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ABSTRACT. We develop a novel method to analyze the dynamics of stochastic rewriting
systems evolving over finitary adhesive, extensive categories. Our formalism is based on the
so-called rule algebra framework [4, 7] and exhibits an intimate relationship between the
combinatorics of the rewriting rules (as encoded in the rule algebra) and the dynamics which
these rules generate on observables (as encoded in the stochastic mechanics formalism).
We introduce the concept of combinatorial conversion, whereby under certain technical
conditions the evolution equation for (the exponential generating function of) the statistical
moments of observables can be expressed as the action of certain differential operators on
formal power series. This permits us to formulate the novel concept of moment-bisimulation,
whereby two dynamical systems are compared in terms of their evolution of sets of ob-
servables that are in bijection. In particular, we exhibit non-trivial examples of graphical
rewriting systems that are moment-bisimilar to certain discrete rewriting systems (such
as branching processes or the larger class of stochastic chemical reaction systems). Our
results point towards applications of a vast number of existing well-established exact and
approximate analysis techniques developed for chemical reaction systems to the far richer
class of general stochastic rewriting systems.

1. INTRODUCTION

Stochastic graph rewriting systems (SGRSs) have proved their adequacy at modeling various
phenomena [57, 47, 34], ranging from protein-protein interactions in biology [27, 21] to
social network dynamics [43, 62]. In this regard, SGRSs provide a promising setting for
the development of theoretical and algorithmic tools for analyzing the properties of a wide

range of models. These properties correspond to observables, i.e. functions that describe
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the time-dependent occurrences of patterns of interest in the system being studied. The
problem of computing these observables, either exactly or approximately, has garnered a lot
of attention in recent years [28, 22, 35, 61, 26].

In this paper, we approach this problem by formulating SGRSs in the rule-algebraic
framework [4] and address the problem for a far greater class of stochastic rewriting systems
(SRSs) using a recent extension to rewriting in adhesive, extensive categories [7]. Notably,
the rule algebras are the associative unital algebras of compositions of rewriting rules,
from which the action of rewriting rules on objects of the underlying category may be
reconstructed in terms of the canonical representation of the rule algebras. From this point,
well-established techniques from the realm of stochastic mechanics permit to develop a
well-founded implementation of SRSs. We achieve the following new results. Firstly, we prove
a theorem allowing one to extract from a given SRS and a chosen family of observables
(satisfying a certain closure property w.r.t. the dynamics) a partial differential equation (PDE)
describing the time-evolution of the exponential moment generating function (EMGF) of that
family. We refer to this procedure as combinatorial conversion, since the resulting evolution
equations are determined solely from algebraic combinatorial relations. The mathematical
setting for this evolution is the realm of formal power series, and one can leverage powerful
tools from abstract algebra and analytic combinatorics to study the higher moments of these
families of observables. Secondly, we introduce the notion of moment bisimulation. The idea
is based on our observation that two given SRSs may exhibit the same EMGF evolution
for certain choices of observables even if their underlying transition systems themselves
do not coincide. We define a precise mathematical setup to efficiently compare SRSs via
their EMGF evolution. The main motivation for this concept is the possibility to study the
statistical moments of a set of observables for a complicated SRS (that may itself not even be
amenable to efficient simulation) via analyzing a moment-bisimilar, potentially less complex
system instead. For vertex-counting observables, we obtain an exact characterization of the
moment-bisimilarity class of families of SRS which are bisimilar to discrete graph rewriting
systems. The latter systems are better known as chemical reaction systems (i.e. stochastic
Petri nets with mass-action semantics). Our definition and analysis of bisimilarity classes
is based upon the evolution equations for exponential moment generating functions of the
observables of the stochastic rewriting systems. In particular, we show how to synthesize
the corresponding discrete SRS from the information of the exponential moment generating
function evolution equations.

1.1. Relation to previous work. The present article aims to relate two main fields of
research, namely the theory of stochastic rewriting systems and the theory of chemical
reaction systems. With regards to the former field, we would like to mention in particular
the results that have been obtained in the development and analysis of the so-called Kappa
framework [27] that was introduced to study biochemical reaction frameworks. Since Kappa
is based on (a particular notion of site-) graph rewriting, its practical development has seen a
large number of interesting algorithms and mathematical structures. In terms of approximate
and exact analysis, we would like to mention the ideas related to “granularity” [46] and ideas
of coarse-graining of descriptions of dynamical models (which bear a certain similarity with
our notion of moment bisimulation), the analysis of the combinatorial complexity of rewriting
systems (in biochemistry) [30, 2], and also the idea of stochastic fragments as introduced
in [36] (see also [56, 61]). The latter concept is similar in spirit to our combinatorial conversion
results, albeit the precise mathematical setups is notably different (and the formulation in
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loc cit. is in particular rather specialized to the settings encountered in calculations with
labeled transition systems). A large set of results is available in this community regarding the
generation of (deterministic) ODEs for expectation values of observables in Kappa systems,
including the analyzer framework KADE [15] (see also [28] for an overview of earlier work
on this topic). Moreover, some interesting results are available [23] that allow one to perform
exact or approximate model reduction in terms of the aforementioned ODEs. Our notion
of combinatorial conversion and moment bisimilarity could be seen as an observable-based
generalization of these scenarios, where, instead of focusing on individual moments such as
the expectation values of a given set of observables, we give a full equivalence of all moments
of two given sets of observables in two different models.

In the literature on chemical reaction systems, there is a large set of results available on
computability and both analytical and numerical approximate methods in order to tackle
studies of the relevant stochastic dynamics. Analytical methods include techniques that
rely implicitly on combinatorial semi-linear normal-ordering techniques to treat first order
reaction systems [55, 50, 6], or alternatively rely on the method of characteristics to solve
linear differential equations [65], or for certain classes of chemical reaction systems (CRSs)
methods relying on the notion of (generalized) orthogonal polynomials [55, 6] or special
functions [48, 68, 69]. Amongst the perturbative approaches, one finds various notions of finite
state projections [51, 18, 32|, tau-leaping [16, 64, 17], moment closure techniques [40, 67],
stochastic path integral techniques [60, 59, 71], quantized tensor train formats [72, 54, 39],
and various forms of Magnus expansions [8, 49]. Many of these techniques might in fact
pose interesting approaches also to study the dynamics of more general stochastic rewriting
systems, even those that do not possess the special property of discrete bisimilarity to
chemical reaction systems. Finally, notions of bisimilarity such as backwards bisimulation
based on the concept of lumpability have been studied in [35, 19]. These methods differ from
our approach in that our moment bisimulations capture dynamical information on a subset
of the observables, as opposed to a reduction of information based on coarse-graining the
state spaces of the models in the aforementioned methods.

1.2. Overview of results and plan of the paper. In Section 2, we introduce a formu-
lation of chemical reaction systems that will serve as the basis of our general stochastic
mechanics formalism and that illustrates some of the main concepts of the theory. The
general framework requires the notion of so-called rule algebras, i.e. of the algebras of
sequential compositions of linear rules in rewriting systems over finitary adhesive, extensive
categories (with the main concepts and results recalled in Section 3). As a key result of
our formalism, we present in Section 4 the notion of combinatorial conversion, whereby a
given set of observables in a stochastic rewriting system is amenable to an analysis in terms
of their exponential moment generating function precisely if it fulfills a certain technical
condition that renders the evolution equation for the EMGF into the form of a PDE on
certain formal power series. Since the latter no longer explicitly contains information on
the precise structure of the observables and of the transitions of the stochastic system, it is
natural to define a notion of moment bisimulation (see Section 5) as the situation where
two equinumerous sets of observables in two different stochastic rewriting system have an
isomorphic evolution equation for their EMGFs. Amongst the resulting notion of bisimilarity
classes, somewhat surprisingly the bisimilarity class of discrete graph rewriting systems
(which includes chemical reaction systems) contains also non-trivial classes of more general
rewriting systems and sets of observables, which renders the notion of discrete moment
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bisimulation a very interesting candidate for a method of computation for stochastic rewriting
systems. We illustrate this phenomenon by providing two application example case studies

in Section 6 (a variant of the so-called voter model) and in Section 7 (a cryptocurrency toy
model).

2. THE BLUEPRINT FOR A GENERAL STOCHASTIC MECHANICS FRAMEWORK: CHEMICAL
REACTION SYSTEMS IN THE LANGUAGE OF DELBRUCK AND Dol

As will become evident in the sequel, chemical reaction systems constitute the simplest
possible type of rewriting systems: in the rule algebra framework, they are understood as
rewriting systems of discrete graphs. To illustrate this claim and to motivate the construction
of a general stochastic mechanics framework, let us first consider the case of chemical reaction
systems of a single chemical species. We will follow closely our recent exposition [6], which
in turn relies on standard chemical reactions systems theory, particularly on the ideas of
Delbriick [31] and Doi [33] (see also [55, 71]).

In the formulation in terms of probability generating functions due to Delbriick [31], a
chemical reaction of one species X is a dynamical system with transitions of the form

iX 20X, (2.1)

Here, ¢ denotes the number of particles X that enter the transition, o the number that
exits the transition, and k;, € R>g is the so-called base rate of the transition. A pure state
of the system is characterized as a state with a precise number n of particles X, while in
general the system will evolve on the space of probability distributions (or mized states)
over the pure states. More concretely, starting from a pure state, the probability for a
transition as described in (2.1) to occur is proportional to its base rate r; , times the number
of possibilities that i particles X can be picked from the n particles in the state (with all
particles considered as indistinguishable). This concept is known as mass action semantics
(see e.g. [42], or [14] for a short introduction, or [70] for a historical review). Delbriick’s key
idea consisted in encoding this dynamics via the notion of probability generating functions:
each pure state of n particles X is encoded as a monomial 2" (with z a formal variable),
while a probability distribution at some time ¢ (with ¢ > 0) over such pure states is mapped
to the formal power series

P(t;z) = ). pa(t)a™. (2.2)

n=0

Here, p,(t) denotes the probability at time ¢t that the system is in a state with n particles,
and we require the standard conditions

¥n>0,t>0: po(t)€Rzg A VE=0: ) pu(t) =1.
n=0

Then given a set of transitions with base rates as in (2.1) and an initial state described
by a probability generating function Py(z), the evolution of the system under mass-action
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semantics is given in Delbriick’s formulation as'

0
5 (t2) =HP(ta), P0x) = Polz)
2.3
H = Z/@waj —x (ai) (2:3)
The linear operator & is defined as the formal multiplication operator, zx™ := 2"*!, while

6% denotes the formal derivative operator. It is instructive to expand the formal solution of
the evolution equation (2.3), P(t;z) = ¢ P(0;z), into a Taylor series around ¢ = 0:

P(t;z) = (1 +tH + O(t?))P(0; x)

- (1 —tZ/@i’o@i (a‘9 )P(O x +t2/fzol‘ ) P(0;x) + O(t?) .

