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Abstract

We study the asymptotic behavior of single variable Bell polyno-
mials By (x) in the limit of infinite & and = > 0. We discuss our results
in relations with the spectral theory of large random matrices and the
properties of the vertex degree of large Erd6s-Rényi random graphs.

1 Binomial distributions and Bell polynomials

This paper is motivated by the studies of the spectral properties of random
matrices determined by the Thara zeta function of random graphs of infinitely
increasing dimension, n — oco. The Erd6s-Rényi ensemble of random graphs
{I‘,(f )}, 0 < p < n that have n vertices and the edge probability p/n can
be described by the family of adjacency matrices {A,(@p )}, where A,(@p ) is a
real symmetric n X n matrix whose entries above the diagonal are given by
the family of jointly independent Bernoulli random variables al(-?p ) that take
zero value with the probability 1 — p/n (see monograph [1]). The Thara zeta
function of the graph I';/’, in the determinant form, is given by relation
[4, 9, 16]

-1
Zp () = (1 =)' det HP(w) , weC,

where

HP (u) = (1 —u®)] +u?BY) —uAP), (1.1)
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B,(Lp ) is the diagonal matrix whose non-zero entries are given by the vertex

degrees of ng ),

(B,gm)ij =555, B =3"d | 1<i<j<n, (1.2)
=1
and r—1= Tr(BﬁLp ) o1 )/2. Here and below we denote by d;; the Kronecker
delta-symbol that is equal to one if ¢ = j and is zero otherwise.
The logarithm of detH, ,(f ) (u) can be studied with the help of the normal-

ized eigenvalue counting function of Hr(Lp ). It is shown in [12] that this
function, when regarded in the case of the Erdés-Rényi random graphs
{rf{’ )}, converges in the limit of infinite n and p under the condition that
the real spectral parameter u is renormalized by the square root of p,
u = v/\/p,v € R. The proof is based on the convergence of the averaged

k
value of the k-th moment Tr (H,(Lp ) (v/ \/ﬁ)) as n, p — oo. Further consid-

erations of the spectral properties of random matrices Hy(f) ) can require the

knowledge of the asymptotic behavior of these moments in the limit when k&
infinitely increases at the same time as n and p tend to infinity. In particu-
lar, this is needed in the studies the maximal eigenvalue of random matrices

by the moment method [8]. On the first stages, one could ask about the
)

asymptotic behavior of the moments of the matrix B,(Lp .
Slightly simplifying the definition of random variables az(;“p ) and bl(-n’p ),

we consider an ensemble of n jointly independent Bernoulli random variables

,0) {1, with probability p/n, 1<j<n p>0. (1.3)

J 0, with probability 1 —p/n ’

and study the moments of the binomial random variable
() _ N~ (o)
X0 =2 a
=1

in the limit of infinite n. The probability distribution of Xr(Lp ) converges to
the Poisson one as n — oo both for bounded p or for infinitely increasing p
(see Section 3 for more details). The probability distribution of the centered
random variables

n

X — XT(LP) _ EXr(Lp) - Xr(zp) —p= Zdyz,p),
j=1
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where E is the mathematical expectation with respect to the measure gen-
erated by the family AP = {{a§n’p )}13]-3”} converges to the centered

Poisson probability distribution [13].
We are interested in the asymptotic behavior of the moments

M) — R (Xgm)’“ (1.4)
and
M) ~ R <X,§P>>k (1.5)

in the limit of n, k — co when p is either finite or infinitely increasing. Let

Bi(x)= > Billily,...,l)a"tEr g > 1 2R, (16)
(T1,l2,00k)
where
k!

(INHhgy (2D lg! - - (B!
and the sum in (1.6) runs over such integers ; > 0 that Iy +2lo+- - -+ kil = k.
The value By (1) = By, is known as the k-th Bell number and the polynomials
By (z) are referred to as a single variable Bell polynomials or simply as to
the Bell polynomials [2, 3]. We also consider modified Bell polynomials

Bi(li,la, ... 1) = (1.7)

Bi(x)= > Billy,...,lk)a?tBr k>0 2R, (1.8)
(I2,l3,..,lk)’

k!
(2Dl (3D) 3! - - - (k)] !
and the sum in (1.8) runs over such I; > 0 that 2l +3l3+- - + kly = k. We
will refer to the numbers By = Bi(1) as to the restricted (or centered) Bell
numbers and say that By (z) are the restricted Bell polynomials, or Bell-type
polynomials. In Section 3 below, we prove the following statement.

