studied extensively. We recall the
following basic result. When a small finite subgroup G C GL,(C) acts naturally
on the vector space V := C®", the quotient V/G := Spec(C[V]%) has isolated
singularities if and only if G acts freely on V \ {0}, see [MStl Lemma 2.1],
Corollary to Lemma 2] and [MUT], p.7359].

In noncommutative algebraic geometry, Ueyama gave the following definition of
a graded isolated singularity [Uel Definition 2.2]. Let B be a noetherian connected
graded algebra. Then B is a graded isolated singularity if the associated noncommu-
tative projective scheme tails B (in the sense of [AZ]) has finite global dimension.
Let R be a noetherian Artin-Schelter regular algebra and G a finite subgroup of
the graded algebra automorphism group Autg,(R). Mori-Ueyama [MUT], Theorem
3.10] proved that if p(R, G) > 2, then R is a graded isolated singularity if and only
if p(R,G) = GKdim R (which is the largest possible). This result was extended to
the Hopf algebra setting, namely, replacing G by a semisimple Hopf algebra, in
[BHZ1]. The first few examples of graded isolated singularities in the noncom-
mutative setting were given in [Ue, Theorem 1.4, Examples 3.1, 4.7 and 5.5] by
mimicking the commutative criterion of free action of G on V'\ {0}. More examples
of graded isolated singularities were given in [CKWZI] BHZ2, [GKMW].
One example of graded isolated singularities in dimension three was given in [CKZ,
Lemma 2.11(1)]. A more interesting example is [Ue, Examples 5.4] or [KKZ1l, Ex-
ample 3.1], where the G-action on the degree one piece of the regular algebra R
is not free. We call such a graded isolated singularity non-conventional [Definition
.

Since Mori-Ueyama’s condition of maximal pertinency is not easy to check in
general, we only obtain some special examples of graded isolated singularities in high
GKdimension [BHZ2]. It would be nice to understand exactly when the pertinency
is maximal, but it seems extremely difficult to achieve this goal. The main object of
this paper is to calculate a family of pertinencies all together, using induction. As a
consequence, we obtain new examples of graded isolated singularities in arbitrarily
large GKdimension.

We now fix some notation. Let k be an algebraically closed field of characteristic
zero. Let n be an integer > 2. The algebra that we are interested in is the (—1)-skew
polynomial ring

k_1[x] :=k_1[zo,...,zn-1]
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that is generated by {xo,...,x,—1} and subject to the relations
Tilj = (—1)$j$i
for all i # j. Let C), be the cyclic group of order n acting on k_1[x] by permuting the

generators of the algebra cyclically, namely, C,, is generated by o = (012---n — 1)
of order n that acts on the generators by

O *Xj = Tj41
for all i € Z,, :== Z/nZ. We have two results which establish a partial dichotomy.

Theorem 0.2. Let A :=k_[x]| and G := C,,. If n = 2%p® for some prime p > 7
and integers a,b > 0, then p(A,G) = GKdim(A) = n. As a consequence, A is a
graded isolated singularity.

Remark 0.3. (1) Theorem[02is a generalization of [Uel, Examples 5.4] (when
n = 2) and [BHZI], Theorem 5.7(4)] (when n = 2% for some a > 1).

(2) Although [Uel Examples 5.4] and [BHZI, Theorem 5.7(4)] have already
provided examples of non-conventional graded isolated singularities of a
similar type, Theorem is still quite surprising and counter-intuitive.

Note that o | (where V = @7 'ka;) has eigenvalues {1,¢,£2,..., &7}
where £ is a primitive nth root of unity. In particular, there is an eigenvalue
of ¢ on V that is 1 (which is not a primitive nth root of unity) with
eigenvector Z?:_Ol x; in V, or equivalently, the isolated singularity is non-
conventional.

(3) In fact, almost all graded isolated singularities considered in this paper
will be non-conventional. One aim of this paper is to show that non-
conventional graded isolated singularities are common in the noncommuta-
tive setting.

(4) The proof of Theorem [0.2 is very involved, using several steps of reduction
and induction. We hope to have a more conceptual proof in the future.

When p = 3 or 5, Theorem [.2 fails.

Theorem 0.4. Let A := k_1[x] and G := C,. If either 3 or 5 divides n, then
p(A,G) < GKdim(A) = n. Consequently, A® is not a graded isolated singularity.

Combining the above two theorems, if n = 2%p® for some prime number p, then
A% is a graded isolated singularity if and only if p # 3,5. It is not obvious to us
why the primes 3 and 5 are different from other primes in this situation. Based on
the above two results we make a conjecture.

Conjecture 0.5. Let A :=k_1[x] and G := C,. Then A% is a graded isolated
singularity if and only if n is not divisible by 3 and 5.

The above conjecture holds for n less than 77 following Theorems and
Corollary 0.6. If n <77, then Conjecture [0 holds.

Theorem [B7] provides further evidence for Conjecture[@.5l For general n we have
the following lower bound. Let

(E0.6.1) ¢p2(n) ={k |0 <k <n—1with ged(k,n) =2% for some w > 0}.
Theorem 0.7. Let A :=k_1[x]| and G := C,,. Then p(A,G) > |pa(n)|.
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Note that Theorem is an improvement of [BHZIl Theorem 5.7] when n is
even. Combining Theorems [0.2] 0.4] and further analysis, we have the following
table of pertinencies.

Proposition 0.8. Let p = p(A,Cy,). Then

n|2]3[4]5]6]7[8[9[10] 1112 13]14
pl2|2[a[4][5]7|8[8]9 [11|e[811]|13] 14

where the notation € [8,11] means that 8 < p < 11.

By Proposition [0.8] the integer 12 is the smallest n where that the exact value
of p(A, Cy,) is unknown. It would be nice to have exact values of p(A4, C,,) for all n.
In particular, we ask:

Question 0.9. Retain the above notation.

(1) If n is divisible by either 3 or 5, what is the exact value of p(4, C,)?
(2) Does the sequence, from Proposition [I.8]

(E0.9.1) 2,2,4,4,5,7,8,8,9,11...

match up with any other sequences in literature? The On-Line Encyclope-
dia of Integer Sequences website

https://oeis.org/
does not give any sequences that match up with (E0.9.7)

Graded isolated singularities have various special properties. Ueyama and Mori-
Ueyama investigated certain properties of graded isolated singularities from the
viewpoint of derived categories and representation theory. As an immediate con-

sequence of [Uel [MUT] [MU2], we have the following. We refer to [Ue, MUT], MU2]

for undefined terms in the next corollary.

Corollary 0.10. Suppose n = 2%p® for some prime p > 7 and integers a,b > 0.
Then the following hold.
(1) tails AC = tails A#G.
(2) A s a (n—1)-cluster tilting object in the category of graded mazximal Cohen-
Macaulay modules over AS.
(3) The derived category D®(tails A¥) has a tilting object.
(4) The derived category D(tails A®) has a Serre functor.

This paper is organized as follows. We provide background material in Section[Il
Theorem is proven in Section 2l In Section [3] we give some preliminary results
and Theorem [IL4]is proven in Section @l We continue some preparation in Sections
and Bl The main result, Theorem [I.2] is proven in Section [[l In Section [B] we
discuss some partial results when n = pyps. Proposition is proven in Section
In Section [I0] we construct more examples of non-conventional graded isolated
singularities. The final section contains some questions and comments.

Acknowledgments. The authors thank Jason Bell, Ken Goodearl, Zheng Hua,
Lance Small, Agata Smoktunowicz and Robert Won for many useful conversations
on the subject and thank Jason Bell for the proof of Lemma [[0.6l J.J. Zhang was
partially supported by the US National Science Foundation (No. DMS-1700825).
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1. PRELIMINARIES

Throughout let k be a base field that is algebraically closed of characteristic zero.
All objects are k-linear.

An algebra R is called connected graded if R = €D, - Ry satisfying R;R; C Ri;
for all 4,7 and 1 € Ry = k. We say R is locally finite if dimy R,, < oo for all n. In
this paper all connected graded algebras will be locally finite.

We refer to [MR] for the definition of the Gelfand-Kirillov dimension (or
GKdimension) of an algebra or a module. When R is connected graded and finitely
generated, its GKdimension is equal to

(E1.0.1) GKdim(R) = lim sup logn(z dimg R;).
Observe that GKdim(R) = 0 if and only if dimg R < oo. For ¢ € k*, the
g-polynomial ring
kolz1, ... xm] =k, oo /(i — gz | @ < j)
has GKdimension m (equal to the number of generators). If B is either a subalgebra
or a homomorphic image of an algebra R, then GKdim(B) < GKdim(R).

Let B be a noetherian connected graded algebra. If M is a finitely generated
graded right B-module, then we have a formula similar to (EL.0.1), see [SZ, p.1594],

(E1.0.2) GKdim(M) = lim sup logn(z dimg M;).
Let ¢ be a homogenous central element of B of positive degree. If M is a finitely
generated left graded B-module, it follows from (EI.0.2) that

(E1.0.3) GKdim M > GKdim M/cM > GKdim M — 1.

Definitions of other standard concepts such as Artin-Schelter regularity, Aus-
lander regularity, Cohen-Macaulay property are omitted as these can be found in
many papers such as [Le [MSm].

For the first nine sections we consider noncommutative cyclic singularities arising
from the action of the cyclic group on the (—1)-skew polynomial ring as follows.

Let n be a fixed integer > 2. Let n := {0,...,n—1}. Note that n can be identified
with the additive group Z,,. Let x be the set {zq,..., 2,1} or {2; | i € Z,,} and A
be the (—1)-skew polynomial ring k_1[x] as defined in the introduction. Then A is
a graded k-algebra with deg(x;) = 1 for each i and we denote A; the k-subspace of
degree j elements of A. It is well-known that A is noetherian, Artin-Schelter regular,
Auslander regular and Cohen-Macaulay of global dimension and GKdimension n.
Let o be the cycle (012---n — 1) which generates the cyclic group C,, of order n
as a subgroup of the symmetric group S,, (considering S,, as a set of bijections of
n:={0,...,n —1}). As abstract groups, we have Z,, = C,,. The action of C}, on
A is determined by its action on generators

0% Xy =Tijy1, Vi€En="2Ly,.

The skew group algebra A#C,, with respect to this action consists of all linear
combinations of elements a#¢ with a € A and g € C,,, with multiplication given
by

(a#g)(a'#g') = ag(d')#g,

extended linearly to all of A#C,,. We omit # if no confusion occurs.
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The skew group algebra can be presented in the standard way,
k(x,0)

(l‘il'j +xjxi,0", 00 — $i+10)

A#C, =

We now describe a different presentation of the above skew group algebra, using
eigenvectors of the o-action, which we will use for the rest of the paper.

Since the action of C,, on A is graded, the generating subspace A; is a C),-module.
Let w be a primitive nth root of unity and M,; be the simple (hence 1-dimensional)
C,,-module where ¢ acts by multiplication by w’. The o-action on A; has minimal
polynomial p(X) = X™ — 1, so we can decompose A; as a Cp,-module as follows

n—1
(E1.0.4) A = P M,

~v=0
For v =0,...,n — 1, define the following elements of A; C A#C,,

1 n—1 .
(E1.0.5) by = — ;w”xi.
The following calculation shows that b, is a w™7-eigenvector of o,

1 n—1 )

(E1.0.6) oxby = - ; w1 = w 7b,.
In other words, we have kb, = M_, as Cp-modules, so the basis {bo,...,bp—1}

gives the Cj,-module decomposition of A; in (EL0.4). We also define the following
idempotent elements

n—1
1 (o7 K3
€a = E gt (w 0)
in kC,, C A#C,,. Let b := (bg,...,b,—1) and e := (eg, ..., e,—1). Define the graded
commutator, denoted by [-, -], for any homogeneous elements u,v € A#C,, (or u,v

in another graded algebra) by
[u,v] = uv — (—1)des(wdeav)
We have the following Lemma.