ZO

Thus, for a given transition from i to o particles X at base rate &, ,, the contribution m,o:%‘)@;
to H implements the transition, while the (diagonal) contribution —/{i7oii8; ensures that
the normalization of the probability distribution generating function P(¢;z) remains intact
(see also [6] for an extended explanation). Mass-action semantics is indeed implemented via
this form of operator H, since for a given pure state encoded as x™ one finds that

(L+tH + O(t*)z" = (1 — Kio(n)i)a"™ + thio(n); " 1°) + O(t?),
with (a)p := al/(a —b)! (and (a) := 0 for b > a).

In order to extend this formalism to general stochastic rewriting systems, it proves
fruitful to consider the following alternative formulation of chemical reaction systems in
terms of boson creation (a') and annihilation operators (a) due to M. Doi [33]. We obtain
this formulation immediately from the following isomorphism (of representations of the
Heisenberg-Weyl algebra, see e.g. [6]):

x”<—>|n>,§:<—>aT,%<—>a. (2.4)

It is evident from the definition of the operators a' and a that they fulfill the so-called
canonical commutation relation

[a,a] := aa’ —ala=1, (2.5)

where 1 denotes the identity operator on the vector space spanned by the vectors |n).
Accordingly, the time-dependent state of a chemical reaction system will now be described
as a time-dependent state in the basis of so-called number vectors |n),

(U(t) = Y, palt) In) - (2.6)
n=0
The operator H of (2.3) is transformed via the change of basis (2.4) into the operator
H = Z Kio (aT °— a“) a. (2.7)

2,0

1Here7 in order to keep the expression for the infinitesimal generator H as compact as possible, we set
Ki,o = 0 for those transitions not included in the (finite) set of transitions that define the given model.
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While thus far this alternative representation does not yield any further insights, a key
additional concept in Doi’s formalism is the notion of the so-called dual projection vector (|,
which is defined via its action on states as [33] (compare [6])

Vn=0: {|n):=1R. (2.8)
One then finds the relationships
qu(y -1, (H=0, (2.9)

which express the normalization of [¥(¢)) as a probability distribution and a certain technical
property of H (that is necessary in order for H to qualify as an infinitesimal generator of a
continuous-time Markov chain or CTMC). Moreover, one may naturally define the concept of
observables in this formalism: an observable O is a diagonal operator (in the basis {|n)}n>0),

Vn=0: O|n)y=wo(n)|n). (2.10)

In the basis of linear operators a' and a, due to the canonical commutation relation (2.5), any
linear operator may be expressed as a linear combination of the normal-ordered expressions of
the form af"a® (with r, s € Z). Diagonal linear operators must thus be linear combinations
of expressions of the form a'*a*. Indeed, a classical result from the combinatorics literature

(see e.g. [9]) entails that
k

atkak = Z s1(k;n)(afa)™, (2.11)
n=0

where s1(n; k) are the (signed) Stirling numbers of the first kind [1]. This identifies the oper-
ator f := a'a, the so-called number operator (since i |n) = n|n)), as the only independent
observable for chemical reaction systems of one particle type, as according to (2.11) every
possible observable of a discrete system may be expressed as a polynomial in 7. One might
then ask about the statistical moments of this observable. Contact with classical probability
theory is established via defining the expectation value E|\I,(t)>(0) of an observable O in the
time-dependent state |U(t)) as

Ejw(1),(0) :=<[O[¥(1)) . (2.12)
In [6], defining the exponential moment generating function (EMGF) M (¢; A) of the statistical
moments of the number operator 7 as

M(t:A) = (| 2(L) (2.13)
one may derive the following EMGF' evolution equation (cf. [6], Thm. 3):
SM(t; A) = D(\, 00) M (t; \)
i oo k (2.14)
D(A,0y) = Z/@@o (ek( ) — 1) Z s1(i, k) (%) .

k=0
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It will prove rather important to our main framework to understand the derivation of this
result from the structures introduced this far. Following loc cit. closely, we compute:

GM (N = (| OH ¥ (1)
= (eAOHe*AO> W (t))

2 (emhom) X0 w(n)
\ (2.15)
| [H + q!adng)] 0w (1))

q=1

() ¥ 2?<| a2 (H)] € [0(2)) .

=1

Here, in the step marked () we have made use of the variant e’ Be 4 = 44 B of the
BCH formula (see e.g. [44], Prop. 3.35), where for two composable linear operators A and B
the adjoint action is defined as ada B := AB — BA, while the step (xx) follows from (| H = 0.

The “stochastic mechanics” framework as presented here for describing statistical
moments of chemical reaction systems in the form of exponential moment generating
functions will be generalized to the case of rewriting systems over arbitrary adhesive,
extensive categories in the main part of this paper. As advertised in the introduction,
chemical reaction systems will be identified as the special case of the rewriting of discrete
graphs.

3. STOCHASTIC MECHANICS FRAMEWORK FOR DPO REWRITING OVER ADHESIVE,
EXTENSIVE CATEGORIES

For the readers’ convenience, we will briefly recall the essential concepts of the rule algebra
formalism for the special case of Double Pushout (DPO) rewriting, in the recently developed
variant for DPO rewriting over arbitrary adhesive, extensive? categories as introduced in [7]
(compare to [4, 5] for the original version based on relational concepts).

In the traditional approach to DPO rewriting (see e.g. [20, 66]), one of the core definitions
is that of the action of a rewriting rule on an object of the underlying adhesive, extensive
category via a particular match. Non-determinism arises thus due to the in general multiple
possible matches in applying a given rewriting rule. For the special case of discrete graph
rewriting (or rewriting of finite sets), we observed in [4] that this type of non-determinism
gives rise to the famous Heisenberg- Weyl algebra and its canonical representation [11, 12].
Thus this famous algebra is a special case of a so-called rule algebra, which is the associative
unital algebra of (concurrent) compositions of rewriting rules. Since the main focus of this
paper are certain applications and extensions of this formalism and not the definition of the
formalism itself, suffice it here for brevity to recall the basic definitions (compare Figure 1),
referring the readers to [7] for the full technical details.

2Referring to [52] for the precise details, recall that an adhesive, extensive category is a category that is
adhesive and that possesses a strict initial object. Note however that not every extensive category is adhesive.
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Ve Re — K-vector space ( sc'f of transitions
basic structure: ‘ spanned by basis vectors ‘ with base rates:
a finitary extensive, (r) =60 < K5 P
( adhesive category - {(h']- (OJ — Kj = l])) }75]
g . FinSet, FinGraph,.. E B ’
7'; ( composition on R¢: J
objects = p\ossible 8(r2) #re (1) = 5 0(r2 ¥ 11) ( infinitesimal generator
configurations, o matehes of a CTMC:
states -~ DPO rule composition || [ = 3 x; (pc (5(0] ) m)
jeu

rule algebra: (. i i
—pc8l; & K /)))
Re = (Re*re) i i i

HS state space: p ;
1| C == spank ({|X) | X € obj(C)~}) evolution equation:

monomorphisms
= possible
subobject relations

f . i &= Hv()
spans of monos =
= possible canonical representation: |w(t)) = Z px()]X)

transitions/(linear) pc @ Rc — Endk(C) eProb(c)  XEobI(C)=

rewriting rules )8 = ) g B0
r=(0&KS1) p(6(r2))p(8(r1)) = p(8(re) #re 0(r1
‘ @ stochastic DPO rewriting systems J
@ DPO-type rule algebra

@ DPO rewriting: data types 4

Figure 1: Sketch of the DPO-type rule algebra framework.

3.1. Core definitions of DPO rewriting. In the remainder of this paper, we will assume
that all of our rewriting systems are formulated over adhesive, extensive categories [52, 53] C
of finitary type [38] (such as FinSet (finite sets), FinGraph (finite directed multigraphs),
finite hypergraph categories etc.; see e.g. [52, 53] for further details). A category C being
adhesive and extensive entails (amongst other properties) that

> C possesses a strict initial object, customarily denoted & € obj(C), such that for each
object X € obj(C) there exists precisely one monomorphism ¢ < X,

> pullbacks and pushouts along monomorphisms exist, and

> pushout complements are unique.

The key concept in DPO rewriting (and from which the moniker originates) is the
following one, traditionally referred to as the notion of direct derivations:

Definition 3.1. Let C be a finitary adhesive, extensive category. Define Lin(C), the set of
linear rules, as the set of isomorphism classes of spans® of monomorphisms,

Lin(C) :={(0 +0o— K —i— I) | O,K, I € obj(C), 0,i € mono(C)} /'~ . (3.1)

Here, two spans r; = (O; <9 — K; —i;—+ I;) € Lin(C) (for j = 1,2) are isomorphic iff
there exist three isomorphisms w : O1 — Os, Kk : K1 — Ky and ¢ : [1 — I that make the
evident diagram commute.

Given a linear rule r = (O <~0o— K —i— I) € Lin(C), an object X € obj(C) and

a monomorphism m : I — X, if the diagram below is constructible (i.e. if the pushout
complement marked POC' exists),

O+2 S K57
o r
PO | POC |m (3.2)
(X)) <o KN ema X

3Contraury to most of the standard rewriting literature, we opt to interpret spans of monomorphisms to
encode partial injective morphisms from the right to the left leg of the span, rather than in the opposite
orientation; this will prove advantageous when considering operator compositions, as we may then use a
convention in line with most of the mathematics literature.



