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TABLEAU STABILIZATION AND RECTANGULAR TABLEAUX
FIXED BY PROMOTION POWERS

CONNOR AHLBACH

ABSTRACT. We introduce tableau stabilization, a new phenomenon and statistic
on Young tableaux based on jeu de taquin. We investigate bounds for tableau
stabilization, the shape of stabilized tableaux, and tableau stabilization as a per-
mutation statistic. We apply tableau stabilization to construct the sufficiently
large rectangular tableaux fixed by powers of promotion, which were counted by
Brendon Rhoades via the cyclic sieving phenomenon [Rhol0l Theorem 1.3].

1. INTRODUCTION

In this paper, we introduce tableau stabilization, a new phenomenon we found
in order to construct sufficiently large rectangular tableaux that are fixed by pro-
motion powers. Central to defining and investigating tableau stabilization are
Schiitenberger’s jeu de taquin and the rectification operator, which are already well-
established algorithms in the theory of Young tableaux. Tableau stabilization is the
phenomenon that if we attach sufficiently many shifted copies of a skew tableau to
its right and then rectify, some copy and all of those to its right only experience hor-
izontal slides. We will investigate when the vertical slides stop, i.e. when the skew
tableau stabilizes. We will also determine the shape of the stabilized tableau if the
initial skew tableau had same size rows. The same size rows case is used to construct
sufficiently large rectangular tableaux that are fixed by promotion powers. We leave
the reader with open problems on tableau stabilization, most notably extending our
bound from equal row sizes and finding its distribution as a permutation statistic.
See Section [2] for definitions and further background.

Definition 1.1. For any standard skew tableau S, let S*) denote the result of
attaching (k —1) shifted copies of S to the right of S so that the result is a standard
skew tableau. Let m denote the size of S and k be a positive integer. We say S
stabilizes at k if the entries in [(k — 1)m + 1, km] lie in the same rows in Rect(S®*))
and S®). Let stab(S) denote the minimum value at which S stabilizes.
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Example 1.2. Let Rect denote the rectification operator. Consider
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Notice 2 does not lie in the same row in S and Rect(S®)), but 7,8,...,12 do.
Hence, stab(S) = 2. As 13,14,...,18 also stay in the say row in S®) and Rect(S®)),
S stabilizes at 3 as well. Notice 10 does not lie in the same row in 7 and Rect (7)),

but 13,14, ...,18 do. Hence, stab(T') = 3.
Also consider
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Notice that 9 does not in the same row in U®) and Rect(U®), but 15,16, ...,21

do, so stab(U) = 3.

Tableau stabilization is defined on skew tableaux whose row sizes weakly decrease
from top to bottom. Otherwise, S*) need not be a standard skew tableau, see
Remark B4l Two of the most basic facts about tableau stabilization are that once a
skew tableau stabilizes, it continues to stabilize, and any skew tableau must stabilize
eventually, Lemma B9l A more interesting property of stabilization is that it is
constant on dual equivalence classes, Theorem B.6l

The same size rows case is of particular interest to us because we use it to construct
sufficiently large rectangular tableaux that are fixed by certain promotion powers.

We also have better results in this case.
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It is natural to ask what bounds there are for when a tableau stabilizes. In
Example 2] S,T,U all had 3 rows and stabilized at 3. Note S in Example
actually stabilized earlier. Does every skew tableau with b rows whose sizes weakly
decrease from top to bottom stabilize at b7 We have verified that the answer is yes
for all standard skew tableaux of size at most 7 and random searching on larger
tableaux has failed to produce a counterexample (computations in Sage, [Stel9)]).

Conjecture 1.3. Any standard skew tableau with b rows and decreasing row sizes
stabilizes at b.

In the same size rows case, Conjecture [[L3]is true, Theorem [[L4l Theorem [[.4] will
give us explicit bounds on the dimensions of the rectangular tableaux we construct to
be fixed by various promotion powers. Although we have not proven Conjecture [[L3]
we have deduced a weaker, but still linear, bound for skew tableaux with b rows of
decreasing size, Theorem This weaker bound shows Conjecture [L3]is true when
b= 2. The b = 3 case is open.

Theorem 1.4. Any standard skew tableau with b rows of the same size stabilizes
at b.

Theorem 1.5. Any standard skew tableau with b > 2 rows and decreasing row
sizes stabilizes at 2b — 2.

We have a way to determine the shape of Rect(S®*)) if S has b rows of size r,
and k > b—1, Theorem This approach is instrumental in proving Theorem [[4]
Both Theorem [[L4] and Theorem are essential in our proof of Theorem [[.T4l See
Section 2land Section B for missing definitions. Purbhoo and Rhee effectively proved
the r = 1 case in [PR17, Lemma 11(ii)].

Theorem 1.6. (r = 1, [PR17, Lemma 11(ii)]) Suppose S is a standard skew tableau
with b rows of size r. Let wq,...,w, denote the entries in each row read from left
to right, starting from the bottom. For k > b — 1, Rect(S®)) has shape (A1,...,\p),
where

b—j j—1
(1) /\j:kr—l—ZCi—Zci forall j =1,...,b,
=1 i=1

and
¢; = (the length of the first row of P(w;w;+1)) —r foralli=1,...,b—1.

We defined tableau stabilization in order to construct the sufficiently large rect-
angular tableaux fixed by powers of promotion. Dennis White conjectured and
Brendon Rhoades proved a very interesting cyclic sieving phenomenon, [RSW04],
regarding the action of promotion on rectangular standard Young tableaux, Theo-
rem [[LT0] [Rhol0, Theorem 1.3]. This result shows that the number of rectangular
standard Young tableaux of shape (ab) fixed by d promotions equals the number
of standard %b-ribbon tableaux of shape (a?), Corollary [Rho10), Corollary 9.1],
which is the same as the number of standard tableaux of the shape associated to
the %2-quotient of (a®) [DLT94], Corollary
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Definition 1.7. For any set W and map g : W — W, define
W9 ={weW:gw)=w}.

Definition 1.8. Suppose (), is a cyclic group of order n generated by o,, W is
a finite set on which C), acts, and f(q) € Z>o[g]. We say the triple (W, Cy, f(q))
exhibits the cyclic sieving phenomenon (CSP) if for all k € Z,

k
(2) HW = f(wn),
where w,, is a fixed primitive n-th root of unity.

For a,b € Z>1, let

b times

and let SYT(a®) denote the set of standard Young tableaux of shape (a®).

Theorem 1.9. [Hai92, Theorem 4.4] Schiitzenberger’s promotion operator p : SYT(a?) —
SYT(a®) has order ab.

By Theorem [L9] the cyclic group (p) generated by p : SYT(a’) — SYT(a’) has
order ab. Following a conjecture Dennis White, Rhoades proved that using the ¢-
analog of the hook length formula on shape (a’) gives rise to a CSP for the action
of (p) [Rhol0, Theorem 1.3]. Let h. denote the hook length of cell ¢ in the Young
diagram of (a’).

Theorem 1.10. [Rhol0, Theorem 1.3] (Conjectured by White, 2007) For a,b € Z>1,

<SyT(ab), (p) %)

exhibits the CSP.

[ab]q!

The polynomial m in Theorem [[.T0O] has notable connections to tableau
ce(ab)l’"c

statistics and representation theory [Rhol0]. First, the hook length formula [FRT54]
tells us

(ab)!
#SYT(a’) = =——F—,
Hce(ab) he
making I [?bj;’[!h T the g-analog of the hook length formula for the shape (a®). Sec-
ce(a <

ondly, it is a g¢-shift of the major index generating function on Standard Young
tableau of shape A:
[ab]q! _ (b) .
= =4q " SYT(A\)"(q).
Hce(ab) [hc]q

Thirdly, SYT()\)™#(g) corresponds to the graded multiplicities of the Specht module
S* in the coinvariant algebra [Sta99, Corollary 7.21.5]. Namely, for A - n,

SYT(N)™3(q) = 3 (RE, $V)d",
k>0
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where RF is the degree k& component of the coinvariant algebra R,, of S,,.

Rhoades proves Theorem by finding a basis of the Specht module S (@) on
which the long cycle o, acts by promotion up to a sign, [Rhol0l, Proposition 3.5]. He
uses the Kazhdan—Lusztig construction of the irreducible S,,-representations, which
is governed by descents sets of tableaux and the top coefficients of the Kazhdan—
Lusztig polynomials. Identifying permutations with their insertion tableaux, he
shows that the symmetrized Kazhdan—Lusztig p function on rectangular tableaux is
invariant under simultaneous promotion. Moreover, he defines a cyclic descent set
on rectangular tableaux which promotion cycles.

Because o, acts by promotion up to a sign on the Specht module indexed by
(a®), we have, by the definition of character,

(3) #SYT(a®)P" = |\ (0d,)],

where x* is the character of the Specht module indexed by A. The following Corollary
then follows from (3), the Murnagnan—Nakayama Rule, and the fact that all r-ribbon
tableaux of a given shape have the same height parity [JK81| 2.7.26].

Corollary 1.11. [Rhol0, Corollary 9.1] For a,b € Z>1, and d | ab,

b
# SYT(ab)pd = # standard <%> —ribbon tableaux of shape (a’).