Lemma 1.1. Suppose deg(b;) = 1 and deg(e;) = 0 for all i € Z,,. The graded
algebra A#C,, can be presented as follows

k(b, e)
(€aby — byea—n, €ie5 — dijei, [bo, br] — [br, br—i])
where 6;5 is the Kronecker delta and indices are taken modulo n.
Proof. Let b; be defined as in (ELQO.H) and let
it = [bo, br] — [br, br—1]-
We first show that the map
L k(b)/(rr) — k_1[x]

is well-defined and is an isomorphism. By (ELQ.G) the elements by, ...,b,_1 are
eigenvectors for the o-action on A; with distinct eigenvalues, hence this is a basis
for Ay, so ¢ is an isomorphism in degree 1. To see that ¢ is well-defined as an algebra

A#C,, =
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map, note that the graded commutator of b, and bs depends only on the sum of ~y
and ¢,

n—1 n—1
1 i 2 ;
(E1.1.1) by, bs] = — E w0z 2] = = E :w (r+0) 42
,5=0 i=0

So the relations ry; go to zero in k_1[x]. To show that ¢ is an algebra isomorphism,
we count the number of independent quadratic relations in b and show that this
number is equal to (}).

For any fixed k, the only linear relations among Ry, := {rro, Tk1, ..., "kn—1} are
Teo = Tkk — 0 and Tki = Tkk—1- Define a C’g—action on Rk by TEl Tk,k—1- Then
the number of independent relations in Ry, is equal to |Ry/Cs| — 1.

Case 1: For odd n, the Cs-action has exactly one fixed point rg; where 21 = k
mod n. Therefore |Ry/Cs| = (n + 1)/2. The relations in R}, are independent from
the relations in Ry for distinct k,k’. Since k ranges from 0 to n — 1, the total
number of independent relations is equal to

(e/Cal - 1) = (3).

Case 2: Let n be even. For odd k, the Cs-action has no fixed points. Therefore
|Ry/Co| = n/2. If k is even, then the Cy-action has two fixed points, coming from
the two solutions of 2 = k mod n. Therefore |Ry/Ca| = n/2 + 1. By considering
the odd and even cases separately, we get that the total number of independent
relations is equal to

e b s el =5 (5-1) +5(5) = ()

Therefore ¢ is an algebra isomorphism.
The isomorphism

kCn = k<e>/(eiej - 517-61-)
is well-known. The relations between b and e are obtained as follows

n—1 n—1

1 , b o
Caby = 1 D (@0) by = 13wV = bea .
1=0 =0

By using the facts

and

= —J
;= E w™ b,

5
for i,j5 € Z,, it is easy to check that the set of relations

{eaby =byea—r |,y € Zy}
is equivalent to the set of relations
{o'z; = xj1i0" | i,j € Zn}.

This completes the proof. (I
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We define the elements
(E1.1.2) Cj = [bk,bj_k]
for all j € Z,,. Equation (ELLI) shows that the definition of ¢; does not depend
on k, and while they are central elements of A, they are not central in A#C,,. By
the relations in Lemma [[T], we have
€aCj = Cj€n—j
for all «,j € Z,. As above, we denote by ¢ = (¢g,c1,...,cn—1). Recall that, for a
vector 1= (ig,i1,...,i,—1) € N,
lili = |io| + |in] 4+ -+ + |in—1]-
We will use the following notation
bl = bbb
cli= el -c;”_]l-
Proposition 1.2. For each r > 0, the set
B, = {bid |iec {0,1}",je N" |i|; + 2|jl, = r}
is a k-linear basis for A,.
Proof. The generating function for B,., namely, g(t) = >, -, |B:[t" is
1 1
1+t)" =
U ey = -
which agrees with the Hilbert series of A. It remains to show that B, spans A, for
each r.
Since b generates A, the set {b;, --- b, | for different ¢} spans A,.. Using the
relation ¢; = [by, bj—x] and the fact that ¢; are central, we can ensure that b, - - - by,
is in the linear span of B,., as required. (I

We can extend the above basis for A, to a basis for (A#C,,), by adjoining the
n idempotent elements coming from kC),. Therefore
Brxe={zej|z€B,, j=0,...n—1}
and
exB,={ejz|z€B,, j=0,...n—1}
are both k-linear bases for (A#C,,),. The following is an immediate consequence
of Proposition [[.2
Corollary 1.3. Retain the above notation.

(1) The union B =, oy Br is a k-linear basis for A.

(2) Both e x B and B x e are k-linear bases for A#C,,.

(3) A#C,, is a finitely generated left and right module over the commutative
subring k[c] C A.

Let (eg) C A#C,, denote the two sided ideal generated by the idempotent eg.
We will be concerned with computing the GKdimension of the quotient algebra

E = (A#Cy)/(eo).
Since eg is the integral of the group algebra kC),, we obtain that

p(4,C,) = GKdim A — GKdim E.
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Let
(E1.3.1) @, := {k | c)* € (eg) for some Ny > 0}.
The following lemma is easy.

Lemma 1.4. Retain the above notation.

(1) Let C be the quotient ring k[c]/(cy*;k € ®,). Then GKdim C < n — |®,,].

(2) The algebra E is a finitely generated right module over C. As a consequence,

GKdim £ < GKdim C < n — |®,,].

(3) k € @, if and only if, for each o, eacl € (eg) for N > 0.

Proof. (1) This is true because {c,* | k € ®,} is a regular sequence of k[c].
(2) The first assertion follows from Proposition (or Corollary [[3[2)). The

consequence follows from [MR] Proposition 8.3.2].

(3) If ¢l € (eo), then clearly eqch € (eg) for all a. The converse follows from
the fact 1 =" ea. O

In the next few sections we provide upper and lower estimates for GKdim F.

2. AN UPPER BOUND ON GKdim F

This section is a warm-up for more complicated computations to be done in later
sections. Fix n € N, define the following functions on Z,. Let k be in Z,. For
every « € Zn,

fk (O[) = o= kv

gr(a) = 2a—k.
Let Sy be the multiplicative semigroup of Endy(Z, ) generated by fi and gx.
Lemma 2.1. For each s € Sy, we have eqcy € (e) + (€5(a)) for N > 0.

Proof. We have two simple calculations

N N-1 N-—1

€aCp = CkCa—kCy = Ckef(a)Cy and
N N-1

eaCpy = ealbabk—a +bp—aba)c,

N—-1 N—-1

= baeock br—a + bk—aeQQ—kck ba
N—-1 N-—1

= baeock br—o + bkfaegk(a)ck ba,

which imply that eqcy € (e, (o)) and that eqch € (eg) + (egy(a)). Since s is

generated by f and gi, the claim follows. O
For fixed a, it is easy to see that
Sk(a) ={2°a+tk modn|s,t >0} CZ,.
Lemma 2.2. Let k € Z,, be fized. If 0 € Si(«) for every a, then k € ®,,.

Proof. For each a, pick s € Sy so that s(a) = 0. By Lemma 1] eqchy € (eo) +
(es(a)) = (€0). The assertion follows by Lemma [[.4(3). O

Recall from (EQ.6.7) that

d2(n) ={k|0<k <n-—1,gcd(k,n) =2" for some w > 0}.

Proposition 2.3. Retain the above notation.
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(1) If k = 2%q < n such that q is odd and (n,q) = 1, then k € ®,,. Equivalently,
br(n) C @,

(2) [®n] = [¢2(n)].

(3) GKdim(E) < n — |pa2(n)|. As a consequence,
(3a) If n =27, then GKdim E = 0.
(3b) Ifn is an odd prime, then GKdim F < 1.

Proof. Let n be a positive integer such that n = 2™p where p is odd. Then let
[n|a = m.

(1) By Lemma 221 we need to show that, for every «, there is an s € Sj such
that s(a) = 0. Write o = 2" where r = |a|2. Recall that k = 2¥¢ < n such that
(p,q) = 1 where w = |k|2. We have two cases, depending on the relative magnitudes
of r and w.

Case 1: If r > w, then there exists j such that o = jk in Z, (j = 2""%q~ '
where ¢~ ! exists in Z,), so

flla)=a—jk=0 in Zny.

So we take s = f,g
Case 2: If r < w, then

gr (@) =2""a = (27" = Dk,
hence [g;Y " (a)|2 > w. This reduces to the first case.
Hence, in both cases, there is an s € Sy such that s(a) = 0 as required.
(2) This is an immediate consequence of part (1).

(3) The main assertion follows from part (2) and Lemma [[4(2). Two conse-
quences are special cases of the main assertion. O

It is easy to see that Theorem [I.7]is equivalent to Proposition [Z3)3).

3. PREPARATION, PART ONE

Recall that E = (A#C,)/(ep). In this section, we reduce the problem of com-
puting GKdim E' to that of a right quotient module of A. Let éj, denote the image
of the idempotent e in E. This gives a right module decomposition

E=eFE® - -deée, 1 F,
and it follows that
(E3.0.1) GKdim(E) = max GKdim(e;E).
1<j<n-—1
For each j, we have the following isomorphism of right A#C),-modules

€j (A#Cn)
e;(A#Cn) N (eo)

Using the basis e x B for A#C,, we obtain immediately the right A-module
isomorphism e;(A#C,) = A by eja — a with inverse given by a — e;ja. We will
use this isomorphism to identify e;(A#C,,) with A below.

In the following, it will be useful to decompose A according to the characters
of the C,-action, or equivalently, as modules over the invariant subring A“". Let
R; be the k-subspace of A spanned by the basis consisting of the elements bici
where (i4+j)-v =7 modn and v := (0,1,...,n — 1). Since B is an eigenbasis
with respect to the o-action, we have that Ry is the invariant subring A" and R;

(E3.0.2) &,E =
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is the M, -isotypic component of the C),-action on A. This gives an Ry-module
decomposition
AZRyO R @D Ry 1.

We next find a finite generating set for R;.

Lemma 3.1. For each j = 1,...,n — 1, define B; to be the set of elements bics
satisfying

(i) i+j)-v=j modn, and

(ii) for each nontrivial b' ¢i with i' <i and j’ < j we have b' " & Ry.
Then Bj generates R; as a right Ro-submodule of A.

Proof. By definition, the elements bic! satisfying (i) generate R;. Now suppose
bicl satisfies (i) but not (ii), that is, there exist some nontrivial i’ < i and j' < j
such that bi'cl’ € Ry. If i/ = 0, then we can write it as bicdd ', If i/ # 0, then
using the commutation relations (ELLZ), we can move the bl terms, one at a time,
to the right side of the expression so that

bicd = b bl + 3 A bkc!
k,1
where each k in the summation above satisfies k < i and Mg € k. In particular, we
have expressed bicd as an Ry-linear combination of terms in B whose b-exponent

vector is strictly less than i. By induction on the b-exponent vector, we obtain the
result. O

Lemma 3.2. Retain the above notation. Suppose 1 < j<n—1and0 <k <n-—1.

(1) The intersection e;(A#Cy) N (eg) considered as a right ideal in A is gen-
erated by Bj.

(2) For N >0, cff € B;A if and only if e;cly € (ep).

(3) k € @, if and only if, for each j, ejck € (eo) for some N > 0; and if and
only if, for each j, ¢ € B;A for some N >> 0.

Proof. (1) Using the fact A#C, = >, Ae; = ), e; A, one sees that every element
f € (eo) = (A#C))eo(A#C,,) can be written as a linear combination of terms
uegv where u,v € B. Without loss of generality let f = uegv where u,v € B. If, in
addition, f € e;j(A#C,,), then

uepv  j =1y
0 J#
where u € R,. Hence we can assume that j = v and v € R; = B;jRy by Lemma
B Since elements of Ry commute with ey, we can actually assume that u € B;.
Finally, uegv = ejuv since u € B;.

(2) This follows from part (1).

(3) This follows from part (2) and Lemma [I.4](3). O

[ =ejf = ejueqv = uej_yeqv = {

Identify e;(A#C,,) with A and combining Lemma [3.2] and (E3.0.2), we get
(E321) e = A/B]A = A/RJA

We can say more: Lemma [3.4] below finds a sufficient condition for when these
quotients are isomorphic.
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Definition 3.3. Let A\ € Z be an integer with ged(A\,n) = 1. Let f): A — A be
the algebra map determined by
Ia(bi) = bxi

for all 7 € Z,,. To see this is an algebra homomorphism, note that

Ial[bo; bs] = [bry bj—r]) = [bo, bas] — [bar, baj—xr]-
Since A is invertible in Z,,, fy is an algebra automorphism of A. It is easy to check

that fi(z;) = 24; where a = \~1 in Z,,.