COMBINATORIAL CONVERSION AND MOMENT BISIMULATION 9

we refer to the monomorphism m : I — X as an admaissible match of rule r in X, while
Tm(X) denotes the object resulting from this application. For each linear rule r and object
X, we denote the set of admissible matches by M, (X). More precisely, since the operations of
pushout and pushout complement are only unique up to isomorphism, we must understand the
above definitions as defined up to isomorphisms, i.e. 7, (X) is understood as the isomorphism
class whose representatives are calculated by picking representatives for r, X and m as well
as for the relevant pushouts, and correspondingly (in a slight abuse of notations) the set
M, (X) is also being defined up to isomorphisms of r and X.

By standard practice and for notational convenience, we will often keep the dependence
on the various notions of isomorphisms implicit, such as in the ensuing lemma (where e.g.

“I'Gmy (X) = X7 should be understood as “rg,, (X) = X7).
Lemma 3.2. For every adhesive, extensive category C, there exists a special linear rule
rg =(J < & — &) e Lin(C),

referred to henceforth as the trivial rule, with the property that for every object X € obj(C)
there exists precisely one admissible match mx : & — X € MTQ(X), with

%] 2 > O —— &
PO P POC jmx- (3.3)
T@WX(X) :X toooorIrrene X oooooo X

Proof. By virtue of the fact that ¢§ € obj(C) is the strict initial object of C, there exists a
unique monomorphism myx : ¢ <— X. It thus remains to prove that for a given object X, the
morphism my is indeed an admissible match. It follows from standard category-theoretical
properties that for any monomorphism (A < B) € mono(C), the following square is both a
pushout and a pullback:

We—

(3.4)

We—

[

The second key ingredient (in particular in view of the construction of rule algebras,
albeit with slightly less focus in the traditional rewriting literature) concerns the sequential
compositions of linear rules. Intuitively, upon applying two linear rules in sequence to an
object of the underlying category according to Definition 3.1, it is natural to imagine that
one might alternatively first “precompute” a form of sequential composition of the rules
themselves prior to application to the object. This concept will prove extremely versatile in
practical computations in stochastic rewriting systems (see the later sections in this paper).

Definition 3.3 (Sequential compositions of linear rules). Let r; = (O < o= K; —ij = I;) €

Lin(C) (for j = 1,2) be two linear rules. Then a span of monomorphisms p = (I <= M — O3)
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constitutes an admissible match of r1 into r9 if and only if the following diagram is con-
structible (whence if the pushout complements marked POC' exist):

01 i1 02 792
Here, the squares marked PO are constructed by taking pushouts, the one marked PB by

taking pullback, and the triangles marked = are commuting triangles of morphisms. In case
the diagram is constructible, the resulting linear rule

r12 = (012 ¢o012-> Kq9 <iin> 112) € LIn(C) (36)
is called the composite of r1 with ro along the match u, which we also denote by
g =11 4Ty (3.7)

The set of admissible matches of r1 into ry is denoted M, (r2). More precisely, both M, (12)
and r12 are defined up to isomorphisms (where isomorphisms of matches are induced by
isomorphisms of the linear rules).

Lemma 3.4 (Trivial match of linear rules). For any two linear rules (j = 1,2)
i = (Oj 05— Kj —ij; = IJ) € LIn(C),

the set of admissible matches M, (r2) is non-empty, since it at least contains the trivial match
g = (I1 < & — O3). Moreover, the composition along trivial matches is commutative, in
the sense that if ,u’Q € M, (r1) is the trivial match of ro into rq,
p K

rs T =T T (3.8)
Proof. Admissibility of the trivial match pg € M, (12) for two linear rules 7 and ry follows
from the construction of the following diagram (where + denotes the operation of disjoint
union):

K+ K>

ey
O1 + Oq < I + Oy ¢sc----------—- -1+ Ky « y I1 + Iy
A A A
PO \ POC | PO
01 « > (< > Oy ) > Ko < y Io

(3.9)
Here, the fact that this diagram is always constructible hinges on a property intrinsic to
adhesive categories known as “pushout-pullback decomposition” (cf. e.g. [52], Lemma 29):



COMBINATORIAL CONVERSION AND MOMENT BISIMULATION 11

in the case at hand, for any diagram of the form

s A+C —— B+C

i T T : (3.10)

¢ A« B

the outer square is a pushout, the right square a pullback, and thus by pushout-pullback
decomposition all squares are both pushouts and pullbacks. This proves the existence of the
relevant pushout squares marked POC in (3.9). Finally, commutativity of the composition
of linear rules along trivial matches follows from the symmetry of the diagram in (3.9). []

As a side remark, we note that for two linear rules ri, 79 € Lin(C), their composition
along the trivial match results in a linear rule that in the context of traditional rewriting
would be interpreted as a (sequentially independent) parallel rule.

3.2. From DPO rewriting to DPO rule algebras. The definition of composition of
linear rules along admissible matches entails that in general there might exist multiple
possible matches for two given rules. One possibility to “encode” this particular form of
non-determinism consists in the following notion of so-called rule algebras:

Definition 3.5 (DPO rule algebras; cf. [7], Def. 4.2). Let C be a finitary adhesive, extensive
category, Lin(C) the set of linear rules over C, and . « . the composition operation introduced
in Definition 3.3. Let K be a field (of characteristic 0, e.g. K = R), and define R¢ as the
K-vector space with basis vectors §(r) indexed by elements r € Lin(C):

Rc = spank <{5(T)}T6Lin(0)) . (3.11)
We equip the K-vector space Rc with a bilinear multiplication *r via defining*
*Re :RC X'RCHRct
(8r1),8(r2)) = 8(1) g 0(r2) = > & (1 ¥ma) (3.12)
HEMr (r2)
extended to arbitrary elements of Rc by linearity. We refer to
Rc = (Res *re)

as the DPO rule algebra over C.

We cite from [7] the following important result:

Theorem 3.6 ([7], Thm. 4.3). For every finitary adhesive, extensive category C, the DPO
rule algebra Rc as introduced in Definition 3.5 is a unital associative algebra, with unit
Ry =d(rg), rg=( <@ @)eLin(C)
for the composition operation *R.
4Note that according to Lemma 3.4, the set of admissible matches My, (r2) for arbitrary linear rules

r1,72 € Lin(C) is non-empty, and moreover finite due to finitarity of C, whence the definition of #r, as
provided in (3.12) is well-posed.
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Proof. The fact that Ry constitutes the unit element for gz, follows directly from the
definition of g as given in (3.12) and by specializing Lemma 3.4 to the cases 71 = rg and
ro = & (thus verifying that Ry is both a left and a right unit for *z ). For the somewhat
involved proof of the associativity property, we refer the interested readers to [7]. L]

The fact of R being a unital associative algebra entails that one may define a natural
notion of representation for Rg, which finally re-establishes the contact of the rule algebra
formalism with the traditional notion of DPO rewriting:

Definition 3.7 (Canonical representations; cf. [7], Def. 4.4). For a finitary adhesive, extensive
category C, let Rc be the associated DPO rule algebra. Define C as the free K-vector space
with basis vectors | X ) indexed by isomorphism classes of objects of C,

C := spank <{\X>}Xeobj(0);> ; (3.13)

and denote by EndK(C) the space of K-linear endomorphisms of C. Then the canonical
representation pc = pre is defined as

pc : Re — Endk(C) :
¥reRe, X €obj(C):  po(r)|X)i= > |rm(X)), (3.14)
meM,.(X)

extended to arbitrary elements of R¢ and of C by linearity (and with notations M,.(X) and
rm(X) as introduced in Definition 3.1).

Theorem 3.8 (cf. [7], Thm. 4.5). The canonical representation pc of the DPO rule algebra
Rc over some finitary adhesive, extensive category C is a homomorphism of unital associative
algebras, and thus indeed constitutes a well-posed representation of Rc.

Proof. The claim entails that pc maps the unit element of R¢ to the unit element of

Endk(C), and that for all r1, 75 € Lin(C),

pc(ri)pc(ra) = po(ri #re 72) -
The first part of the claim follows directly from Lemma 3.2 and from the Definition of pc as
specified in (3.14). We refer the interested readers to [7] for the proof of the second part of
the claim (which involves a variant of the so-called concurrency theorem from the traditional
rewriting literature). []

For later convenience, we introduce the following (commutative) operation motivated
from the results of Lemma 3.4:

Definition 3.9. Let 71,73 € Lin(C) be two linear rules. Then we define the induced super-
position operation w as

m
pc(6(r1)) w pc(d(r2)) == pc ((5 (rl < TQ)) , (3.15)
with pg € My, (r2) denoting the trivial match of rq into 5.

It is important to note that the operation w thus defined does not coincide with the
operation @ of superposition of linear operators, which would entail a splitting of the basis
of the underlying vector space into two disjoint invariant subspaces. Instead, the operation
w lifts the sequentially independent application of linear rules to the level of representations.
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Finally, we note the following property of canonical representations, which poses an
important prerequisite for constructing stochastic rewriting systems:

Lemma 3.10 (compare [4], Lemma 30 and [7], proof of Thm. 7.3). For every finitary

adhesive, extensive category C, the canonical representation pc of the DPO rule algebra Rc

over C ranges in column- and row-finite linear operators on C, whence:

> For an arbitrary rule algebra basis element R = §(r) € Rc (with r € Lin(C) a linear
rule) and an arbitrary pure state | X) e C, pc(R)|X) yields a finite linear combination
of states.

> Moreover, for a given pure state |Y ) € C and for a fized element R = d(r) € Rg, there
exist only finitely many pure states | X> e C such that |Y is a summand in pc(R)|X).