Kevin Purbhoo also gave an alternate proof of Corollary [L.T1] using the Wronksi
map [Purl3, Theorem 1.5]. The Wronksi map takes a b-dimensional subspace X of
polynomials with degree up to a+b—1 and outputs the determinant of the Jacobian
of a basis for X, which is well-defined up to scalar multiplication. The generic fibers
of the Wronski map are in bijection with rectangular standard Young tableaux of
shape (a). If we restrict to points in the fiber of the Wronski map that are fixed by

a certain Cg-action, Purbhoo shows that the generic number is both # SYT(ab)pd
and the number of %b-ribbon tableaux of shape (a?), proving Corollary [T

Now, r-ribbon tableaux of shape A only exist when A has empty r-core [DLT94].
Moreover, when A has empty r-core, r-ribbon tableaux of shape A bijectively cor-
respond to standard fillings of the r-quotient of A, [DLT94] or [Will6l Lemma 2.1].

With these two facts, we can rephrase Corollary [LT11] as follows.
Corollary 1.12. [Rhol0, Corollary 9.1] For a,b € Z>; and d | ab,
# SYT(Q%b(/\)), if (a®) has empty %-core,

0, else

(4)  #SYT(@)P = {

where @,(\) is the r-quotient of A\ combined anti-diagonally into a single a skew
shape.

However, neither Rhoades’s nor Purbhoo’s proof describes which rectangular
tableaux are fixed by d promotions. The problem of constructing these fixed points
is still open. We make substantial progress on this problem by characterizing all of
the sufficiently large tableaux fixed by a given power of promotion. By Theorem [I.9,
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SYT(a?)P" is only nonempty when d | ab. Furthermore, we show in Section [ that all

nonempty cases are of the form SYT((ar)b)pr up to conjugation. Thus, it suffices
to answer Question [[I3l

Question 1.13. For a,b,r € Z>1, which tableaux lie in SYT((ar)?)P""?

Some cases of Question [[LT3] have already been answered. The a = 1 case is a
trivial consequence of Theorem SYT(rb)pr = SYT(r?). The r = 1,a > b case
was solved by Kevin Purbhoo and Donguk Rhee, [PR17] in 2017. Their construction
uses an algorithm similar to tableau stabilization. For each w = wi...w, € Sy,
they put wi,...,w, in cells placed anti-diagonally. Then they perform rectification
while refilling the anti-diagonal cells with n plus whatever entry just left it. This
algorithm agrees with stabilizing the anti-diagonal tableau and then restricting to
cells left of this anti-diagonal. Finally, they perform the analogous algorithm with
outer slides toward the southwest corner of (a’) and attach the two results along
the anti-diagonal to get a rectangular tableau of shape (a’) fixed by p®.

The a = 2 case was solved by Dennis White, [Whi06], and independently by
Donguk Rhee in his Master’s thesis, [Rhel2] using the same construction. For the
sake of completeness and so there is a record of this construction in the literature,
we present their construction in Section [7l

We answer Question [LI3] for all b,7 € Z>; and a > 2b — 1, Theorem [[.14l In
addition, the tableaux we construct in SYT((ar)b)ple are in natural bijection with
SYT(Qq((ar)?)), which are in bijection with standard %b-ribbon tableaux of shape
(a®), as in Corollary [LT2}, solving [Rhol0], Problem 9.4] for a > 2b—1. Describing the
tableaux in SYT((ar)?)P"" for a € [3,2b — 2] remains open, see Open Problem

Let Rect denote the rectification operator and Rect® denote the anti-rectification
operator, which slides a skew tableau until it is right-justified, see Definition B.11
For partitions A, i, let AU p denote the result of combining A and p anti-diagonally
into a single skew shape, see Example 2.I81 By Corollary [[L12], the tableaux in
SYT((ar)?)P"" are in bijection with SYT((r)U- - -U(r)), with b pieces. For any tableau
S e SYT((r)U---U(r)) and integer a > 2b—1, let R,(S) be the rectangular tableau
formed by row-concatenating Rect(S®~1), §@=20+2) 1 (h —1)r and Rect*(S®~1) +
(a — b+ 1)r together from left to right.

Theorem 1.14. For any b,r7 € Z>; and integer a > 2b — 1, the tableaux in
SYT(((M")I’)ple are all constructed as follows:

SYT((ar)?)*" = { Ro(S): S € SYT((r)U--- U (r))

b times

In addition,

©) #SYT((QT)b)pr B (r, r,éf. ,7“>'
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Moreover, since promotion commutes with itself, SYT((ar)?)P" is closed under
the promotion operator. Using the extension of promotion to skew shapes, we will
show that promotion commutes with the R, operator.

Corollary 1.15. For alla > 2b—1 and S € SYT((r)U---U(r)),
—— —

b times
p(Ra(S)) = Ra(p(s))'

The a = 2 case uses a similar construction, but it does not require tableau stabi-
lization. Using Corollary [LI2} the tableaux in SYT((2r)?)P" are in bijection with
SYT((T[%]) U (TL%J)) For S € SYT((T[%]) U (TL%J)) Let R»(S) is formed by at-
taching Rect(S) and Rect*(S) + br together from left to right. We show promotion
commutes with the Ry operator as well.

Theorem 1.16. [Whi06] [Rhel2] For b,r € Z>1,
SYT((2r)")"" = {Ro($) : S e sYT((TEhyu el

In addition,

#SYT((2r)")P" = (LSJTT

2

># syT(rl81) - gsyT(rls)).

Corollary 1.17. [Whi06] [Rhel2] For all S € SYT((T(%—‘) U (rng)),
p(R2(5)) = Ra(p(5))-

In Section 2] we review the necessary background. In Section B we introduce
tableau stabilization and prove some of its general properties, notably Theorem
In Section [l we restrict our attention to stabilization on tableaux with same size
rows, prove Theorem [[.4, and prove Theorem In Section Bl we discuss anti-
stabilization and prove it coincides with stabilization when both are defined. In
Section [0, we employ tableau stabilization to explicitly construct SYT((aT)b)ple for
a > 2b—1, proving Theorem [I.14] and describe promotion on SYT((ar)b)pbr for a >
2b — 1. In Section [7, we explicitly construct SYT((ZT’)b)pr, proving Theorem [I.16],
and describe the action of promotion on SYT((ZT)b)pr. In Section B we study
stabilization as a permutation statistic. In Section [, we present open problems.

2. BACKGROUND

2.1. Words and Tableaux. A word is a finite sequence of letters in Z>i, the set
of positive integers. For any sequence w, let w; refer to the j-th letter of w and ¢(w)
refer to the length of w. A word wiws ... w, is increasing if w; < wo < --- < w, and
decreasing if w1 > wo > - -+ > w,. A subsequence of a word wiws ... w, is a word of
the form w;, wi, ... w;, for some 1 < iy <ip < --- <ip <n. Let [n] ={1,2,...,n}
and [a,b] = {zx € Z:a < x <b}. The descent set of w = wy ... w, is

Des(w) ={i € [n — 1] : w; > wit1}.
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A partition X = (A1,..., ;) is a weakly decreasing sequence of positive integers.
Wesay AFnor [A|=nif Ay +---+ Ay =n. We view A as a left-justified diagram
with A1,..., Ag cells in its rows from top to bottom, using English notation. If A, u
are partitions so that all of the cells in p are in A, the skew shape A/ is the set of
cells in A but not in u.

A (semistandard) tableau is a filling of a partition with entries from Zx>1 so that the
rows are weakly increasing and the columns are strictly increasing. A (semistandard)
skew tableau is such a filling of a skew shape. For a skew tableau S, let |S| denote
the number of cells in S. A skew tableau S is standard if it uses 1,...,|S| exactly
once. For partitions \, u, let SYT(X),SYT(A\/u) denote the set of standard skew
tableaux of shape A\, A/, respectively. We say a skew tableau has straight shape if its
shape is a partition. For any skew tableau S, let rv(S), the row vector of S, denote
the sequence of row sizes from top to bottom so that rv(S); denotes the number of
cells in row j of S. The row vector of S coincides with the shape of S when S has
straight shape. The reading word of S is the sequence of entries in S read left to
right along the rows, from bottom to top. Let X, S’ denote the conjugates of A, S,
respectively, obtained by interchanging the rows and columns. For a standard skew
tableau S, its descent set is

Des(S) = {i : (i + 1) lies strictly below i in S}.

5 =

246\9\
3058

is a standard skew tableau with skew shape (7,5,5,3)/(5,5,1,0),|S| = 9,rv(S) =
(2,0,4,3),rv(S)s = 4, reading word 358246917, and Des(S) = {1,2,4,7}.

2.2. Row Insertion and Jeu de Taquin. This paper uses row insertion, the
Robinson—Schensted—Knuth correspondence (RSK), and jeu de taquin heavily. We
will state the known properties we will use here, but we assume the reader is already
familiar with row insertion, RSK, and jeu de taquin. We recommend [Sag01], Chap-
ter 3] or [Ful97, Chapter 1] for background on these algorithms and their properties.

Example 2.1.

Definition 2.2. For any tableau 7" and x € Z>1, let T' <— x be the tableau obtained
by row inserting x into 1'. For a word w = wiws ... w,, let

T w=/_..(T < wy1) < w2)...) < wy,.

Let P(w) := @ < w denote the insertion tableau of w and Q(w) denote the recording
tableau of w, which records the order the cells are created in @ < w. Then,

(6) Des(w) = Des(Q(w)),
which is a consequence of Lemma

Definition 2.3. The bumping chain for the row insertion T' < z is the set of cells
in T < x which are bumped into or created while row inserting z into 7.
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Example 2.4. We highlight the bumping chain of this insertion in yellow:

sl7]8], s_[1]3]5]6]8]
10[11|14 2 [7]10]11]14
12[15 419115

13 12

o 13|

Lemma 2.5. [Ful97, §1.1] Let T be any tableau, and consider the sequential row
insertions (T < z) < y.