Bi(la,l3... 1) =

(1.9)

Lemma 1.1. The moments (1.4) and (1.5) verify the following asymptotic
relations,

M) = Bi(p)(1+0(1)), n,k = oo (1.10)
and . 3
M = Biu(p)(1 + (1)), n,k — oo, (1.11)

where k and n are such that k = o(nz/g) and p is finite of infinite such that
p=o(n).



The main results of the present paper are related with the asymptotic
behavior of polynomials By(z) and By(z) with positif z in the limit when &
tends to infinity. The asymptotic properties of the Bell polynomials By (x)
as k — oo are well studied (see [6, 7, 19] and references therein). Up to our
knowledge, the limiting behavior of the Bell polynomials By (z) for infinite k
and x has not been considered, while this kind of limiting transition is fairly
natural from the point of view of random graphs and random matrices. The
asymptotic behavior of the Bell polynomials in the case of restricted Bell
numbers By (z) has not yet been studied as well.

It should be pointed out that the Bell polynomials (1.6) determine the
moments of the Poisson distribution. The moments of the centered Poisson
distribution are given by the restricted Bell numbers By, and corresponding
Bell-type polynomials lg’k(:n) Therefore our results can be interesting also
from this point of view.

In Section 2, we prove our main statements and use them to determine
the asymptotic behavior of high moments of the diagonal matrix Bﬁlp ) (1.2).
As a consequence, we estimate the deviation probability of the maximal
vertex degree of large Erdds-Rényi random graphs. In Section 3, we prove
auxiliary statements and present supplementary facts about the convergence
of random variables XT(Lp ). We also discuss further generalizations of the Bell
polynomials inspired by relations with the theory of sparse random matrices.

2 Asymptotic behavior of B;(z) and Bj(x)

In this section, we study the asymptotic behavior of the Bell polynomials
Bi(z) (1.6) and polynomials of restricted Bell numbers By(z) (1.8) in the
limit & — oo for given values of x > 0 and in the asymptotic regime

k,x — 00, x=xk (2.1)

that we denote for simplicity by (k,z), — oo, where x > 0 is finite or
infinitely increasing. Here, we mainly follow the probabilistic approach pre-
sented in paper [18], where the asymptotic behavior of the Bell numbers
By, k — oo is considered. We give the full proofs in the case of the Bell
polynomials Bi(x), x > 0 and then briefly describe the results obtained for
the Bell polynomials of the restricted Bell numbers By (), = > 0.

2.1 Auxiliary random variables and Central Limit Theorem

Regarding the sequence of Bell polynomials, B = (By(z))r>0 with > 0, let
us introduce an auxiliary random variables Z(@%) given by the probability



distribution

k

X, U U
P(Z = k) = pi"") = Bk(l’)mv k=0, u>0, (2:2)

where G(x,u) is the exponential generating function of the sequence B,

% k
=" Bu(a) o
k=0

It is easy to prove the following equality (see for instance [5])
G(z,u) = exp{z(e" — 1)}. (2.3)

The generating function of the probability distribution of Z@% is given by

iP @) — k) 2 ZB u r Gz, zu) (2.4)
_ o _ Gla,zu) |
pard W e T T G
Elementary computations show that
F, (1) =zue" and F,,(1)= zulet 4+ z2u2e?t,

Denoting by E the mathematical expectation with respect to the distribu-
tion (2.2), we deduce from the last two equalities that

EZ@Y — pue*  and VaT(Z(w’u)) = zu(u + 1)e*. (2.5)

In what follows, we will omit the superscripts (z,u) when no confusion can
arise.

Let us consider a random variable Y = (Z — EZ)/oz, where 0% =
Var(Z) and introduce its characteristic function ®y(t) = Ee Y.