Lemma 3.4. For any positive integer A with ged(A,n) = 1, we have the following
isomorphism of k-vector spaces

gl =eyE.

In particular, if n is prime, then for each j =2,...,n —1, we have e1F = ¢&; .
Proof. Let f) : A — A be the algebra isomorphism defined in Definition 3.3] Now
Ia(Rj) = Rxj,

hence
e F= A/RjA = A/RMA e\l
as k-vector spaces. 0

Since GKdimension of a finitely generated A-module is only dependent on its
Hilbert series (EI.0.2]), we have the following immediate consequences.

Corollary 3.5. Retain the above notation.
(1) For any 0 < j < n, we have the following lower bound for GKdim(FE)
GKdim(E) > GKdim(A/B;A).
(2) We have
GKdim(F) = max GKdim(A/B;A)
J
where j ranges over positive integers less than n that divide n.
(3) If n is prime, then
GKdim(F) = GKdim(A/B1 A).

For the rest of this section we will consider two distinct values of n, with one
a factor of the other, and arguments will involve two particular natural algebra
homomorphisms between the (—1)-skew polynomial rings of these different dimen-
sions. )

We fix two integers m and n such that m divides n. Let A (resp. A) denote
the (—1)-skew polynomial ring of dimension n (respectively, m). Usually we use
" to denote the corresponding notation for the algebra A. For example, since
we use b for the generating set for A (see (EL.O.H)), then we use b to denote the

corresponding generating set for A. Recall from the proof of Lemmal[l1] the algebra
A is determined completely by the set of relations of the form

(E3.5.1) T ¢ [bo, bk] — [bi, br—i] = 0
for all k,1 € Z,,. Similarly for the algebra A.
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Definition 3.6. Suppose m divides n. There is a surjective homomorphism
Tnm @ A — A

determined by sending b; Ej, where in the b variables the indices are taken
modulo m. Since m divides n, 7, ,, maps any relation of A of the form (E3.51) to

a relation of A. Therefore Tn,m 1S an algebra homomorphism. The surjectivity of
Tpn,m follows from the fact that it is surjective in degree 1.

Lemma 3.7. Suppose that m divides n. Then GKdim(F) > GKdim(E).

Proof. Let Rj C A, for j=0,...,m—1, be defined as in the beginning of Section
for the algebra A with m variables. Since m, n(R;) C Rj, for j =0,...,m —1,
we get a surjective homomorphism A/R;A — A/iji. Then

GKdim(E) = x’ﬁaf%{GKdim A/R;A} < x’ﬁaf%{GKdim A/R;A} < GKdim(E).
J= J=
O

Lemma [3.7 will be used in the proof of Theorem

For the proof the main result (Theorem [02]), we need to consider another ho-
momorphism. As before, let m and n be two integers such that m divides n. Write
qg=n/m.

Definition 3.8. Suppose m divides n and write ¢ = n/m. Let
Omn A— A

be an algebra homomorphism determined by Gm,n(i)i) = by; for all i € Z,,. Since
0, maps the relation 7y of A of the form (E3.5.7]) to rgx,q of A, 0., 4, is an algebra
homomorphism.

We have the following easy lemma.

Lemma 3.9. Suppose that m divides n and write ¢ = n/m. Let N be a positive
integer. Then

(1) Omn(R;) C Ryj for all j € L.
(2) 0mn(E5) =cqj for all j € Zy,.
(3) If &Y € RjA for some i, j € Ly, and N >0, then c) € Ry;A.

4. PROOF OF THEOREM [0.4]

We first show that for n = 3,5 the GKdimension of A/B; A is equal to 1. Hence
the GKdimension of F is also equal to 1 by Corollary B.5Y3). It turns out that we
can use these two cases to infer that the GKdimension of F is positive whenever 3
or 5 divides n.

Proposition 4.1. Let n = 3.
(1) BiA~ (b1A+ 1 A) as right A-modules.
(2) GKdim(A/B1A) = 1.
(3) GKdim(E) = 1.

Proof. (1) Recall that the definition of B; is given in Lemma 3.1l By definition one
can easily check that By = {b1,c1,c2,baca}. Note that co = 2b% so ¢ = 4b} and
bQCQ = 2b%b2, hence BlA = blA + ClA.
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(2) Since ¢ is central in A the quotient W = A/(c;) has the structure of a
k-algebra with GKdim(W) = GKdim(A) — 1 = 2. Then A/B1A = W/b;W, so

GKdim A/B; A = GKdim(W/by W) > GKdim(W) — 1 = 1.
On the other hand, byW O coW. Then
GKdim A/B; A = GKdim(W/b; W) < GKdim(W/eaW) = GKdim(W) — 1 = 1.

The assertion follows.
(3) The assertion follows from Corollary B.5(3) and part (2). O

Proposition 4.2. Letn =5.
(1) BlA - I where I = (blA + bgA + ClA + CQA + CgA + C4A).
(2) GK(A/I) =1.
(3) GKdim(E) = GKdim(A/B;A) = 1.

Proof. (1) An element bicd € B with j # 0 is clearly in I. To verify the inclusion,
it suffices to show that if b' € By with i € {0,1}" then b! € I. There are two such
elements b; and boby and these are both in 1.

(2) Let J be the two sided ideal of A generated by central elements ¢, ¢a, ¢s3, ¢4.
Let B, (resp. 7o) denote the image of b; (resp. ¢g) in A/J. Then A/J is a finitely
generated left k[bg]-module. Since A/.J has no Sy-torsion, it is actually a free module
over k[Bp]. Moreover, [y skew-commutes with the other 5;’s, so a k[fy]-basis for
A/ J is given by squarefree monomials (with respect to the lexicographical ordering)
in B, ..., Bs4. Using this basis, we see that

AlJ
Br(A/)T) + B2(A)J)
Hence GK(A/I) = 1.

(3) By part (1), the map A/B1A — A/I is surjective, so GKdim(A/B; A) > 1.
By Proposition 2:3|(3b), GKdim(E) < 1. Combining with Corollary B.5(3), we have
GKdim(E) = GKdim(A/B; A) = 1. O

A/T =

= k[v0] @ k[0] 83 ® k[70] 81 © k[70] 83 5a-

Now we are ready to prove Theorem

Proof of Theorem[0]] Retain notation as in Lemma Bl Take m = 3 or 5 (two
different cases). By Proposition ZI(3) and £2(3), GKdim(E) = 1. By Lemma 3.7,
GKdim(E) > 1. Hence p(4,G) < n — 1. By [MUI, Theorem 3.10], A is not a
graded isolated singularity. 0

5. PREPARATION, PART TWO

In Section [l we will prove Theorem We need to do several reduction steps,
some of which are given in this section. First we fix some convention throughout
the rest of the paper.

Convention 5.1. Let n denote a fixed integer > 2. Letters such as i, j, k denote
elements in Z,. Usually these take values in [0,1,2,...,n — 1]. However 0 is
identified with n. If we use induction, the induction process starts with 1 and ends
with n (then n is identified with 0). So, when we use induction on the integer 7 it
will take values in [1,2,...,n].

In Section B, we only use ¢ and j.
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Some ideas in this section have appeared in previous sections, but we will do
finer analysis. In order to prove Theorem [0.2] we seek to show that for every j
with 1 < j < n, the k-vector space A/BjA is finite dimensional. It is necessary and
sufficient to show that for every 4, the element ¢ € B; A for some N > 0.

Definition 5.2. Retain notation above.

(1) We say ¢; is nilpotent in A/B;A if ¢¥ € BjA for some N > 0. In this case
we write i € \I/g"}.
(2) We say n is admissible if, for every all ¢ and j, i € \I,E_n}7

GKdim F = 0, see Lemma [53|(1) below.

or equivalently,

Note that it is automatic that i € \Ilgl]. Therefore usually we only consider the
case when 1 < j <n — 1. We start with some initial analysis and easy reductions.

Lemma 5.3. Retain notation above.

(1) n is admissible if and only if GKdim(E) = 0. In this case, p(4,G) = n.

(2) If i € Wgn] for all © and all divisors j | n with 1 < j < n, then n is
admissible.

(3) If m is a factor of n and n is admissible, then m is admissible.

Proof. (1) The assertion follows from (E3.0.0), (E321) and the fact that
GKdim(A/B;A) = 0 if and only if i € U for all 4.

(2) This is Corollary B.E(2).
(3) This follows from part (1) and Lemma B O

Lemma 5.4. Retain notation above.

(1) If n=mq and i € \I!Lm], then iq € gl

Jjq °

(2) Let j be a divisor of n. If ged(i,n) = ged(4, §), or ged(i,n)|j, then i € \I/g-"].

Proof. (1) This is Lemma [3.9(3).

(2) Let ¢ = ged(i,n). Then ¢ = ged(i,j) = ged(4, j,n). By part (1), we might
assume that ¢ = 1. In this case, 7 is invertible in Z,,. Let s be the inverse of ¢ in
Zy. Then there is a t := js such that j = ¢i in Z,. In this case ¢! € R; = B;A as
desired. ]

Parts (1) to (3) of the next lemma are in fact a slightly different version of
Lemma 211

Lemma 5.5. Retain notation above.
1) Ifie Wy, thenie Wl
2

) Ifie W, thenie Wl
3; Ifi e \IJ[Z]j_,_ti for some integers s,t > 0, then i € \I/Bn].

4) Suppose that every proper divisor of n is admissible. If ged(i,n) is even,
then i € Wgn].

(
(
(
(
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Proof. (1) If ¢¥ € Byj_;A, then we can show ¢ ' € B, A as follows:
Nt =il = (bjbi—j 4 bi_jbj)cl
= bj(bijcl’) + (bi—jci )b
€ Bj(bi-; fv)'i' (bi—jB2j—iA)bj
C RjA = BjA.
(2) By definition, we have ¢V € B;_; A for some N > 0. Then
cfv"'l*cc € ¢Bj_;AC BjA.

The assertion follows.
(3) Applying the statement of (2) multiple times, we have that i € \IJ[QZ]Jﬂ By

[n]

part (1), we have i € U . The assertion follows by induction on s.

25— 1
4) Let ¢ = 2i’ and n = 2n/. Since n’ is admissible, i’ € \IJ[J—/. By Lemmal[5.4)(1),
j—i
i€ \11[27;] ;- The assertion follows from part (1). O

6. PREPARATION, PART THREE

Recall from (EL31) that
®,, := {k | c)* € (eg) for some Ny > 0}.

For each k € ®,,, there exists N;, > 0 such that cfgv’“ =0in E = (A#C),)/(eo). Tt is
easy to see that the set ®,, satisfies the condition in the following definition.

Definition 6.1. A subset of ® C Z,, is called special if k € ® if and only if \k € ®
for all invertible elements A € Z,,. In this case, the ideal cg := (i | k € @) of A is
called the special ideal of A associated to ®.

Here are some examples of special subsets:
) ® = (in which case, cg = 0).
) = <I> as in (E1.37).
) @ = ¢o(n) as in (EQET).
) @ _{1,2,.. n—l}.
(5) ®=4{0,1,2,...,n — 1} (in which case, c = {c; |0 <k <n—1}).

Fix one special ideal cg of A, and write A = A/cg. Clearly, C), acts on A Let E
be the algebra (A#C,,)/(ep). The following lemma shows that it is useful to pass
into the quotient rings.

(1
2
3
(4

Lemma 6.2. Retain the notation above and suppose that ® = ®,,. Then
GKdim E = GKdim E.
Proof. Since E is noetherian,
GKdim F = max GKdim E/p
where the max runs over all prime ideals p of E. Since ¢y, for each k € ®,,, is normal

and nilpotent in F, we have ¢; € p for each prime p. Hence E/p is annihilated by
the ideal cg. As a consequence,

GKdim E/p = GKdim E/p ® A/ce < GKdim E ® A/cy = GKdim E.

