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ON THE z—COORDINATES OF PELL EQUATIONS WHICH ARE
PRODUCTS OF TWO LUCAS NUMBERS

MAHADI DDAMULIRA

ABSTRACT. Let {Ly,}n>0 be the sequence of Lucas numbers given by Lo = 2, L; = 1 and
Lnt2 = Lpy1 + Ly, for all n > 0. In this paper, for an integer d > 2 which is square-free,
we show that there is at most one value of the positive integer x participating in the Pell
equation 22 — dy? = +1 which is a product of two Lucas numbers, with a few exceptions that
we completely characterize.

1. INTRODUCTION
Let {Ly}n>0 be the sequence of Lucas numbers given by Ly =2, L; =1 and
Ln+2 = Ln+1 + Ln

for all n > 0. This is sequence A000032 on the Online Encyclopedia of Integer Sequences
(OEIS). The first few terms of this sequence are

{Ln}n>0 = 2,1,3,4,7,11,18,29,47,76,123,199, 322, 521,843, 1364, 2207, 3571, .. . .
1 1-—
Putting (o, 8) = +2\/5, 2\/5 for the roots of the characteristic equation r> —r —1 =0
of the Lucas sequence, the Binet formula for its general terms is given by
L, =ao"+ 5", forall n>0. (1.1)

Furthermore, we can prove by induction that the inequality
"l <L, <ot (1.2)

holds for all n > 0.
Let d > 2 be a positive integer which is not a perfect square. It is well known that the Pell
equation

22 —dy? = £1 (1.3)

has infinitely many positive integer solutions (z,y). By putting (z1, y1) for the smallest positive
solution, all solutions are of the form (zy,yy) for some positive integer k, where

x4+ ypVd = (21 + y1Vad)" for all k> 1. (1.4)
Furthermore, the sequence {xj},>; is binary recurrent. In fact, the following formula

_ (z1 + yVd)F + (21 — 1 V)"
2 b

holds for all positive integers k.
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Recently, Kafle et al. [I1] considered the Diophantine equation
T = FyF, (1.5)

where {F),, };n>0 is the sequence of Fibonacci numbers given by Fy = 0, F} = 1 and F,,19 =
Foi1 + Fy, for all m > 0. They proved that equation (L5 has at most one solution n in
positive integers except for d = 2,3, 5, for which case equation (5] has the solutions z; = 1
and x2 = 3, x1 = 2 and x9 = 26, x1 = 2 and x9 = 9, respectively.

There are many other researchers who have studied related problems involving the in-
tersection sequence {z,},>1 with linear recurrence sequences of interest. For example, see
[4, 17, [8l 91 121 13, 14, [16], 17, 19].

2. MAIN RESULT

In this paper, we study a similar problem to that of Kafle et al. [II], but with the Lucas
numbers instead of the Fibonacci numbers. That is, we show that there is at most one value
of the positive integer x participating in (L.3]) which is a product of two Lucas numbers, with
a few exceptions that we completely cahracterize. This can be interpreted as solving the
Diophantine equation

xp = LpLy, (2.1)
in nonnegative integers (k,n,m) with £ > 1 and 0 < m < n.

Theorem 2.1. For each square-free integer d > 2 there is at most one integer k such that the
equation 2I)) holds, except for d € {2,3,5,15,17,35} for which x1 =1, x9 = 3,23 = 7,29 =
1393 (ford=2), x1 =2, 2o =7 (ford=3), x1 =2, 29 =9 (ford=5), v1 =4, x5 = 15124
(for d=15), x4 =4, o =33 (for d =17) and x1 = 6, w3 = 846 (for d = 35).

3. PRELIMINARY RESULTS

3.1. Notations and terminology from algebraic number theory. We begin by recalling
some basic notions from algebraic number theory.

Let n be an algebraic number of degree d with minimal primitive polynomial over the
integers

d
aoxd + alazd_l + -+ aqg =ap H(m — T](i)),
=1

i
where the leading coefficient ag is positive and the 7(®)’

logarithmic height of n is given by

d
h(n) = é <loga0 + Zlog (max{|77(i)|, 1})) .

i=1

s are the conjugates of 1. Then the

In particular, if » = p/q is a rational number with ged(p,q) = 1 and ¢ > 0, then h(n) =
log max{|p|,q}. The following are some of the properties of the logarithmic height function
h(-), which will be used in the next sections of this paper without reference:

h(n+v) < h(n)+h(y) +log2,
h(my™) < h(n) + h(y), (3.1)
h(n®) = Islh(n) (s € Z).
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3.2. Linear forms in logarithms. In order to prove our main result Theorem 2.1l we need
to use several times a Baker—type lower bound for a nonzero linear form in logarithms of
algebraic numbers. There are many such in the literature like that of Baker and Wiistholz
from [2]. We start by recalling the result of Bugeaud, Mignotte and Siksek ([5], Theorem 9.4,
pp. 989), which is a modified version of the result of Matveev [I§], which is one of our main
tools in this paper.

Theorem 3.1. Let 7q,...,7v be positive real numbers in a number field K C R of degree D,
bi,...,bs be nonzero integers, and assume that

Aim oot -1, (3.2)
is nonzero. Then
log |A] > —1.4 x 30'"3 x t*5 x D?(1 +log D)(1 +log B)A; - -- A,,
where
B > max{|b1],...,|b¢},

and
A; > max{Dh(v;),|logvi|,0.16}, forall i=1,...,t.

When ¢t = 2 and 7y, 72 are positive and multiplicatively independent, we can use a result
of Laurent, Mignotte and Nesterenko [15]. Namely, let in this case By, Bs be real numbers
larger than 1 such that

log B; > max {h(’y,-), “Olg)%’ , %} ) for i=1,2,
and put
. 2]
DlogBy Dlog B,
Put

I := by logy1 + ba log vo. (3.3)

We note that T" # 0 because v; and -9 are multiplicatively independent. The following result
is Corollary 2 in [15].

Theorem 3.2. With the above notations, assuming that ni,ne are positive and multiplicatively
independent, then

21 11\?
log |T'| > —24.34D* <max {log v +0.14, L 5}) log B log Bo. (3.4)

Note that with " given by (B3], we have e! —1 = A, where A is given by (32)) in case t = 2,
which explains the connection between Theorem [3.1] and Theorem

3.3. Reduction procedure. During the calculations, we get upper bounds on our variables
which are too large, thus we need to reduce them. To do so, we use some results from the
theory of continued fractions.

For the treatment of linear forms homogeneous in two integer variables, we use the well-
known classical result in the theory of Diophantine approximation.
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Lemma 3.3. Let 7 be an irrational number, Z—g Z—i *Z—z . be all the convergents of the con-

tinued fraction of T and M be a positive integer. Let N be a nonnegative integer such that
gy > M. Then putting a(M) := max{a; : i =0,1,2,..., N}, the inequality

1

3> wree

holds for all pairs (r,s) of positive integers with 0 < s < M.

For a nonhomogeneous linear form in two integer variables, we use a slight variation of
a result due to Dujella and Pethé (see [10], Lemma 5a). For a real number X, we write
|| X]| :== min{|X —n|:n € Z} for the distance from X to the nearest integer.

Lemma 3.4. Let M be a positive integer, g be a convergent of the continued fraction of the
wrrational number T such that ¢ > 6M, and A, B, u be some real numbers with A > 0 and
B > 1. Let further ¢ := ||uq|| — M||Tq||. If € > 0, then there is no solution to the inequality

0<|ur —v+pl < AB™Y,
in positive integers u,v and w with

log(Ag/e)

u<M and w> log B

At various occasions, we need to find a lower bound for linear forms in logarithms with
bounded integer coefficients in three and four variables. In this case we use the LLL algorithm
that we describe below. Let 71,70, ...7 € R and the linear form

x17 + x90 + - + 1y with x| < X (3.5)
We put X := max{X;}, C > (tX)! and consider the integer lattice 2 generated by
bj:=e;+ |Cr;] for 1<j<t—1 and b;:=|Cr]ey,
where C' is a sufficiently large positive constant.

Lemma 3.5. Let X1, Xo,..., X; be positive integers such that X := max{X;} and C > (tX)
s a fized sufficiently large constant. With the above notation on the lattice (), we consider a
reduced base {b;} to Q and its associated Gram-Schmidt orthogonalization base {b;}. We set

—1 t
N Y 1Y P _
¢ = 1<?§tHb*H 0= — Q.—;Xi and R := 1+ZZ:;X, /2.

If the integers x; are such that |x;| < X;, for 1 <i <t and 6> > Q + R?, then we have

\/71%

For the proof and further details, we refer the reader to the book of Cohen. (Proposition
2.3.20 in [6], pp. 58-63).
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3.4. Pell equations and Dickson polynomials. Here we give some relations about Pell
equations and Dickson polynomials that will be useful in the next section of this paper.

Let d > 2 be a squarefree integer. We put 6 := z1++/ a;% — ¢ for the smallest positive integer
1 such that

¥ —dy? =, e e {£1}
for some positive integer y;. Then,
T + ypVd = 6" and zp — ypVd = n", where ni=ed L.
From the above, we get
2xy, = 6% + (ed~ 1)k for all k>1. (3.6)

There is a formula expressing 2x; in terms of 2x; by means of the Dickson polynomial
Dy(2x1,€), where
[k/2] .
k (k—1 , ,
D — PAY k—2z‘
e = 3 ()

These polynomials appear naturally in many number theory problems and results, for example
in a result of Bilu and Tichy [3] concerning polynomials f(X),g(X) € Z[X] such that the
Diophantine equation f(z) = g(y) has infinitely many integer solutions (z,y).

Example 3.6. (i) k =2. We have
1 .
2 2—1 . Y
29 = Z; 5 < p )(—6)2(22171)2 B — 422 — 2, s0 xy =21 —e
1=

(ii) k =3. We have

1 .