(i) If x <y, the bumping chain of y is strictly right of the bumping chain of z.
(ii) If z > y, the bumping chain of y is weakly left of the bumping chain of x.

We will need the following generalization of Lemma [2.5)(ii) that allows for inter-
mediate insertions between x and y. Because insertions can only decrease the value
of each cell, Lemma [2.5((ii) still holds if the intermediate bumping chains avoid the
bumping chain of x.

Lemma 2.6. Let T be any tableau, and consider the sequential row insertions
(...((T < x) < x1) -+ < x1) < y. If the bumping chains of z1, ...,z are disjoint
from the bumping chain of x and x > y, then the bumping chain of y is weakly left
of the bumping chain of z.

The insertion tableau was originally defined to study increasing subsequences
of words by Schensted, who proved that the length of the first row of P(w) is
the maximum length of an increasing subsequence of w [Sch61]. Later, Greene
generalized this result to describe rv(P(w)) in terms of increasing subsequences of
w [Gre74]. Since reversing a word w transposes the shape of P(w), analogous results
hold for decreasing subsequences and the conjugate shape.

Theorem 2.7. [Gre74] Suppose w is a word and let A = (A\q,...,\p) = rv(P(w)).
Then, for any k < b, Ay + - -- + A\ is the maximum length of a subsequence of w
which is the disjoint union of k increasing subsequences. If N = (\],..., )\2( )\)), then

for any k < £(\), A} +--- 4+ X} is the maximum length of a subsequence of w which
is the disjoint union of k decreasing subsequences.

Definition 2.8. For any skew tableau S, an inner slide on S is the act of sliding into
an outer corner of the inner shape of S and continuing to slide into the created hole
so that increasing rows and columns are preserved until we reach an outer corner
of S. Let Rect(S) denote the rectification of S, obtained by continually performing
inner slides until straight shape is achieved. Rect(S) is well-defined in that it is
independent of the order of the slides. See Example 2.9
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Example 2.9. Consider

g = 1
4
2171811
5 110]12]13

We continually perform inner slides to the yellow x cell as follows. The green cells
indicate which cells were just moved by the previous inner slide.

Therefore,

11]13
10]12

Rectification has many important roles in algebraic combinatorics. It is related to
the RSK correspondence as in Lemma It is involved in one of the many ways
to define the Littlewood—Richardson coefficients, Definition 2.I1l Inner and outer
slides are also essential in defining promotion, demotion, and evacuation, Definitions

and 2141

Lemma 2.10. [Ful97) §2.1, Corollary 2] For any skew tableau S,
(7) Rect(S) = P(w),

where w is the reading word of S.

Definition 2.11. [Ful97, Chapter 5.1] Given any skew shape \/u and v = |\ — |,
the corresponding Littlewood—Richardson coefficient is

C;)l,u = #{S € SYT(\/u) : Rect(S) = To}
for any Ty € SYT(v). The number c;)vy is independent of the choice of Ty € SYT(v)

[Ful97, Corollary 5.1.1].

Schiitzenberger’s promotion operator on standard tableaux, Definition 2.12] ap-
pears in the context of representation theory. Promotion also generalizes to linear
extensions of finite posets, including skew tableaux.

Definition 2.12. For any skew shape \/u, promotion p : SYT(A/u) — SYT (/1)
is given by erasing the label 1, sliding that cell until it hits an outer corner of A/,
filling that outer corner with |\| — |u| 4 1, and finally decrementing all of the entries
by 1. Demotion is given by erasing the label n, sliding that cell until it hits an
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inner corner of A, filling that inner corner with 0, and finally incrementing all of the
entries by 1. Demotion and promotion are inverses when \/u is rectangular, but
not in general. The names “promotion” and “demotion” for these operations are
often interchanged, such as in [Rhol0].

Example 2.13.

D 113 6 N 3 6 s 516 . 415 .
214 11 214 11 10|11 9110
7191(10(12 719/10]|12 12| * 11]12
For an example on a skew shape,
p: 21612 . 12 -~ 12 -~ 11 ‘
319 * 318 2|7
415|811 415 11 5 [11] % 4110(13
7110|13 7110|113 10|13 12
We will only use demotion on rectangular shapes, when it is the inverse of promotion.
p L 11356 . 113|516 N 1 6 L 112147 '
214|8|11 214|811 2|4 8 315|619
719110|12 719(10| % 71911011 8 |10|11]12

Definition 2.14. Suppose A - n. For T' € SYT()), the evacuation of T, e(T) €
SYT(A) is the standard tableau that records the reverse order in which the cells are
vacated as the smallest entry is repeatedly removed and the remaining skew tableau

rectified.

Example 2.15. Consider

W N =

Repeatedly removing the smallest entry and rectifying, we get the sequence

1145 4]5] 13145 45\
216 6 6 6
3

WD

Recording the reverse order in which the cells are vacated gives



12 CONNOR AHLBACH

Definition 2.16. Two standard skew tableaux S, T are dual equivalent if they differ
by a sequence elementary dual equivalence moves. The elementary dual equivalence
move d; swaps the cells of i+ 1 and i if ¢ F 1 appears between them in reading order:

|

Haiman studies dual equivalence in [Hai92]. He defines dual equivalence as the
property that the same sequence of slides produces the same shape and then proves
this property is characterized by Definition 2.T6] [Hai92, Theorem 2.6]. Moreover,
elementary dual equivalences moves commute with slides, [Hai92 Lemma 2.3], so:

(8) d;(Rect(S)) = Rect(d;(5)),

for all integers 7 and standard skew tableaux S. Haiman uses dual equivalence to
prove Theorem Two permutations are dual equivalent if they differ by moves
of the form

G ED L GFD i i (GFD) . (1)

for any integer i. By Definition 216l dual equivalence of standard tableaux of
the same skew shape corresponds to dual equivalence of their reading words [Hai92),
Lemma 2.11]. Dual equivalence classes of permutations are indexed by their common
recording tableau: for all v,w € S,

9) Q(v) = Q(w) <= v and w are dual equivalent.

2.3. Quotients and Cores of Partitions. We review the definition of quotients
and cores of partitions. We present a version due to James and Kerber [JK81|
Section 2.7] by viewing the boundary path of a partition as a binary sequence.
Many other equivalent variations for the quotient and cores of partitions are known,
such as [Mac95, I, Exercise 1.8]. In our case, it will prove convenient to view the
r-quotient as a skew shape by combining its pieces anti-diagonally.

Definition 2.17. Consider the map
¢ : {Partitions} — {Infinite binary strings with initial 0’s and terminal 1’s}

given by tracing the boundary path of the partition from southwest to northeast
and writing 0 for each up step and 1 for each right step. The initial 0’s represent
the up steps along the negative y-axis, and the terminal 1’s represent the right steps
along the positive z-axis. We can thus view these sequences as finite binary strings
where we can remove initial 0’s and terminal 1’s.

For any partition A and r € Z>;, we form the r-quotient, Q,(\), and r-core,
Cy(N), of X as follows. Let w = ¢()), and for each j = 1,...,7, let w\) denote
the subsequence of w whose positions are congruent to j modulo r. Let A =
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e Hwm), ..., A0 = o= (w). Then, Q,()\) is the result of combining A, ... A(")
into a single skew shape anti-diagonally, denoted AV U---UX") | with A(!) southwest
of A®@ southwest of A3, etc. Finally, let @ denote the binary sequence obtained
after performing all swaps of the form

ley ... 2p—10 = 021 ... 2p11

on w until the 0’s are are far left as possible. The order of swaps is irrelevant
since we only swap two numbers whose indices are congruent modulo r. Then, set

Cr(A) = 71 ().
Example 2.18. Suppose A = (7,5,5,5,3,2,1) and r = 3. Tracing the boundary
path of A and labeling vertical steps with 0’s and horizontal steps with 1’s,

0
ol 1 1
0
0
ol 1 1
ol 1
ol 1
1
Therefore,
w = p(A\) = 10101011000110,
S0

w® =10101 = 1010,  w® =01100 = 1100,  w® = 1001 = 100,
which correspond to
AD = o 1w = (2,1), A® = ol (w@) = (2,2), A®) = o 1 (w®) = (1,1).

Thus,

Qs(\) = (2,1)U(2,2)U(1,1) = = (5,5,4,4,2,1)/(4,4,2,2).

Finally, performing all possible swaps of the form 1xy290 — Ox1221 on w gives
w = 00000010111111 = 10,

which corresponds to
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We need to know what rectangles have empty r-core and what the r-quotient is
in that case. Then, we can apply Corollary to find # SYT(ab)pd, and we will
know when we have constructed all of the tableaux in # SYT(ab)pd. These results
were known by Dennis White and are implicit in [Whi06], unpublished work. We
include their proofs here for completeness.

Lemma 2.19. Suppose a,b,r € Z>1 and r | ab. Then, (ab) has empty r-core if and
only if r | a or r | b.

Proof. The binary word corresponding to the rectangle A = (a®) is
©(A) = 10°.

From Definition 217, A has empty r-core if and only if performing all possible
swaps of the form 1z ...z,_10 — 0z ...2z,_11 to 1%0° results in 0°1%. Hence, (ab)
has empty r-core if and only if the positions of the zeros, namely a + 1,...,a +
b are congruent to 1,2,...,b modulo r, in some order. We say two multisets

{B1,---Bm}s{M,---,7ym} are congruent modulo r, denoted {51, ..., Bm} =r {71,---,Ym},

if there exists a permutation w € Sy, so that f,; = v; for all j = 1,...,m. Then,
the r-core of (a®) is empty if and only if

(10) {a+1,...,a+0b} = {1,...,b}.