Lemma 2.1. For any given t € R, the characteristic function ®y (. (t)
of the random variable Y% converges to the one of the standard normal
distribution,

Dy (2 (t) = e 2(1+0(1)), zue’ — . (2.6)

Proof. We rewrite the characteristic function ®y(¢) in the following form,

Dy (t) = eEL B, (7)) (2.7)



Relations (2.3) and (2.4) imply equality
Fy. =exp {xe“ (e“A — 1)} ,
where we denoted A = ¢/9z — 1. Using the following asymptotic expansion
. . 2 3
t t t
uA b <I_> +O<u_3>
oA 2 \oy oy

that holds in the limit (2.6) and taking into account convergence

we can write that
) iut 2 t2 3t3
InFy (6”/02) = ze" <£ — M + 0 <u_3>> :
oz 207, oy

Using the second relation of (2.5) and remembering (2.7), we see that the
following equality holds in the limit (2.6),

t2 zueut 2 t3
= _— = e /2
Dy (t) exp{ 5 +O< =) >} e <1+O< —a:e“>>'

This relation together with (2.8) completes the proof of Lemma 2.1. [J

2.2 Local Limit Theorem
Definition (2.2) can be rewritten as follows,

kG (z,u)

Bilw) = P25 = k) ==

. (2.9)

One of the main ingredients of the method proposed in [18] is to use the
following statement that can be regarded as a version of the discrete local
limit theorem.

Lemma 2.2. Relation

1 (k — Bz@w)?
(Tu) — py — _ — —1
Pz k Dm0y exp { 207 o(o7'),

holds in the limit (2.6) for all k such that |k—zue*| = O (0z). In particular,
if |k — zue| = o(1), then

1

P =h) = V21

+o0 (021) ,  xue" — oo. (2.10)



Proof. To prove Lemma 2.2, we adapt the arguments given by T. Tao [17].
Regarding the mathematical expectation of the both parts of the identity

1 [ . .
Tza(e) = g [ %e s
we get by the use of the Fubini’s theorem that

1 /7 . .
P(Z:k):Z_/ @Z_EZ(S)eZSEZe—ZSde

L

1

270y

/ T By (y)eivth- B oz gy,

—Togz

where Y = (Z — EZ)/oz. Standard computations show that

2L T uk-B2) oz /2y _ L (- E2)/20%)
T J)_oo 2T

Observing that

| e_y2/2+iay|dy < / e_y2/2dy

ly|>moz ly|>moz

for any «a, we conclude that

o0 i k—EZ 2 Togz . k—EZ 2
1 e”’( oz >_y7d _ L ely( o >_y7d =o(l), oz — o0
o Y Y ) Z

—0o0

(2.11)

uniformly in k. Let us show that

noz - 70z o (k=Ez\_y?
/ <I>y(y)e"y(’“‘EZ)/"Zdy—/ ) dy —o(1), 0z o

—Toy —Toy
(2.12)
This relation will follow from Lemma 2.1 as soon as we bound the difference

By (y) — e V%, y € [-moz 7o)

by an absolutely integrable function. We consider first the interval |y| < oze
with some 0 < ¢ < 1. It is not hard to deduce from (2.4) that

3 1
w3 = E(Z — EZ)3 = zue" <1 + —+ _2>
uoou
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and

1 6 6 7 1 12
:EZ—EZ4:242U3 - ~ - )
Ha ( J'=atule * el * u + ruet * Tule + u? * Tudet
We see that the Taylor expansion of the fourth order exists,
2 dustd  tt dt
<I>Z—EZ(t) =1- pav s + <I>Z—EZ(9), (2.13)

2 3! 41 gt

where po = 0% = Var(Z) and |0| < |t|. Taking into account the upper
bound

d4

| ®z-ez(0)] < pa

and relations

o - o(1) and FA__y2 o(l), ozt—0,

Var(Z) Var(Z)
we deduce from (2.13) that
opt? 242
bz pz(t)=1- -+ o(o5t?), ozt — 0.

Therefore it exists € > 0 such that

2
|®z_wz(y/oz)| = |®y(y)| <1 - yZ < v/

for all |y| < eoz.
Let us consider the values of ¢t = y/oz such that || > e. It follows from
(2.4) that

|®z(t)] = exp {me“ (e“(COSt_l) cos(usint) — 1)} . (2.14)
There exists 6 > 0 such that
uleost=1) cog(usint)| < e~ for all |t| > e.

e

It is not hard to deduce from (2.14) that for sufficiently large u such that
e~% — 1 < —1/2 the following upper bound holds,

|®z(t)| < exp{—ze“/2}, forall [t| >e.