3 /3- - -

23 = E , , ! (—e)%(221)> 7% = (221)% — 3e(221), so x3 =4z} — 3ex;.
= 3—1 1

4. BOUNDING THE VARIABLES
We assume that (x1,y1) is the smallest positive solution of the Pell equation (L3]). As in
Subsection B.4] we set
x3 —dy? =: e, €€ {£1},
and put
0=z + \/ayl and ni=x — \/c_iy1 =ed L.
From (L4]), we get

Ll ok
xk—§<5 +1). (4.1)
Since § > 1+ 2 > o/ 2 it follows that the estimate
5k 5k
— <z < — holds for all k>1. (4.2)
« o
We let (k,n,m) := (ki,n;,m;) for i = 1,2 be the solutions of ([2.1). By (L.2) and (£.2]), we get
k k
Q"2 < LoD =1k < % and % < = LyLy, <amtmt (4.3)
SO
1
kerlogd —6 <n+m < kcilogd+1 where ¢ := . (4.4)
log o
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To fix ideas, we assume that
n>m and k1 < ko.
We also put
ms := min{mq, mo}, my:=max{my,me}, ng:=min{ni,na}, ny:=max{ng,no}.

Using the inequality (@4) together with the fact that § > 1+ v/2 = a%/2 (so, ¢1logd > 3/2),
gives us that

gkg < kocplogd < 2ng + 6 < 2ny4 + 6,
SO
k1 < kg < §n4 + 4. (4.5)

Thus, it is enough to find an upper bound on n4. Substituting (LI)) and (1)) in [21) we get

S0 ) = (0" + )™ + 7). (16)
This can be regrouped as

skata ™ m 1 = 27 pka T 4 (Ba ) 4+ (BaH™ + (Ba H) ™,

Since 8 = —a~!, n = 67! and using the fact that 6* > o"*t™~1 (by [@3)), we get

1 1 1 1

ko—1 —n—

"2 anm_l‘ < 25kan+m+ﬁ+a2m+a2(n+m)
« 3 6

20 2(n+m) + a2m < a2m’
In the above, we have also used the facts that n > m and (1/2)a + 3 < 6. Hence,

6

ko—1_ —n—m
‘5 2l 1] < — (4.7)
We let Aq := 627 1a "™ — 1. We put
Iy :=klogd —log2 — (n+m)loga. (4.8)
Note that e'* —1 = Ay. If m > 100, then —f- < 3. Since |e!" — 1] < 1/2, it follows that
12
r
Ty <2let —1] < o (4.9)
By recalling that (k,n,m) = (k;,n;,m;) for i = 1,2, we get that
12
|k;log 0 —log 2 — (n; + m;)log af < o (4.10)

holds for both 7 = 1,2 provided mg > 100.

We apply Theorem [B.1] on the left-hand side of ([4.7). First, we need to check that Ay # 0.
Well, if it were, then 6*Fa~"~™ = 2. However, this is impossible since §¥a~""" is a unit while
2 is not. Thus, A; # 0, and we can apply Theorem 3.1l We take the data

t:=3, m:=90, Yw:=2, y3:=a, b :=k, by:=-1, b3g:=-n—m.

We take K := Q(v/d,a) which has degree D < 4 (it could be that d = 5 in which case
D = 2; otherwise, D = 4). Since § > 1 + v/2 > «, the second inequality in ([@4]) tells us that
k < n-+m,so we take B := 2n. We have h(y1) = h(6) = 1logd, h(v2) = h(2) = log2 and
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h(v3) = h(a) = %log a. Thus, we can take Ay := 2logd, As := 4log2 and A3 := 2log . Now,
Theorem [B.1] tells us that

log |[A1] > —1.4x30° x 3*5 x 4%2(1 4+ log4)(1 + log(2n))(21og &) (4 1log 2)(21og a)
> —2.92 x 103 1log §(1 + log(2n)).
By comparing the above inequality with (L7]), we get

2mlog o — log 6 < 2.92 x 1013 log 6(1 + log(2n)). (4.11)
Thus
m < 6.06 x 102 log §(1 + log(2n)). (4.12)
Since, 6% < a6 we get that
klogd < (n+m+6)loga < (2n + 6)log a, (4.13)
which together with the estimate ({I2]) gives
km < 5.84 x 10n(1 4 log(2n)). (4.14)

Let us record what we have proved, since this will be important later-on.
Lemma 4.1. If z, = L,L,, and n > m, then
m < 6.06 x 10" log 6(1 4 log(2n)), km < 5.84 x 10"3n(1 4 log(2n)), klogd < 4nlog .

Note that we did not assume that ms > 100 for Lemma [4.1] since we have worked with
the inequality (A7) and not with (£9). We now again assume that mgz > 100. Then the two
inequalities (4I0) hold. We eliminate the term involving log ¢ by multiplying the inequality
for i = 1 with ko and the one for ¢ = 2 with kq, subtract them and apply the triangle inequality
as follows

|(k2 — k1)log 2 — (k2(n1 + my) — ki(ng + ma2)) log o
= |ka(k1logd — log 2 — (ny + mq)log ) — k1 (k2 logd —log2 — (ng + m2) log o)
< kg |k1logd —log2 — (ny +mq)log oo + ki |k2log d —log2 — (ng + ma) log

12ke 12k 24k,

< .
- a2m1 Oé2k2 Oé2m3

Thus,
24ko

’Fg‘ = ‘(k}g — k1)10g2 — (ka2(n1 + ml) — k‘l(ng +m2))loga\ < o

(4.15)

We are now set to apply Theorem with the data
t:=2, m:=2, yw:i=a, b =k —k, by:= kg(nl + ml) — kl(ng + mg).

The fact that 71 = 2 and 2 = « are multiplicatively independent follows because « is a unit
while 2 is not. We observe that ko — k1 < ko, whereas by the absolute value of the inequality

in ([@I5]), we have

log 2 24k
]kg(n1+m1)—k1(n2+m2)] < (kg—kl) ) 2

loga  a?™mslog

< 2ks,

because mg > 10. We have that K := Q(«), which has D = 2. So we can take

1 1
log By = max{h(’yl), [ log 71| —} =log?2,

2 2
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and

1 1 1
log By = max{h(’yg), [ 108 75| —} = -

2 2 2
Thus,

ko — k k —k k

_ |ko — k1| |k2(n1 +m1) — ki(n2 + ma)| B L I
2log By 2log By log 2

Now Theorem tells us that with

Ty = (k’g — k1)10g2 — (k’g(nl + ml) — k‘l(’l’LQ + mg))loga,

b/

we have
log |Ta| > —24.34 x 2* (max{log(3kz) + 0.14,10.5})% - (2log 2) - (1/2).
Thus,
log |Ta| > —270 (max{log(3ky) + 0.14,10.5}) .

By comparing the above inequality with (£.I3]), we get

2ms log o — log(24ky) < 270 (max{log(3ks) + 0.14,10.5})%.
If ko < 10523, then log(3k2) + 0.14 < 10.5. Thus, the last inequality above gives

2mslog a < 270 x 10.5% + log(24 x 10523),

giving m3 < 30942 in this case. Otherwise, ko > 10523, and we get

2mslog o < 272(1 + log ky)? + log(24ks) < 280(1 4 log k2)?,
which gives

my < 160(1 + log k2 )?.

We record what we have proved

Lemma 4.2. If m3 > 100, then either

(1) ko < 10523 and mg < 30942 or
(ii) ko > 10523, in which case mg < 160(1 + log ko)?.

Now suppose that some m is fixed in (2.I]), or at least we have some good upper bounds on

it. We rewrite (2.1) using (LI) and (&I as
1
50" 1) = Lin(a” + ),

SO
1
F (2L, taTm -1 = —fnkoz_" + (Ba~hH)",
m
Sincem >1, 8= —a"', n=e6"" and 6* > a""" 1 we get
1 1 Q 1
k -1 _—n
* (2Lp) o — 1‘ < sigantw S e tam
a+1 6
o S e
where we have used the fact that n > m > 0 and o+ 1 < 6. Hence,
6
k 1
A = ‘5 (L) a7 1) < . (4.16)
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We assume that ng > 100. In particular, a% < % for n € {nq,n2}, so we get by the previous
argument that

12
T3] := |klog d —log(2Lm) —nlogal < —. (4.17)
o
We are now set to apply Theorem [B.1] on the left-hand side of (£I6]) with the data

t:=3, mm:=90, Yo:=2Lp, 7v3:=a b=k by:=-1, by:=—n.

First, we need to check that Az := 6¥(2L,,)"'a™™ — 1 # 0. If not, then 6* = 2L,,a™. The
left-hand side belongs to the field Q(\/E) but not rational while the right-hand side belongs to
the field Q(v/5). This is not possible unless d = 5. In this last case, d is a unit in Q(+/5) while
2L,, is not a unit in Q(v/5) since the norm of this first element is 412, # +1. So, Az # 0.
Thus, we can apply Theorem Bl We have the field K := Q(v/d, v/5) which has degree D < 4.
We also have

Bw) = B(2Lw) = h(2) + (L)
< log2+ (m+1)loga < 2+ mloga
< 292 x 10" log §(1 + log(2n)) by @EI2).
So, we take
1 1
h(y1) = 3 logd, h(y2) =2.92 x 1013 log §(1 +log(2n)) and h(y3) = 3 log a.

Then,
Ay :=2logé, Ay:=1.18 x 10M1logd(1 +log(2n)) and Az :=2loga.
Then, by Theorem 3.1 we get
log|As| > —1.4x30°% x 345 x 42(1 + log 4)(1 + log n)(21log 6)
x(1.18 x 10 1og §(1 + log(2n)))(2log a)
> —8.6 x 10%5(1 + log(2n))*(log 6)* log a.
Comparing the above inequality with (4.10), we get
2nlog o — log 6 < 8.6 x 10%(1 + log(2n))?(log §)* log o,

which implies that

n < 4.3 x 10%(1 + log(2n))?(log ). (4.18)
We record what we have proved.
Lemma 4.3. If x, = L,L,, with n > m > 1, then we have

n < 4.3 x 10%(1 + log(2n))?(log 6)>.