By the division algorithm, we can write a = kr + 7 and b = fr + j with k,¢ € Z>¢
and 4,7 € [0,7 — 1]. Then,

{fa+1,...;a4+b={i+1,...,i+b}={0,....r =1} U{i+1,...,i+j}
{1,...,0} =, {0,...,r =1} U{1,....j}.

Combining (I0)) and (II]) gives

(12) {i+1,...,i+5}={1,...,5}.

Since i, j € [0, — 1], (I2)) holds if and only if i = 0 or 7 = 0, or equivalently r | a or
r | b.

(11)

O

Remark 2.20. We can also characterize a partition A having empty r-core using
r-ribbons. The r-core of a partition A is the smallest partition u that an be obtained
from A by successively removing r-ribbons. From this perspective, it is clear that if
r | @ or 7 | b, then the r-core of (a’) is empty. However, it is less obvious that the
r-core of (a’) is empty only if r | a or 7 | b.

Corollary 2.21. Suppose a,b,d € Z>; and d | ab. If SYT(ab)pd # &, then
SYT(a")P" = SYT((kr)®)*”", or SYT(a?)?" = SYT(a"")P"

for some k,r € Z>;.
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Proof. By Corollary [L12] if SYT(ab)pd # @, then (a®) has empty %b—core. By
Lemma [2.19] this means
(13) %b\a, or%b]b:>b\d,ora\d.

Ifb|d,letr::%GZZl,sod:brand

d|lab = r|a = a = kr for some k € Z>.

br

Hence, SYT(a?)P* = SYT((kr)?)P".
SYT((a*")P"" for some k,r € Z>1.

Otherwise, a | d, so similarly, SYT(ab)pd

O

Thus, SYT(a?)P” is empty unless it is of the form SYT((ar)?)P"" or SYT (b )P"
by Corollary 2.2l However, since promotion commutes with conjugation,
SYT(b* )" = {T': T € SYT((ar)?)?""}.

Therefore, it suffices to consider to describe the tableaux in SYT((ar)?)P”" to find
SYT(ab)pd in general, as in Question [[.13]

Lemma 2.22. For a,b € Z>1, let s =b (moda) € [0,a —1]. Then, for any r € Z>1,

Qu((ar)) = [EyuuelEhuelihu . u el

s times a—s times

Proof. Following Definition 217, v := (ar)? corresponds to the binary sequence
o(v) =100
Hence, Qq(v) = v U--- U@ where
v = =) = ol r ()fﬂ) = (r(ﬂ)
YD) — =@ = pmlar olaly = (L2 ),
O

2.4. Generalized Sums. Later in Section [4] it will be convenient to allows sums

n . . n
Zj:m where m > n. For a sequence ag,aq,..., we generalize the notion Zj:m a;

from m < n to all m,n € Z>¢ as follows, as in Section 2.6 of [GKP94].

Definition 2.23. For m,n € Z>q, define

n n m—1
(14) Zaj ::Zaj— Zaj,
j=m j=0 j=0

where S a; =0. In particular, for m > n, we have
7=0"J

n .
0, ifm=n+1,
(1) Su - { -
j=m

—Zj:n+1aj, ifm>n+1.
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We make Definition 2.23] so that

(16) Z aj + Z a; = Z aj

j=n+1

for all m,n,p € Z>(, which is an immediate consequence of (I4]). We introduce this
notation so we can rewrite (Il) more elegantly as

b—j
(17) No=kr+) e
=7

In addition, we will make use of the following lemma involving Z;L:m aj withm >n
in Section [

Lemma 2.24. For any positive integers b > ¢ > 1 and any sequence ai,ao,...,

b+j—t—1 b—j
a; = E E a;.
Jj=1 =1 Jj=11=j

Proof. We have

t btj—t—1 t t b—t—1 t btj—t—1
Z Z a; = ZZ&H—Z ai—l—z a; by (L6])
j=1 i=j j=11i=j j=1 i=b—j+1 =1 i=b—t
t b—j t b—t—1 b—j
:ZZCLH—Z Z az—i-Zai
j=1i=j j=1 \i=b—j+1 i=b—t

by re-indexing the last sum by 7 — t 4+ 1 — j. Then,

b— t -
az“‘z Z a; by{m)

j=1 i=b—j+1

t btj—t—1
>

=1 i=j

Il
- 1M-
M° SMQ

<.
Il
—

al by (I5]).

<.
Il
—
.
Il

<.

3. TABLEAU STABILIZATION

In this section, we recall tableau stabilization from the introduction and explore
its properties. After defining row shift equivalence and equivalent definitions of
tableau stabilization, we show stabilization is invariant under dual equivalence. We
show stabilization continues after its first occurrence and prove an upper bound for
stabilization when it is defined.

Definition 3.1. For any skew tableau S, let S 4+ = denote the result of adding = to
each cell of S. We say two skew tableaux S1 and Sy are row shift equivalent, denoted
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~, if there exists a constant x so S; + x and Sy differ only by horizontal slides. For
example,

4| 2[4 13]14]16]

1517
0 0

Row shift equivalence is a natural equivalence relation for our purposes since
stabilization is unaffected by horizontal slides. Using Definition 3.1} we can rephrase
the definition of tableau stabilization, Definition [[.1], in various ways as follows.

~

‘cnoo»—n
w
ot

Definition 3.2. For c < d, let S|[c,d} be the restriction of S to the cells with entries
in [c,d]. Suppose S is a standard skew tableau with m entries and decreasing
row vector. Recall that S*) is the result of attaching (k — 1) shifted copies of
S to the right of S so that the result is a standard skew tableau. This means
S(k)h(j_l)mﬂ i) ™ S forall j =1,...,k. We say S stabilizes at k if any of the
following equi;/alent conditions hold:

(a) Rect(S(k))|[(k_1)m+1,km] ~5,

(b) R‘eCt(S(k))h(k—l)m-i-l,km] and S have the same number of cells in each row,
(¢) rv(Rect(S®)) — rv(Rect(S*—1)) = rv(S).

Let stab(S) denote the minimum value at which S stabilizes. See Example for
examples.

It is easy to see that Definition [3.2la), (b), (c) are all equivalent to Definition [[1]
First, (a) is just a rephrasing of Definition [[LIl Secondly, (a) clearly implies (b).
Thirdly, (b) and (c) are equivalent because

rv(Rect(5™) ) = rv(Rect(S®)) — rv(Rect (SE~D)).
[(k—1)m-+1,km]

Finally, if (c) holds, then since Rect(S (k))| is obtained by sliding the

[(k—1)m+1,km]

cells in S + (k — 1)m, the slides from S + (k — 1)m to Rect(S(k))!Kk_l)mJrl —
only be horizontal. Hence, ReCt(S(k))‘[(k—l)m-i-l,km] ~S.
Remark 3.3. By definition of rectification, we have
Rect(SV)) = Rect(S(jH))‘[l - for all j > 1,
7jm
SO
Rect(S)) = Rect(S™) forall 1 <i<j<k.
[(i—1)m+1,im] [(i—1)m+1,im]

Thus, to determine if S stabilizes at j for any j < k, it suffices to consider Rect (S (k)).
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Remark 3.4. We only consider standard skew tableaux with decreasing row vectors
so that S is a standard skew tableau for all k € Z>1. If the row vector of S is not
decreasing, then S*®) need not be a skew tableau. For example,

2:>S(2): 257
113 113]4|6

S =

which is not a skew tableau both because of its shape and the third column not
being increasing.

Lemma 3.5. Suppose S, T are standard skew tableaux with S ~ T". Then, Rect(S(k)) =
Rect(T™)) for all k € Z>; and stab(S) = stab(T).

Proof. Consider any k € Z>;. By definition of row shift equivalence restricted to
standard skew tableaux, S*) and T®*) have the same reading word, so Rect (S (k)) =
Rect(T™) by Lemma ZI0l Let m = |S| = |T|. Then, if S stabilizes at k,

Rect(T™) = Rect(S%)) ~S~T,
[(k—1)m,km] [(k—1)m,km]

so T stabilizes at k as well. Similarly the converse holds, and stab(S) = stab(7"). O

Theorem 3.6. If S, T are dual equivalent standard skew tableaux, then stab(S) =
stab (7).

Proof. By Definition 216l we may assume T = d;(S) without loss of generality.
Shifting the entries by a constant preserves this relationship, so T+ x = d;1,(S + )
for all positive integers z. It follows by the definition of S*) in Definition [ that

(18) T = d; o digm 0+ 0 dig (1) (S®) for all k > 1,

where m = |S| = |T|, which means S®) T are dual equivalent. By (&), (IJ)
implies

(19) Rect(T™) = d; o dippo---o dH(k_l)m(Rect(S(k))) for all £ > 1.
Since elementary dual equivalence moves preserve the row vector,
rv(Rect (T™)) = rv(Rect (S™)) for all k > 1.
Hence, stab(S) = stab(T") by Definition B:2(c). O

Example 3.7. Consider

5= 2] o 1]

4] 4]
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which satisfy T' = da(S). Then,

10
11

Rect(S®)) = , Rect(T®)) =

11

1
2
4110
8 |12

CO| = W|

12

which satisfy Rect(T®)) = dyodgodio(Rect(S®))). Notice that dy swaps 1 and 2 in S
and T but swaps 2 and 3 in Rect(S®)) and Rect(T(®)). Here, stab(S) = stab(T) = 3,
which is consistent with Theorem

In order to show any standard skew tableau S with decreasing row vector eventu-
ally stabilizes and then continues to stabilize, consider $(°) obtained by attaching
infinitely many shifted copies of S to the right of S so that the result uses 1,2,...
exactly once. As the row vector of S is decreasing, the rows and columns of S(>) are
increasing. We can rectify S(>) with inner slides just like any skew tableau using
the following lemma.