Proof. The claim follows directly from the fact that for any given linear rule
r=(0 «o— K —i— I)elin(C),

there exist only finitely many monomorphisms m : I < X into any given object X € obj(C),
and whence only finitely many admissible matches (cf. Definition 3.1). Conversely, the set of
objects X € obj(C) that rewrite into a given object Y € obj(C) may be determined (by virtue
of the symmetry involved in Definition 3.1) via computing the set of admissible matches for
the application of the reverse rule ¥ = (I <-i— K —o— O) € Lin(C), which is thus again

a finite set. []

3.3. Stochastic mechanics for DPO rewriting systems. Taking advantage of the DPO-
type rule algebra framework, it is possible [4, 7] to define the notion of continuous-time
Markov chains (CTMCs) based on DPO rewriting rules in a fashion compatible with the
general notions of stochastic mechanics [6]. We briefly recall the relevant material from [4]
(see also [58] for the general theory of CTMCs for comparison):

Definition 3.11. Let C be a finitary adhesive, extensive category whose set of isomorphism
classes of objects obj(C)~ is countable. The state space Sc is defined as the Fréchet space
of real sequences f = (fx)xeobj(c)~ indexed by basis vectors | X) e C (so-called pure states)
and with semi-norms || f|x := |fx],

Sc = (RE {llIx}xeoti(o)s ) (3.16)

The convex subset Prob(C) < Sc¢ of subprobability distributions over C is defined as

Prob(C):=<{ [T) = > x|X)eSc| D tx <1AVYXeobj(C)x:tx eRxg
Xeobj(C) Xeobj(C)x
(3.17)
The space of substochastic operators Stoch(Sc) & End(Sc) is defined as the subset of
the space of endomorphisms End(Sc) that leave Prob(C) invariant. A linear operator
H e End(Sc) is called Hamiltonian or infinitesimal stochastic operator or conservative stable
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Q—matrix [3] if for H = (hX7Y)X,YEObj(C)g7
(Z) VX e Obj(C); : hX,X <0
(i) VX,Y €obj(C)a: X £Y = hyy >0
/i) (

VY €obj(C)~: > hxy =0.
Xeobj(C)x

(3.18)

(i3

Given a Hamiltonian H € End(Sc), H gives rise to an evolution semi-group & : [0,00) —
Stoch(Sc) (i.e. E()E(t) = E(t +t') for all ¢,¢ € R5p) in the form of the point-wise minimal
non-negative solution of the so-called Kolmogorov backwards equation

d
@) =HE®), £(0) = Lenys) - (3.19)
The data of a Hamiltonian H € End(Sc) and an initial state |¥(0)) € Prob(Sc) deter-

mines the time-evolution of the corresponding continuous-time Markov chain (CTMC)

as [58]
[W(t)) = &) [9(0)) . (3.20)

While it appears to be an open problem of classifying those finitary adhesive, extensive
categories that have the additional property that their class of isomorphism classes is a
countable set, many categories of practical interest satisfy this property. Typical examples
include FinSet (the category of finite sets and total set functions) and FinGraph (the
category of finite directed multigraphs).

It then remains to determine how to construct Hamiltonians from rule algebra elements
that encode linear DPO rewriting rules. It is important to note the following result from [4]:

Lemma 3.12 (compare [4], Lemmas 30 and 31 and [7], proof of Thm. 7.3). The rep-
resentation pc(r) of an arbitrary rule algebra element r € Rc furnishes an element of

End(Sc).

Proof. According to Lemma 3.10, pc(r) is both a column- and a row-finite operator, from

which the claim follows. []
Definition 3.13. The projection (| is defined as the linear operation®
{:lh(C)>R: > x[Xy—> > yx. (3.21)
Xeobj(C)a Xeobj(C)~

Lemma 3.14 (compare [4], Lemma 32). For every Hamiltonian H € End(Sc), (| H = 0.

Proof. By definition of Hamiltonians, i.e. | H[X) = Xy copjc). hv,x = Or for all X €
obj(C)-=. [l

The main objective in the study of stochastic rewriting systems consists in the following
scenario: given a set of linear rules and of base frequencies® for each rule (also referred to as
base rates), one would like to determine the stochastic dynamics of observable quantities of
the system. For rewriting systems, such quantities are so-called observables, whose precise
implementation will be specified momentarily. According to the (minimal process) CTMC

SWe will consider (| throughout this paper as a partial linear map on Sc.
6The SI unit of the rates is [s7'], yet since rates are always multiplied by the time parameter ¢ (whose SI
unit is [s]), we will omit the units for brevity.
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semantics, the system state is a time-dependent subprobability distribution over all possible
configurations of the dynamical system. The quantities of interest are the (time-dependent)
statistical moments of the observables with respect to this time-dependent subprobability.
(The CTMC semantics is in general a subprobability and not a probability because the chain
can ‘explode’ in finite time depending on H.)

~

Proposition 3.15 ([4], p. 7f and [7], Thm. 7.3). The space Oc < Endr(C) of linear
operators that are diagonal in the basis of pure states | X ) € C and that originate from finite
linear combinations of operators that are representations of rule algebra elements is spanned
by so-called (DPO)-type observables, which are operators of the form

Ok = pc (5 (d;)) . obi= (P «k— K <k P)elLin(C). (3.22)

Their action on pure states |X) € C is given by
Op [X) = wp(X)[X),  wp(X) = My (X)], (3.23)
with Wk, (X) € Z=¢ the number of admissible matches of the rule of, € Lin(C) in X € obj(C).

Proof. The claim follows directly by observing that according to Definition 3.1, applying a
linear rule of the form oﬂ‘; as above to an object X in DPO rewriting, the diagram constructed
according to (3.2) is symmetric, which entails that for every admissible match m : P — X,

(Ollg)m(X) = X. L]

Example 3.16. Consider the finitary adhesive, extensive category FinGraph of finite
directed multigraphs. In order to illustrate the precise nature of observables as described in
Proposition 3.15, we define the following three variants of edge-counting graph observables,
presented as rule diagrams [4, 5] (i.e. with input graphs on the bottom, output graphs on
top and with the structure of the partial injective morphisms encoded in the underlying
spans of monomorphisms indicated by dashed lines):

OBy :=p (H_.> » Opy, i=p (H_«> » Opyy = p (‘H_.> , Opy, = P( ) - (3.24)

Applying the three different observables e.g. to the graph state |G) = |e<s<e «<e), we obtain
OEoo ’G> =1 |G> » OBy, |G> = OE10 ’G> =2 ‘G> » Oy, |G> =3 ‘G> . (3'25)

In other words, OF,, effectively only counts isolated edges, Of,, and Og,, count edges whose
target/source vertex is of arity 1, respectively, while Op,, counts edges regardless of any
constraints.

For practical purposes, the concept of connected observables plays a central role:

Definition 3.17. An observable O;‘% € Oc is called connected if and only if there do not
exist observables OE,O%2 € Oc such that

Op = O w OF .

We denote the space of connected observables by O < Oc.
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Lemma 3.18. Any observable Oé‘; € Oc may be equivalently expressed in terms of a
polynomial in connected graph observables, whence if ¢ € Z is an indexing scheme for
elements of O, there exist coefficients fi(O%) € R such that

Op = 2, 1:(0p)0;i (01€ 0F) (3.26)
1€l
and where only finitely many of the coefficients are non-zero.

Proof. We prove the statement by induction. For generic rule algebra basis elements R; =
d(rj) € Rc (for j = 1,2, with r1,rp € Lin(C)), we have that

Ry *Ra Ro = Ry w Ry + Ry ®Rq Rs (3.27)

where R; w Ry is a shorthand for the contribution to Ry #g, R that arises from the
composition of the underlying linear rules 71 and ry along a trivial match (cf. Lemma 3.4),
while R; ®ro R2 denotes all terms originating from nontrivial matches. Let w denote
the lifting of the operation + on rule algebra elements to their representations (compare
Definition 3.9), and [#lg, the lifting of the operation ®g, whence

pc(R1) Ere pc(R2) := pc(R1)pc(R2) — pc(R1) w pc(Re) . (3.28)
Then a single step of the recursion involves expressing a disconnected graph observable
Oe Oc,

Ne

O =|+0,
i=1
where the O, € O¢ are connected observables, in the form

O = Ocl <|i| OCz) - Ocl Rc <|i| OQ) . (329)

i=2 i=2
As the second term has fewer connected components than O (including zero if n. = 1), the
conclusion follows by induction. L]

Due to this Lemma, we will be able to focus our detailed analysis of stochastic dynamics
on connected observables without loss of generality. The second main technical tool is the
following;:

Theorem 3.19 (Jump-closure theorem, cf. [7], Thm. 7.3). Let C be a finitary adhesive,
extensive category. Then for arbitrary linear rules

r= (0 «+o— K —i— I)elLin(C),
one finds that

(I pc((r)) = <]O(r), (3.30)
with the operation O : Lin(C) — O¢ from linear rules to observables defined as
o(r) := OF = po <5((I%igKPi% 1))). (3.31)

We extend the operation O linearly in order to obtain an operation defined on generic elements

of Rc.
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Proof. Due to the definition of (|, for any r € Lin(C) and for any object X € obj(C), one
finds that

{pc(d(r) [ X) = M (X)]. (3.32)
On the other hand, the admissibility of a monomorphism m : I <— X as a match of r into
X hinges according to Definition 3.1 solely on whether or not the pushout complement of
K <5 1<% X exists, i.e. is entirely independent of the precise nature of the data O <> K of
the linear rule r. Consequently, one obtains the same number of admissible matches if one

replaces O <% K with any other data of the form O’ LK , and the claim follows. []

Finally, all of these technical preparations permit us to formulate continuous-time
Markov chains for stochastic rewriting systems in a uniform fashion:

Theorem 3.20. Let C be a finitary adhesive, extensive category, and let
{(kj,7j)}jes » Kj € Rso, 7j € Lin(C)

be a (finite) set of pairs of base rates and linear rules. Then together with an initial state
|Wy) € Prob(Sc), this data specifies a continuous-time Markov chain with infinitesimal

generator H € Endgr(C) defined as
H:=H+H, H:=pc(d(h), H:=-0(h), h:=> rr;. (3.33)
jeg
We refer to H as the off-diagonal and to H as the diagonal contribution to H (for evident
Teasons).