Note that we did not use the assumption that msz > 100 of that ng > 100 for Lemma 4.3
since we worked with the inequality (£I6]) not with the inequality (£I7). We now assume
that n3 > 100 and in particular (£I7) holds for (k,n,m) = (k;,n;,m;) for both ¢ = 1,2. By
the previous procedure, we also eliminate the term involving log é as follows

12ke 12k 24ko

|k log(2Ly,, ) — k1log(2L,y,,) — (kani — king) log a] < o o < s

(4.19)

We assume that o®™ > 48ky. If we put
Ty := kolog(2Ly,, ) — k1log(2L,y,,) — (kani — king) log v,
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we have that |I'y| < 1/2. We then get that
48k,

‘A4‘ = ‘el—‘4 — 1‘ < 2‘P4‘ < o2 (4.20)
We apply Theorem BTl to
Ay = (2L, )¥2(2Ly,) Fa (k2m—kinz) g
First, we need to check that Ay # 0. Well, if it were, then it would follow that
Lk
— = ok ke gRam—kins, (4.21)
Ly,

We consider the following Lemma.

Lemma 4.4. The equation (LZI)) has only many small positive integer solutions (k;,n;, m;)
for i ={1,2} with k1 < ko and my < mgy < 6. Futhermore, none of these solutions lead to a
valid solution to the original Diophantine equation (2.1).

Proof. We suppose that (@2I)) holds and assume that ged(ki, ko) = 1. Since of2m—Fin2 ¢ Q,
it follows konqi = kimo. Thus, if one of the ny, ng is zero, so is the other. Since n; > m;
for i € {1,2}, it follows that n; = ng = 0, my = mg = 0, so zg, = x,, therefore k1 = ks a
contradiction. Thus, n; and ny are both positive integers. Next Lﬁfl / Lﬁ%z = 2M—k2 < 1. Thus,
Lﬁfl < Lfﬁ%z < Lﬁ%, 80 Ly, < Ly,. This implies that either (mj, ma) = (1,0) or m; < ma.
The case (m1,m2) = (1,0) gives 1/2F = 2k1=k2 Thus, ky = 2k; and since ged(ky, ko) = 1,
we get ki = 1, kg = 2, so ng = 2n;. But then 9 = 1, = Ly, L, = Lop, Lo = 2L9y, is
even, a contradiction since xo = 27 + 1 (by Example (1)) is odd. Thus, m; < mg. If
my > 6, the Carmichael Primitive Divisor Theorem for Lucas numbers shows that L,,, is
divisible by a prime p > 7 which does not divide L,,,. This is impossible since it contradicts
the assumption that (£2I)) holds. Thus, my < 6. Further since Lfgl / Lfr}2 = 1/2k2=F it follows

that LK | LF2 | LKL 'so Ly, | Ly,. So, there are three cases that we analyse:

Case 1. my = 0, my € {3,6}. If (my,ma) = (0,3), then 2¥2 /4F1 = 1/22k1—k2 — 1 joka—h1,
This gives 2ko = 3k; and since ki and ko are coprime, it follows that k1 = 2 and ko = 3.
Then z9 = zy, = Ly, Ly, = Ly, Lo = 2Ly, is even, a contradiction since x9 = 221 £ 1 is odd.
If (m1,m2) = (0,6), then 2+2/18%1 = 1/2%2=F1 which is impossible since by looking at the
exponent of 3 we would get k1 = 0, a contradiction.

Case 2. m; = 2 and L,,, is a power of 2. The case ma = 0 has been treated so the
only other case left is mo = 3. In this case, 1/4" = 1/2k2=%1 giving ky = 3k;. Thus, since
ged(ky, ko) = 1, then ky = 1 and ky = 3. Since kony = king, we get ng = 3nj. Thus,
w1 = Ly, L1 = Ly, and x3 = L3y, Ly = 4L3,,. Now x3 = x1(42} £ 3) (by Example (ii))
and the second factor is odd, so the power of 2 dividing 4Ls,,, divides 1 = L,,. But 4Ls,, is
a multiple of 8 since Lgy, is even. Thus, 8 | L,,, which is false.

Case 3. m; = 2 and mo = 6. We get 3%2/(2.32)"1 = 1/2F2=*1 Looking at the exponent
of 3, we get ko = 2k; and loking at the exponent of 2 we also get ko = 2k1, so ky = 1 and
ko = 2. Also, ng = 2n;. Thus, 1 = Ly, Ly, = 3Ly, and x9 = Ly, Ly,, = 18L9,, is even, a
contradiction with the fact that zo = 223 £ 1 is odd. g

So, by Lemma [£.4] we have A4 # 0. Thus, we can now apply Theorem [3.T] with the data

t:= 37 71 = 2Lm17 Y2 ‘= 2Lm27 V3 = Q, bl - k27
b2 = —]{71, b3 = —(k‘gnl — k‘l’l’Lg).
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We have K := Q(+/5) which has degree D := 2. Also, using (&3], we can take B := 4n?.
We can also take A; := 2(2 + myloga) < 4mq loga, Ag := 2(2 + mglog o) < 4mgylog o and
Az :=log a. Theorem [3.1] gives that

log|As] > —1.4x30% x 385 x 22(1 + log 2)(1 + log(4n?))(4m; log a)(4my log o) log a,
> —3.44 x 102mymo(1 + log(2ny)).
By comparing this with the inequality ([£.20]), we get
2n3 log o — log(48ks) < 3.44 x 102mymy(1 + log(2ny)).

Since kg < 4n4 and ng > 10, we get that log(48ks2) < 2(1 + log(2n4)). Thus,
n3 < 3.58 x 10"2myma(1 4 log(2n4)). (4.22)

All this was done under the assumption that a?”3 > 48k,. But if that inequality fails, then
n3 < c1 log(48ks) < 12(1 + log(2n4)),

which is much better than (£.22]). Thus, (4.22) holds in all cases. Next, we record what we
have proved.

Lemma 4.5. Assuming that ng > 100, then we have
n3 < 3.58 x 102myma(1 + log(2n4)).

We now start finding effective bounds for our variables.
Case 1. my < 100.
Then my < 100 and my < 100. By Lemma [4.5] we get that

n3 < 3.58 x 10'9(1 + log(2n4)).
By Lemma [4.1], we get
log § < 4nzloga < 6.89 x 106(1 + log(2n4)).
By the inequality (£4]), we have that
ny ng+my —1
kocy log d
1.72 x 10%7¢1 (1 + log(2n4))?(log 6)3  (by (@3] and Lemma E3)

(1.72 x 10%7(1 4 log(2n4))?)(6.89 x 100 (1 + log(2n4)))?

ANVANRVARR VAN

log o
< 117 x 10 log(1 + log(2n4))°.
With the help of Mathematica, we get that ny < 4.6 x 10%°. Thus, using (&3]), we get
max{ky,n4} < 4.6 x 10%.
We record what we have proved.
Lemma 4.6. If my := max{my, mo} < 100, then
max{ky,n4} < 4.6 x 10%.

Case 2. my > 100.
Note that either m3 < 100 or m3 > 100 case in which by Lemma and the inequality
(@3], we have m3 < 160(1 + log(4n4))? provided that m, > 10000, which we now assume.

MONTH YEAR 11
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We let i € {1,2} be such that m; = mg3 and j be such that {i,j} = {1,2}. We assume that
ns > 100. We work with (£I7) for ¢ and (£I0) for j and noting the conditions n; > 100 and
m; = my > 100 are fullfilled. That is,

12

|kilog 6 4+ log(2L,y,,) — niloga| < —
Qi

12

|kjlogd —log2 — (nj +mj)logal < ;-

By a similar procedure as before, we eliminate the term involving log §. We multiply the first
inequality by k;, the second inequality by k;, subtract the resulting inequalities and apply the
triangle inequalty to get
12k;  12k;
Oé2mi a2lj

24k
< =2 (4.23)

o2 min{n;,m;}

|kjlog(2Ly,,) — kilog2 — (kjn; — ki(n; +m;))logal <

Assume that a2™{nimi}t 5 48k, We put
I's :=kjlog(2L,,,) — kilog2 — (kjn; — ki(nj + m;))log c.

We can write Ag := (2Lmi)kﬂ' 2~ ki g (kjni—ki(nj+m;)) _ 1 Under the above assumption and using

([@23), we get that
48k,
o2min{n;,m;}’
We are now set to apply Theorem Bl on As. First, we need to check that As # 0. Well, if
it were, then we would get that

Lff{i — oki—kj o (kjni—ki(nj+m;)) (4.25)

|As| = |e'® — 1] < 2|T'5] < (4.24)

We consider the following lemma.

Lemma 4.7. The equation ([L28]) has only many small positive integer solutions
(ki, kj,mi,ng,my,my) fori,j = {1,2} with ki < ka and m; < mo < 6. Futhermore, none of
these solutions lead to a valid solution to the original Diophantine equation (2.1I).