Lemma 3.8. Suppose S is a standard skew tableau with m entries and decreasing
row vector. When rectifying S(>)| if all inner slides so far pass horizontally through
the entries in [(k — 1)m + 1,km]| for some k € Z>;, then they pass horizontally
through all entries greater than km.

Proof. We localize our attention to the entries in [(k —1)m+ 1, km] and suppose all
inner slides so far have proceed horizontally through [(k — 1)m + 1, km]. Consider
one such slide:

® (T |..|rjma|eee]e. ﬂjg 120 T I 1 7 ':L'] ﬂjg [ ]

Yi |- | Yi \Yit1| - | Yn Yo |-\ Yi |- yr-1| Yn

where ¢ > h and j = h — ¢ + 1. This means
To < Yotri-1 forall /=1,...,h —i+1.

Then, if we include the relevant entries in [km + 1, (k 4+ 1)m], we have

o x| o]y |2 :L‘; 3:;
/ /
Y1 |- | Yo [vitr| e | Yn | YT |- - [Youa| -+ | Y,
x e 1| 25 To | 2 x! x| e
N 1]---Tj—1 gl g 1l I R g
/ ! /
Yo |-\ Yi|---Wh—t|Yn Y1 |-+ | Ys |---| Yp

where 2, =z +m,y, =ys+m,s=i+g—h >i,t =h—s+1 < j. This slide also
proceeds horizontally through [km + 1, (k + 1)m] because

x2<y2+i_1§yé+s_1 forall £=1,...,h—s+ 1.
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Also, any cell whose diagonally southwest neighbor is in a different shifted copy of
S slides horizontally. It follows inductively that this slide and thus all slides so far

proceed horizontally through all entries greater than km.
0

Lemma 3.9. Suppose S is a standard skew tableau with decreasing row vector.
Then, S must stabilize eventually, and if S stabilizes at k, then S stabilizes at k' for
all k' > k.

Proof. Suppose S has b rows and skew shape A/u. Then S (°°) can be rectified with
|p¢| inner slides, with p; of them starting in row i. Each inner slide starting in row
7 has at most b — 7 vertical slides. By Lemma [B.8] these b — ¢ vertical slides must
happen before or within the first b — 4 shifted copies of S that have yet to experience
vertical slides. Hence, all vertical slides take place in the first Z?:l wi(b — 1) shifted
copies of S. This means S stabilizes at Z;’:l wi(b—1i) + 1.

Suppose S stabilizes at k. Thus, the entries in [(k—1)m+ 1, km] have experienced
no vertical slides, so all entries greater than km have experienced no vertical slides
by Lemma [3.8 Therefore, S stabilizes at &’ for all &’ > k.

d

While Lemma B.9] shows that any standard skew tableau with decreasing row
vector must stabilize eventually, its bound for stabilization, Z?:l pi(b—14) + 1, is
very weak. This naive bound depends on the inner shape, whereas our general
bound, Theorem [L5 only depends on the number of rows b, and is linear in b. Any
standard tableau T' of straight shape has stab(T') = 1 trivially since Rect(7) = T.
Any nonempty standard skew tableau S with 1 row also has stab(S) = 1 trivially.
Theorem gives a general bound, 2b — 2, for b > 2 rows.

Definition 3.10. For any word u = ujusa...u, and m € Z>1, let
u+m = (up +m)(ug +m)...(u, +m).
In addition, for k € Z>1, let
™ = y(u 4+ m)(u+2m)... (u+ (k —1)m)
If m is implicit, let ©®) = w*&™) For example, if u = 134,k = 2, and m = 5, then
(134)@) = (134)2%) = 134689.

Notation 3.11. Suppose S is a standard skew tableau with decreasing row vector
(re,rp—1,...,72,71), S0 that its size is m :=ry + -+ + rp. Let wy, wa,. .., wp denote
the entries in S read from left to right in rows b, (b —1),..., 1, respectively, so that
the reading word of S is wyws ... wy. For the rest of this paper, m will be implicit,
so u®) = (&™) for any word u. Thus, the reading word of S*) is wgk)wék) . wl()k).
Hence, by Lemma [2.10]

(20) Rect(SH) = P(wgk)wgk) . wl()k)).
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For j=1,...;band k > 1, let
(21) 7™ (8) == P(wPwl® . w®),
so that Tb(k)(S) = Rect(S®).
Example 3.12. If

112

then r1 =2,ro = 2,73 =3,m =7, w; = 12,ws = 37, w3 = 456. Also,

112371014 [17 |21
819 15|16

T = P(1289(15)(16)37(10)(14)(17)(21)) =

Numbers bigger than 9 in a sequence are parenthesized to avoid confusion.

Our goal is to understand the tails of the rows in Tb(k)(S) for sufficiently large
k, which will turn out to k > 2b — 2, Lemma In order to understand what
happens to the tails of the rows under these row insertions, Lemma [3.14] we need to
understand various comparisons between the elements we are inserting, Lemma B.13]

Lemma 3.13. Suppose u,v are increasing words on [m]| with respective lengths
r < s. Recall P(uv) denotes the insertion tableau of the concatenated word uv, and
let

¢ =rv(P(uw)); — s.
Then, for each k& > 1,
(22) v,gk) < uyfr)c for all ¢t € [rk — ¢].

Proof. By Theorem 2.7, 1v(P(uv)); = ¢+ s is the maximum length of an increasing
subsequence of uv. For any j € [r — ¢, the subsequence

ULUD « - . UjcVjVj41 - - - Vs
of uv has size ¢+ s + 1, so it is not increasing. As u, v are increasing, this forces
(23) vj < ujyc for all j € [r —¢.

Now, by Definition B3.10]

(24) upl s =+ (- Dm, vl =+ (i - Dm

foralli € [0,k —1],5 € [r],7 € [s]. Ifi € [0,k —1],5 € [r —¢], then j + ¢ < r, so

k . .
(25) Ui(s-)i-j =vj+ (1 —1)m < ujre+ (i — )M = Uiy jre < Uistjre
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using ([23]), » < s, and that w is increasing. On the other hand, if i € [0,k —2],j €
[r—c+1,s], thenv; <mand j+¢>r+1,so
(k) . .
(26) Vis+j = Y5 + (Z - 1)m <im < U(i+1)r+1 < Ujrtjre < Uistjte,
also using r < s and that w is increasing. Combining ([25]) and (26) gives Lemma[3.13
O

Lemma 3.14. Suppose i,m € Z>1, u,v are increasing words on [(i — 1)m + 1,im]
with respective lengths r < s, and w,w’ are increasing words on [(i — 1)m]. Then,
for all k > 2,

k—
] ot - [ZT T
o | (u+m)FD

where z,z’ are increasing words on [im], possibly with different lengths.

Proof. First, consider the insertion wu® < w'. Since each element of w' is <
(i — 1)m and all elements of u*) are > (i — 1)m + 1, the elements of u(¥) that w’
bumps down must form a consecutive sequence w” starting from the beginning of
u®) | possibly empty. Letting ¢ = rv(P(uv)) — s, u v creates a tableau whose
first row has size ¢ + s, meaning v bumps down r — ¢ elements from u. Hence, in
wu®) « w'v, after w' bumps down w” from u®), v bumps down at most r — ¢
elements from u. Thus, as each element of v is < im, v also bumps down at least
c+ s —r of the initial elements that are after both w” and w. In particular, as r < s,
the c initial elements of (u 4 m)*~1) are bumped down in wu®) « w'v.

Let ¢ > ¢ be the number of initial elements of (u + m)*~1 that are bumped
down in wu®) « w'v. By Lemma B3 and u being increasing,

(v+ m)gk_l) < (u+ m)gizl) < (u+ m)il_:,l) for all t € [r(k—1) —].

It follows inductively that the insertion of (v 4+ m)*~Y) bumps down all of the

remaining elements of (u +m)*~1) in row 1. The result follows.
O

Example 3.15. Suppose u = 134, v = 256, k = 3 and m = 6. Then, — 40

(113 4] 7]9 [1ofESTINE] . os565(11)(12)(14)(17)(18)

1121456811 12\14\17\18\
317]9]10l13]15]16

12456 | (v +6)@
3 [(w+6)®@

Lemma 3.16. For j =2,...,b, and k > 2b — 2, Tj(k)(S) is of the form
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x1 (w; + (j — Hm)*—+D
Z2 (wj_1 + jm)E=)

z; | (wjp1—i + (§ — 2+ i)m)F—7+279)

Tj_q (wy + (25 — 3)m)F—27+3)
z; (w1 + (2§ — 3)ym)(F=2+3)

where each z; is an increasing word on [(j — 2+ 4)m], possibly with different lengths.

Proof. We proceed by induction on j. The base case j = 1 holds since wgk) is

increasing. Inductively assuming the result holds for some fixed j < b — 1, we have

(27) () = 7(8)  wit).