Proof. The claim follows by verifying the defining properties of infinitesimal stochastic
operators according to (3.18). Properties (3.18)(i) and (3.18)(ii) (i.e. the non-positivity of
the diagonal and the non-negativity of the off-diagonal contributions) follow directly from
the definition of H as in (3.33). Property (3.18)(iii) is equivalent to demanding that for all
pure states |Y) e C,

{(H|Y)=0.
This property is readily verified to hold as a consequence of the structure of H and of the
jump closure theorem (Theorem 3.19), whereby (| H = (| H, thus the claim follows. []

3.4. Dynamics of exponential moment generating functions of observables. Sup-
pose now that for a particular application at hand one were interested in studying the
properties of a stochastic rewriting system via a denumerable set {O;};er of (w.l.o.g. con-
nected) observables O; € Og. With {);}iez a collection of formal variables, let us introduce
the convenient multi-index notation

A-0:=> XO;. (3.34)

1€L

At least formally, in practice one would like to determine the exponential moment generating
function M (t; ) of the system, which is defined as

M(t; ) = <eA'Q> (1) = <\6A'Q\ \I/(t)> . (3.35)

Here, |¥(t)) = £(t) |¥(0)) is the time-dependent state of the stochastic rewriting system,
related to the Master equation via & [¥(¢)) = H |¥(t)). Clearly, a closed-form solution for
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M (t; \) would amount to the knowledge of all moments of the observables of interest at all
times t > 0 along the stochastic evolution, according to

(O, ...0; Mt) = [ﬁ . ﬁM(t;A)]

Disregarding for the moment some potential problems with the formal exponential moment
generating function (such as the question of finiteness of all the moments, summability
of terms etc., which in practice have to be dealt with on a case-by-case basis; see how-
ever [24]), one may derive from the generic properties of a stochastic rewriting system and
the aforementioned results the following formal” evolution equations:

(3.36)

A—0

Theorem 3.21 (Compare [4]). Let H denote the evolution operator of a stochastic rewriting
system, and let O1, Oy, ... (O; € OF) be an at most denumerable set of connected observ-
ables. Then the exponential moment generating function M (t; \) fulfills the following formal
evolution equation:

M) = (o) 29 (1) - 3 (et ) 0. (3.37

Here, the so-called adjoint action of a linear operator A on a linear operator B (with A
and B composable) is defined as adaB := AB — BA, also referred to as the commutator
[A,B] = AB — BA of A and B. By convention, ad’)B := B.

Proof. By making use of the Master equation and (in the step marked (x)) of a variant of
the BCH formula (see e.g. [45], Prop. 3.35), we may compute:

9 (20 (1) = (20H ) (1) = { (FCHAC) 20 (1) & ("o ) ) (1),

Expanding the exponential and using that ad%°B := B as well as (| H = 0 (which follows
from Lemma 3.14, and also explicitly from Theorem 3.19) results in the expanded form of
the evolution equation. ]

Consequently, the evolution of observables is entirely governed by static combinatorial-
algebraic relationships as encoded in the nested commutators in (3.37) of Theorem 3.21.

4. COMBINATORIAL CONVERSION FOR STOCHASTIC REWRITING SYSTEMS

Combining the result on the evolution of the exponential moment generating function
M (t; A) for a chosen subset O = {O1,O2, ...} of observables as presented in Theorem 3.21
with the result on jump-closure of observables (Theorem 3.19), we encounter the following
fundamental problem: each contribution to the evolution equation (3.37) of the form

(| (oot

may be transformed by virtue of the jump-closure theorem into a linear combination of
terms of the form (| O}, for O} € O¢. In general, these terms may involve new observables
not in our chosen subset O.

"Note in particular that we do not make any claims here on the existence of solutions of these formal
differential equations, which is why such equations at present must be analyzed on a case-by-case basis. We
will present a number of concrete examples where the analysis is possible in Sections 6 and 7.
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We will now focus on a class of special cases in which this complication is absent.
This will allow for making contact between traditional techniques of analyzing exponential
moment generating functions known from the statistics literature and SRSs.

Definition 4.1. Consider a stochastic DPO rewriting system over a finitary adhesive,
extensive category C with evolution operator H. Then we refer to a set O of connected
graph observables,
O ={0; € O¢}iez

for some (possibly countably infinite) index set Z as polynomially jump-closed if and
only if all higher moments of the observables O; have evolution equations as in (3.37) that
are expressible in terms of polynomials in the observables O;. More concretely, this entails
the polynomial jump closure (PJC) condition namely that for all n

N(n)

(PJC) 3IN(n) e NG, m(Xik) eR: (adsbH = Y n(Ask) (| OF. (4.1)
k=0

Since the definition also covers the trivial case where Z indexes all basis elements of the
space O of connected graph observables, we sometimes emphasize the non-trivial cases

where 7 is either a finite set, or where {O;};c7 is a strict subset of the set of basis elements
of Og.

The property of polynomial jump-closure has the following remarkable consequence for
a stochastic rewriting system, which constitutes one of the main results of this paper:

Theorem 4.2 (The Combinatorial Conversion Theorem). For a polynomially jump-closed
set of observables O = {O;}icr (with O; € O for all i € T) of a stochastic rewriting system
over a finitary adhesive, extensive category C with evolution operator H, the evolution
equation for the exponential moment generating function M (t; ) of O may be converted from
its explicit expression in the observables O; into a partial differential equation of M (t; \)
itself w.r.t. the formal parameters {\;}iez:

D) - (4.2)

0

SM(52) =DM (5Y), DA = [ [ (eom)|
Oy,

Here, in the definition of the differential operator D, we have made use of the assumption of
polynomial jump-closure in converting the expression in square brackets into {| applied to a
formal series in the O;.

Proof. The proof follows immediately from the following application of the polynomial
jump-closure assumption: with A - O = > . 7 A;0;, polynomial jump closure of O w.r.t. H
implies that

VneZsg: {| adi"QHeA'Q — (A k) (| Oker©
(4.3)
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Here, we made use of the convenient multi-index notation

k ki
0\ . 0 ‘
i€l
Thus the claim follows by invoking Theorem 3.21 and setting
1 N(n) k:
. 0\~
D(A,0y) = go o 2 k) (%) - (4.5)

5. MOMENT BISIMULATION

The manner in which the Combinatorial Conversion Theorem describes the evolution of
connected observables by the evolution of their exponential moment generating function,
and whence of a formal power series, motivates the following definition:

Definition 5.1 (Moment bisimulation). Consider two SRSs with Hamiltonians H; and
two equinumerous sets O; of connected observables polynomially jump-closed w.r.t. H;,
respectively (i € 1,2). Denote by f : O; =, 05 a bijection of the two sets of observables.
Then the pairs (H;,01) and (Haz, O2) are said to be moment bisimilar (via f) if the
moment bisimilarity (MB) condition holds:

MB) | | (o) | ). (D)

10—,

L 12 = ([a (etrm)] \
0N

By virtue of the Combinatorial Conversion Theorem (Theorem 4.2), in the situation
described in the definition the moment bisimilarity condition (MB) entails that

FMU(t Q) = §Ma(t:A), (5.2)

and therefore for choices of initial states |¥1(0)),|¥2(0)) € Prob(S) such that M;(0;\) =
M5(0; A) one finds that M;(t;A) = Ma(t; ) for all ¢ = 0.

As a first step towards a constructive theory of moment bisimulation, we present in the
following a peculiar scenario in which a polynomially jump-closed set of connected observables
O for a stochastic rewriting system (SRS) with Hamiltonian H is moment bisimilar to a
set Og;ser Of discrete connected observables for a Hamiltonian Hg;s. of a discrete SRS. The
idea originated from previous work on the study of exponential moment generating function
evolution equations for chemical reaction systems [6], which uncovered the precise form
such evolution equations may take (and thus a characterization of the discrete moment
bisimilarity class). The interested readers may wish to compare the following statements
to the discussion of discrete graph rewriting systems (i.e. chemical reaction systems) as
provided in Section 2.

Theorem 5.2 (Discrete Moment Bisimulation). Let H = ;. 7 kj(p(h;) — O(h;)) be the
Hamiltonian of a SRS, and let O = {O; € O.}iex be a polynomially jump-closed set of
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observables for H. Suppose the following two conditions® (amounting to the discrete moment
bisimulation (DMB) condition) are verified®:

(¢) Viel,jeJ:IngeZ: ado,(p(h;)) = nijp(h;)

(DMB) . I % (5.3)
(i) VjeJ:3Ja;eREk;eNy: (|plhy) =a; ) si(kj,n){O",

where we made use of the multi-index notation

s1(k; n) = H s1((k;)isni) - (5.4)
i€l
Then for every bijection F : T = C from T to a set of vertex colors C, denoting by
Odiser := {Nic}eec a set of discrete connected graph observables (with . € Ogiser counting
vertices of color ¢ € C) and by Hgiser the Hamiltonian of an SGRS of discrete graphs with
vertices of colors C defined as

- - - 4k, _
Hdiscr = Zjajfij(p(hj) — O(h])), hj =9 (:(QJJF#) — (> 7&) , jS = Mg (55)
je
the pair (H, Q) is moment bisimilar to (Hgiser, Odiser) via the isomorphism f(O;) 1= fip;)-

Proof. The proof relies on results from the theory of stochastic mechanics for chemical
reaction systems recently developed by the first-named author and his team [6]. Let thus C
be a set of colors, and let

ai :=,0<oc<g®> and a. :=p<@goc>

denote the “creation” and “annihilation” operators, respectively (of vertices of color c € C;
see also [4, 7] for an extended discussion). According to these definitions, the operators fulfill
the canonical commutation relations of the multi-species Heisenberg-Weyl algebra, whence
for all ¢,c € C,

[a], al,] =0 = [ac,ar], [ac, al,] =0cel.
Let [e*2) denote the basis vector associated to the finite discrete graph with |n| := > o ne
vertices (with n. vertices of color ¢ € C), and 7, := alac the so-called number operator of
color ¢, which by definition is effectively a graph observable “counting” vertices of color
ceC,

R o™y = ne ot ™)

It may be checked from our definitions of rule composition that one may w.l.o.g. restrict the
set of linear rules of discrete graphs acting on discrete graphs only to the standard set of
linear rules giving rise to rule algebra elements of the form

hoi := <'+0 <g°+i> )

80ne may further relax condition (¢) to allow for constant coefficients ny; = f; - nj; with 8; € Rxo and
7;; € Z, at the expense of a change of formal variables ;.