Proof. Suppose that ([Z.25) holds and assume that ged(ky, k) = 1. Since aFini—ki(ni+m)) ¢ Q,
then kjn; = ki(n; +m;). Next L]:r{i = 2ki=k;  Thus, k; > kj,soi =2, j=1, ko >k and
ma # 1. Since L,,, > 1 is a power of 2, it follows that mgy € {0,3}. Suppose mga = 0. Then
Lﬁ%z = 2k = gk2=k1 5o ky = 2k;. Hence, ki = 1 and ky = 2. Further, ny = 2(ny + my).
Thus, 29 = xp, = Ly, Ly, = 2L2(n1+m1) is even, which false because zo = 2:17% + 1 is odd.
Suppose next that mo = 3. Then 4%1 = 2%2=%1 Thus, ko = 3k1, so k1 = 1 and ko = 3. Next,
ng = 3(n1 +my). Hence, x1 = xy, = Ln, Ly, and 23 = x4, = Ly Liny = 4L3(5, 4m,)- By the
previous argument in the proof of Lemma £4] 8 divides x3 = x1(42? + 1), so 8 | 1. Since
x1 = Lp, Ly, and 8 1 L,, for any n, it follows that L,,, and L,,, are both even. Thus, 3 | nq,
3 | mi. Further, one of L,,, L, is a multiple of 4, so one of n;, m; is odd. Suppose both
are odd. Then 4 | Ly, 4 | Ly, so 16 | 21 | x3 | 4L3(n,4m,)- This implies that 4 | L3y, 41m,),
which is false because 3(n; +m1) is an even multiple of 3, and 2||Lgy, for any m. Suppose now
that one of nj, m; is an even multiple of 3, and the other is odd. Then ords(x;) = 3, where
orda(z) is the exponent at which 2 appears in the factorization of x. Hence,

3 = orda(r3) = ord2(4L3(n, 4my)) = 2 + orda(L3(n,+m1));
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giving orda(L3(p, 4m,)) = 1, which is again false since 3(n; +m;) is an odd multiple 3, so a
number of the form 3 + 6m, and for such numbers we have 4||L3;¢,,. Hence, in all instances
we have gotten a contradiction. O

Thus, by Lemma .7 we have thatl As # 0. So, we can apply Theorem [B.I] with the data
t:=3, M :=2Lp,, =2 y:=a b =k,
bg = —ki, bg = —(k'jm — k‘i(nj + m]))

From the previous calculations, we know that K := Q(v/2) which has degree D = 2 and
Ay == 4m;loga, Ay = 2log?2 and Az := loga. We also take B := 4n?. By Theorem B} we
get that

log |[As] > —1.4x30° x 3%5 x 22(1 +1og 2)(1 + log(4n?))(4m; log a)(2log 2) log «,
> —5.18 x 10'2m;(1 4 log(2n4)).
Comparing the above inequality with (4.24]), we get
2min{n;, m;}log a — log(48ks) < 5.12 x 10"%m;(1 + log(2n4)).
Since my > 100, we get using (430 ( ko < 4ny) that,

min{n;,n;} < 5.38 x 10"%(160(1 + log(4n4))?)(1 + log(2n4)) + %log(192n4),

which implies that
min{n;, m;} < 1.72 x 10°(1 + log(2n4))?. (4.26)

All this was under the assumptions that ns > 10000, and that o2™i{%mi} > 48k,. But, still
under the condition that ng > 10000, if a2™{"imi} < 48k, then we get an inequality for
min{n;,n;} which is even much better than (4.26]). So, ([A.26]) holds provided that ns > 10000.
Suppose say that min{n;,m;} = m;. Then we get that

mg < 160(1 + log(4n4))?,  myg < 1.72 x 10'°(1 + log(2n4))>.
By Lemma [£5] since mgz > 100, we get
n3 < (3.58 x 10'%)(160(1 + log(4n4))?)(1 + log(2n4))
x1.72 x 10" (1 + log(2n4))?
< 1.98 x 10%°(1 4 log(2n4))".
Together with Lemma 1], we get
log § < 3.80 x 10%°(1 4 log(2n4))°,
which together with Lemma [4.3] gives
ng < 4.30 x 10%°(1 + log(2n4))?(3.80 x 10%°(1 4 log(2n4))%)?,
which implies that
ng < 6.21 x 1057(1 + log(2n4))*. (4.27)

With the help of Mathematica we get that ny < 1.30 x 10?2, This was proved under the
assumption that ng > 10000, but the situation ns < 10000 already provides a better bound
than ny < 1.30 x 10'?2. Hence,

max{ko,n1,n2} < 1.30 x 1022, (4.28)
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This was when m; = min{n;, m;}. Now we assume that n; = min{n;,m;}. Then we get
n; < 1.72 x 10" (1 + log(2n4))>.
By Lemma [4.1], we get that
log § < 3.31 x 10" (1 + log(2n4))>.
Now by Lemma [£.3] together with Lemma [4.1] to bound I4 give
ng < 4.30 x 10%(1 + log(2n4)))?(3.31 x 10'°(1 + log(2n4))?)?
< 4.72 x 10°7(1 + log(2n4)) ™.
This gives, ng < 2.44 x 1080 which is a better bound than 1.30 x 10?2, We record what we

have proved.
Lemma 4.8. If my := max{my, ma} > 100 and n3 := min{ny,ns} > 100, then

max{ka,n1,n2} < 1.30 x 10122,

It now remains the case when m4 > 100 and n3 < 100. But then, by Lemma (1], we get
log 6 < 192 and now Lemma [£1] together with Lemma [£.3] give
ng < 1.56 x 1031 (1 + log(2n4))?,
which implies that ny < 103 and further max{ky,ni,no} < 100, We record what we have
proved.

Lemma 4.9. If my > 100 and ng < 100, then

max{krl, ny, ng} < 1040.

5. THE FINAL COMPUTATIONS

5.1. The first reduction. In this subsection we reduce the bounds for ki, mq, nq and
ko, mo, no to cases that can be computationally treated. For this we return to the inequalities
for I'y, I'y and I's.

We return to (£I5]) and we set s := ko — k1 and r := ko(n1 +mq) — k1(ng +ms2) and divide
both sides by slog a to get
24ko

a?m3glog o

log2 r

1
loga s (5.1)

We assume that 3 is so large that the right-hand side of the inequality in (5.1]) is smaller than
1/(2s?). This certainly holds if

o™ > 483 /log . (5.2)
Since ko < 1.3 x 1022, it follows that the last inequality (5.2)) holds provided that mg > 589,
log 2

which we now assume. In this case r/s is a convergent of the continued fraction of 7 := Tosa
and s < 1.30 x 10'?2. We are now set to apply Lemma [3.3

We write 7 := [ag; a1, a2,a3,...] = [1,2,3,1,2,3,2,4,2,1,2,11,2,1,11,1,1,134,2,2,...] for

the continued fraction of 7 and py /gy for the k—th convergent. We get that r/s = p;/q; for

some j < 237. Furthermore, putting a(M) := max{a; : j = 0,1,...,237}, we get a(M) := 880.
By Lemma [3.3] we get

1 1 <

88252 (a(M) +2)s2 ~

T ‘ 24k2
a?m3glog o’
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giving
882 x 24k2 882 x 24 x (1.30 x 10122)2
< <
log o log o

Oé2m3

9

leading to mas < 1190. We record what we have just proved.
Lemma 5.1. We have mg := min{my, mo} < 1190.

If my = mg, then we have i = 1 and j = 2, otherwise mo = mg implying that we have ¢ = 2
and j = 1. In both cases, the next step is the application of Lemma (LLL algorithm) for
(E23), where n; < 1.30 x 1012 and |k;jn; — ki(n; +m;)| < 10116, For each m; € [1,1190] and

I's := k;jlog(2Ly,,) — kilog 2 — (kjn; — ki(n; +m;))log a, (5.3)
we apply the LLL-algorithm on I's with the data
t:=3, 7 :=1log(2L,,,), m:=log2, 73:=loga
T = k’j, To = —k;i, x3:= k‘j’l’Li — k‘Z(’I’L] + m]').
Further, we set X := 106 as an upper bound to |z;| for i = 1,2,3, and C = (5X)5. A

computer search in Mathematica allows us to conclude, together with the inequality (4.23]),
that

24ko

2 x 107180 < min IDs| < -
1<min{n;,m;}<1190 o2 min{n;,m;}

(5.4)

Thus, min{n;, m;} < 1419. We assume first that ¢ = 1, j = 2. Thus, n; < 1419 or m; =
min{n;, m;} < 1419.
Next, we suppose that m; = min{n;, m;} < 1419. Since m; := mg < 1190, we have
ms = min{my,ma} <1190 and my := max{m, mo} < 1419.
Now, returning to the inequality (€.I9) which involves
Ty := kolog(2Ly,, ) — k1log(2Lyy,,) — (kani — king) log v, (5.5)

we use again the LLL algorithm to estimate the lower bound for |I'4| and thus, find a bound
for ny that is better than the one given in Lemma [£8 We distinguish the cases m3 < my4 and
m3 = my.

5.1.1. The case ms < my. We take my := mg € [1,1190] and mgy := my € [ms3 + 1,1419] and
apply Lemma with the data:
t:=3, 71 :=2Ly,, m:=2L,, 73:=Iloga,
ry1:=kg, wmy:=—k1, xg:=king— kang.