By repeated applications of Lemma [B.14], the bumping process in Tj(k)(S ) w](-li)l
bumps (w; 4+ jm)*=7) from row 1 to row 2, which bumps (w;_1 + (j + 1)m)*=7=1
from row 2 to row 3, ..., which bumps (wj11-; + (j — 1 +@)m)* 74179 from row
i to row i + 1 for all i = 1,...,j. This means (wjia—; + (j — 2 + i)m)F=7+2=9)
bumps into row ¢ for ¢ = 1,...,7,7 + 1. Thus, row ¢ of 1}111(5) ends in (wjyo—; +

(j—1+i)ym)F=I+1=D for i = 1,...,j and in (w; + (2] — 1)m)* =241 in the newly
created row j + 1. Smaller elements are also bumped down from each row, but they

do not affect this pattern. This proves Lemma [3.16l for j + 1 and completes our
induction. O

Proof of Theorem [1.J. Suppose S is a standard skew tableau with decreasing row

vector and continue Notation BI1l Plugging j = b and k = 2b — 2 into Lemma B.10]
gives

1 (wp + (b— 1)m)~
T9 (wp—1 + bm)(b_2)

Rect(S®2) = 1 (8) =[ i | (i + (b—2+)m)" 7 |,

Tp—1 (wo + (2b — 3)ym)D)
Ty (wy + (2b — 3)ym)D)

where each x; is an increasing word on [(b — 2 4 i)m/|. Hence,

Rect(S52072) ~ 5,
((2b—3)m-+1,(2b—2)m]

so S stabilizes at 2b — 2.
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4. STABILIZATION ON SKEW TABLEAUX WITH CONSTANT ROW VECTORS

In this section, we restrict our attention to skew tableaux with constant row
vectors. We prove formula (Il) for the shape of the stabilized tableau, Theorem
This lets us improve our upper bound for stabilization from 2b—2 to b in the constant
row vector case, proving Theorem [[4]

Notation 4.1. Suppose S is a standard skew tableau with constant row vector (r?),
so that it has b rows of size r, and its size is m = br. We then continue with
Definition B0 and Notation [BI1] as before. Recall wy,ws,...,w, are the reading
words of the rows of S from bottom to top,

(28) TM(8) = P(wPwl” ... wl®) for j=1,....b and k>1,

and Tb(k)(S) = Rect(S®)). In addition, let
(29) ¢i = ¢i(S) =rv(P(wjwit1))1 —r, foralli=1,...,b—1.
See Example @3] for an example computation of the ¢;’s.

First, we derive a lower bound on the partial sums of I"V(Tb(k)(S)) using Theo-
rem 27l Secondly, we will show that equality always holds for this bound using
Lemma and Lemma 2.6, proving Theorem Recall from (I3]) that for all
n,p € Z>o with n > p,

- 0, ify=x—1,
ZCL]': _Zn-i-l

itp—1 Gy else.

Lemma 4.2. Suppose S is standard skew tableau with row vector (%) and use
Notation 1] If £k > b — 1 and I‘V(Tb(k)(S)) = (A,...,\p), then, for t =1,...,0,

b
(30)

t

7j=1

t J
A=Y k)

=1 i=j
Proof. Consider any positive integers ¢ < b and k& > b — 1. By Theorem 2.7, we
will be done if we show there exists ¢ disjoint increasing subsequences of w(S, k) =

wgk) . ..wék) whose total length is Z§:1 <k7’ + Zf;; ci). We will exhibit ¢ such

increasing subsequences of w(S, k) explicitly. Our exhibition of these subsequences
uses the following b x k matrix of words:

wy, wp+m ... wp+ (k—1)m
My(S) = ° : : :

wy we+m ... wy+(k—1)m

wy wi+m ... w+(k—1m

Notice concatenating these words from left to right and then top to bottom gives

w(S, k).
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b—t b—1

o~

(b-1)

“o——4
]

¢ ¢
.

(t—1) (b—t+3)
I T'—'(b_t”)
//’ ) I—‘(b_t+1)

3 I—I—4 .
) f
t

R

1e
1

FiGUuRE 1. The lattice paths used to construct increasing subse-
quences of w(S, k)

In addition, we will use the lattice paths on the Cartesian plane in Figure[ll Label
the paths Li,..., L; in Figure [l from bottom to top. For j =1,...,¢, the path L;
proceeds as follows:

(a) Walk horizontally from (j,1) to (j,t + 1 — j), then

(b) Alternate between (0,1) and (1,0) steps, starting with (0,1), until reaching
(b—j,b+j—t), then

(c) Walk horizontally to (k,b+ j —t).

Now, overlay the b x k grid containing these lattice paths on M(S). We can then
convert each lattice path L; into a word y; as follows. First concatenate the words in
M;,(S) that correspond to lattice points in Lj in order starting from (1, j) and ending
at (k,b+ j —t) to obtain z;. Note z; need not be increasing because it contains
(w; + sm)(wi4+1 + sm) in each column i where there is a vertical step. To obtain an
increasing subsequence associated to L;, we will replace each (w;+sm)(w;y1+sm) by
a maximum length increasing subsequence of (w; +sm)(w;4+1+sm). By Theorem 2.7
and the definition of ¢;, (29]), there exists a maximum length increasing subsequence
u; of w;w;41 with length ¢; +7. Thus, replace each instance of (w; + sm)(w;t+1+ sm)
in x; with u; + sm to obtain the increasing subsequence y;. Hence,

yi = w7 (uy + (= jym)(wjr + (E+1 = )m) .. (upsj_r—1 + (b— j)m)

(Whyj—t + (b+ 1 — j)m) 0+,
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Since the lattice paths L1, ..., L; are disjoint, y1,...,y; are disjoint as well. For
j=1,...,t, as l(w;) = r and {(u;) = ¢; + r for all i, we have
btj—t—1 btj—t—1
Ly =@t—=dr+| Y (a+r)|+E=bt+ir=k+ > o
i=j i=J
Hence,
t t btj—t—1 t b—j
Sty =t 1Y S a=3 (oY
Jj=1 Jj=1 i=j Jj=1 i=j

by Lemma Thus, y1,...,y: are t disjoint increasing subsequences of w(S, k)
with total length 2;:1 (k‘?‘ + Zl;;]] ci>, completing the proof. O

Example 4.3. Suppose

5 7 9\10\'

11315

Thus, b =4,r = 3,m = 12, w; = 135, we = 68(11), w3 = 24(12), w4 = 79(10),

11\12

Plunws) = L1315 [6]8 1] ppyuy) =

)

2 4\7\9\10
12

P(wswy) =

9

so cp = 3,c0 = 1,c3 = 2. Maximum length increasing subsequences of wqws, wows
and wswy are

uy = 13568(11), wp = 68(11)(12), g = 2479(10),

respectively. The matrix of words for this example is

wi wi+12 wg+24 79(10)  (19)(21)(22) (31)(33)(34)
My(s) = W8 w12 w20 20(12) (1)(16)(24) (26)(28)(30)
B0y we +12 w24 T 68(11) (18)(20)(23) (30)(32)(35)
wy w412 wy + 24 135 (13)(15)(17) (25)(27)(29)
The lattice paths from the proof of Lemma forb=4,k=3andt=1,2,3,4 are

shown in Figure [2] from left to right, respectively.

Figure 2] corresponds to the following lists of disjoint increasing subsequences of

wPuP o ud;

1. wy(ug + 12)(us + 24) with size 15,
2. wy (’LL1 + 12)(UQ + 24), uo (’LL3 + 12)(1{14 + 24) with total size 25,
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[ ] [ ] o ¢r—o I—O—{ o —0
o lJ [—4 r—o r—o—0
I—{I [ ] lJ *——o r—o—0
[ ] [ ] *——0 [ ] P—O—J r—o—0
FiGURE 2. The lattice paths used to construct increasing subse-
quences of w(S,k) for b=4,k =3,t =1,2,3,4

3. wi(wi + 12)(u1 + 12), wa(ug + 12) (w3 + 24), uz(wy + 12) (w4 + 24) with total size
33,

4. w§3),w§3),w§3),w§3) with total size 36.

Letting (A1, A2, Az, \g) = rv(Tf’) (S)), Lemma 2] says

3
A1 Z3T+Zci:15,

i=1

2
)\1+)\2215+3T+Zci:25,
=2

1
M A+ A3 > 2543+ ¢ =33,
1=3

0
AL+ A+ A3+ Ay Z33+3T+ZC¢=36,
i=4
which is consistent with Theorem [2.7] and the total sizes of our increasing subse-
quences. Now, not only do these inequalities hold, but they are all equalities. We

have rv(Tf’)(S)) = (15,10, 8, 3), as shown below:

3158 ([11(12|23|24

1315|1718

Proof of Theorem [I.6. Suppose S is a standard skew tableau with row vector (r?),
and continue Notation .1l Fix k > b — 1. Recall that

78(8) = Pl .. w®) for i=1,....b.

(2

We need to show

b—j
(31) I‘V(Tb(k)(S))j =kr+ Zci forall j=1,...,b and k>b—1.
=
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We proceed by induction on b. If b= 1, P(w§k)) is a tableau with 1 row of size kr,
so Theorem holds for b = 1. Inductively assume that Theorem holds for all
standard skew tableaux with less than b rows and all £ > b — 2.

Let Bi,..., By, denote the bumping chains of the row insertions

k
79 (8) = TLEL(S) = wi),.

(k)

Fach letter of wl(i)l has its own bumping chain. Since w,’, is increasing, B, ..., B,
proceed strictly left to right by Lemma By the induction hypothesis, we have

b—2—j
(T () = kr+ Y ¢ forall j=1,...,b-2,
i=j
b—1—j
V(T (S); = kr+ Y ¢, forall j=1,...,b—1.
i=j

Therefore, for j =1,...,b — 2,

rv(Tb(f)l(S))j — rV(Tb(E)2(S))j = Cph—1—j,

which implies that c;_1_; of the bumping chains among Bi,..., By, end in row j.
Furthermore, for t = 1,...,b — 2, exactly ¢5_1_¢ + -+ + o of Bi,..., By, end in
or above row t.