This implies that GKdim F < GKdim E. It is clear that GKdim £ > GKdim E.
The assertion follows. O
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Next we repeat some arguments in Section Going back to a general fixed
special ideal (not necessarily associated to ®,,), by abuse of notation, let & also
denote the image of the idempotent ez in E. Then we have a right E-module
decomposition

FzélE@"'@én_1F
and it follows that

GKdim(F) = max GKdim(e;E).
1<j<n-—1
For any j, we have the following isomorphism of right A#C,,-modules

ej (Z#Cn)
e;(A#Cn) N (eo)

_ We recycle the letters x; ,_bi, ¢; for Z_(With some of ¢; = 0 in Z). There is a right
A-module isomorphism e;(A#C,,) = A by eja — a with inverse given by a — e;a.
So we will identify e;(A#C,,) with A below.

Let B; (respectively, B, B;) be defined as in Proposition [2] (respectively, Corol-
lary [[3] Lemma B) after removing all {c; | k € ®}. Let R; be the M,,;-isotypic
component of the C,-action on A. We have an Ro-module decomposition

A=Ry®R1®---® Ry

where Ry = (A)». The following is an A-version of Lemma [3.21

1%

e;E

Lemma 6.3. Retain the notation above. We are working in the algebra A#C,,.
(1) The intersection e;(A#C,) N (eq) considered as a right ideal in A is gen-
erated by Bj.
(2) For N >0, we have ciy € BjA if and only if ejcl € (eo).
(3) If there is an integer N > 0 such that, for each j, we have ejcly € (eg),
then ckN =0 n E. If, in addition, we have ® = ®,,, then ckN =01in E, or
equivalently, cx = 0 in E.

Proof. For (1) and (2), see the proof of Lemma 3.2

(3) Since 1 = >"e;, we have ¢} € (ep). This means that c) =0 in E.

Now assume ® = ®,,. Since ¢, is normal, ¢, € q for every prime ideal q of E.
By the proof of Lemma 6.2 every prime quotient £/p of E is isomorphic to E/q
for some prime ideal q of E. This implies that ¢, is zero in E/p, consequently, cy
is nilpotent in E, or ¢N' =0 in E for some N’. The assertion follows. O

We also have the A-versions of Lemma [3.4] and Corollary The statements
are the following and proofs are omitted.

Lemma 6.4. For any positive integer A with gcd(X,n) = 1, we have the following
isomorphism of k-vector spaces

éjF = éAjF.
In particular, if n is prime, then for each j =2,...,n — 1, we have &, E = éjE.
Lemma 6.5. Retain the above notation.
(1) For any 0 < j < n, we have the following lower bound for GKdim E

GKdim E > GKdim(Z/FjZ).
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(2) We have
GKdim E = max GKdim(A4/B; A)
J
where j ranges over positive integers less than n that divide n.
(3) If n is prime, then
GKdim F = GKdim(4/B; A).
One advantage of working with A is that
(E6.6.1) bibr—i = bibp—; + bp—ib; — bp—iby = cp — bp—;ib; = —br_;b;
for all k € . _ - o
Similar to Definition E2(1), we say ¢; € A is nilpotent in A/B;A if ¢¥ € B;A
for some N > 0. In this case we write ¢ € @gn]. Now we are ready to take care of

Theorem when n is prime.

Proposition 6.6. Suppose n > 2 is neither 3 nor 5.

(1) Suppose ® D {1,...,n—1}. Then 0 € T[ln].

(2) If n is prime, then GKdim E = 0. Consequently, n is admissible.
Proof. (1) We start with the trivial observation that if u,v € By A, then [u,v] €
B1A. The strategy is to start with by € B;A and apply a sequence of graded

commutations with selected elements of B A to obtain 08_1 € B1A. Note that in
A, we have [b;,b;] = 0 unless i + j = 0 mod n.
Claim 1: Suppose that 0 < j <n—1and 2j+1#0 modn (or 2j+1#n). If
cgb; € B1A for some s, then ¢j"'b; 1 € B1A
Proof of Claim 1: First of all, bj11b,—; € B A (which is not central). Since
2] + 1 7§ O HlOd n, bjijrl = _ijrlbj n Z (Im) We obtain
—[cdbs, bjr1bn—j] = —cfbjbjs1bn_j + cGbjr1bn—;b;
= 3(bj4105bn—j + bj11bn—;b;)
= CSijrlCO = C(S)+1bj+1.

The assertion follows.

Claim 2: Suppose otherwise that 2j +1 = 0 mod n, so that 2j +1 = n. If
C(Sij S BlA, then CS+2bj+2 € B, A.
Proof of Claim 2: Under the hypothesis of j, we have that n is odd and that
bjt1bj42bp—1 € B1A. Given that n # 3,5, we have n > 7, and consequently,
j+2=(Mn+3)/2<n-1,

so that the indices in bj11b;42b,—1 are strictly increasing. This gives the following
commutator computation in B A,

(5D bjt1bj42bn—1] = c5(bjbjr1bjr2bn—1 + bjt1bj+2bn—1b;5)
C(S)(bjijrlijranfl + bj+1bjbj+2bn,1)

= C(S)Jrlijran,l.
We apply the one additional commutator to get
[[e3bs, by+1bjr2bn-1],b1] = [c5 " bjs2bn-1,b1] = €5 bj2.

Therefore, if cjb; € B1A and 2j 4+ 1 =n, then C(S)+2bj+2 € B, A.
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Claim 3: ¢j ' € B A.
Proof of Claim 3: Starting with by, we can apply Claim 1 (n — 2)-times to
get cg_an,l € B, A whenever n is even. Hence 08_1 = [cg_an,l,bl] € B A as
required.

If n is odd, we apply Claim 1 (jo — 1)-times to get céo_lbjo € B1A where
Jo = an Next we apply Claim 2 to get c6°+1bj0+2 € B1A. Then apply Claim 1
again (jo — 2)-times to get ¢j ?b,_1 € B A. Finally we have

Cg_l = [08_2()”_1,()1] € Elz

as desired.

The assertion follows from Claim 3.

(2) Now n is a prime integer # 3,5. By Proposition 2Z3(1), {1,...,n—1} C ®,,,
so the hypothesis of part (1) holds when taking ® = ®,,. By part (1), 0 € @[171].
Since ¢ = 0in A for all k # 0 mod n, we have that ckN = 0in B A for all k. This
implies that GKdim(A/B;A) = 0. By Lemma[6.5(2), GKdim £ = 0. The assertion
follows from Lemma O

Proposition [6.6(2) is one of the initial steps in the proof of Theorem and
Proposition [6.6(1) is a step of reduction. The following technical lemma is needed
for the proof of the proposition below.

Lemma 6.7. Suppose i and j satisfy the following conditions:
(1) i is an (odd) integer with 0 <i<n —1 and ged(i,n) > 1,
(2) 2 <j <n-—1 such that ged(i,j,n) = 1.

Then there is an integer t > 0 such that ged(j + ti,n) = 1.

Proof. Let n = p{*---pls--.pl for some 1 < s < r, where {p;} are the prime
factors of n and n, > 1 for all 1 < u <. The ordering of the prime and the integer
s are chosen so that j = p{l -o-pllj" where ged(j/,n) = 1 and j, > 1 for all
1 <w < s—1. Since we assume that ged(i,j,n) = 1, we can write i = pis - - - pird’
where ged(i',n) = 1 with i, > 0 for all s < v <r. Let t = ps---p,. Then it is easy
to see that each p,,, for 1 < u < r, does not divide j+ti. Thus ged(j+ti,n) =1. O

Proposition 6.8. Let n > 2 and denote & = ®,,. Suppose that

(a) every proper factor of n is admissible, and that
(7]

(b) for each 0 <i<n-—1,ie U, .

Then n is admissible.

Proof. By Lemmas and[6.3] and the ideas in Lemma[34] it suffices to show that
ie@gn] forall0<i<n-—1land1<j<n-—1with j|n We use induction on
j and then on ¢. The minimal possible j is 1, in which the assertion follows from
hypothesis (b). Now assume that j > 1.

If ged(i,n) = 1, or i = 2¥q with ¢ odd and ged(g,n) = 1, then the assertion
follows from Proposition 223(1). This shows that the assertion holds for i = 1. So
we can assume that ¢ > 2 and proceed with induction on 1.

[n/2]
J
(a). By Lemma B9(3), i € \11[27;] Consequently, i € @[27;] By the A-version of

Lemma [5.5(3), ¢ € Tgn]. If n is odd, then by the induction hypothesis, i" € Tgn].

Suppose i is even and write ¢ = 2¢’. If n is even, then i’ € ¥ by hypothesis
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Applying the automorphism f5 in Definition B3] we obtain that i € @[27;] By the

A-version of Lemma [5.5(3), we have i € @g‘n]'

For the rest of proof we assume that i is odd and ged(i,n) > 1. If ged(7, j,n) =:
g > 1, write n = gn’, i = ¢i’ and j = ¢qj’. By hypothesis (a), i’ € \I/g,l ) By Lemma

BA3), i € \Ifg-n}. Consequently, i € @E_n]. The other alternative is ged(i,j,n) = 1.
By Lemma [6.7] there is a ¢ > 0 such that ged(j + ti,n) = 1. By hypothesis (b),
TS T[ln} for all #/. Let A be j + ti, which is invertible in Z,, by Lemma [6.7, and
let f) be the (A-version of the) algebra automorphism defined as in Definition

Pick i/ = iA~! in Z,,. Then, after applying fy, i’ € ﬁ[ln] becomes ¢ € Wﬁn By the

A-version of Lemma [55(3), i € @gn] for all 7. Thus we have finished the inductive
step and the whole proof. O

7. PROOF OF THEOREM [0.2]

The proof of Theorem follows the strategy of Proposition Let us recall
the argument for showing that some power of ¢y is in ByA. Given an element
csb; € B1A, depending on whether j satisfies a certain congruence, we applied
commutators to ¢§b; to conclude that ¢§™ b1 or ¢§™2bjio is in B1A. Starting
with b; and continuing in this way, we eventually reach 08_217”,1 € B1A. Applying
[—,b1] to this gives ¢ ' € By A.

In the more general situation of Theorem [0.2] we have to show that for each
divisor 7 of n, some power of ¢; is in EUZ for all 75. Given an element cjb; € EOZ
we apply certain commutators to ¢b; depending on congruences satisfied by i, j, 7o
to conclude that other elements of the form cf/bj/ are in B;, A (see Lemmas [[4 and
[[3). These congruences are described in Definition [[.J] Then we show that there
are indeed integers satisfying Definition [Tl (see Lemma[:2)) and that we eventually
reach ¢§ b;_;, (see Lemma[T8), so that applying [—, b;,] gives what we want. The
final induction steps needed for the proof of Theorem [0.2] are given in Proposition
[0 and Corollary

To simplify notation, let

N, = {j | bjct(=clb;) € B, A, for some t > 0}.
It is clear that ip € A;;,. Write
i¢ = 1o + &(io — 1)
and
ig = (=&)(io — 1)
for all integers £. Since ig will be a fixed integer in most of proofs below, we hope
that the probability of serious confusion is not high. Let

1
Eiio ={&|te €Ny, and 0<E< g(mop(n) —-3)}.
where for n > 2

mop(n) := the minimal odd prime factor of n.

It is clear that 0 € &, ;,.
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Let Z) be the invertible elements in Z,, and S be the set of odd integers between
1 and n which are not in ¢o(n) (EQ.G). Then define

(E7.0.1) Qa(n) = () (Z% +5)

ses
It is not hard to show that Qa(n) C ¢2(n).

Definition 7.1. Let n > 2 be an integer. An integer ig with 1 < iy < n —1is
called n-special if

(1) ig € ¢pa(n). (This is also a consequence of (2) below.)
For all odd integers i & ¢2(n) with 1 <14 < n, the following hold.