9Here, s1(m,n) denotes the (signed) Stirling numbers of the first kind, cf. sequence A008275 of the OEIS
database [1]); compare (2.11).
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since for all 4,0,n € N§ and for all injective partial morphisms e*? L o%9 one finds that

P <.+o 2,“) o2y = p (:+g <t::+i> BEY
Using the canonical commutation relations to verify the formula
Hy ;i := p(hos) = al %,
we thus arrive at the first conclusion that we have identified the in this sense canonical basis
for infinitesimal generators of discrete graph rewriting CTMCs. It remains to derive the
precise form of the algebraic conditions as presented in the theorem. To this end, applying

yet again the canonical commutation relations and making use of the jump-closure theorem,
we derive the following two properties of discrete rewriting systems:

(4) (e, Ho,i] = (0c —ic)Hoy
(i7) (| Ho =] a'te’ = Z (H 51 (i, k6)> N s
k=0 \ceC

Here, (i7) may be seen as the multi-colored variant of (2.11). The claim of the theorem then
follows by requiring the candidate SGRS and its polynomially jump-closed set of observables
to satisfy the equivalent of equations (i) and (ii) above for a choice of “index-to-color”

bijection f:7Z = C. []

The key point of this theorem is that one may focus on computing the evolution of
M iser(t; A) instead of on the more difficult task of computing M (t; A) directly. In particular,
this opens the possibility of using e.g. standard SSA techniques to obtain (approximations
of) Myiser(t; A) or individual moments by means of simulations, or to employ in favorable
cases exact solution techniques such as the ones developed in [6] for solving the evolution
equation for Mg;ser(t; A) (and whence, if M giser(0; A) = M(0;A), for M(¢; A)). Intriguingly,
this opens the possibility to obtain probability distributions of observable counts, a feature
hardly ever realizable in practice via direct simulation of stochastic graph rewriting systems.
While as explained in the proof of this theorem any discrete graph observable may be
expressed as a polynomial in the discrete graph observables 7. with precisely the Stirling
number coefficients as demanded by the theorem, this feature does not hold in general for
generic graph observables, which renders the search for realizations of discrete moment
bisimulations a highly non-trivial task.

6. APPLICATION EXAMPLE CASE STUDY: A VOTER MODEL

Consider the following variant of a Voter Model [25], constructed as a stochastic graph
rewriting system over the (colored version of the) finitary adhesive, extensive category
uGraph [7] of finite undirected multigraphs with the following four transitions:

RO K1 R0o1 K10
© o—e<+—0o—0 e 0o e o<+ —o0o—e O o—e o—o o—e — o (61)

In this shorthand notation, vertices marked e are of either black or white color. Translating
the graphical rules into rule algebra elements via the standard dictionary presented in this
paper, we obtain the following explicit realization of the model.
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Notational convention: In visualizations of linear rules via rule diagrams, we take the
convention that “time flows upwards”, i.e. the bottom graph denotes the input I and the
top graph the output O of the respective linear rule (O « K — I) depicted a given diagram,
while the dotted lines indicate which elements are preserved throughout the transformation
(i.e. the structure of the graph K and of the embeddings K — I and K — O). For visual
clarity, elements of O and I not in the codomains of K — O and K — I, respectively, will
be marked by in- and outgoing dotted lines decorated with a x symbol. As a notational
simplification, we will moreover from hereon no longer indicate graphically whether a
given edge is preserved vs. deleted and then recreated, since the two corresponding rules are
indistinguishable in their action on graphs according to our notion of canonical representation.
Consequently, we may lighten our graphical notations by assuming that edges on the input
of a rule are always deleted, while edges on the output are always created, which permits us
to drop the dotted lines that were previously used to indicate these fine details for the edges
altogether.

Definition 6.1. The Voter Model is a stochastic DPO graph rewriting system with evolution
operator (with the operation O as defined in (3.31))

Hy = p(0(hvar)) — O(hvar)
hyau = Iio(how + hob) + Hl(hlw + hlb) + kotho1 + K1oh1o

h o—o e h —o0 o h o—e O h —e O
Ow L & 9 Ob T o 9 1w - & 9 15 T o
o T T T (6.2)
o—o —eo

ho1 == , hio:=
o—=e

O(ho,) = O(h1,) = Ove—u, O(hg,) = O(h1,) = O o
O(ho1) = O(h1g) = Oo.

Here, we have made use of the shorthand notation Op := p(6(P <« P’ — P)), with
P € obj(C)~ a “pattern”, and for P’ obtained from P by dropping all edges (which is the
shape of observables obtained by applying O to the contributions of H in the present case).

Our aim in studying this model is to illustrate the utility of the technique of exponential
moment generating function approach in interplay with the rule algebra formalism. To this
end, let us study the time-evolution of the exponential moment generating function of the
following graph observables (counting vertices and edges of the different colors):

Ou =0, Opi= Ov, Ouuy 1= 30u—s, Oupy := Ovs, Opy:= 20, .

Making use of rule-algebraic compositions, we may first of all convert the expressions for
O(h;,, ) and O(h;,) (i = 0,1) into the form

O(hi,) = (Ow — 1)Oup, O(hi,) = (O — 1)Ous. (6.3)

In the analysis presented in the following, we will feature a number of typical characteristics
of such computations, which here include the appearances of certain symmetries due to
conservation laws (of total numbers of vertices and of edges, respectively).

To provide a simple, yet non-trivial example of discrete moment bisimulation, let us
consider the case kg1 = k19 = 0, i.e. the Voter Model without vertex-recoloring transitions.
Denote by Hr := Hy |k =ri0=0 the corresponding Hamiltonian. It is evident that the
remaining (“edge-flipping”) transitions, do not modify the numbers of vertices of white and
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black color, respectively, a feature that manifests itself upon computing the exponential
moment generating function for the vertex observables O, and Oy:

(3.37)
ady, 0.,+2,0,(HF) = ZME, (t: Ay M) 1= 5 (| w0200 [T(¢)) = 0

< Mg, (6 A, Ap) = ME,(0; Ay Ap) -

If we initialize the system at a pure graph state, i.e. for |¥(0)) = |Go) (for some graph
Gy), for which (| O, |Go) = N, (z € {w,b}) are the numbers of white and black vertices,
respectively, we find the explicit formula

MFv (t; Aw, >‘b) = MFU (0; )\wa )\b) = 6>\wNw+)\bNb s (6.5)
which in turn implies that Oy |U(¢)) = N, |¥(t)) for z € {w, b} and for all ¢ > 0.

(6.4)

To determine the dynamics of edge observables, we introduce the notations
)\7E ’ % = AwwOuww + AwbOwb + AppOpp

kp - Hp = rko(Ho,, + Ho,) + x1(Hy, + Hy,) (6.6)
with Hx := p(hx) and compute the following commutator (using the rule algebra):
A& - Op,kr - Hr] = ko(Aww — Awb)Ho,, + £1( Ay — Awp) Hi, - (6.7)
We observe in particular that for Og := Oy + Owp + O,
adoy (k- Hr) = 0, (6.8)

whence the total number of edges Np = Nyw + Nyp + Npp is conserved by the rewriting
rules. Secondly, the commutation relation (6.7) entails the following evolution equation for

the edge-observable EMGF M (¢; Ag):
M) = & (|2 900)) 520 31k ([(adiiop (- He)) 0| (1)

= <‘ </@0 (e)‘“““_)‘wb — 1) Hy, + k1 (e)‘bb_)‘m — 1> H1b> e’\—E'@‘ \I/(t)> .

Due to the jump-closure property described in Theorem 3.19 and via (6.3), we find that

(| Ho,, = {|0(Ho,) = {| (Ow = 1)Oup,  {|Hi, =<|O(Hy,) = {[(Op = 1)Oup. (6.10)
Assuming moreover that |V (0)) = |Go) for some graph G¢ (and whence {| Oy |¥(t)) = Ny
for z € {w, b} and all ¢ > 0), we finally obtain the following instance of the Combinatorial
Conversion Theorem:

M(t:Ag) = K (fo (X070 = 1) + i (M7 1)) 55 M Ap)
K :=ko(Ny — 1)+ k1(Ny — 1), R := %, Rl 1= %.

This particular type of partial differential equation may be solved e.g. via the semi-linear
normal-ordering technique as introduced in [29, 10, 12] (and recently applied in [6] to
semi-linear PDEs for chemical reaction systems). Together with the initial condition

M(0; M) = 6>\wwNww+>\wawb+>\bbNbb, (6.12)

where N, denotes the initial number of edges of type zy, we thus obtain the following
closed-form solution:

Ny
Mt 2g) = oo i (=Kthen ¢ (1 =80 (oo 1 mye) )™ (613

(6.9)

(6.11)
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We present in Figure 3(b) the time-evolution of the first and second cumulants of the graph
observables (computed from the corresponding EMGF C(t; Ag) = log(M (t; Ag))). Noticing
that the commutation relations presented in (6.7) precisely fulfill the requirements of the
discrete moment bisimulation theorem (Theorem 5.2), we may in fact conclude that via
an isomorphism (ww, wb,bb) = (W, D, B) of “indexes-to-colors” the evolution of the edge
observable counts is bisimilar to the discrete rewriting system with linear rules

Ny—1 Np—1 L
o Sl °D, B 7D o and Ogiger = {nw,np,np}. (6.14)
Since for probability distributions of discrete rewriting systems one has the well-known
relationship

P(t; ) = M(t;1n(N)) (6.15)
between probability and moment generating functions, and due to the conservation of the
overall number of edges in this rewriting system, it is thus possible to compute the ternary
discrete probability distribution plots as presented in Figure 3. To the best of our knowl-
edge, this appears to be the first such computation of graph observable count probability

distributions for stochastic graph rewriting systems of this kind.

We conclude our practical application example by illustrating the typical problem of
the failure of the polynomial jump-closure property for a given set of graph observables,
indicating that in practice the Combinatorial Conversion Theorem yields a valuable guiding
criterion for analyzing SGRSs. The problem is exemplified via the following commutator:

[Oww, Ho1] = Ho1 + p ( ) , Ho1 = p(6(ho1)) -

Since this term would give a contribution to the evolution of the moments of the edge
observable O, according to the Combinatorial Conversion Theorem, we thus face the
typical problem of growing motifs: taking repeated commutators and applying the jump-
closure theorem, the evolution of the moments of O, is encoded in a PDE that involves
observables for larger and larger motifs, and in particular the set of edge observables thus
no longer possesses the polynomial jump-closure property required by the Combinatorial
Conversion Theorem. It appears to be a fruitful direction for future research to refine our
understanding of the rule-algebraic structure of polynomially jump-closed sets of observables,
and to understand better which types of approximation schemes might be available in order
to develop a notion of approximate polynomial jump-closure.