Next, let BY,..., By, denote the bumping chains of the row insertions

7 (9) = T (8)  wP.

Since wl()k) is increasing, By, ..., By, again proceed strictly left to right by Lemmal[2.5

We claim that B; is weakly left of Bj,., , forall j =1,...,kr —cp—1. where
Cphp—1 — rv(P(wb_lwb))l -,

from (29). By Lemma B.13]

k k ‘
(32) (wl() ))j < (wl()_)l)j+cb71 forall j=1,...,kr —cp_1.
Since Bo,..., By, are disjoint from Bjp, and (wl()k))1 < (wl(,li)l)ucb,l, Lemma 2.6
implies that Bj is weakly left of Bii¢, ,. Inductively assuming that Bi,..., B;
are weakly left of Biic, ..., Bjte,_,, respectively, Bjioie, ys---s Bm, Bl,... Bj

are all disjoint from Bj;14c, , and (wl()k))jﬂ < (wl(yk_:)l)j+cb71- Thus, by Lemma 2.0]
B;- 41 is weakly left of Bj 1., ,, proving our claim. Hence, B; must end in a strictly
lower row than Bj., , forall j =1,... kr —cy_;.

Combining this with exactly cy_; + -+ 4+ cp_9 of Bq,..., By, ending in or above
row t — 1, at most ¢y + -+ + cp—2 + cp—1 of Bi,...,B;,. end in or above row t for
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t=1,...,b— 1. Thus, using our original induction hypothesis,
t
Z rv( T(k i< Z TV(sz(ﬂ(S))j +ept o+ pr
7j=1 7j=1
t b—1—j t
(33) => | kr+ a|+> -y
=1 i=j j=1
t b—j
= Z kr + Z i
j=1 i=j
fort =1,...,b— 1. Combining (33]) with Lemma 1.2}
t b—j
34 S ov@M©); =3 [kr+Y e| foral t=1,....b-1.
j=1 j=1 i=j
For the t = b case,
b b—j b j—1
(35) Z k‘r—l—Zci :bk‘r—l—ZZCiz k‘r:ZrV(TIf(S))j
=1 i=j i=1i=j =1

by Lemma with t = b and ¢(w (k)wé ). wl()k)) = bkr. Combining (B34) and (35
yields

t t b—j
ZrV(Tb(k)(S))j :Z kr—i—Zci forallt=1,...,b.
j=1 j=1 i=j

. b
This shows that the partial sums of the two sequences {I‘V(Tb(k) (9)); }2:1 and {kr + 2?;;» ci}

both agree, so the sequences agree as well, proving (31).
]

Proof of Theorem [1.7. Suppose S is a standard skew tableau with row vector (r?).
In order to show S stabilizes at b, it suffices to show that

(36) rv(Rect (S®)); — rv(Rect(SC1)); =rv(S); forall j=1,....b.
by Definition B:2l(c). In fact, using Theorem [L.6]

b—j
rv(Rect (S®)); — rv(Rect(S®1)); = br + Zc, (b—1)r— Zc, =r=rv(9);
i=j

forall j =1,...,0. O
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Corollary 4.4. Suppose S is a standard skew tableau with row vector (r®). Let
wi, ..., wy, denote the entries in each row read from left to right, starting from the
bottom. For k > stab(S) — 1, Rect(S®)) has shape (A1,...,\y), where

)\j:kr—FZci forall j =1,...,0,

where

¢; = (the length of the first row of P(w;w;+1)) —r foralli=1,...,b—1.
Proof. This is exactly Theorem with the bound k£ > b — 1 changed to k >
stab(S)—1. Let m = |S| and suppose k € [stab(S)—1,b—1]. Because k > stab(S5)—1

Rect(S(b_l))‘ ~ §b=1=F)
[(k—=1)m+1,(b—1)m]

by Lemma B9 Since Rect(S®*)) C Rect(S®1) as well,
rv(Rect(S(k)))j = rv(Rect(S(b_l)))j —rv (S(b_l_k))j

)

b—1r+Zcz (b—1—Fk)r

forall j =1,...,0. O
Example 4.5. Continuing with the same S as in Example [4.3]

Rect(SW) =

SO Rect(S(4))|[25’36] ~ 8, Rect(S®) ‘[13 24] # S, and stab(S) = 3. If
T 10[11]
819 (12
6
1

then

Rect(TW) =




TABLEAU STABILIZATION 31
S0} Rect(T(‘l))‘[g?AS] ~T, Rect(T(4))|[25736] 4 T, and stab(S) = 4.

As seen in Example @35 some, but not all, skew tableaux with b rows of the
same size stabilize before b. To prove the bound is tight in Theorem [T.4]is tight, it
suffices to find a standard tableau I, with row vector (r°) and stab(Iy,) = b for
each b,r € Z>1. We can form such an I;,, by making its reading word increasing, as
in Example

Example 4.6. Consider

g br
2r+1f ... | 37
r4+1]...]2r
1]...]r
Then, we have ¢c; =co = --- = ¢p_1 = 1, S0 in particular, setting k =b—1and j =b
in Theorem [L6] gives
0 b—1
rv(Rect(Iéf)T_l)))b =0b-Dr+ Z ¢ =(b-1)r— Zr =0.
i=b i=1

Hence, Rect([lgbr_l)) consists of b—1 rows. Therefore, Rect ([, ébr_l))‘
: : [b(b—2)+1,b(b—1)]

Iy, so I, does not stabilize at b — 1. But, by Theorem [L.4], I}, stabilizes at b, so
stab(lp,) = b. Note that I, is not the only skew tableaux with b rows of size r and
stab(lp,) = b, as illustrated by 7" in Example

Remark 4.7. We believe any standard tableau S with decreasing row vector sta-
bilizes at b, Conjecture [[L.3, though we are currently unable to prove it. We cannot
directly generalize our proof of Theorem [I[.4] to prove Conjecture [I.3] because The-
orem [[.0] a key ingredient in our proof of Theorem [[.4] does not generalize to this
setting. Let wq,...,w denote the reading words of the rows of .S, from bottom to
top, r; = (w;) for all i, and

¢i = rv(P(wjwiy1))1 — ripq foralli=1,...,(b—1).

Unlike Theorem [[6] in this more general setting, rv(Rect(S®)) depends on more
than just b,r1,...,7p,¢1,...,C_1, as demonstrated in Example [£8 Hence, some
other technique is required to prove Conjecture [[L3] if it is indeed true.

Example 4.8. Consider

s [T .. _[i75)
B B
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which both have b=3,ry = 1,79 =1,r3 =2,¢; = 1,c9 = 0. Then,

416]8 [0 geci(r®) - HENE)
11 248 |2

Rect(S®)) =

Thus, rV(Rect(S(3))) =(7,3,2) # (6,4,2) = rV(Rect(T(3))).

5. ANTI-STABILIZATION

In this section, we discuss anti-stabilization, which involves rectifying toward a
southeast corner rather than the northwest corner. We show that the stabilized and
anti-stabilized skew tableaux have reflected shapes and that the stabilization and
anti-stabilization statistics coincide when both are defined.

Definition 5.1. For any skew tableau S with b rows, fix a so that S C (a®), and let
Rect*(S), the anti-rectification of S, be the skew tableau obtained by continually
performing outer slides on S within (a®) until the southeast corner of (a®) is filled.
Rect*(S) is independent of a up to row shift equivalence. Also, for a standard skew
tableau S of size m, let ST denote the tableau obtained from S by rotating 180° and
then flipping the entries by  — m + 1 — z, and let (A/ M)T denote the skew shape
obtained by rotating \/u by 180°.

Suppose S is a standard skew tableau with m entries and increasing row vector.
Define S®*) to be the standard skew tableau obtained by attaching k — 1 shifted
copies of S to the left of S + (k — 1)m so that S(*k)‘[(j_l)mﬂ jm] ™ S for all

j =1,...,k. Then, we say S anti-stabilizes at k if Rect*(S(*k))‘[1 m ™ S. Let
stab®(S) denote the minimum value at which S anti-stabilizes.

Example 5.2. Consider
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Then,

§(*3) —

Since Rect*(S(*?’))h l # S, but Rect*(S¢*3 ~ S, stab®(S) = 2.

)) ‘ [6,10]

11,15

Remark 5.3. Similarly to Remark B.4] if S does not have increasing row vector,
Sk) need not be a standard skew tableau. Hence, the notions of stabilization and
anti-stabilization only make sense simultaneously when the row vector is constant.

Anti-stabilization has many of the same properties as stabilization. If we apply
the same reasoning using anti-rectification instead of rectification and S**) instead
of S®) we get the following analogues of Lemma [3.5] Theorem 3.6, Lemma [3.9]
Theorem [I.5], and Theorem [I.4] for anti-stabilization.

Corollary 5.4. Suppose S is a standard skew tableau with b rows and increasing
row vector. Then,

(a) Anti-stabilization is well-defined up to row shift equivalence.

(b) stab® is constant on dual equivalence classes of standard skew tableaux.

(c) S anti-stabilizes eventually, and if S anti-stabilizes at k, it anti-stabilizes at any
E > k.

(d) If b > 2, then S anti-stabilizes at 2b — 2.

(e) If S has constant row vector, then S anti-stabilizes at b.