We also put X := 101¢ and C := (20X)?. After a computer search in Mathematica together
with the inequality (£.19]), we can confirm that

2 x 107120 < min T4 < 24kga—2m3,
1<m3<1190
m3+1<my4<1419

This leads to the inequality
a®ms < 12 x 10120k,

Sustituting for the bound k9 given in Lemma A8, we get that ny := n3 < 2950.
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5.1.2. The case m3z = my. . In this case m; = my < 1419 and we have
Ty := (ky — k1) log(2L,,,) — (keny — k1ne) log o # 0.
This is similar to the case we have handled in the previous steps and yields the bound on ny
which is less than 2950. So in both cases we have n; < 2950. From the fact that
logd < k1logd < 4njlog o < 5678,
and by considering the inequality given in Lemma [£.3] we conclude that
ng < 1.4 x 103 (1 4 log(2ns))?,
which with the help of Mathematica yields ny < 1.12 x 103®. We summarise the first cycle of

our reductions.
max{ky,m1} <n; <2950 and max{ky, my} < ny < 1.12 x 10%, (5.6)

From (5.6]), we note that the upper bound on ng represents a very good reduction of the bound
given in Lemma [4.8 Hence, we expect that if we restart our reduction cycle with the new
bound on ng, then we get better bounds on n; and ny. Thus, we return to the inequality (5.1])
and take M := 1.12 x 1038. A computer seach in Mathematica reveals that

gso > M >mng > ke —k; and a(M):=max{a; : 0 <i <82} =ay = 134,
from which it follows that m3 < 100. We now return to (5.3 and we put X := 1.12 x 10

and C := (20X)® and then apply the LLL algorithm in Lemma 3.5 to m3 € [1,100]. After a
computer search in Mathematica, we get

1.04 x 1071 < min  |Ty| < 24kgq 2 min{nams}
1<m3<100
then min{n;, m;} < 410. By continuing under the assumption that m; := min{n;,m;} < 426,

we return to (5.5) and put X := 1.12 x 10%°, C':= (20X)® and M := 1.12 x 1038 for the case
mg < my and the case mg = my. After a computer search, we confirm that

439x 10718 < min  |Ty| < 24kpa "3, (5.7)
1<m3<100
m3+1<my4 <426

This gives nq < 494 which holds in both cases. Hence, by a similar procedure given in the
first cycle, we get that ny < 3 x 1036,
We record what we have proved.

Lemma 5.2. Let (k;j,n;,m;} be a solution to the Diophantine equation xy, = Ly, Lyy,,, with
0<m; <n; fori=1,2 and 1 < k1 < ko, then

max{ki,m1} <ny <494 and max{ke, mo} < mgy <3 X 1036,

5.2. The final reduction. Returning back to (£9]) and ([4.I7) and using the fact that (z1,y1)
is the smallest positive solution to the Pell equation (L3]), we obtain

o= 30+ =5 (e V) + (0 -0va)")

1 (CRRTEEy I ) B B

Thus, we return to the Diophantine equation xy, = Ly, L,,, and consider the equations
Pl;'; (1) = Ln,Lm, and Py (21) = L, Ly, (5.8)
with k1 € [1,500], m; € [0,500] and n; € [m1 + 1,500].
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Besides the trivial case k1 = 1, with the help of a computer search in Mathematica on the
above equations in (0.8]), we list the only nontrivial solutions in Table [Il below. We also note
that

74+5V2 = (1+V2)>,

so these solutions come from the same Pell equation with d = 2.

X
QL) 1)

1 kl 1 Y1 d 1)
fizopn  d d 2 1 1 2 1+v2
2 2 1 3 2+3

2 1 5 245
2 5 2 6 5+ 2v6
2 7 5 2 7+ 5v2
2 10 3 11 10 + 3v/11
2 4 1 17 4417
2 4 1 15 4+ /15
5 6 1 . 6+ V35 2 2 1 677 26 + /677
2 179 1 32042 179 + /32042

TABLE 1. Solutions to P,i (1) = Lpy, L,

From the above tables, we set each ¢ := §; for t = 1,2,...10. We then work on the linear
forms in logarithms I'y and I's, in order to reduce the bound on ns given in Lemma From

the inequality (4.I0Q), for (k,n,m) := (ka,n9, ms), we write

log &; log 2 12 9
k — m2 .
2 log o (np +ma) + log(a~1) < log o “ ’ (5.9)
fort=1,2,...10.
We put
log d¢ log 2 12
— = d A B = .
Tt log o’ Mt log(a—1) and (A, Bt) loga’a

We note that 73 is transcendental by the Gelfond-Schneider’s Theorem and thus, 7 is irrational.
We can rewrite the above inequality, (5.9]) as

0 < |komy — (ng 4+ ma) + | < AB;7?™2, for t=1,2,...,10. (5.10)

We take M := 3 x 10?0 which is the upper bound on ny according to Lemma [5.2] and apply
Lemma [3.4] to the inequality (5.10). As before, for each 7 with t = 1,2,...,10, we compute
its continued fraction [a(()t), agt),agt), ...] and its convergents p(()t)/ qgt)7 pgt) / qgt), pg) / qét), .... For
each case, by means of a computer search in Mathematica, we find and integer s; such that

¢ >18x10% =6M  and & = ||uq?|| - M||mg®| > 0.
We finally compute all the values of b; := Llog(Atqg? /€t)/log By|/2. The values of b; corre-

spond to the upper bounds on ma, for each t = 1,2,...,10, according to Lemma [B.4]
Note that we have a problem at &7 := 2 + /5. This is because

2
2+\/5:2<1+\/g> = 2a2.

2

So in this case we have I'y := (ko — 1)log 2 — (ng + mo — 2ks) log . Thus,
12
(ko — 1)a?™2 log a

log2 ngo+ mo — 2k
log ko — 1
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By a similar procedure given in Subsection 5.1 with M := 3 x 103¢, we get that g;7 > M and

a(M) := max{a; : 0 <i <77} = 134. From this we can conclude that ms < 96.
The results of the computation for each ¢ are recorded in Table 2] below.

t Ot St qs, et > by
1 2+43 68 2.07577 x 1037 0.319062 94
2 5+2V6 91 8.19593 x 1037 0.087591 97
3 10+ 3V11 67 2.25831 x 1038 0.316767 96
4 44415 70 2.78896 x 1037 0.329388 94
5 6++/35 74 1.75745 x 1038 0.409752 96
6 14++2 76 2.02409 x 1037 0.263855 94
7 2445 - - — 96
8 4417 78 4.76137 x 1037 0.131771 96
9 264677 65 3.17521 x 1037 0.356148 94
10 179+ /32042 77 3.45317 x 1037 0.384127 94

TABLE 2. First reduction computation results

log a "2 log(a™1)

By replacing (k,n,m) := (ka,n2, mo) in the inequality (4.I7)), we can write
fort=1,2,...,10.

) log d; log(2Ly,) - < 12 )oz_2"2,
log
We now put

2
log d; log(2L,y,) 12
= me = ————— d (A By) = —, .
T loga’ Htme log(a~1) and (Ay, B) log o @

With the above notations, we can rewrite (5.11)) as
0 < |kome — Mg + pemy| < AB; 22, for t=1,2,...10.
We again apply Lemma [B4] to the above inequality (5.12]), for
t=1,2,...,10, me=1,2,...,b;, with M :=3x 10%.
We take
tms = [l ™| — M]rg ™[] > 0,
and

be = by = [log(Aral;™ /etm, )/ log By /2.

(5.11)

(5.12)

The case 67 = 2 + /5 is again treated individually by a similar procedure as in the previous
step. With the help of Mathematica, we record the results of the computation in Table

below.
t 1 2 3 4 5 6 7 8 9 10
€t,mo > | 0.0145 0.0002 0.0006 0.0034 0.0106 0.0005 — 0.0009 0.0019 0.0010
bt ms 97 103 102 99 99 100 102 100 99 100

TaBLE 3. Final reduction computation results
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Therefore, max{b;m, :t=1,2,...,10 and mo=1,2,...b;} < 103.

Thus, by Lemma B4, we have that ny < 103, for all £ = 1,2,...,10. From the fact that
oF < a"t™F6 we can conclude that k; < ko < 198. Collecting everything together, our
problem is reduced to search for the solutions for (2.I]) in the following ranges

1§k’1<k’2§200, 0<mp <ny <200 and 0 < mg < ng < 200.

After a computer search on the equation (2.1)) on the above ranges, we obtained the following
solutions, which are the only solutions for the exceptional d cases we have stated in Theorem
WAl

For the +1 case:

(d=3) r1=2=11Ly, xo=7T= L4lLn;
(d =15) 21 =4 = L3l = LoLg, x5=15124 = Lq1Lg;
(d = 35) 1 =6=LoLg, x3=846= LgLg.
For the —1 case:
(d=2) 21 =1=L3Ls, x9=3=Lsly, x3=7=L4L1, x9=1393 = Lq1Ly4;
(d=05) 1 =2=1IL1Ly, x9=9= Lolo;
(d=17) 21 =4 = L3y = LogLyg, x5 =33 = LsLo.
This completes the proof of Theorem 2.1 O
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ON THE z-COORDINATES OF PELL EQUATIONS WHICH ARE
PRODUCTS OF TWO PELL NUMBERS

MAHADI DDAMULIRA

ABSTRACT. Let {Pp,}m>0 be the sequence of Pell numbers given by Py =0, P, =1
and P42 = 2P, 41 + P, for all m > 0. In this paper, for an integer d > 2 which
is square free, we show that there is at most one value of the positive integer z
participating in the Pell equation z? — dy?> = +1 which is a product of two Pell
numbers.

1. INTRODUCTION
Let {P,, }m>0 be the sequence of Pell numbers given by Py =0, P, = 1 and
Pm+2:2pm+1+Pm

for all m > 0. This is sequence A000129 on the Online Encyclopedia of Integer Se-
quences (OEIS). The first few terms of this sequence are

{Pn}tm>0=0,1,2,5,12,29, 70, 169, 408, 985, 2378, 5741, 13860, 33461, . . ..

Putting (o, 8) = (14++/2, 1—+/2) for the roots of the characteristic equation 72 —2r—1 =
0 of the Pell sequence, the Binet formula for its general terms is given by
a™ — ﬂm
pP,=— forall m >0. 1
N (1)

Furthermore, we can prove by induction that the inequality

: (2)

holds for all m > 1.
Let d > 2 be a positive integer which is not a perfect square. It is well known that
the Pell equation

2 —dy® = +1 (3)

has infinitely many positive integer solutions (z,y). By putting (z1,y;) for the smallest
positive solution, all solutions are of the form (z,, y,) for some positive integer n, where

Tn + ypVd = (r1 + yl\/a)” forall n > 1. (4)
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Furthermore, the sequence {zj}r>1 is binary recurrent. In fact, the following formula

~ (m VA" A+ (21— yVd)"

" 2
holds for all positive integers n.
Recently, Kafle et al. [§] considered the Diophantine equation

Tn = FgFm, (5>

where {F,, }m>0 is the sequence of Fibonacci numbers given by Fy = 0, F} = 1 and
Foio = Fop1 + F,, for all m > 0. They proved that equation (Bl has at most one
solution n in positive integers except for d = 2, 3,5, for which case equation ([B]) has
the solutions 1 = 1 and z = 3, 1 = 2 and x5 = 26, 1 = 2 and x5 = 9, respectively.