7. APPLICATION EXAMPLE CASE STUDY: A TOY CRYPTOCURRENCY MODEL

In order to demonstrate the versatility of the discrete bisimulation ideas, let us consider
a toy model for a cryptocurrency, loosely inspired by [63]. The state space of the model
is a particular kind of tree-like graph structure with four different types of vertices, with
transitions as illustrated in Figure 4: an active ticket type (marked o), a de-activated ticket
type (marked w), a transaction vertex type (marked o) and a ledger type (marked o). The
structure is interpreted as follows:

e Active tickets o are necessary in order for a transaction vertex e to be able to grow

the ledger, but their presence also activates the ticket growth and ticket pair growth
transitions.



26 N. BEHR, V. DANOS, AND I. GARNIER

e The tickets o are de-activated over time at random,; if all tickets at a transaction vertex e
are de-activated, that vertex in effect becomes inactive (i.e. can no longer perform any
transitions).

o Rearrangements of tickets between transaction vertices only occur between vertices o with
exactly one active ticket and vertices o with strictly more than one ticket (of which at
least one is active).

The model describes a type of self-correcting statistical behavior whereby at any given time
in the random evolution of the system there is a high probability that one of the transaction
vertices e carries the largest number of active tickets o and thus dominates the ledger growth.

As we will demonstrate in the following, this model possesses a set of polynomially jump-
closed observables that moreover exhibit the discrete bisimulation phenomenon. However,
since the resulting evolution equations are too complex still to be analytically solvable, we will
take advantage of the discrete bisimulation in performing SSA algorithm based simulations
of the associated discrete rewriting system, thereby gaining access to some key dynamical
statistical properties of this stochastic rewriting system system. The set of observables we
will consider is based on the following rule algebra elements:

[m] u L] [e]
Og = 5 Og :— 3 o = 5 O =
O | [ ] [¢]
Oeso e (7.1)
001 = : 5 O.g = Oe 0.1 ) Oe :=
O0——e—O ——e——0
B——e—oO B0
Om; = y Omg = Om — Om; , Om:=
The canonical representations Ox := p(ox) of the first four rule algebra elements ox

implement the counting of vertices of the different types. The observables O,, := p(0.,) in
effect counts transaction vertices e that carry precisely one ticket o, since in DPO rewriting
the application of a rule that deletes a vertex and some specified incident edges may only be
applied to a graph that has this precise pattern as subgraph. Analogously, O, := p(0e g)
counts transaction vertices e with more than one ticket (of which at least one is active). This
fine distinction will prove rather important for the model to exhibit a discrete bisimulation
property, as we will see momentarily. We also note that in all calculations of this type, one
typically has to include at least the observables into the analysis that are already present in
the system’s infinitesimal generator (i.e. in the form of the contribution O(h)), as is verified
by our above choice of observables.

In order to verify that the chosen system of observables possesses the polynomial jump
closure property (cf. Definition 4.1), we need to calculate the iterated commutators of
the various observables with the contributions hx (ranging over the transitions) to the
infinitesimal generator of the CTMC. We collect the corresponding data in Table 1. Note in
particular that some of the commutators do not “close” polynomially, but the terms that
interfere with the closure act trivially on the state space of the model, in which case one
may drop the trivially acting terms from the calculation; this is indicated by the notation
=g (for equality up to terms acting trivially on the state space). For brevity, we present only
these special cases explicitly, since the remaining commutators directly exhibit polynomial
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10

jump closure'” and are rather simple in structure.

Since as the results of Table 1 reveal the contributions hx of the evolution operator are
eigenelements under the adjoint action of the vertex observables, it proves convenient to
exploit the following lemma in order to proceed:

Lemma 7.1. With the two formal linear operators v - Oy, and € - O defined as
Z . QV = V[]O[] + V.O. + VtOt + VoOo, § N QE = 510.1 + 8.10.1 + Ego.g + €.gO.g 5
and with H the infinitesimal generator of the CTMC one finds that

3 o (03B, 20, (D) = 3 <1 (adsly, (D)

m=>=1 >1
Z < (adz, (1)) (7.2)
7">1
+ Z <| (ad8 0, (ad;qQV(H))> .
r,q/l

Proof. Taking advantage (in the steps marked (c)) of the fact that observables commute (i.e.
[Ox,Oy] = 0), the claim follows from a straightforward application of the definition of the
adjoint action (eABe™ = ¢4 B for A a formal operator, cf. [45], Prop. 3.35) and using the
property <| H = 0 of the operator H (used in the steps marked (x)):

Z 7<’ ( VOV+§~QE(H)> — (eadev-%—gQE _ 1) H *) (| <€adZ4QV+§AQE) H

>1
— <| eZ‘Qv +§‘QE He_Z'QV _Q'QE

2 <| eOp ( z-QVHsz-Qv) —e0p

= (| £ 9r Hee 05 4 Z <95 (adyy H)e=0s
q>1
H o 1
ZZ*, ( a(’)EH) Z*<|(adyov )
=1 g1 1

22 1q (a2, (ady, 7)) -

[

For the concrete model in hand, we find according to Table 1 the following adjoint action
of the vertex observables on H:

1 °q vm—1g Vo
q; o {ad,$, (H)=rp (e —1){|Hp +r¢ (e —1){| Hg -

4 pp (S _ 1) (| Hyp 4 4rp (BT 1) (| Hp

10Ag an aside, it might be worth noting that it was crucial to define the rule hg in this fashion (i.e. tickets
are only relinked from transaction vertices with precisely one ticket to transaction vertices with strictly more
than one ticket), because if one dropped these constraints, one would obtain not only non-closure, but even
if one kept the first part of the constraint and would allow relinking to arbitrary transaction vertices, one
would lose the discrete bisimulation property.
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For the edge observables, we find

1 o _ _
> S <ladZp, (H) =rp (e —1) (| Hp, +rp (e™ 9 —1){| Hp,
=1
' e 2e (74)
+’I“T(€1—1)<|HT—|-T‘P(€ 9—1)<|HP

+ TR (659781 - 1) <| Hp.

The next step in the analysis then consists in assembling the EMGF evolution equation.
To this end, we also need to calculate the following identities (where Hx := p(h,) and
Oy = ploy)):
(|Hp = (| Og

(|Hg ={|Hr = {|Hp = (| (O, + Os,) (7.5)

(| Hp, = <] Os,, {| Hp, ={| Oy, .
The calculation of the contribution of the term (| Hr to the EMGF evolution equation is
considerably more involved. In fact, we have to invoke the notion of equality up to terms

acting trivially on the state space of the model yet again in order to be able to proceed with
the analysis. As a first step, we compute (with the operation = as introduced in (3.9))

(Hp =] (O, 2 Oa;) = (| (00 & Os;) = (| (Os; 5 O0,). (7.6)
In order to resolve this equation, we need the following compositions:

O—<+—@—<+{1—>—>0 ———>—0—<=0—<1{]

(’).(’).1:(’).111(’).1+(’).1+p< ; )+p< : )
O—~<—@—<{_}—>e—>0 O——e——0—<——0—<1{]

e
+p 7| =5 O 2 O, + O,
00,04, = 00y 81 O4, + Ofy +p : +p( 0 :

O—<+—0—~<_}—>e—>0 O——e—>—O0—<0—<1[]

e o

+p ; | =5 Oa, 1O, + O,

=

= O., 104 =50,,0,, .

Thus invoking the up-to-trivial action on states equality =g ultimately is what renders the
system effectively polynomially jump-closed.

The final part of the calculation regards determining the formal differential operator D
that enters the evolution equation for the EMGEF of the chosen observable. Let us introduce
the notation

M(tiv,e) = (| Qv =0 [0 (1)

7.8
v-Oy 1= hog + vmow + V0t + V0o, €+ Op =10 +40,, . (78)
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Then by assembling the results on the commutators as presented in Table 1 and the resulting
expressions calculated in equations (7.3), (7.4), (7.5), (7.6) and (7.7), we may determine via
Lemma 7.1 the evolution equation as follows:

1 o
Z ql { adg-qu +e-0p (H)

q=1 A
g rp (emTTmE 1) (|0, + rp (RS 1) (| O,
+ra (€ = 1)< (O + Os,) (7.9)

+ 7 (elfm+ut+2uo+€1 _ 1) <| (0'1 + Oog)
+rp (e2l/t]+l/t+21/o+259 . 1) <| (001 + Oog)
+rg (975 —1)(| 0., 0., .

Here, we have made use of the special property of our model that ticket vertices o are always
attached to transaction vertices, which entails that

(| Og=5 {| Os ={| Os; +{| O, . (7.10)
Moreover, we have made repeated use of the auxiliary elementary identity
(e®—1)+ (P = 1)+ (e® = 1)(e® —1) = e*™0 — 1.

Since thus the system possesses the property of polynomial jump closure (Definition 4.1),
we may apply the combinatorial conversion theorem (Theorem 4.2), and finally arrive at the
evolution equation

ZM(t;v,e)=5 D(v, €, 0y, 0 ) M(t;v, )

D(g, g, aZ, ag) = [’I“D (el’l_VD+sl1 —&1 __ 1) +re (euo . 1)
+rr (eVD+Vt+2Vo+€1 o 1) +7rp (621/[]+1/t+21/o+2sg o 1) | aal

- (7.11)

+ [TD (e”'_”tﬁa‘g “Eg 1) +rg(e”®—1)

+ 7 (em+ut+2uo+s1 _ 1) +7rp (eQV[]+Vt+2Vo+289 _ 1) as

g

+7rg (esg*sl — 1) Oc1 Oe, -

Upon closer inspection, we find that this dynamical system fulfills all requirements of the
discrete moment bisimulation theorem (Theorem 5.2) if we either

(a) only consider vertez observables (and use the equivalence =g described in (7.10) in order
to write (| (Oe, + O,,)=s5 (| Og in (7.8), which then allows to express the operator D in
terms of partial derivatives d,), or

(b) consider all observables but the observable Op, i.e. set vy = 0.