This inequality completes the proof of Lemma 2.2. [J



2.3 Asymptotic behavior of Bell polynomials

Remembering equality (2.9) and using (2.3) together with (2.5) and (2.10),
we conclude that the following equality

1 . k!
Bule) = e oo ~ D} g (L4 0) (219)

holds in the asymptotic regime of infinite k£ described in Lemma 2.2. In
particular, we can say that (2.15) holds for k¥ — oo, where u is determined
by k and = > 0 by equality

ue" = k/x. (2.16)

Solution of (2.16) is known as the Lambert’s function (see [6] and references
therein). Using the Stirling formula,

. \/;T_k <§>k(1+0(1)), k= o0

we can write that

e
Bi(z) = NTES exp{zu(u —1)e" +z(e" — 1)} (1 +0(1)), k— 0
and that
e
By(x) = \/U_Hexp {k: (u -1+ %) - 3:} (I+0(1)), k—o0, (2.17)

where u is determined by (2.16) Let us note that relation (2.17) considered
with z = 1 coincides with that obtained by E. G. Tsylova and E.Ya. Ekgauz
[18]. Similar to (2.17) expression has been obtained by D. Dominici [6].
However, in the asymptotic equality for By (z) obtained in [6], the factor z*
from the right-hand side of (2.17) is absent.

Now we will examine the variable By (z) in the following three asymptotic
regimes: ¢ < k, v = O(k) and = > k.

Theorem 2.1 The Bell polynomials By (x) show the following asymptotic
behavior:
a)if 0 < x < k, then

k
Bu(a) = (W’imu +o<1>>> ; (2.18)



b) if x = O(k) as k — oo, then
Bi(z) = (kxe’ (1+o0(1))*, &k — oo, (2.19)

where v =1u —1+u"t — (ue*)™ and u is such that ue* = x = z/k;

c) if k — oo and x = z/k — oo, then
Bi(z) = (kx(1+o(1))*, x — o0, k — o0. (2.20)

Proof. Let us consider the following auxiliary variable,

He(z) = ~1n <B’f(l’)>.

k zk
It follows from (2.17) that

B 111 .
’Hk(x)—u—l—l—a—@—%ln(u+l)+o(k’ ) (2.21)

in the limit £ — oo and u determined by (2.16).

a) If x = x/k — 0, then the right-hand side of equality (2.16) tends to
infinity. It is not hard to see that the solution u of the transcendent equation
(2.16) verifies the following relation [5]

k k Inln (k/z) k
=ln|—)]—Inln |- —_— - . 2.22
v (5) e (G) o (i) 2o e
Substituting this expression into the right-hand side of (2.21), we get the
following asymptotic equality,

Hk(x):ln<§>—lnln<§>—1+0<%>, E—>oo, k — oc.

Returning to the variable By (x), we can write that

By(z) = xkexp{kln <§> —klnln <§> -k+0 <%>}

Then (2.18) follows.
Regarding the last equality in the particular case x = 1, we get the
following asymptotic relation for the Bell numbers By, = By (1),

Inln k
Ink

In By,

:lnk‘—lnlnk:—l—l—0< >, k — . (2.23)
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The first three terms of the right-hand side of (2.23) coincide with those
obtained by N. G. de Bruijn [5] for the asymptotic expansion of the Bell
numbers. Relation (2.23) is also equivalent to the results obtained by E. G.
Tsylova and E. Ya. Ekgauz [18].

b) If x = z/k = Const as k — oo (cf. (2.1)), then relation (2.21) takes the

form ) )
Hi(z) =u—1+ o et +o(1), (k,x)y — 0.

This asymptotic equality implies (2.19).

c) Consider the last asymptotic regime characterized by x > k. Then
X = z/k — oo and relation (2.16) mean that in this case v — 0 at the
same time when k£ — oo and z — oo. In fact,

u= i - % +o(x7?).
Then we can write that
Hu(x) = % <1 - e%) FusTto(1/k) = 2-to(u?)+o(1/K), (k) — o0, X — oo.
Then ] 5 B .
Hi(z) = % —?+0(X ) +o(k™7)

and therefore
k
Bi(x) = <kxel/(2X)_2/X2+o(l/k)) , (k,x)y — 00, x = o0.
Then (2.20) follows. Theorem 2.1 is proved. [J

2.4 Restricted Bell polynomials

In Section 3, we show that the exponential generating function of the re-
stricted Bell numbers By (x) is given by

Glz,u) =Y Bi(z)— = exp{z(e® —u—1)}. (2.24)



we can easily deduce from (2.24) that
EZ®W = zu(e* —1) and Var(Z@%) = zu((u+1)e* —1).
Introducing a centered and rescaled random variable