(2) ip — i is invertible in Z,,.
Part (2) is just that iy € Q2(n). Now fix any ¢ as in part (2). Forevery 1 < j <n-—1,
either

(3) 27 + (io - ’L) S (252(71),
(4) (If 25 + (ig — i) & ¢P2(n), then) there is a £ € Z; ;, such that
(4(€)i) 25 + (£ +2)(i0 — i) € ¢2(n),
(4(§)ii) j — (£ + D(io — i) € ¢2(n), and
(4(&)iid) j +do +2(€ + 1)(ig — 1) € d2(n).
For any € € =, ,,, conditions (4(£)i), (4(€)ii) and (4(§)iii) all together are
denoted by (4(&)).

Let Spl(n) denote the set of integers i( that are n-special.

Lemma 7.2. Let n = 2%" where p is a prime > 3.

(1) 2 € Qy(n).
(2) If p > 7, then ig = 2 is n-special.

Proof. (1) For every odd integer i & ¢2(n), we have p | i. Therefore 2 and p do not
divide ig — i = 2 — 4, so Definition [[T[2) holds, and the assertion follows.

(2) Now assume p > 7. Note that Definition [ZI(1) is obvious. Definition [T} 2)
holds by part (1). For Definition [[)(3,4), note that 0 € =; ;,. Note that, for every
i given in Definition [[1(2), i & ¢2(n). Hence i is divisible by p. When Definition
[[IK3) fails, namely, 2j + (i9 — i) (or equivalently, 25 + ig) is divisible by p, then
j+1= 3(2j+io) is divisible by p, that is, j = —1 mod p. By taking & = 0, we
have

2]+2(2 i)=—24+4=2%#0 mod p,
-(1)(2—-i)=-1-2=-3#0 mod p,
-|-2—|—2( J(2—1)=—1+2+4=5%#0 modp.
This means that (4(0)i), (4(0)ii) and (4(0)iii) hold. Therefore iy = 2 is n-special. O

We have another case when (n) is non-empty. The following lemma is not
needed for the proof of Theorem [I2 Tt will be used in 48 (see Theorem [B7).

Lemma 7.3. Let p1 and pa be two distinct odd primes.
(1) If n = p1pa, then Qa(n) # 0.
(2) If n is either pipin’ or 2pipan’ for some n' > 1, then Qz(n) = 0. As a
consequence, Spl(n) = 0.
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Proof. (1) Let p1 < pa. Every integer m can be written uniquely as m = apy + bps
where 0 < a < po. In particular, 1 = a1p; + bipe. If a1 is odd, we claim that
io = —1 € Qa(n). If ay is even, we claim that i = 1 € Qa(n). Since the proofs are
very similar, we only consider the first case.

Suppose that i is an odd integer 1 < ¢ < n that is not in ¢2(n) such that
i —149 = ¢+ 1 is not invertible in Z,. Then ¢ and ¢ 4+ 1 are divisible by different
prime factors. We need to consider two cases.

Case 1: py | i and po | i + 1. Write ¢ = i'p; (where ¢’ is odd as i is odd) and
i+ 1= jp2. Then

—1:i—(i+1)=i/p1—jp2

where 7’ is odd, which implies that

1= (p2 —i")p1 + (j — p1)p2.

Note that ps — ¢’ is even, which contradicts the fact that a; is odd.
Case 2: po | i and py | i + 1. Write i = i'py (where ¢’ is odd as ¢ is odd) and
i+ 1= jp; (where j is even as i + 1 is even). Then

—l=i—(i+1)=ips—jp,
which implies that
1= jp1 —i'pa.

Note that j is even, which contradicts the fact that a; is odd.
(2) Since p; and po are distinct, 1 = apy + bpe. For every ig, one can write it as

10 = cp1 + dpo

for some ¢, d with 0 < ¢ < pa. If ¢ is odd, take ¢ = ¢p; < n, which is odd and not in
¢2(n). Then ig—i = dps is not invertible in Z,,. If ¢ is even, take i = (¢+p2)p1 < n,
which is odd and not in ¢2(n). Then ig — i = (d — p1)p2 is not invertible in Z,.
This means that iy & 22(n) for every iy. O

The next two lemmas describe a family of partially defined maps A; ;, - + Ai i,
where i¢ and 7 satisfy hypotheses (1) and (2) of Definition [T11

Lemma 7.4. Retain the above notation.

(1) Let j € Ny, If j satisfies hypothesis (3) of Definition [T, that is, 2j +
(io —3) € ¢2(n), then j + (ig — 1) € Niiy. In particular, we get a partially
defined map wo : N; iy - = Mgy given by wo(y) := j + (ig — 7).

(2) If i¢ € N4y and 2i¢ + (ig — i) = 21 + (26 + 1)(ip — i) € ¢2(n), then
i5+1 S Ai,io-

(3) If2i¢+(io—i) = 2ip+ (26 +1)(io—1) € ¢a(n) for all 0 < £ < L (mop(n)—3),
then Z;;, = [0,1,..., 3(mop(n) — 3)].

Proof. Part (2) is a special case of part (1) by taking j = ic. Part (3) follows from
part (2) and induction. So we only prove part (1) below.

Let s =4i—jand r = j — (i —ip). Then j+r = 2j —i+ig is in ¢2(n) by
the hypothesis. By Proposition Z3(1), j + r € ®,, and b;jb, = —b:b; in A. We
start with bct € B;, A for some t > 0 (as j € A;4,). By the choice of 7, s, we have

bbby = bj,iJriobZ;j S FZOA



NONCOMMUTATIVE CYCLIC ISOLATED SINGULARITIES 23

Consider the commutator [bjct, b.bs], we have the following elements in B;, A
—[bjct, bybs] = cl(—bjbrbs + brbsb;)
= cl(brbjbs + bybshj)

oty
= cibrcjts

_ t+1 t+1
= by = bjtio-0

The assertion follows. O

Lemma 7.5. Let€ € 5, ;, and j € A;;,. Suppose that & and j satisfy the hypotheses
(4(¢)) in Definition[74) Then j+ (£ +2)(io — i) € Aiso. In particular, we get a
partially defined map wet1 : Ny - = Nijiy given by wer1(j) := 7 + (§ +2)(io — 7).
Proof. Note that £ € E; ;, means that i¢ € A, ;, where i¢ = iy + £(ig — 7).

Let a=i—j,c=j+ (£+2)(ip —7) and d = — (£ + 1)(i9 — 7). By hypotheses
(4(8)1)-(4(&)iii), we have that ¢+ j, d + j and i¢ + ¢ are in ¢2(n). This means that
[bc, b]] =0= [bd, bj] = [bc, big] in Z

Starting with bjct € B;, A for some t > 0 (as j € A;;,), we have the two sets of
equations in B;, A. The first set is

[bjcﬁ, babcba] = cﬁ(bjbabcbd + babebaby)
= c’g(bjbabcbd + babjbeba)
= cﬁcaﬂbcbd

t+1
= Ci+ bcbd.

In the above computation, note that bobeba = bi—jbj 1 (e42)(i0—i)b—(¢41)(i0—i) € B;,.
We also need b; to skew commute with bq and b., and a + j = 4. Since £ € & 4,
there is a ¢’ > 0 such that b e FZ-OZ. The second set of equations is

ie &g
[ eba, byt ] = e (bbabi, — bigbeba)
= T (bebabi, + bebi ba)
= Cz+t,+1bccd+i£

_ tt' 27ttt 42
¢ The =6 bt (e4)(i0—i)-

Therefore j + (£ + 2)(ig — i) € Ay ;, and the assertion follows. O

We usually apply the above lemma with the additional hypothesis 25 + (ig — i) ¢
bo(n).

If iy is n-special and ip—i € Z), then by Definition [/} the unions of the domains
of definition of wy and we(;)41 for £ € E; ;, is equal to A; ;,. In other words, for any
j € A;;, there is some w; which can be applied to j.

Lemma 7.6. Suppose that ig is n-special. Then —(ig — i) € A;4,. Consequently
cN € B, A for some N > 0.

Proof. Suppose that i¢ € Ay, for some & € [0, M], where M = %(mop(n) — 3).
Then 2i¢ + (ig — i) = (1 —2&)(ig — ) € ¢2(n) since 26 — 1 is invertible if 0 < & < M.
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By Lemmal[74{(1) we have ¢ is in the domain of definition of wp, so wo(i¢) = i¢_1 €
A;i,- Repeating the argument gives i_1 € A; ;.

Now, let 7 be the maximal integer such that ig & A, ;, for every £ € {—1,0,...,r}.
In other words, LH € A, Since iy is n-special, either Lemma [4] or [[H applies.
That is, 7,41 is in the domain of definition of w¢ for some ¢ € [0, M + 1]. Applying
any such w¢ gives we(iy41) = ir—¢ € A;4,. By maximality of 7, we have r — ¢ < —1
sor < (—1< M. Thus we may apply the argument in the first paragraph to
conclude that i_; € A -

The above shows that we always have i_, € A; i, under the hypotheses that ig
is n-special. Equivalently, b;_;,c! € B;, A. Finally, ¢/t = [b;_;, ¢, b)) € By A. O

K2 27

Here is one of the main results of this section, which leads to Theorem [0.2

Theorem 7.7. Let n > 2. Suppose that

(1) every proper factor of n is admissible,

(2) there is an n-special integer ig.
Then, for each 0 <i<n-—1,1¢€ @[171]'
Proof. By Definition [[I|1), we can express the n-special integer i as the product
1o = 2%¢ where w > 0 with ¢g odd and ged(n, g) = 1. Since g is invertible in Z,,, by
using the automorphism f,, of A defined in Definition B3] the assertion is equivalent

tol € @Ln] for all 0 < i < n — 1. By the A-version of Lemma [5.5(3), it suffices to
show the following claim.

Claim: foreach0<i<n-—1,i € TZI]
Proof of Claim: We prove the Claim by induction on ¢ starting at ¢ = 1 and
ending at ¢ = n (which is also 0 in Z,,). We consider several cases.

Case 1: ¢ = 1.
The assertion follows from Proposition23|(1). For the inductive step, we assume

that 7 > 2 and that ¢’ € Eﬂf] for all ' < 1.

Case 2: 7 is even.
If n is also even, it follows from Lemma [55](4) that ¢ € \Ilgzl Passing to the

quotient ring, we have ¢ € EZ}” as desired.
If n is not even, then f in Definition [3.3]is an automorphism. Write 7 = 27’ for

some 1 < i’ < i. By the induction hypothesis, i’ € TE:] Applying f5, we obtain
that i = 2¢' € W[ﬁi By the A-version of Lemma [5.5(3), we have i € @Z}l] This
takes care of the case when 7 is even. For cases 3 and 4 below, we assume that i is
odd.

Case 3: i is odd and i € ¢a(n).
In this case, the assertion follows from Proposition 23|(1) as ¢; = 0 in A.
The remaining case to consider is

Case 4: i is odd and i & ¢2(n). By hypothesis, iy is n-special. By Lemma [T.0]
i€ TE:]

Hence we finished the inductive step and therefore we complete the proof of the
Claim. O
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Corollary 7.8. Let n > 2. Suppose that

(1) every proper factor of n is admissible,

(2) Spl(n) # 0, namely, there is an n-special integer ig.
Then n is admissible.

"

Proof. By Theorem [[7], for each 0 < ¢ < n — 1, we have i € U; . The assertion
then follows from Proposition [6.8 O

Now we are ready to show Theorem

Proof of Theorem [IZ. In this case n = 2%p® for some prime p > 7. If (a,b) = (0, 1)
or (1,0), the assertion follows from Proposition[G.6(2). This takes care of the initial
step for induction.

By Lemma [[2] ig = 2 is n-special, which is hypothesis (2) in Corollary [T8l
Hypothesis (1) in Corollary [Z.8] follows by induction. Hence we can conclude from
Corollary [[.8 that n is admissible. By definition, GKdim(E) = 0. Hence p(A4, G) =
n and, by [MUT] Theorem 3.10], A is a graded isolated singularity. O

Proof of Corollary[0@. For each n < 77, n is either divisible by 3 or 5, or n is of
the form 2%p® for some prime p > 7. Hence the assertion follows by Theorem
and O

Proof of Corollary [10. By Theorem and [BHZI, Theorem 5.7(1)], A% is a
graded isolated singularity. By [KKZI, Theorem 1.5], A% is Gorenstein.

(1) This follows from [MUI] Corollary 2.6].