There are many other researchers who have studied related problems involving the
intersection sequence {x, },>1 with linear recurrence sequences of interest. For example,
[4, 6, 9, 10] (111, 13, 14, [16].

2. MAIN RESULT

In [5], together with Luca and Rakotomala we studied a problem involving the in-
tersection of Fibonacci numbers with a product of two Pell numbers, so it is natural
to study the intersection of the x—coordinates of Pell equations with a product of two
Pell numbers. In this paper, we study a similar problem to that of Kafle et al. [§], but
with the Pell numbers instead of the Fibonacci numbers. That is, we show that there
is at most one value of the positive integer x participating in (3]) which is a product of
two Pell numbers. This can be interpreted as solving the Diophantine equation

Tn = ByPp,. (6)

Theorem 1. For each square-free integer d > 2 there is at most one n such that the
equation (@) holds.

3. PRELIMINARY RESULTS

3.1. Notations and terminology from algebraic number theory. We begin by
recalling some basic notions from algebraic number theory.
Let 1 be an algebraic number of degree d with minimal primitive polynomial over
the integers
d
apx? + a1z - ag = ao [ [(x — ),
i=1
where the leading coefficient aq is positive and the 1(?’s are the conjugates of 1. Then
the logarithmic height of n is given by

h(n) := é <log ap + Zlog (max{\n(i)\, 1})) :

In particular, if n = p/q is a rational number with ged(p,q) = 1 and ¢ > 0, then
h(n) = logmax{|p|,q}. The following are some of the properties of the logarithmic
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height function A(-), which will be used in the next sections of this paper without
reference:

h(n£7) h(n) + h(v) +log2,
h(ny*™) h(n) + h(7),
h(n®) = |s|h(n) (s €Z).

3.2. Linear forms in logarithms. In order to prove our main result Theorem [I]
we need to use several times a Baker—type lower bound for a nonzero linear form in
logarithms of algebraic numbers. There are many such in the literature like that of
Baker and Wiistholz from [2]. We use the one of Matveev from [I5]. Matveev [15]
proved the following theorem, which is one of our main tools in this paper.

<
<

(7)

Theorem 2. Let vy, ...,7 be positive real algebraic numbers in a real algebraic number
field K of degree D, by, ..., b be nonzero integers, and assume that
A= = 1 (8)

s nonzero. Then
log |[A| > —1.4 x 30" x ¢*° x D*(1 4+ log D)(1 + log B)A; - - - A,,
where
B > max{|bi], ..., b},

and

A; > max{Dh(~;),|logv:|,0.16}, forall i=1,...t

When ¢t = 2 and 74,7, are positive and multiplicatively independent, we can use a
result of Laurent, Mignotte and Nesterenko [12]. Namely, let in this case By, By be
real numbers larger than 1 such that

logv;| 1 .
logBizmax{h(%),‘ Olg)ﬂ,ﬁ}, for i=1,2,

and put

y o ol [0
" DlogBy, DlogB;’

Put

r.=ub 10g 7+ bo log Y. (9)
We note that I' # 0 because y,and v, are multiplicatively independent. The following
result is Corollary 2 in [12].

Theorem 3. With the above notations, assuming that ny,ny are positive and multi-
plicatively independent, then

21 1)\?
log |T'| > —24.34D* <max {log v +0.14, o 5}) log By log Bs. (10)

Note that with I given by (@), we have el — 1 = A, where A is given by (8) in case
t = 2, which explains the connection between Theorems 2l and
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3.3. Reduction procedure. During the calculations, we get upper bounds on our
variables which are too large, thus we need to reduce them. To do so, we use some
results from the theory of continued fractions.

For the treatment of linear forms homogeneous in two integer variables, we use the
well-known classical result in the theory of Diophantine approximation.

Lemma 1. Let 7 be an irrational number, f}’—g, ’;—i, ’;—;, ... be all the convergents of the

continued fraction of T and M be a positive mteger Let N be a nonnegative integer
such that gy > M. Then putting a(M) := max{a; : i =0,1,2,..., N}, the inequality
1
(a(M) 4 2)s?’
holds for all pairs (r,s) of positive integers with 0 < s < M.

r
T — —
S

>

For a nonhomogeneous linear form in two integer variables, we use a slight variation
of a result due to Dujella and Pethd (see [7], Lemma 5a). For a real number X, we
write || X|| := min{|X — n| : n € Z} for the distance from X to the nearest integer.
Lemma 2. Let M be a positive integer, g be a convergent of the continued fraction
of the irrational number T such that ¢ > 6M, and A, B, i be some real numbers with
A >0 and B > 1. Let further e := ||uq|| — M||rq||. If € > 0, then there is no solution
to the inequality

0<|ur—v+p| <AB™,
in positive integers u,v and w with
. log(Ag/e)
~— logB

At various occasions, we need to find a lower bound for linear forms in logarithms
with bounded integer coefficients in three and four variables. In this case we use the
LLL algorithm that we describe below. Let 71, 7,...7 € R and the linear form

T1T] + ToTo + - -+ + LTy with ‘ZL’Z‘ < Xz (11)
We put X := max{X;}, C > (tX)" and consider the integer lattice Q generated by
b;:=e;+|Cr;] for 1<j<t—1 and b;:=|Cr]e,
where C' is a sufficiently large positive constant.
Lemma 3. Let X1, Xs,..., X, be positive integers such that X := max{X;} and C >
(tX) is a fived sufficiently large constant. With the above notation on the lattice Q, we

consider a reduced base {b;} to Q and its associated Gram-Schmidt orthogonalization
base {b;}. We set

_ [[b]] _ bl 2
c1 —{ISL?éHij, 0= P Q= ZX and R:= 1—|—ZX
If the integers x; are such that |x;| < X;, for 1<i<tand*>Q+ R2, then we have

Zm > VI—Q- R

u< M and
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For the proof and further details, we refer the reader to the book of Cohen. (Proposition
2.3.20 in [3], pp. 53-63).

4. BOUNDING THE VARIABLES

We assume that (z1,y) is the smallest positive solution of the Pell equation (3]). We
set
11 —dyi =€, e € {£1},
and put
§ =11 + Vdy, and n =z — Vdy, = e
From (), we get

1
tn =5 (0" 4. (12)
Since § > 1+ v/2 = a, it follows that the estimate
n 571
— <@, <— holds forall n>1. (13)
Q Q

We let (n, ¢, m) := (n;, ¢;,;m;) for i = 1,2 be the solutions of ([@). By (2]) and (I3]), we
get

Tt < PP, =1, < o and 5—2 <z, = PP, <a'tm? (14)
" ! !
ncplogd <+ m <ncilogd+3  where ¢ := lo;a' (15)
To fix ideas, we assume that
m > /L and ny < ng.

We also put
O3 :=min{ly, o}, {4 :=max{l,l2}, mgz:=min{mi, my}, my:=max{ms, ms}.

Using the inequality (I5]) together with the fact that § > 1++1/2 = a (so, ¢;logd > 1),
gives us that

Ng < Nocylogd < 2mo < 2my,
SO
ny < ng < 2my. (16)

Thus, it is enough to find an upper bound on my. Substituting (1) and (I2]) in (6) we
get

1 Lo i m _ om

50" +7") = gla” = F)(a™ = 5). (17)
This can be regrouped as

5(22)a~"" — 1=~y — (Ba™) — (B + (Ba=)
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Since 8 = —a~!, n = d~! and using the fact that 5" > o/*™=3 (by (I4)), we get

4 1 1 1
n(o2\ ., —l—m
‘5 (2 )CY - 1‘ < Jroltm + @ + a2m + a2(t+m)
40 3 60

S Samm Tom S

In the above, we have also used the facts that m > ¢ and 4a® + 3 < 60. Hence,

60
n(o2\ ,—l—m
0"(2%)a~" " — 1] < 50 (18)
We let A := 6"(2%)a="™ — 1. We put
I':=nlogd —2log2 — (¢ + m)log a. (19)
Note that e" —1 = A. If £ > 100, then % < . Since |e" — 1| < 1/2, it follows that
120
r
By recalling that (n, ¢, m) = (n;, {;,m;) for i = 1,2, we get that
120
|n;logd —2log2 — (¢; + m;)logal < T (21)

holds for both ¢ = 1,2 provided ¢35 > 100.

We apply Theorem 2] on the left-hand side of (I8). First, we need to check that
A # 0. Well, if it were, then §"a =™ = i. However, this is impossible since 6”a~*"™ is
a unit while 1/4 is not. Thus, A # 0, and we can apply Theorem 2. We take the data

t:=3, =90, =2, y:=a b :=n, b :=2, byg:=—L—m.

We take K := Q(v/d, a) which has degree D < 4 (it could be that d = 2 in which
case D = 2: otherwise, D = 4). Since § > 1+ /2 = a, the second inequality in
() tells us that n < £+ m, so we take B := 2m. We have h(vy;) = h(d) = 1logé,
h(72) = h(2) = log2 and h(y3) = h(a) = 3loga. Thus, we can take A; := 2logd,
Ay :=4log2 and As := 2log a. Now, Theorem [2 tells us that
log |A] > —1.4x30° x 3% x 4%(1 + log 4)(1 + log(2m))(2log §)(41og 2)(2log )
> —5.34 x 10" 1og 6(1 + log(2m)).