Since the total number of ticket type vertices o may also be recovered as the sum of the
counts of the observables O,, and O,, (again due to the specific structure of the model’s
state space), we will from hereon consider option (b). A similar argument of course applies to
the inactive ticket type vertices m, so we additionally set g = 0 without loss of information.
Thus the dynamical evolution of the statistical moments of the graph observables under
the transitions of the graph rewriting system coincides with the evolution of the number
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count observables for the following discrete rewriting system (where we have made the
isomorphism of observables clear by letting a “discrete species” Xy carry the identifier Y of
the associated graph observable O¢):

X, 224 X, Xo, “% Xa,

Xop = Xoy + Xo Xoy = Xo, + Xo

X,, 22X, + X 42X, Xoy =5 Xoy + Xop + X1 +2X0 (7.12)
Xoy 2 X0 +2X., + X¢ +2X0 Xo, 23X, + Xoy + X +2X0

Xo, + Xo, 52X,

In this highly non-trivial example of a discrete moment bisimulation, one may observe a
couple of interesting structures in the associated discrete rewriting system. At first glance, one
might in hindsight almost have anticipated some of the discrete transitions listed in (7.12),
since they in a certain sense amount to the causally consistent modifications of the observable
counts due to the transitions of the original graph rewriting system. But what is fascinating
is that our theorem ensures that this set of discrete transitions is in fact complete, in the
sense that there are no other possibilities for changes of graph observables influencing each
other during transitions (at least not until considering a larger set of observables in the
original system). It is also worthwhile noting that the transition system described in (7.12)
is mot of the type of a branching process, due to the second order transitions described in
the last line of (7.12). One might thus envision that there exists an intimate link between
discrete moment bisimulations and causal analysis of stochastic rewriting systems, which we
plan to investigate further in future work.

Back to the system at hand, one may finally take full advantage of the discrete moment
bisimulation and extract dynamical statistical information on graph observables of our
model via simulation of the associated discrete rewriting system. The standard approach
for the simulation of discrete rewriting system is using Gillespie’s stochastic simulation
algorithm (SSA) [41]. We chose to apply the algorithm via using the KASIM simulation
suite!!. Referring to Appendix A for the concrete implementation of our model (with an
example for a choice of reaction rates given), one may produce system trajectories such as
the one displayed in Figure 2. Further work with the simulation engine would allow one to
extract statistical information such as means of observable counts etc. in the exact same
fashion as familiar from the numerical study of chemical reaction networks. As the exemplary
computation presented in this section illustrates, one would of course ultimately strive to
develop some form of automatized algorithms in order to facilitate the search for interesting
closure properties of rule-algebraic commutation relations, an endeavor which we leave to
future work.

HKappa Language (https:/ /kappalanguage.org): A rule-based language for modeling interaction networks
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Figure 2: Example trajectory as produced by simulating the Kappa model as described in A.

8. CONCLUSION AND OUTLOOK

The framework presented in this paper firmly establishes the theory of stochastic rewriting
systems (SRSs) as a natural sub-discipline of the study of continuous-time Markov chains
and of statistical physics. Our formulation of SRSs in terms of a rule-algebraic stochastic
mechanics framework possesses a number of marked practical advantages over previous
approaches. At a fundamental level, it renders computations of the evolution of statistical
quantities such as the moments of observables quite analogous in nature to comparable
computations e.g. in the theory of chemical reaction systems (CRSs) (see e.g. [6]). Of
immediate practical importance is the discovery that just as in the case of CRSs, the
dynamics of statistical moments of observables is determined by certain static algebraic
relations, with the precise formulation of this discovery given by the Combinatorial Conversion
Theorem in Section 4. The theorem hinges on our novel and generalized notion of polynomial
jump-closure of sets of observables, whose rather combinatorial nature inspired the moniker
of the theorem. Perhaps the most fascinating aspect of this mathematical structure is a
striking resemblance of the moment evolution equations to certain evolution equations
of other types of generating functions in the theory of analytical combinatorics and of
combinatorial species [37, 12]. As a first hint of the utility of exploring such structural
similarities further, we have demonstrated in Section 6 how to apply a technique known
as semi-linear normal-ordering [29, 10, 12] (originally developed as part of the study of
exponential generating function of series of combinatorial numbers) in order to obtain exact,
closed-form solutions to moment generating function evolution equations.

The passage to the study of exponential generating functions of moments of graph
observables results in an additional novel avenue for the analysis of SRSs, which we refer to
as moment bisimulation (Section 5). Contrary to more traditional approaches of bisimulations
for CTMCs which are based on notions of lumpability of the state spaces of the CTMCs [13,
35, 61], our notion of bisimulation focuses instead on the evolution equations for the statistical
moments of observables: given two sets of polynomially jump-closed observables for two
different SRSs, we define the two systems to be moment bisimilar (w.r.t. the given sets of
observables) if their moment evolution equations according to the Combinatorial Conversion
Theorem coincide. While a detailed study of the structure of the resulting bisimilarity classes
is left to future work, we have presented one particularly interesting such class in the form of
the Discrete Bisimulation Theorem, which states the precise constructive conditions under
which an SRS with a chosen set of polynomially jump-closed observables is bisimilar to a
class of SRSs on discrete graphs, better known as chemical reaction systems. The criterion is
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purely rule-algebraic and combinatorial in nature, and we presented in Section 6 a concrete
non-trivial example of an SRS that exhibits this phenomenon. We believe that moment
bisimulation has immense potential as a technique to improve the tractability of the analysis
of SRSs both in theory and in practice, and plan on taking it as the basis for the development
of combinatorics-based approximation algorithms in future work.

We envision that the stochastic mechanics approach of the present paper in conjunction
with further detailed studies of the techniques of combinatorial species theory [37, 12]
will ultimately lead to a deeper understanding of the evolution of stochastic dynamical
rewriting systems. In particular, our prototypical application example presented in Section 4
hints at the possibility for taking the rule-algebraic commutation relations that govern the
moment-dynamics as a constructive criterion in the design of SRSs. Taking inspiration from
frameworks such as the Kappa language [27] developed for describing biochemical reaction
networks, one might hope to unveil a fine interplay between the data structures (the objects
to be rewritten), the precise rule sets (modeling the transitions) and the observables (the
patterns to be observed) for a given SRS, where alternative design choices for a given system
may very well strongly influence the tractability of the stochastic moment evolutions. A
necessary precondition for such developments would consist in a constructive characterization
of the moment bisimilarity classes beyond the discrete bisimulation class, which we leave for
future work.
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APPENDIX A. KAPPA LANGUAGE IMPLEMENTATION OF THE DISCRETE BISIMILAR
REACTION MODEL

////signatures (here: somewhat trivial, since we are only dealing
with discrete vertices)

hagent: TAQ) // transaction node type
hagent: LNQ) // ledger node type
%hagent: PT(v{o g},T{a i}) // pattern with transaction node (of

degree one (o) or greater (g)) and ticket (active (a) or
inactive (i))

////variables

//base rates:

%hvar: ’rD’ 0.42 // base rate of ticket deactivation per
second

hvar: ’rG’ 0.05 // base rate of ledger growth per second

%hvar: ’rT’ 0.16 // base rate of ticket growth per second

%var: ’rP’ 0.05 // base rate of ticket pair growth per
second

hvar: ’rR’ 0.2 // base rate of ticket rearrangement per
second

//initial condition parameters:

hvar: ’nTO’ 10.0 // initial number of active tickets

hvar: ’nt0’ 1.0 // initial number of transaction
nodes

hvar: ’nL0’ 1.0 // initial number of ledger nodes

////observables

%obs: ’ledger nodes’ |LN()|

%obs: ’transaction nodes’ |[TAQ) |

%obs: ’active tickets at degree 1 transaction nodes’ |PT(v{o},T{al})|

%hobs: ’active tickets at degree >1 transaction nodes’ |PT(v{gl},T{a})
|

%obs: ’inactive tickets at degree 1 transaction nodes’ |PT(v{o},T{i
P

%obs: ’inactive tickets at degree >1 transaction nodes’ |PT(v{gl},T{i
b

////initial conditions

//NOTE: this entails that the initial state is one transaction
vertex with nTO active tickets and one leddger vertex linked to
the transaction vertex

%init: ’nT0’ PT(v{gl},T{a})

%init: ’nt0’ TA(Q)

%init: ’nLO°’ LN(Q)

////transitions
’rule D1’ PT(v{o},T{a}) -> PT(v{o},T{i}) @ ’rD’
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>rule D2’ PT(v{g},T{a}) -> PT(v{gl},T{i}) @ ’rD’

rule G1’ PT(v{o},T{al}), . -> PT(v{o},T{al}) , LN(O) @ ’rG’

’rule G2’ PT(v{g},T{a}), . -> PT(v{g},T{a}) , LNO) @ ’rG’

rule T1’ PT(v{ol},T{a}), ., ., ., . -> PT(v{o},T{al}),PT(v{o},T{al}),
TAQ) ,LN(O) ,LN() @ ’rT’

’rule T2’ PT(v{g},T{a}), ., ., ., . -> PT(v{g},T{a}),PT(v{o},T{a}),

TAQ),LNO,LN() @ ’rT’

’rule P1’ PT(v{o},T{a}®), ., ., ., ., . => PT(v{o},T{a}) ,PT(v{g},T{a
}) ,PT(v{g},T{a}), TAQO,LNO,LN() @ ’rT’

’rule P2’ PT(v{g},T{a}), ., ., ., ., . => PT(v{g},T{a}),PT(v{g},T{a
) ,PT(v{g},T{a}), TA(Q) ,LN(O),LN() @ ’rT’

’rule rR’ PT(v{o},T{al}),PT(v{g},T{a}) -> PT(v{gl},T{a}) ,PT(v{gl},T{a})
@ ’rR’
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Table 1: Nested adjoint action of observables on contributions
to the infinitesimal generator.
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Figure 4:

Transitions, corresponding rule algebra elements and associated observable rule
algebra elements for the crypto-currency toy model. For the transitions, orange
highlights indicate the graphical elements that are (effectively) preserved through-

out the transition.
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