(2) This follows from [MUI] Theorem 3.15].

(3) This follows from [MUI] Theorem 3.14].

(4) This follows from [Uel Theorem 1.3]. O

Below is a slightly more general result than Theorem

Theorem 7.9. Let S be a set of integers n > 2. Suppose that

(1) each n in S is not divisible by 3 or 5,
(2) every proper factor of n € S is still in S.
(3) for each n € S, Spl(n) # 0.

Then every n € S is admissible.
Proof. The assertion follows by induction on n € S. Since each n in S is not
divisible by 3 or 5, the initial step follows from Proposition[6.62). Now we assume

that the assertion holds for all proper factors of n. The induction step follows from
hypothesis (3) and Corollary [.8 O

8. PARTIAL RESULTS WHEN n = D1p2

In this section we give some partial answer to the case when n = pipy for p;
being distinct primes. Some lemmas works for the case when n = 2%pips.
Another way of defining Qs(n) (EZ.0.I)) is the following

Qz(’n) =
{io €Zy, |if1<i<nisoddandi¢ ¢s(n), then ig — i € Z, is invertible}.

As noted in Section [T Qa(n) C ¢2(n).
In the rest of this section, let n be 2?p%pS where p; and ps are distinct odd
primes > 7 and b,c > 1. We start with a linear algebra fact.
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Lemma 8.1. Let iy € ¢pa(n) and i € [1,...,n] such that py | i. If po divides both
C1100 + c12 and ca1ig + co2t, then po divides

11 €12
Det := det = C11C22 — C12C21 -
C21 €22

Proof. By easy linear algebra, pa divides both Det g and Det i. Since py and ig are
coprime, py divides Det. O

Lemma 8.2. Let ig € ¢2(n) and i € [1,...,n] be an odd integer not in ¢2(n).
There is at most one integer

(E8.2.1) Eel0,1,...,—1+ %(mop(n) —3)]

such that 2i¢ + (ig — i) & ¢a2(n).

Proof. Without loss of generality, we can assume that p; divides ¢. For each ¢ in
(E8.2.1)), p1 does not divide 2i¢ + (ig — i) = (2§ + 3)ip — (2§ + 1)i, as

2¢ + 3 < mop(n) := min{p1, pa2}.
If there are & and & in (E82]) such that 2i¢, + (ig — ) and 2ig, + (ip — i) are not
in @2, then py must divide both 2i¢, + (io — i) and 2ig, + (ig — ¢) (or equivalently,
divide both (2& + 3)ip — (2& + 1)i and (2&2 + 3)ip — (262 + 1)i). By Lemma B1]
p2 divides Det, and an easy computation shows that

_ 260+3 26 +1\
Det = det <2§;+3 2§;+1> =4(& - &).

By the choices of &;,&; in (ER2.]), pa does not divide 4(&3 — &), a contradiction.
The assertion follows. O

Lemma 8.3. Retain the hypothesis as in Lemma B2l Suppose that € in (E82.1)
is such that 2i¢ + (19 — i) & ¢2(n), namely, Definition[[I3) fails for j =ic. Then
Definition [[I(4(0)) holds for j = ic.

Proof. By Lemma [B2] £ is unique. It suffices to show that the following elements
in (4(0)i), (4(0)ii) and (4(0)iii) of Definition [[T(4), when j = i¢, are in ¢o:

(E8.3.1) 2i¢ +2(ip — 1) = (26 + 4)io — (26 +2)i = 2((€ + 2)io — (£ + 1)i),
(E8.3.2) i — (io — @) = &io — (£ — 1),
(E8.3.3)  ig¢+io+2(io — i) = (£ +4)io — (€ + 2)i.

Since i € ¢2(n), either p; or po divides i. Without loss of generality, we say
p1 divides 7. By the proof of Lemma [B2] we have py divides 2i¢ + (i9 — 1) =
(2€ + 3)ip — (26 + 1)i. Since mop(n) > 7, all of £ 4+ 2,£,€ 4+ 4 are strictly less
than mod (n). Hence p; does not divide elements in (E8.3.)-(E]3.3). We claim
that ps does not divide elements in (E83.)-(E]3.3). If this is false, say, the
element in (E83.3) is divisible by p2, then po divides both (2€ 4 3)ip — (2 + 1):
and (£ +4)ip — (£ + 2)i. By Lemma Bl po divides Det, where

Det = det (25_'__'—43 2;_1—21) =-2({-1).

However, by the choice of ¢ in (ER2.]), pz does not divide Det, a contradiction.
The claim is proved.
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Finally, by the above, elements in (E83)-(E83.3) are not divisible by either p;
or py. Hence these elements are in ¢2(n). The assertion follows. O

Lemma 8.4. Retain the hypothesis as in Lemmal82. Then either

Eiio =10,1,2,..., %(mop(n) —3)]
or - )
Eiio =10,1,2,...,6E+ 1,64 2,. .., §(mop(n) -3)].
The second case can happen only when there is a & in (E&2.1) such that 2i¢ + (ig —
i) & ¢2(n).

By Lemma [B2] ¢ is Lemma [B4] above is unique if it exists.

Proof of Lemma[8F} If, for each ¢ in (E82)), 2i¢ + (ig — i) is in ¢2(n), then, by
Lemma [T4(3),

- 1
Ziio =10,1,2,..., g(mop(n) —3)]
which is the first case.
To prove the lemma, we may assume that

Eiio #10,1,2,..., %(mop(n) —3)]

and that there is a ¢ in (E82.1)) such that 2i¢ + (io — i) € ¢2(n). By Lemma[B2] &

is unique, namely, for all & # ¢ in (E82.1)), 2i¢ + (ip —4) is in ¢o(n). By Lemma

[[4(2) and induction, 0,1,2,...,¢ € Z;,,. By LemmalB3] Definition [.I(4(0)) holds

for j = i¢. By Lemma (for a different £ = 0 € E;;, in the setting of Lemma
j+ 2o — i) = i¢ + 2(ip — 1) = 1o

is in Aj;,. If €42 < Z(mop(n) — 3), then £ + 2 € E;, by definition. By Lemma

B2 2i¢r + (ig — i) € ¢pa(n) for all

E+2<¢ < -1+ %(mop(n) —3).

Using Lemma[74)2) and induction again, {+3, ..., 1 (mop(n)—3) € Z; ;,. Therefore
— 1
Elﬁo = [07 1527 .. '7§a€+ 15€+ 27 ceey E(mop(n) - 3)]
This finishes the proof. O

Corollary 8.5. If mop(n) > 11, then E;;, contains one of the following subsets
[0,1,2,3], [0,2,3,4], [0,1,3,4], [0,1,2,4].
Proof. The assertion follows from Lemma B4 and the fact 1(mop(n) —3) > 4. O

Proposition 8.6. If mop(n) > 17, then Definition[[I(4) holds automatically. As
a consequence, Q2a(n) = Spl(n).

Proof. We start with the assumption that 25 + (ig — ) € ¢2(n). Without loss of
generality, we can assume that p; divides 2j + (ip — ¢). For simplicity, let jo =
ig — . So jo is not divisible by either p; or ps. The assumption is that 25 + jg is
divisible by p1. By Lemma BTl (replacing (i,49) by (J, o)), elements of the forms in
Definition [T1(4(£)i) and (4(€)ii) for &€ =0, 1,2, 3,4 are not divisible by p; since the
corresponding Det is not divisible by p; > 17. Further, any two distinct elements
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of the form in Definition [[I(4(£)i) and (4(§)ii) can not be divided by py either
(using the fact po > 17). This implies that there is only one &, say & € [0, 1,2, 3, 4],
such that either (4(&)i) or (4(&o)ii) fails. Removing & from the list Z; ;,, we still
have three integers {&1,&2,&3} C [0, 1,2, 3,4] N E; 4, such that Definition [TI(4(&)i)
and (4(&;)ii) hold for all s = 1,2, 3. It remains to show that Definition [[T)(4 (&, )iii)
holds for one of s. Suppose on the contrary that Definition [[T(4(Es)iii) fails for
all three s. Then there are two s such that j + ig + 2(&s + 1)(ip — 4) is divisible
by the same prime factor, say ps. Applying Lemma BTl to these two element with
(47, o) = (J +i0,i0 — i), we obtain that ps divides |Det| = 2|&,, — &s,| < mop(n).
This is impossible. Therefore Definition [[1)(4(;)iii) holds for one of s. Thus we
show that Definition [[7I[4) holds automatically.

The consequence is clear. O

Theorem 8.7. Suppose n = p1ps where ps are prime > 17. Then n is admissible.
As a consequence AC has a graded isolated singularity.

Proof. Since every proper factor of n is admissible by Theorem [0.2] hypothesis
of Corollary [[8(1) holds. By Lemma [[3(1), Q2(n) # 0. By Proposition RG]
Spl(n) # (. Hence hypothesis of Corollary [T.8(2) holds. The assertion now follows
from Corollary [T.8 O

9. PROOF OF PROPOSITION [0.§]

We start with n = 6 and 10.
Lemma 9.1. Retain the notation as in Theorem[04) If n =6, then p(A,C,) =5.

Proof. First let ® := &g = {1,2,4,5}. By Lemma 62 GKdim £ = GKdim E. Tt
suffices to show that GKdim E = 1. By Theorem [0l it is enough to show that
GKdim F < 1. By Lemma [6.5(2),

GKdim E = max GKdim(A4/B; A)
J

where j ranges over {1,2,3} (all positive integers less than 6 that divide 6).

Case 1: j = 3. Since c3 € BsA, ¢3 = 0 in Z/E,Z. By the definition of
A ¢ = ¢ = ¢4 = c5 = 0. Therefore ¢; = 0 for i = 1,2,3,4,5 in Z/E,Z.
Therefore A/B3A is a finitely generated module over k[co], which implies that
GKdim(4/BsA) < 1.

Case 2: j = 2. We need to show that GKdim(A4/ByA) < 1. By (EL03J), it is
enough to show the claim that

(E9.1.1) GKdim(A/(B2A + c3A)) = 0.

Now we change ® from {1,2,4,5} to {1,2,3,4,5}. Re-cycle all notation such as A4,
B, etc, for the new ®, claim (E9.LI) becomes

(E9.1.2) GKdim(A/B,A) =0

with ® = {1,2,3,4,5}. For the rest of the proof in Case 2, let & = {1,2,3,4,5}.
Note that we have the following elements in ByA:

ba, bsbs, b1b3bs.
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Taking commutators in By A, we have the following computations in By A:
[b3bs5, b1b3ba] = b3bsb1b3ba + b1b3bib3bs
= b3(bsb1by — b1bybs)

1
= 5c%;(b51n + b1bs)by
1

= 5031?4,

[6854, bg] = Cé.

Therefore ¢§ = 0 in A/B2A, and consequently, 0 € WU5. By definition, ¢; = 0 in
A/ByA for all i = 1,2,3,4,5. Therefore (E9.I.2) holds.

Case 3: j = 1. We need to show that GKdim(A/B;A) < 1 for ® = {1,2,4,5}.
Similar to the proof of Case 2, it is sufficient to show

GKdim(A/B,4) = 0
with new ® = {1,2,3,4,5}. But this is Proposition [6.6](1).
Combining these three cases, we finish the proof. O

Lemma 9.2. Retain the notation as in Theorem[04] If n = 10, then p(A,C,) =9.

Proof. This proof is very similar to the proof of Lemma [0.1]

First we let ® := &19 = {1,2,3,4,6,L 8,9}. By Lemma [2] GKdimE =
GKdim F. Tt suffices to show that GKdim F = 1. By Lemma [6.5(2),

GKdim £ = max GKdim(A4/B; A)
j

where j ranges over {1,2,5} (all positive integers less than 6 that divide 10).

Case 1: j = 5. The proof of Case 1 in Lemma can be easily modified by
replacing 7 = 3 to j = 5. o

Case 2: j = 2. We need to show that GKdim(A/B2A) < 1. By (EL03), it is
enough to show the claim that

(E9.2.1) GKdim(A/(B2A + ¢5A)) = 0.