By comparing the above inequality with (I8), we get

20log o — log 60 < 5.34 x 10" log §(1 + log(2m)). (22)
Thus
¢ < 5.36 x 10 1og §(1 + log(2m)). (23)
Since, §" < o™, we get that
nlogd < ({ +m)loga < 2mloga, (24)
which together with the estimate (23]) gives
nl < 5.35 x 10m(1 + log(2m)). (25)

Let us record what we have proved, since this will be important later-on.
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Lemma 4. If x, = P,P,, and m > {, then
0 < 5.36x10"%log §(1+log(2m)), nl < 5.35x10m(14+log(2m)), nlogs < 2mloga.
Note that we did not assume that ¢35 > 100 for Lemma [ since we have worked with

the inequality (I8) and not with (20). We now again assume that [3 > 100. Then the
two inequalities (2I]) hold. We eliminate the term involving logd by multiplying the
inequality for ¢ = 1 with ny and the one for ¢« = 2 with nq, subtract them and apply the
triangle inequality as follows

12(ng — ny)log2 — (na(ly + my) — ny(ly + ms)) log o

= |ng(nilogd + 2log2 — ({1 + my) log ) — ny(nglogd + 2log 2 — (¢y + my) log )|

< ngy|nilogd +2log2 — ({1 4+ my)log af + ny |nglog 6 4+ 2log2 — (€2 + my) log o

< 120ny  120m4 240n4
— Oé2é1 a2€2 a2€3 :
Thus,
240n
‘F| = |(n2 — nl) 10g4 — (n2(€1 + ml) — n1(£2 + mg)) lOgO&‘ < 7632 (26)

We are now set to apply Theorem [3] with the data
t:=2, m:=4, mi=a, b i=ng—ny, byi=mny(ly+my)—ni(ly+my).

The fact that v = 2 and v, = a are multiplicatively independent follows because « is
a unit while 2 is not. We observe that ny — n; < ny, whereas by the absolute value of
the inequality in (20), we have

2log?2 240n4
loga  a2%loga
because ¢3 > 100. We have that K := Q(«), which has D := 2. So we can take

|na(r +my) —ny(ly + mo)| < (2 —nq)

1
log B; = max{h(vl), | 0g71|’§} = 2log 2,

2
and
|log7a| 1 1
log By = i
og Bs max{h(w), 53 5
Thus,
— { +m1) —n1(€2+m2)| No
b — Ing —m| | |na(f < < ..
2log Bs * 2log By =2t 2log?2 "2

Now Theorem [ tells us that with
I' = 2(ny — ny) log 2 — (na(ly +my) — ny (b +my)) log a,
we have
log |T'| > —24.34 x 2% (max{log(2n,) + 0.14,10.5})* - (21og2) - (1/2).
Thus,
log |T'| > —270 (max{log(2n,) + 0.14,10.5})*.
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By comparing the above inequality with (20), we get

205 log o — log(240n,) < 270 (max{log(2n,) + 0.14,10.5})°.
If ny < 15785, then log(2ny) + 0.14 < 10.5. Thus, the last inequality above gives

203log a < 270 x 10.5% + log(240 x 15785),

giving ¢3 < 16000 in this case. Otherwise, ny > 15785, and we get

2(03log o < 270(1 + log ny)? + log(240m5) < 280(1 + log ny)?,
which gives

5 < 160(1 + log ny)%.

We record what we have proved

Lemma 5. If ¢35 > 100, then either

(i) ny < 15785 and €5 < 16000 or
(ii) mg > 15785, in which case €3 < 160(1 + logngy)?.

Now suppose that some ¢ is fixed in (@), or at least we have some good upper bounds
on it. We rewrite (@) using (1) and (I2) as

%(5” Pt = (- g7,

2v/2
SO
V3 V3
5n v m_ ] = Y2 gn,mm —1\m
Since £ > 1, B=—a"t, n=2ed"! and 0" > a3, we get
(V2 V2 1 V2a? 1
Ml—]a™m-1| < < 4
P Pédnam a2m a2t+m) a?2m
V2at +1 50
S T w0 S e
Q Q

where we have used the fact that m > ¢ > 1 and v2a* 4+ 1 < 50. Hence,

(V2 50
(L)oo 2

a2m :
50

o < % for m € {my, ms}, so we get by the

A = (27)

We assume that mg > 100. In particular,
previous argument that

100
ITy| := ‘nlog5+log(\/§/Pg) — mlogoz‘ < —-. (28)
a

We are now set to apply Theorem [2 on the left-hand side of (27]) with the data
t:=3, m:=0, 1:=V2/P, v3=a, b:=n, by:=1 bs:=—m.

First, we need to check that A, := 6"(v/2/P;)a™™ — 1 # 0. If not, then 6" = o™ P, /\/2.
The left-hand side belongs to the field Q(v/d) but not rational while the right-hand side
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belongs to the field Q(v/2). This is not possible unless d = 2. In this last case, ¢ is a
unit in Q(v/2) while P,/+/2 is not a unit in Q(v/2) since the norm of this last element is
P?/2 # +1. So Ay # 0. Thus, we can Theorem Bl We have the field K := Q(v/d, v/2)
which has degree D < 4. We also have

1 1 1
h(m1) = 3 logd, h(vy) = max {5 log 2, log Pg} and  h(y3) = 5 log .

Since Py < af~! < 2% we can take
Ay :=2logd, Ay:=8llog2 and Aj:=2loga.
Then, by Theorem 2 we get
log |[A;] > —1.4x30°x 3% x 4%(1 +log4)(1 + logm)(2log §)(8¢log 2)(21og a)
> —7.58 x 10/ 1og §(1 + logm).
Comparing the above inequality with (27), we get
2mlog a — log 50 < 7.58 x 10"/ log §(1 + logm),

which implies that

m < 4.30 x 10"/ 1og §(1 + logm). (29)
We record what we have proved.
Lemma 6. If x, = P,P,, with m > { > 1, then we have

m < 4.30 x 10 log §(1 + logm).

Note that we did not use the assumption that ¢3 > 100 of that msz > 100 for Lemma
6] since we worked with the inequality (27]) not with the inequality ([28)). We now assume
that ms > 100 and in particular (28)) holds for (n,¢,m) = (n;, ¢;, m;) for both i = 1, 2.
By the previous procedure, we also eliminate the term involving log ¢ as follows
100ny  100n,

N9 log(\/§/Pg1) —n log(ﬁ/sz) — (ngmy — nyma) loga| <

Oé2m1 Oé2m2
20071,2
A (30)
We assume that a®™ > 400n,. If we put
Ty := nylog(v2/Py,) — nylog(v2/Py,) — (ngmy — nyms) log e,
we have that |['y] < 1/2. We then get that
400n4
|A2| = |6F2 — ]_| < 2|P2| < o2ms (31)
We apply Theorem [2] to
Ao = (VB[P (VB Py M ammims)
First, we need to check that Ay # 0. Well, if it were, then it would follow that
E — 2(n1—n2)/2an2m1—n1m2' (32)

no
Pél
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By squaring the above relation, we get that a?2™ ~™™m2) ¢ Q, s0 nym; = mony. Thus,
PZ;/PZ2 = 2(m=m2)/2 Tf n; = n,, then together with nom, = nyms we get m; = my
and now from z,, = P, P,,,, we get that P, = P,,, so {; = {5. This is impossible. If
¢y > 2 then the Carmichael Primitive Divisor Theorem for Pell numbers says that if
Uy # Uy (so £y # ly), then Py, has a multiple of a prime > 2 which does not divide Py,.
This is not possible in our case. So, still under the assumption that ¢4 > 2, we get
that £, = (3 s0 P! ™" = 2(n=n1)/2 "oiving that P, = v/2, a contradiction. Thus, £, < 2.
Also the previous argument shows that ¢; # /5. We now list all the Pell numbers with
indices at most 2. The only ones which is a multiple of 2 is P, = 2. So 2 € {{1,(5}.
It follows that the other index has to be 1 since the only indices k£ < 2 such that P
is a power of 2. Since ny < ng, the exponent (n; — ny)/2 of 2 is negative, so it follows
that ¢, = 2 and ¢, = 1. So we get the equation 272 = 2(m="2)/2 which does not yield
positive integer solutuions in nq,ns. So Ay # 0. Thus, we can now apply Theorem
with the data

t:: 37 fyl = \/S/PZN /72 = \/S/PZN 73 = OK, bl :n27
bg = —Nny, bg = —(n2m1 — n1m2>.

We have K = Q(v/2) which has degree D = 2. Also, using (I0), we can take B := 2m2.
We can also take Ay := 44, log 2, As := 4l5log 2 and A3 := log a. Theorem [2 gives that

log |[Ag| > —1.4x30°% x 3% x 22(1 + log 2)(1 + log(2m3)) (41, log 2) (415 log 2) log o,
> —6.57 x 10"2/,45(1 + log(2m3)).
By comparing this with the inequality (B31I), we get
2ms log o — log(400n,) < 6.57 x 10'20,45(1 + log(2m?)).
Since ny < 2my and my > 100, we get that log(48ny) < 1+ log(2m3). Thus,
ms < 6.6 x 10120, 05(1 + log(2m3)). (33)

All this was done under the assumption that a®™ > 400n,. But if that inequality fails,
then

ms < c11og(400ny) < 12(1 + log(2m3)),

which is much better than (B83]). Thus, (33) holds in all cases. Next, we record what we
have proved.

Lemma 7. Assume that mg > 100, then we have
ms < 6.6 x 10M20105(1 4 log(2m3)).