. A

g

Y =

where 62 = (0;)? = Var(Z), we can write that
q)?(y) — e—iyEZ/&F(eiy/&).
By using the same arguments as before, it is not hard to show that in the
limit
zu((u+1)e" — 1) — oo, (2.25)

the following relation holds for any given y,

o - B 2 3, u,,3
meWw:%EZ—%+o<m;y>. (2.26)

Then, in complete analogy with Lemma 3.1,
2
Oy (y) —e v/

in the limit (2.25). The analogue of the Lemma 3.2 holds and we can write
that

~ 1 1
P(Z=k) = 4ol =|, 6=0z;—
( )= oz <a> Z
for any u such that u(e* — 1) = k/x. For these values of k, we have
By(z) = ! ~¢2ﬂk:<fi>kex@“—u—ﬂ(1+-ou)) (2.27)
V2rzu((u + 1)er — 1) eu

Now we can formulate our second main result.

Theorem 2.2. The Bell polynomials of restricted Bell numbers By, (x) show
the following asymptotic behavior:

a)if 1 <x <k, then

k
Bula) = (W’im)u +o<1>>) ; (2.28)

12



b) if x = O(k) as k — oo, then

Bi(z) = (kxe"(1 + 0(1)))k, k — oo, (2.29)
where D =u —1+u~! +1In(e* — 1) —Inu and u is such that u(e* — 1) = x;
c) if k — oo and x = x/k — oo, then

Bi(x) = (ky/x(1+ o(1))". (2.30)

The proof of this theorem is given by an analysis of relation (2.27) in
the three asymptotic regimes indicated. This analysis is similar to that per-
formed in the proof of Theorem 2.1. To prove (2.28), we use an observation
that the asymptotic expansion (2.22) holds as k/x — oo also in the the case
when u is determined by equality

u(e" —1) =k/x. (2.31)

(see Section 3 for the proof). Relation (2.30) follows from the fact that

Hi(z) = 1 In (Bk(m)) =In(e"—1)—1+ % (e —u—1)+o(k™1),

rk

where v is determined by equality (2.31). In this asymptotic regime k/z — 0
and therefore v — 0 and u = \/k/z(1 4 o(1)). Then

2
ln(e“—l)—lzln<u+%+o(u2)> —1l=Inu—1-u/2+ o(u)

and !
%(e“—u—l) = 5 +o(l).

Then ) L
Hi(z) = 3 <ln <E> - 1> +o(l), k/z—0, k— oo,

By(z) = <xexp {—% +0(1)}>k

and (2.30) follows.

13



2.5 High moments of BY

Let us return to the random Erd&s-Rényi graphs I’ ,(f ) determined by the

)

adjacency matrices Aﬁf’
relation

whose elements above the diagonal are given by

1<i<j<

n;

(A(p)) _ o) _ dij, with probability p/n,
" i * 0, with probability 1 — p/n,

the elements (A%p )> ~with 1 < j <4 < n are determined by the symmetry
ij

condition. The random variables {az(-?’p ), 1 <i < j < n} are jointly inde-

pendent and we assume that for known values p = ¢(n) the triangle-type

array of random variables A" = {{agl’p), 1<i<j5< n}nzl} is determined

on the same probability space. We denote the mathematical expectation

with respect to the measure generated by A’ by E'.

Let us consider the diagonal matrix BY (1.2) whose non-zero elements

)

represent the degrees of vertices of the graph ng .

diagonal matrices with centered elements BY(LP ),

We consider also the

(ng)» — 5,0, 1<i<j<n,
ij
where
B(n,ﬁ) — b(n,P) _ E/ b(”,ﬁ) — b(n,p) o M
1 7 1 7 n .
We are interested in the asymptotic behavior of the normalized moments

e — %E/ T ggm)’“ _ %E/ Z": (l;lgn,p))’f

(nsp)

as n, p and k infinitely increase. The random variables b;

identically distributed and therefore

,1 <1< n are

k
. } k n—1
M]gn,p) _ <b§n’p)) ) Zag,"’p) , (2.32)
=1

where random variables ag-"’p ) are determined by equality (1.3). By similar

arguments, we have

k
n—1
Mén,ﬂ) — %E/ Tr (Br(Lp))k _E Z a§n,p)
j=1

14



A natural analogue of Lemma 1.1 is given by the following relations,
MM = Bi(p)(1 +0(1)), n,k— 00 (2.33)
and . .
M) = Br(p)(1 + 0(1)), n,k — o0 (2.34)

that are true for all £ and n such that k& = o(y/n) (see Section 3 for the
proof). These relations together with Theorems 2.1 and 2.2 determine the

asymptotic behavior of the moments M,gn’p ) and M,g"’p ) as n,p and k tend
to infinity.
Let us introduce random variables