Now we change ¢ from {1,2,3,4,6,7,8,9} to {1,2,3,4,5,6,7,8,9}. Recycle all
notation such as A, Bj;, etc, for the new @, claim (E9.2.1]) becomes

(E9.2.2) GKdim(A/B,A) =0

with new ® = {1,2,3,4,5,6,7,8,9}. For the rest of the proof in Case 2, we use this
new ®. Note that we have the following elements in By A:

ba, babg, bibsbs, bsbsbg.
Taking commutators in By A, we have the following computations in By A:
[babg, ba] = coba,
[b1b5bs, coba] = c3bibs,
1
[b5bsbo, cgbibs] = —503587
[bg, Cgbg] = Cg.

Therefore ¢§ = 0 in A/BsA, and consequently, 0 € Wy. By definition, ¢; = 0 in
A/ByA for alli = 1,2,3,4,5,6,7,8,9. Therefore (E2.2.2) holds.
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Case 3: j = 1. The proof of Case 3 in Lemma [0.1] works.
Combining these three cases with Theorem [0.4], we finish the proof. O

Next we consider n = 9.
Lemma 9.3. Retain the notation as in Theorem[04) If n =9, then p(A,C,) = 8.
Proof. First we let & := ®9 = {1,2,4,5,7,8}. By Lemma [6.2l GKdimFE =
GKdim E. It suffices to show that GKdim F = 1. By Lemma [6.5(2),

GKdim E = max GKdim(A4/B;A)
j

where j ranges over {1,3}. So we need to consider two cases.

Case 1: j = 3. Since bs,c3 € B3A, cg,c3 € B3A. This shows that ¢; = 0 in
A/B3A for alli =1,2,3,4,5,6,7,8. So GKdim(A/B3A) < 1.

Case 2: j = 1. We need to show that GKdim(A/B;A) < 1. Note that we have
the following elements in B A:

b1, cebsbs, cgb7.
Taking commutators in B, A, we have the following computations inside B, A:
[b1, cebsbs] = b1cebsbs — cabsbsby
= ¢6[b1b5)bs — cbsbsbr
= cglcebs — bsb1bs] — cobsbsbi
= cgbs — cocebs,
[c§b7, C%bg — coegbs] = cg — 606302.
Similarly we have the following elements in B A:
csbr, c3bsbs, c3ba.
Taking commutators in B A, we have the following computations inside B A:
[c3br, c2bsbs] = 3 (brbsbg — bsbgbr)
= c3(csbs — bsbrbs — bsbsbr)
= Cébg — c%chg,,
[¢2Dy, cabg — c3eebs) = ¢ — cSeocs.
It is easy to see that the quotient algebra
A

5 3 8 _ 0
(cg — cocscd, § — Seoce)

D =

has GKdimension 1. Since A/B;A is a quotient of D by the above computation.
Therefore GKdim A/B; A < 1 as desired.
Combining these two cases with Theorem [0.4] we finish the proof. O

Now we are ready to prove Proposition

Proof of Proposition[0.8. When n = 6, 10,9, the p is 5,9, 8 by Lemmas[@.1] and
respectively. For n = 3,5, the assertion follows by Propositions 1] and
respectively. For n = 2,4,7,8,11,13, 14, the assertion follows from Theorem [0.2]
The statement for n = 12 follows by combining Theorems and O
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10. MORE EXAMPLES OF GRADED ISOLATED SINGULARITIES

To save space, we will omit some non-essential details in Sections
and 111

In this section, we give more examples of graded isolated singularities. Some nice
results of He-Y.H. Zhang and Gaddis-Kirkman-Moore-Won [GKMW] will be
reviewed and used in this section. First we recall some definitions from [HZ].

Let R be a noetherian algebra and G be a finite group acting on R. We say that
two sequences (aq,...,ay) and (b1, ..., by) of elements of R are pertinent under the

G-action, if
i=1

for all 1 # g € G. In this case we write (a1,...,aqy) ~ (b1,...,by). The radical of
the G-action on R is defined to be

t(R, Q) = {iaibi ER|(ar,...,ay)~ (bl,...,bw)}.

By [HZ, Section 1], t(R,G) is a 2-sided ideal of R.
Let eg be the element 1#(‘—61” > gec 9) in R#G. By the proof of [HZ] Proposition
2.4], t(R,G) = RN (eg). Therefore we have [HZ, (3.1.1)],

p(R,G) = GKdim R — GKdim R/t(R, G).

If R is noetherian and Artin-Schelter regular, then R is a graded isolated singu-
larity if and only if R/t(R,G) is finite dimensional over the base field k.

As said in introduction, almost all graded isolated singularities studied in this
paper are non-conventional in the following sense.

Definition 10.1. Let R be a noetherian Artin-Schelter regular algebra with graded
maximal ideal m := A>;. Let G be a finite subgroup of Aut,,(R) such that R
is a graded isolated singularity. We say the graded isolated singularity R is non-
conventional if there is an element 1 # o € G such that at least one of the eigen-
values of o restricted to the k-vector space m/m? is 1. Otherwise, we say R® is
conventional.

If R is the commutative polynomial ring k[V], then every graded isolated singu-
larity RY is conventional, see [MUT] Corollary 3.11]. A similar statement holds for
skew polynomial rings. Let {p;; | 1 <i < j <n — 1} be a set of nonzero scalars in
k*. The skew polynomial ring k,,, [z, x1, ..., 2, 1] is generated by {zo,...,zn_1},
with deg x; > 0 for each i, and subject to the relations z;z; = p;;z;x; for all i < j.
Let V = @7, ka;.

Lemma 10.2. Lel R be a skew polynomial ring ky,, [x0, %1, .., xn_1] and let G be
a finite group acting on R linearly and diagonally, namely, each x; is an eigenvector
of G. Then RC is a graded isolated singularity if and only if the G-action on V\ {0}
is free.

Proof. Let d = |G].

<=: Assume that the G-action on V' \ {0} is free. In this setting, for each i,
the G-action on kx; \ {0} is also free. This implies that there is an ¢ € G and a
¢ € k being a primitive dth root of unity such that o(x;) = {x;. As a consequence,
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G is generated by o and o%(z;) = £¥x; for all w € Zy. By [HZ, Lemma 3.4,
¢ € v(R, Q). Therefore R/t(R,G) is finite dimensional. As a consequence, RY is
a graded isolated singularity.

=—>: We prove the statement by contradiction and assume that the G-action on
V'\ {0} is not free. Pick an element 1 # o € G so that o has a fixed point in V'\ {0}.
This implies that o fixes one z;. Replacing G by the subgroup (o), we can assume
that G = (o) following [GKMW]| Theorem 3.4]. Since o fixes z;, one can show that
zN is not in v(R,G) for all N > 0 (which also follows from Lemma [0.4(6) in an

appropriate setting). Therefore R/t(R,G) is not finite dimensional, whence R is
not a graded isolated singularity. 0

As a consequence of [GKMW], Theorem 3.4], if R is a graded isolated singularity,
then so is R for all subgroups 1 € H C G. The graded isolated singularities in the
above lemma are all conventional. One nice example of non-conventional graded
isolated singularities is given by Gaddis-Kirkman-Moore-Won [GKMW].

Example 10.3. [GKMW]| Theorem 5.2] Let R be a generic 3-dimensional Sklyanin
algebra S(a,b,c) generated by {z,y, 2} with standard relations, see [GKMW] In-
troduction]. Let G be the cyclic group of order 3 acting on R by permuting the
standard generators {z, v, z}. Then R is a graded isolated singularity by [GKMW]|,
Theorem 5.2]. Since G has a fixed point x +y + z in R; \ {0}, we obtain that R
is non-conventional.

We will use a few more lemmas. In Lemma [[0.4] below we do not assume that
the G-actions is inner-faithful.

Lemma 10.4. Let R and S be two connected graded algebra with G-action where
G is a finite group. Let eg = 1#(% > gec 9)- Suppose that f: R — S be a graded
algebra homomorphism that is compatible with G-action.

(1) There is an induced algebra homomorphism f#G : R#G — S#G such that
f#G(r#tg) = f(r)#tg for allT € R and g € G.

(2) f#G maps ey € R#G to ey € S#G. As a consequence, there is an induced
algebra homomorphism f#G : R#G/(eq) — S#G/(eo).

(3) If x € R such that x := z#1 € (eo) in R#G, then f(x) := f(z)#1 € (eo)
in S#HG.

(4) If f is surjective, so is f#G. If, further, S#G/(eo) is infinite dimensional,
so is R#G/(ep).

(5) f maps t(R,G) to v(S,G). As a consequence, f induces an algebra homo-
morphism from R/t(R,G) to S/t(S,G).

(6) Suppose f is surjective. If S/¢(S,G) is infinite dimensional, then so is
R/t (R, G).

The proof of Lemma [[0.4] is easy and omitted.

Lemma 10.5. Let A =k_;[x] withn > 2.

(1) Let p be a prime number such that p # 3,5 and p < n. Then there is a
group G C Auty,.(A) of order p such that A€ is a non-conventional graded
isolated singularity.

(2) Let p = 3%5° for some a,b > 0. If G is a subgroup of Aut,,(A) of order p
such that A is a graded isolated singularity, then it is conventional.
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Proof. We omit the proof of part (2). For part (1), we show give a proof when
p=2.
We construct the group G = (o) as follows. If n is even, let ¢ € Autg,(A4) be
defined by
O:T;i —> Tp—1—4
for all i € Z,,. If n is odd, let o € Auty,-(A) be defined by

0:%; = Tp1-4, and Xn-1 — —Tn
2 2

for all i € Z, not equal to 2. By Example 1.6(ii)] and Lemma 3.4],
2? € v(A4,Q) for all i. (Some details are omitted.) Therefore A/t(A,G) is finite
dimensional and A% is a graded isolated singularity. Since G preserves xg + &p_1,
it is non-conventional. O

The next lemma is due to Jason Bell. We thank him for sharing his result with
us. We say an algebra B is PI if it satisfies a polynomial identity.

Lemma 10.6 (Jason Bell). Let B be a noetherian connected graded PI algebra
generated in degree 1. If every linear combination of homogenous elements of odd
degrees is nilpotent, then B is finite dimensional.

Proof. Suppose on the contrary that B is infinite dimensional. Let W be the set of
graded ideals I of B such that B/I is infinite dimensional. Since B is noetherian,
there is a maximal element J in W. Replacing B by B/J, we may assume that
every nonzero ideal of B has finite codimension. Since B is graded, every minimal
prime of B is graded. As a consequence, the nilradical N of B is graded. Since B
is noetherian, B is infinite dimensional if and only if B/N is infinite dimensional.
This implies that N = 0. As a consequence, a product of minimal prime ideals is
zero. This in turn implies that one of minimal prime is zero, or B is prime.

Since B is PI, there is a nonzero central element in B. We can further assume
that this element, say z, is homogeneous and a nonzerodivisor (or regular element).
By the last paragraph, B/(z) is finite dimensional. Then GKdim B = 1 by (EL.0.3).

By Small-Warfield’s theorem [SW], the center Z(B) of B is a finitely generated
graded algebra of GKdimension one and B is a finite module over Z(B). Note that
every nonzero element in Z(B) is regular. Hence Z(B) is contained in the second
Veronese subring of B since all odd degree elements are nilpotent.

Let @ := Qg4-(B) be the graded quotient ring of B. By a graded version of Pos-
ner’s theorem, this is just the result of inverting the homogeneous nonzero central
elements, all of which have even degree. The important point here is that every
element of odd degree in Q can be written in the form az~! with a, 2 homogeneous
and a € B of odd degree and z € Z(B) of even degree. Let T be the (ungraded)
total quotient ring of B (or of Q). Then T can be embedded into a matrix algebra
over a field F. With this embedding, we fix a trace map ¢r (the usual matrix trace).
(With a bit more care one can even show that T2 M,,(F') where F is the fraction
field of Z(B).) In particular, ¢r(1) # 0.