We now start finding effective bounds for our variables.
Case 1. /4, < 100.
Then ¢; < 100 and /5 < 100. By Lemma [/l we get that

ms < 6.6 x 101°(1 + log(2m3)).
By Lemma [, we get
logd < 2msloga < 6.6 x 10'%(1 + log(2m3)).
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By the inequality (I3]), we have that

my < m4+€4—1
< ngcplogd + 2
<

1oga(5‘36 x 101(1 + log(2my4)))(6.6 x 10'°(1 + log(2m3)))

< 4 x 10™1og(1 + log(2my4))(1 + log(2m3)).
With the help of Mathematica, we get that my < 5.3 x 103*. Thus, using (I6]), we get
max{n,, my} < 1.1 x 10*°.
We record what we have proved.
Lemma 8. If ¢, := max{/y, (>} < 100, then
max{ny, my} < 1.1 x 10*.

From now on, we assume that ¢, > 100. Note that either /3 < 100 or /3 > 100 case
in which by Lemma [ and the inequality [[6, we have 3 < 160(1 + log(2my))? provided
that m4 > 10000, which we now assume.

We let i € {1,2} be such that ¢; = ¢35 and j be such that {7, j} = {1,2}. We assume
that ms > 100. We work with (28) for ¢ and (2I)) for j and noting the conditions
m; > 100 and ¢; = ¢4 > 100 are fullfilled. That is,

100
n;logd + log(v/2/Ps) — miloga| < ——,
Q=i

120

|njlogd —2log2 — (¢; + mj)loga| < TR

By a similar procedure as before, we eliminate the term involving logd. We multiply
the first inequality by n;, the second inequality by n;, subtract the resulting inequalities
and apply the triangle inequalty to get

a2mi + O[2lj
220712
q2min{m;,4;}°

n;log(V2/Py,) — 2n;log 2 — (nym; — nym; +nil;)loga| <
(34)

Assume that a2™{mat} > 440n,. We put
I3 :=n, 1og(\/§/Pgi) —2n;log 2 — (njm; — n;m; + n;l;) log o

We can write Ay := (v/2/ Py, )2~ 2iq~(nymitnimi=nilj) _ 1 Under the above assumption
and using (B4]), we get that

440
As| = el — 1| < 2|74 < 12 (35)
6]

2min{m;,(;} "
We are now set to apply Theorem 2] on As. First, we need to check that A3 # 0.
Well, if it were, then we would get that

n; R, VO sy f
Pfij —9 2m+nj/2an]ml nlmj—l—nléj' (36)
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By similar arguments as before and the Carmichael Primitive Divisor Theorem for Pell
numbers, we get a contradiction on (B6]). Thus, A3 # 0. So we can apply Theorem
with the data

t:=3, m:=V2/P, =2 yi=a b =n,
bg = —2712', bg = —(njmi — nimj + nzﬁj)

From the previous calculations, we know that K = Q(+/2) which has degree D = 2 and
Ay = 40;1og2, Ay = 2log2 and Az := 2loga. We also take B := 2m3. By Theorem
2, we get that

log |[As] > —1.4 x30°% x 3% x 2%(1 +log 2)(1 + log(2m3))(4¢; 1og 2)(2log 2) log a,
> —3.30 x 10"24;(1 + log(2m})).

Comparing the above inequality with (33]), we get
2min{m;, {;} log a — log(440my) < 3.30 x 10";(1 + log(2my)).

Since my4 > 100, we get using (I6]) that ny < 2my. Hence,
min{m;, I;} < %3.30 % 1012 x 160(1 + log(2ma))?(1 + log(2m2)) + % log(880m2),

which implies that
min{m;, £;} < 3 x 10"°(1 + log(2my4))*(1 + log(2m3)). (37)

All this was under the assumptions that ms > 10000, and that o2™™{m4} > 440n,.
But, still under the condition that m, > 10000, if a2™{"m4} < 440n,, then we get an
inequality for min{m;, ¢;} which is even much better than (37). So, (37) holds provided
that m4 > 10000. Suppose say that min{m;, ¢;} = ¢;. Then we get that

3 < 160(1 +log(2my))?,  £4 < 3 x 10"°(1 + log(2my))?(1 + log(2m3)).
By Lemma [7], since ms > 100, we get

ms < (6.6 x 10")(160(1 + log(2m4))?)(1 + log(2m3))
x3 x 10" (1 + log(2my4))?(1 + log(2m3))
< 3.2 x 10°°(1 + log(2m3))°®.

Together with Lemma [l we get
logd < 3.2 x 10%°(1 4 log(2m3))",
which together with Lemma [ gives

my < 4.30 x 10"%(3 x 10" (1 + log(2m4))?(1 + log(2m3)))
x (3.2 x 10°°(1 + log(2m3))®)(1 4 log my),

which implies that
my < 4.1 x 10%(1 + log(2m3))*. (38)
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With the help of Mathematica we get that my < 3.8 x 10%°. This was proved under the
assumption that my4 > 10000, but the situation m4 < 10000 already provides a better
bound than m4 < 3.8 x 10%. Hence,

max{nsy, mi, my} < 3.8 x 10%. (39)

This was when ¢; = min{m;, {;}. Now we assume that m; = min{m;, ¢(;}. Then we
get

m; < 3 x 10"(1 + log(2m3))®.
By Lemma [, we get that
log§ < 3 x 10"(1 + log(2m3))>.
Now by Lemma [ together with Lemma [ to bound I give
my < 4.30 x 101(5.36 x 10"*(3 x 10'5(1 + log(2m3))*)(1 + log(2m)))?

x (14 log(2m3)))(3 x 10"(1 + log(2m3))*)(1 + log my),
< 2% 10%%(1 + log(2m3))"°.

This gives, my < 1.6 x 10%* which is a better bound than 3.8 x 10%5. We record what
we have proved.

Lemma 9. If {4 := max{/l1,ls} > 100 and mg := min{my, my} > 100, then
max{ny, my, my} < 3.8 x 10%.

It now remains the case when ¢, > 100 and m3 < 100. But then, by Lemma [ we
get log d < 100 and now Lemma [] together with Lemma [7] give

my < 2 x 103 (1 + log(2m2))?,

which implies that my < 103 and further max{n;, m;, mo, } < 10%°. We record what
we have proved.

Lemma 10. If /4, > 100 and mz < 100, then

max{ni, my, mg, } < 10%.

5. THE FINAL COMPUTATIONS
We return to (26) and we set s := ny — ny and 7 := ny(€1 +my) — ny (e + m2) and
divide both sides by sloga to get

240n4
a?tssloga’

logd r

(40)

log s

We assume that /3 is so large that the right-hand side of the inequality in (40]) is smaller
than 1/(2s%). This certainly holds if

o > 480n3/ log av. (41)

Since ny < 3.8 x 10%, it follows that the last inequality (@) holds provided that
(3 > 227, which we now assume. In this case r/s is a convergent of the continued
fraction of 7 :=log4/loga and s < 3.8 x 10%*. We are now set to apply Lemma [Il
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We write 7 := [a; a1, as, as, ... = [1,1,1,2,1,13,2,1,5,4,1,3,1,8,1,10,1,1,2,3, .. ]
for the continued fraction of 7 and pg/qx for the k—th convergent. We get that r/s =
p;/q; for some j < 170. Furthermore, putting a(M) := max{a; : j =0,1,...,170}, we
get a(M) := 1469. By Lemma [T, we get

1 1
— <‘7’—

1471s2  (a(M) +2)s? —

r ‘ 240n4
a?issloga’

giving

a0, 1471 x 24003 1471 x 240 x (3.8 x 10%°)?
o < <
log a log a

Y

leading to ¢3 < 230. We record what we have just proved.
Lemma 11. We have ¢35 < 230.

If ¢ = {3, then we have i = 1 and j = 2, otherwise ¢, = /3 implying that we have
i =2 and j = 1. In both cases, the next step is the application of Lemma B (LLL
algorithm) for (34), where n; < 3.8 x 10% and |n;m; — nym; + nl;| < 10%. For each
¢; € [1,230] and

I3 :=n, 1og(\/§/Pgi) —2n;log 2 — (n;m; — nym; + n;{;) log o,
we apply the LLL algorithm on I's with the data

t:=3, m:=log(V2/P,), m:=log4, 73:=loga

Ty = Nj, T2 =Ny, T3:=nN;m;—n;m,; + ’n,l£]

Further, we set X := 10% as an upper bound to |z;| < 2ny fori = 1,2, and C := (5X)°.
A computer search in Mathematica allows us to conculde, together with the inequality

[34] that

2 x 1070 < min T3] < ey
1<min{m;,l;}<230 a2 min{m;,l;}

(42)
Thus, min{m,, ¢;} < 401.

We assume first that ¢ = 1,7 = 2. Thus, min{m,, {5} < 401 can be split into two
branches. If m; < 401, then ¢; +m; < 631, and by (I5) we obtain n; < 556. For
¢y < 401 we run the LLL algorithm on (B0) with 2 < ¢; < 230 and ¢; < ¢, < 401
for each n; < 3.8 x 108 and further |nym; — nyms| < 10°°. This results in the upper
bound mj3 < 412. This in turn splits into either m; < 412 or my < 412. Suppose that
my < 412, together with ¢; < 230 and (IH)), it yields n; < 565. For ms < 412 and
that ¢ < 401, and then () gives ny < 716. Clearly, now n; < 715. The symmetric
case i = 2,7 = 1 with min{ma, ¢} < 401 is anologous. We record the results of the
computation in the table below.
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61 mq s 62 mo N9
230 401 556
230 412 565 401
230 715 401 412 716
552 230 401 556
401 412 716 230
6. 401 556 230 412 565

By similar arguments given in Kafle et al. [§] by applying Lemma [II Lemma 2 and
Lemma [3] on the appropraite linear forms in logarithms, we can further reduce these
bounds to

O Lo

(<200, my <200, {45 <120, mo <120, ny < 150. (43)

The final verification of our results was carried out according to the bounds in ([43])
to check all the possibilities. With the help of a computer search in Mathematica we
found no values of d that lead to at least two positive integer solutions to ([€). This
completes the proof of Theorem [Il O
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