V(P — max {bgn’p)} and V) = max {I;En’p)}

1<i<n 1<i<n

that represent the maximal vertex degree of the graph F%p ) and its centered

value, respectively. Using elementary inequality
PV > 5) = PO M) > s) € 30 PR > ),
i=1
and taking into account the upper bound
P(\l;gn’p)\ > ) < s km R (l;gn’p)>2km, m €N
and relation (2.34), we obtain that
P(V™P| > 5) < ns™2 ™ By (p) (1 + 0(1)),  n,k — o0 (2.35)

for all n and k such that 2km = o(y/n).

Let us consider the asymptotic regime p = xk (2.1) when k = |Inn|,
n — oo and x > 0 is given. With the help of Theorem 2.2, we deduce from
(2.35) that

|V (p) — p .
P — >t | <exp{lnn(1—2mln(te”’)+0(1))}, n— occ.

Then we can conclude that

(n.p) _
P <limsup w > t’) =0, p=xlnn (2.36)

n—oo

15



for any ¢’ such that
' >exp{u—1+ uwl In(e* — 1) — Inu} and wu(e—1)=y.

Regarding the asymptotic regime (2.1) with £ = |[lnn] and x — oo, we
deduce from (2.35) with the help of Theorem 2.2 that

P(VP)| > ) < exp{lnn (1 — 2mIn(sy/x/p) + o(1))} . (2.37)

It is clear that if ¢” > 1, then for any 3 > 0 there exists m such that
2mIn(t") > 2 + B and therefore (2.37) implies the upper bound

P (VRIVED| > 1) <n ' nx 00, p = xInn,

Finally, we can conclude that

n,X—>00 P

) [V (P — p
P | limsup +/x >1])=0, p=yxlnn. (2.38)

The random variable V("#) we considered represents the maximal vertex
degree of the ensemble of Erdés-Rényi random graphs. While the properties
of the vertex degree of the Erd6s-Rényi random graphs are deeply studied,
we hope that our results (2.36), (2.37) and (2.38) contribute to the knowledge
already obtained.

3 Auxiliary facts and statements

In this section we collect the proofs of the statements we have used above
and formulate some supplementary facts of interest.

3.1 Binomial and Poisson random variables
Let us describe convergence of random variables Xy(Lp ) in the limit n,p — 0.

Lemma 3.1. The characteristic function

n

x, (1) = Eexp{itX{"}, X© =3 al"”

J=1

converges as n, p — oo to the one of the Poisson random variable,
Dy (t) = exp{(e” — 1)p}

16



in the sense that for any t € R
B (1) /By, (1) > 1 (3.1)
asn,p — 00, p=o(y/n). Also
P(XP) =k)/P(Y,=k) =1 (3.2)
in the limit of infinite n, k, p such that k = o(n?3) and p = o(\/n).

Lemma 3.2. The characteristic function of the random variable

Ul — X —p
\/ﬁ

converges for any given t as n,p — oo provided p = 0(n2/3) to the one of
the standard normal distribution,

E exp{itU")} — e t°/2,

The proofs of relations (3.1) and (3.2) are based on simple use the Taylor
expansions of characteristic functions. Indeed, assuming p = o(n),n — oo,
we can write that

Eexp{itX\} = (eitg + <1 - %))n

= exp {nln (1 + W%””)} =exp {(e" — 1)p+O0(p*/n)} .

Then (3.1) follows.
Regarding the probability distribution of the binomial random variable

X,(lp ), we can write that

exp{nln(l — p/n k
P(XY) = k) = R(k,n) exiik‘lngl - Z?nﬁ g (3.3)

where we denoted

If k/n — 0, then



k_l . .2 .3 3
i i (k—1)k k
— _Z o= =———"" +0|=|. 3.4
_1< n T <n3>> o <n2> (34)
Using the Taylor expansion of In(1 — p/n), one can easily deduce from (3.3)
with the help of (3.4) that

rop =05 = (1+0(5)) (0(5)) (0 (7))

This relation implies (3.2).
The proof of Lemma 3.2 is elementary and we do not present it here.