As a general fact, since B is generated in degree 1, () is strongly Z-graded in the
sense of [NvOl A.L3]. Let Qodd := D, is oqq @i and Qeven = D is even @i- Then
Q = Qodd P Qepen is a strongly Zs-graded algebra, namely, did = Qeyen- By the
last paragraph, every element u in @Q,qq is of the form az~! where a € B is a linear
combination of homogeneous elements of odd degrees and where z € Z(B) is of
even degree. Therefore u is nilpotent by hypothesis. Let u,v be any two elements
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in Qoqq. Then u,v,u+wv are all in Q,qq; and consequently, all nilpotent. By [MOR],
Lemma 1], tr(uv) = 0. Since Q2%;; = Qeven, tr(Qeven) = 0. This contradicts
tr(1) # 0. O

Now we consider twisted tensor products. Let {B(i)}* ; be a family of connected
graded algebras. Then the tensor product

Q) "B(i) = B(1)® B(2) @ ® B(n)

is a connected graded and Z®"-graded algebra. Let u; denote the ith unit element
(0,...,0,1,0,...,0) € Z®" where 1 is in the ith position. Let {p;; € k* | 1 <
i < j < n} be a set of nonzero scalar. Define f,, to be the Z®"-graded algebra
automorphism of ®" B(i) determined by

fui(1®(j—1) RT; ® 1®(n—j)) —190G-1) QT ® 19(n—j)
for all 4 > j and z; € B(j) and
Fu (126D @ g @ 190=D)) = = 48211861 @ 5, @ 18(n=1)
for all 4 < j and homogeneous elements z; € B(j). Then
Foim {fr o o= 20 2 [t € 297

is an twisting system of @" B(i) in the sense of [Zhll Definition 2.1]. By [Zhll
Proposition and Definition 2.3], one can define a twisted algebra of @" B(i) asso-
ciated to the twisting system F'. This twisted algebra is denoted by ®?pij} B(i). It
B(i) = k[z] for all ¢, then ®?pij} B(i) is canonically isomorphic to skew polynomial
ring ky,, [21, ..., 2,), see p.310]. Note that if a = 120~V @ z; ® 19"~ and
b=1%0"1 @ z; ® 12"=9) for two homogeneous elements z; € B(i) and x; € B(j)
for ¢ < j. Then one can check that
ba = pj & E ab,

Suppose each B(i) is a noetherian PI Artin-Schelter regular algebra (and it is
possible that the “PI” hypothesis can be weakened). One can easily check that
®7{lpij} B(i) is noetherian and Artin-Schelter regular. Further, ®7{lpij} B(i) has
enough normal elements in the sense of [Zh2) p.392]. By [Zh2] Theorem 1], it is
Auslander regular and Cohen-Macaulay.

Suppose G is a finite group and ¢; : G — Auty,(B(i)) is an injective map for
each i. Then there is a unique extension of the G-action on ®?pw_} B(i).

Proposition 10.7. Retain the above notation. Suppose G is a finite group and
@i+ G — Auty,(B(1)) is an injective map for each i. Let B = ®?p”} B(i).

(1) BY is a graded isolated singularity if and only if each B(i)¢ is a graded
isolated singularity.

(2) Assume BS is a graded isolated singularity. Then B is conventional if
and only if each B(i)¢ is conventional.

Proof. The proof follows from Lemma [[0:4(5,6). Details are omitted. O

Proposition [[0.7] provides a lot examples of graded isolated singularities.
Next let B(i) = B, for ¢ = 1,...,n, be a noetherian PI Artin-Schelter regular
algebra generated in degree 1. Let p;; = —1 for all i < j. We consider (—1)-twisted
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tensor product ®?_1 } B and the permutation automorphism o € Autgr(®?_1 y B)
determined by

(E10.7.1)
o 1201 ®T;® 18(n=3) | 1®J ®T;® 1®("_J_1), 18(—1) R Ty > Ty @ 18(—1)

for all z;,z, € B.

Proposition 10.8. Retain the above notation. Assume that n > 2 is admissible in
the sense of Definition [12(2). Let B be any noetherian PI Artin-Schelter reqular
algebra generated in degree 1. Let G be the group (o) where o is defined in (EIQ.T).
Then (®?_1} B)% is a non-conventional graded isolated singularity.

Proof. Let S = ®7{11} B. Tt suffices to show that S/t(S, G) is finite dimensional.
Let x € B be a linear combination of homogeneous elements of odd degrees.
Let 2; = 19" @ 2 @ 121 ¢ § for i = 0,...,n — 1. Then the subalgebra
generated by {xg,z1,...,2,} is the (—1)-skew polynomial ring R := k_1[x]. So
the inclusion f : R — S is compatible with the G-action. (Note that f is not a
graded algebra homomorphism.) Since n is admissible the quotient R/t(R,G) is
finite dimensional. Hence, for each x;, we have z¥ € t(R G) for some N > 0. By
Lemma [[0.4(5), zV € (S, G). This is true for all = that | is a linear combination of
homogeneous elements of odd degrees in B. By Lemma[I0.6, the image of the map

B— Bek®" ) C Q) 4,B(=95) — 5/t(S,G)

is finite dimensional. Say this image is B. By symmetry, S/t(S, G) is a quotient ring
of ®?_1} B, which is finite dimensional. Therefore S/t(S,G) is finite dimensional
as desired. O

Proposition [[0.§ also provides a lot examples of graded isolated singularities by
varying B.

11. SOME QUESTIONS AND COMMENTS

It is quite reasonable to adapt Ueyama’s definition of a graded isolated singularity
[Uel Definition 2.2], at least in the connected graded case. By Remark [0I3)(2), the
straightforward generalization of the freeness criterion for commutative quotient
isolated singularities [MStl Lemma 2.1] fails badly in the noncommutative case.
However the freeness of the G-action on V \ {0} is one of the easiest and most
effective criterions for isolated singularities. Therefore we ask

Question 11.1. What is the analogue of the freeness criterion of isolated singu-
larities in the (connected graded) noncommutative setting?

Let R be a noetherian Artin-Schelter regular algebra and let G be a finite sub-
group of Autg,(R). By a result of Mori-Ueyama [MUIL Theorem 3.10] together
with [HZ], the following are equivalent:

(1) R% is a graded isolated singularity,

(2) R/t(R, Q) is finite dimensional,

(3) R#G/(ep), where eg = 1#(Zg€G g), is finite dimensional,
(4) p(R,G) = GKdim R.
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Mori-Ueyama’s criterion of graded isolated singularities is quite convenient. On the
other hand, it could be very difficult to verify (2), or (3), or to calculate the exact
value of p(R, G).

One of the key steps in the proof of Theorem [I.2]is to show that the set Spl(n)
is non-empty. But we can not prove that Spl(n) # ) is necessary. In particular, we
do not have answers to the following questions.

Question 11.2. Let n = pypo for two distinct odd primes p1, ps.
(1) If 7 < mop(n) < 17, is then n admissible?
(2) Is Spl(77) # 07
(3) If Spl(77) = (), is 77 admissible?

Hypersurface isolated singularities have been studied extensively, and form a rich
topic in algebraic geometry [Mi]. The noncommutative version of a hypersurface
was defined in [KKZ2| Definition 1.3(c)].

In the commutative theory, every hypersurface isolated singularity produces a
finite dimensional Milnor algebra (as well as the Tjurina algebra). It would be
interesting to develop a similar theory for the noncommutative hypersurface isolated
singularities. At this point, it is not clear to us what is the best way of defining
the noncommutative Jacobian ideal, since there are no canonically defined partial
derivatives in the noncommutative case. Here we will like to propose a definition of
the Milnor algebra when the hypersurface singularity is defined by “double twisted
superpotentials”.

Let V be a finite dimensional vector space @.,_, kz;, or {zs}'_; be a basis of
V. Let F be the free algebra k(xi,...,z,) = k(V). Let o denote an element in
GL(V). We define two k-linear maps from F to F. The first one is ¢, which is
determined by

Xy @ Q@i X, = Ty, QT Q- Q @y,
for all x;, in the basis of V. The second one o0 ® 1, where o € GL(V), is determined
by
oR1:w;, @ Q@ _, i, —0o(Ty) @ Qmi,_, DT,
Following [DV] Definition 1], [BSWl p.1502], Definitions 2.1.3 and 2.1.4],

[MSml Definition 2.5] (and taking the quiver with one vertex and v arrows), a
twisted superpotential in the free algebra F' is an element w in F' such that

w = (0@ 1)¢(w)

for some o € GL(V). (All papers [DV] BSW] [Ka, [MSm]| use slightly different
notation, but one can easily figure out the discrepancies). For every x;, we define

a partial derivation 0; as follows

Tiy @@z, 11 =1

0 1717,

(This definition of a partial derivative is slightly different from the ordinary partial
derivative in calculus. Another possibility is the cyclic, or circular, derivative.) For
every w, let O(w) be the k-linear span of {0;(w)}?_,. For an integer N, one can
define OV (w) inductively by 0% (w) = (0N ~1(w)). Given a twisted superpotential
w and an integer N, one can define superpotential algebra D(w, N) [Kal, Definition

0i(wiy, ® T4y ®"'®l‘z‘w)_{
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2.1.6] (which is the same as the derivation-quotient algebra in the sense of [DV]

[BSW], [MSml]) to be
D(w, N) := F/(0" (w)).

Dubois-Violette proved a very nice result [DV] Theorem 11]: a Koszul (or higher
Koszul) algebra is twisted Calabi-Yau if and only if it is isomorphic to a superpo-
tential algebra for a unique-up-to-scalar-multiples twisted superpotential w.
Definition 11.3. Retain the above notation.
(1) A pair of elements (wq,ws) in F are called double twisted superpotentials if
(a) wy is a twisted superpotential (with an automorphism o7 € GL(V))
such that the superpotential algebra D := D(wy, N) is a noetherian
Artin-Schelter regular algebra.
(b) wq is a twisted superpotential (with an automorphism oo € GL(V))
such that ws is a normal regular element in D.
Let (wy,wsz) be double twisted superpotentials in parts (2,3,4).
(2) The algebra D/(wz) is called the hypersurface singularity associated to
(w1, ws), and is denoted by T (w1, ws).
(3) The Milnor algebra associated to (w1, ws2) is defined to be
M(wy, we) := D/(0(w2)).
(4) The Milnor number associated to (w1, ws) is defined to be
m(wy, ws) := dimg M (w1, ws).
With these definitions, we can ask the following:

Question 11.4. Is T'(wy,w2) being a graded isolated singularity equivalent to
m(wy,ws) being finite?

The following example of a hypersurface isolated singularity is non-conventional
such that Question [[T.4] has an affirmative answer.
Example 11.5. Let A = k_1[zg,21] and G be the group of automorphism of A
generated by f, where f is determined by

frxo— 21, x> 20
By [KKZ1, Example 3.1], A¢ is a hypersurface singularity, which can be written as
AG = D/(wg)
where D is an Artin-Schelter regular algebra of global dimension three and ws is a
normal element of degree 6 in D. In details, z = z¢ + x1 and y = x5 + 273,
D =k{z,y)/(a®y — y2*,2y* — y’x)
and 5
wo = 22° — E(xgy + 2?yx + zyx? + ya®) + 42

By Theorem [, A® has a non-conventional graded isolated singularity.

Note that D is (—1)-twisted Calabi-Yau [RRZ, Example 1.6]. There is a twisted
superpotential

w1 = 2y?x + yrty — y2a? — 12y

with automorphism o determined by

01T =T, Y =Y,
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and D is the superpotential algebra associated to w;. It is easy to check that

(1) wy is a regular normal element in D,
(2) wy is a superpotential.

The Milnor ring of the hypersurface singularity A is
3 3
D/(0ws) = D/(122° — §(x2y + zyz + y?), —5903 + 4y),

which is isomorphic to k[x]/(z°) by an easy calculation. As a consequence, the
Milnor number of A% is 5. _

Note that the McKay quiver corresponding to (A, G) is of type L1, see [CKWZI],
Proposition 7.1 and pp. 249-250]. This is slightly different from the classical Z, lN),
E types.

Remark 11.6. Some other noncommutative hypersurface graded isolated singu-
larities are given in [CKWZ2| Theorem 5.2] and [CKWZ2| Table 3 in p.537]. These
are related to noncommutative McKay correspondence in dimension two. It would
be interesting to answer Question [[T.4] for these hypersurface singularities.
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