3.2 Proof of relation (2.24)

Let us consider the following analogs of the Stirling numbers of the second
kind,

- 1 k!
Sk =5 2 hilhgl - B!l

" (h1,h2,. )
1 k k— hy k—hy—ho---—hp_1
5 X ()R e
(h1,h2,...,hy)’

where the sum over (hi,hg,...,hy)" is such that hy + --- + h, = k and
hi >2,i=1,...,r. It is easy to deduce from the last equality of (3.5) that

ngr 1!(et—t—1)r.
k=r

By definition (1.8), we have

k
Br(x) = S(k,r)a”

r=0
and therefore

tk

ZBk iiﬁkrw——exp{x(et—t—l)},

r=0 k=r

where we have interchanged the order of summation by the standard argu-
ments. The last equality completes the proof of (2.24).
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3.3 Proof of Lemma 1.1
To study the moments M]g"’p) (1.4),

S al? (3.6)
j=1

it is natural to represent the multiple sum of the right-hand side of (3.6) as
the sum over the classes of equivalence C, each class is associated with the
partition of the set {ji,j2,...,jx} into the blocks and the variables in each
block are equal to the same value from the set {1,2,...,n}. It is easy to see
that

n

E E : gy Qjy ** " Qg

J1,J25-Jk=1
k
ZH Ed}) n(n—1)-- (n—[C| + 1), (3.7)
C =1

where |C| =11 + I3 + - - - + I, denotes the number of groups in the partition
C. Here and below we omit the superscripts (n,p). Since Ea; = p/n and
IC| <k, then the elementary estimate (see (3.4) for details)

ICl]—1 .
log ] <1 - %) = —w + O(K3/n?) (3.8)
=1
shows that
S (2) 1)l + 1) = 32 01+ o(1))
{c} {c}

in the limit n, k — oo such that k = o(n?/3). Then in this limit,
M =37 5 (14 o(1))
{c}

and relation (1.10) follows from the fact that the number of classes C with
given (ly,la,...,1lx) is equal to the number By (l1,la,... 1) (1.7).
Let us consider the moments /\;l,in’p ) (1.5). We have

n
M]gn,p) =E Z Ajy Qjy - - - Gy,

J1,J25--Jk=1
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~i\li *
=Y ] (Ed) nn—1)---(n—[C*|+1), (3.9)
{c*}i=2
where the sum runs over the classes of equivalence C* given by such partitions
of the set {1,2,...,n} that have no blocks of one element. It is easy to see
that

E (a1 —2)" = LQu(p/m),

where

It is clear that

Qup/m) = (1-2)" + <%’0>m_1 (1+£) < <1 + 2—p>m. (3.10)

n

Elementary analysis shows that the lower estimate

Quip/) = (1-2)" (1— i )2(1—3>m (1— i )m (3.11)

n n—p n n—p

is true for m > 2 and sufficiently large n, p such that p = o(n).
Relations (3.9) and (3.10) imply inequality

k i\ b
J\Zfén’p)é H(g(wr%p)) n(n—1)---(n—|C*[+1)

{C*}i=2
20\ <~ (n—=D(n—-2)-- (n—|C*|+1)
< (1 + ;) > e :
{c}
Then the reasoning based on (3.9) shows that
N <37 €114 0(1)) = Bi(p)(1 +o(1) (3.12)
{c}

in the limit n, k, p — oo such that k = o(n?3) and p = o(n). Here we have
used the fact that the number of classes C* with given (lo,...,l) is equal to
Byi(la, ..., 1) (1.9). Relation (3.11) means that the following lower bound
holds in the same asymptotic regime,

M > Bi(p)(1+ o(1)).
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This inequality together with (3.12) completes the proof of Lemma 1.1.

Relations (2.33) and (2.34) can be easily proved by the same arguments
as above with the only difference that in relations (3.8) and (3.9) the values
of |C| and |C*| are replaced by |C| — 1 and |C*| — 1, respectively.

3.4 Asymptotic expansion for the solution of (2.31)

In this subsection, we follow the reasoning by N. G. de Bruijn [5] used in
the study of equation (2.16). We rewrite equality u(e* — 1) =t as

In(e"—1)=Int—Inu. (3.13)

Assuming that t > e?, we deduce from (3.13) that u > 1. In the opposite
case, 0 < u < 1, we would get the upper bound In(e* —1) <In(e—1) < In2
that contradicts to (3.13). Since u > 1, then In(e* — 1) < Int and

0<lnu<lIn(Int+1)
and therefore
In(e“—1)=Int+ O (Inlnt), t— oo.

We denote Int + O (Inlnt) = R. Then
u:ln(eR—l—l):R—l—ln <1—|—LR>:lnt—|—O(lnlnt). (3.14)
e

Taking logarithms of the both sides of (3.14), we see that

Inlnt
lnu:ln(lnt+0(lnlnt))zlnlnt+O(I;HI; )

Now it follows from (3.13) that

Inlnt
ln(e“—l)zlnt—lnlnt—FO(?nI; >, t— 0

and that

u=Int—Inlnt+ O <lnlnt> , t— o0.
Int
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3.5 Restricted and strongly restricted Bell numbers

It is known that the single variable Bell polynomial By (p) represents the
k-th moment of the Poisson probability distribution P(p). The Bell numbers
By, = Bi(1) represent the total number of partitions of k labeled elements.
It is known that they can be determined by the following recurrence [5],

k

k
By = Z <Z>Bk—z, k>0, By=1.

=0

The restricted Bell numbers By, = By, (1) determine the total number of ways
to distribute k labeled elements into subsets such that the cardinality of each
subset is greater that one. It is not hard to show that these numbers verify
the following relation,

k

B = Z (?) By, k>1 By=1,B; =0. (3.15)
=1

The family {By(p)}x>0 represents the moments of the centered Poisson dis-
tribution Bi(p) = E(X —EX)*, X ~ P(p) (see [13] for a general definition
and [15] for combinatorial properties of the Poisson central moments).

One more modification of the Bell numbers and the restricted Bell num-
bers can be obtained in the study of the moments of random variables

Y0 =35 alPwl, (3.16)
j=1

()
J
dom variables also independent from ag-"’p ) and such that

(n.p)

where a; are determined by (1.3) and w; "’ are jointly independent ran-

O 1,  with probability 1/2
| -1, with probability 1/2

for all 1 < j < n. The random variables of the form (3.16) arise as the
matrix elements of dilute (or sparse) random matrices [10].

It is not hard to prove that the odd moments of erp ) vanish while the
2k
even moments £](€n,p ) -k <YTEP )> are asymptotically close in the limit

n — 0o to the variables By(p),

L5 = Byr(p)(1 + 0(1)),  n,k — o0,
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such that

BQk(x) = Z ng(lg, l4, . ,lgk) (L’l2+m+l2k, k > 1, T € ]R, (317)

(I2,14,.l21)"

where
(2k)!

(20)2lg! (4)laly) - - - ((2K)!)l2klop!

and the sum runs over [; > 0 such that ls + 2l4 + --- + klop, = k. It is
natural to refer to the numbers ng = ng(l) as to the strongly restricted
Bell numbers and to say that the family {B;(p)};>0, where Bagy1(p) = 0,
represents strongly restricted Bell polynomials.

For an integer k > 0, Boy gives the number of partitions of a set of
2k elements into non-empty subsets of even size. It is easy to see that the
sequence B = {ng}kzo verifies the following recurrence,

Bop(la, Ly, ., log) =

k

N . 2k N . .

ng+2 =1+ Bor + E <2l B 1) ng+2_21, By=1, B, =1. (3.18)
=1

It follows from (3.18) that By = 4, Bs = 25, By = 262 and By = 3991.
When preparing this paper, we could find no reference to B. As a result, a
new sequence corresponding to (3.18) has been created by the staff of the
Online Encyclopedia of Integer Sequences [14] (we gratefully thank them for
the remarks that correct the value of Big erroneously calculated by us).

It would be interesting to determine the asymptotic properties of the
strongly restricted Bell polynomials ng(p) (3.17) as k — oo and p > 0
with the help of the approach described above. In particular, this could be
useful in the studies of the asymptotic properties of the maximal value of
the family of n independent random variables (3.16) in comparison with the
results (2.36) and (2.38). Finally, let us note that the convergence of the
maximum of n independent random variables of the form (3.16) can also be
studied in the case of p = O(logn) with the help of the stochastic version
of the Erdés-Rényi limit theorem [11].
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