If S is a standard skew tableau with constant row vector, then S*) and S**) are
both standard tableaux with the same reading word. Thus, by Lemma 210,

(37)  SUR) ~ ) Rect(SUH)) = Rect(S*)), and Rect*(S™F)) = Rect*(S*)).
Lemma 5.5. For any standard skew tableau S,

Rect*(S) = Rect(ST) = (e(Rect(9)))T,
where e is Schiitzenberger’s evacuation operator.

Proof. Let w = w; ... wy, be the reading word of S, so w is permutation of size m.
Anti-rectifying S and rectifying ST differ by a rotation of 180°, implying

(38) Rect*(S) = Rect(ST)T.
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As 7 reverses the order of the cells in the reading word and reverses the entry values,

the reading word of ST is wowwg, where wy = [m,m —1,...,2,1] is the reversal
permutation of size m. Thus, by Lemma 2.10]
(39) Rect (ST = P(wowwy)?.

Moreover, P(wowwg) = e(P(w)) by [Sag01, Theorem 3.9.4], so
(40) P(wowwy)" = e(P(w))" = (e(Rect(S)))!

by Lemma 210 Combining (B8], (89), and ({@0) gives Lemma [5.51
U

Lemma 5.6. Suppose S is a standard skew tableau with row vector (r*). Then, for
allk>1,and j=1,...,b,

(41) rV(Rect*(S(k)))j = rv(Rect(S(k)))bH_j.
In addition,
(42) stab®(.S) = stab(S).

Proof. For any k > 1, S ~ SC%) from (37). Thus, by Lemma [5.5,
rv(Rect*(S™®)); = rv(e(Rect (S®))1); = rv(Rect (ST T); = rv(Rect (S®)))y 11

forall k > 1and j =1,...,b, proving (4I). By Definition B.2c), S stabilizes at k
if and only if

(43) rv(Rect (S®)); — rv(Rect(S*~DY)); =7 forall j=1,...,b.
Similarly, S anti-stabilizes at k if and only if
(44) rv(Rect*(S®)); — rv(Rect*(S*V)); =r forall j=1,...,b.

By (@1)), (@3]) holds if and only if (44)) holds. Thus, S stabilizes at k if and only if
S anti-stabilizes at k, and (42) follows.
O

6. SUFFICIENTLY LARGE TABLEAUX FIXED BY POWERS OF PROMOTION

In this section, we first give an alternative method for doing multiple promotions
at once. Recall p : SYT(a®) — SYT(a’) denotes Schiitzenberger’s promotion oper-
ator, Definition We then construct the sufficiently large rectangular standard
tableaux fixed by promotion powers. In particular, we construct the tableaux in
SYT((ar)?)P"" for a > 2b— 1 and prove Theorem 14l Theorem [[6 plays a key role
in showing these tableaux are rectangular, tableau stabilization is central in showing
these tableaux are fixed by p®, and the bound in Theorem [[4] lets us control the
size of these rectangular tableaux. We also prove Corollary [L15], which describes

promotion’s action on SYT((ar)b)pr.
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Lemma 6.1. Suppose a,b € Z>; and n = ab. For any tableau T € SYT(ab) and
k=1,...,n, we have

(45) p(T)|

(46) p*(T)

Lk Rect(T g 41,m) =,

= Rect”™ (T 4) + (n — k).

[n—k+1,n]

Proof. Equation (43)) follows from Definition [2.12and rectification being well-defined.
By Theorem [[L3, p” = id on SYT(a®), so p* = (p~1)"*. Then, @0) follows
from the fact that T is rectangular, meaning demotion and promotion are inverses,
Definition 2.12] and anti-rectification being well-defined.

O

Definition 6.2. Suppose S is a standard skew tableau with row vector (%), and let
k := stab(S). For any a > 2k — 1, let R,(S) denote the filling of rectangular shape
formed by row-concatenating Rect(S®* 1), §(@=2k+2) 4 (k—1)br, and Rect*(S*—1)+
(a — k + 1)br together from left to right.

g 216
1[5
113

which has k = stab(S) = 3, and let a = 6. Observe

Example 6.3. Let

20415 6‘8‘12
9 [10]11

Rect(S?) =

(]|~

S@ 412 =

Rect*(S@) + 24 =

SO
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Theorem 6.4. Suppose S is a standard skew tableau with row vector (Tb). Then,
for any integer a > 2stab(S) — 1,

br

R.(S) € SYT((ar)®)P".

Proof. Let k := stab(S) and R := R,(S). First, we check that R has rectangular
shape ((ar)®). By Corollary &4 and (&TJ),

b—j
(47)  rv(Rect(SE D)) = (k- Dr+ Y e,

j—1
(48) rv(Rect*(S(k_l)))j = rV(ReCt(s(k_l)))bH—j =(k—1r+ Z Ci
i=b+1—j

forall j =1,...,b. Hence, for j =1,...,0,
rv(R); = rv(Rect(SF1)); + rV(S(“_2k+2))j +rv(Rect™(Sk-1));

b—j j—1
=(k—Dr+> c+@—2k+2r+(k-1r+ > o
i=j i=b+1—j

j-1
=ar—+ Z G

i=j
= ar,

which shows rv(R) = ((ar)?). Since R is left-justified, it is a filling of shape ((ar)®).
Secondly, we check that R is a standard tableau. We break R into three pieces:
® Ry = Ry jpy) = Rect(S®*)), because S stabilizes at k

® Ry = Rlppi1 (amhsior] ™ Sla—2kt),

o Ry:= Rl pi1yprsran] = Rect™(SE) + (a — k + 1)br.

The fillings R; and R3 are skew tableaux because they are the rectification and anti-
rectification of skew tableaux, respectively. The filling R is a skew tableau since it
is formed by row-concatenating shifted copies of Ri|(_1)p4146r- Since Ri, Ra, Rs
use the entries [1, kbr|, [kbr+1, (a—k+1)br], and [(a — k+1)br+ 1, abr] respectively,
R uses each of 1,2,...,abr exactly once. Because Ry adjoins to the right of R and
R3 adjoins to the right of Ry, the rows and columns of R are increasing. Hence, R
is a standard tableau.

Thirdly, we check that R is fixed by br promotions. Since S stabilizes at k,
(49) Rl o) = Rect(SY))  forall j € [1,a — k + 1].
By Lemma 5.6l S also anti-stabilizes at k, so similarly,
(50) Rljjpps1.apr) = Rect™(S9) 4 jbr  for all j € [k — 1,d].
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Note that both sides of (50]) are empty when j = a. Then, for all j € [k — 1, 4],

pjbr(R) [1,(a—j)br] = ReCt(R’[jbr—l—l,abr]) — Jjbr by (m)

(51) = Rect(Rect*(S@7)) + jbr) — jbr by (B0
= Rect(S@7) as rectification is well-defined
= BRIy (a—j)br] by (@9).

Similarly, for all j € [1,a — k + 1],
(52)

jor _ * ‘ o
p’"(R) (ot — Ot (Rl jpr) + (@ = 5)br Dby [EG)

= Rect*(Rect(SY))) + (a — j)br by (#9)
= Rect*(SY) + (a — j)br  as anti-rectification is well-defined
= Rl{(4—j)br+1.abr] by (G0).
Putting (5I) and (52) together,
p"(R)=R forall j€[k—1,a—k+1].
In particular, because a > 2k — 1, we have k — 1,k € [k — 1,a — k + 1], so
PP (R) = pr=(k=1br(R) — phor ([, =(k=1br(R)) — AT (R) — R

Notation 6.5. Fix b,r € Z>1, and let 3 the block anti-diagonal skew shape
B=(r)U((r)U---uU(r).

b times

Although Theorem holds for any standard skew tableau S with row vector
(%), S is row shift equivalent to a standard skew tableau S’ of shape 3 by performing
horizontal slides. Thus, by Lemma B3, Rect(S*)) = Rect((S")*)) and stab(S) =
stab(S"), which means R,(S) = R,(S’) for all a > 2stab(S) — 1. Hence, any
rectangular tableau of the form R,(S) for some standard skew tableau S with row
vector (r°) is also of the form R,(S’) for some S’ € SYT(3).

Corollary 6.6. For all a € Z>1,

a+1

br

} C SYT((ar)®)P".

(53) {RQ(S) : S € SYT(3), stab(S) <

[\

Proof. For fixed S € SYT(8), Ry(S) is defined for a > 2stab(S) — 1. Thus, for
fixed a € Z>1 and all S € SYT(B) with stab(S) < “EL, R,(S) is defined and lies in
SYT((aT)b)pbr by Theorem [6.41

It remains to show the elements of {R,(S) : S € SYT(B)} are distinct. Suppose
Ra(S) = Rq(5') for S, 8" € SYT(B). Letting k = stab(S), rv(Ra () [h—1ypr+1,46r) =
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(r*) and hence rv(R, (SWk=1yor4+1,k6r]) = (r®) as well. This and Definition 6.2 means

S~ RG(S/)‘[(k—l)bH—l,kbr] = RG(S)‘[(k—l)er,kbr] ~ S
forcing S = S’ because S, S’ € SYT(5).

Example 6.7. Consider

5= 2] r- 2] oy 4,

4] 3] L]

which have
stab(S) = 2, stab(T") = 3, stab(U) = 4.
Thus, the smallest R, (S), Ry (T), Ry (U) we can construct with Definition [6.2] are

6

€ SYT(34)P",

2
)
7

QO | = W|

V=

€ SYT(54)"

are of the form R,(S) for S € SYT((1) U (1) U (1) U (1)) because Vy(;_1y41.4; and
Wli4(j—1)+1,4j) never use all 4 rows for any value of j.

The containment in Corollary [6.6] can be strict in general, as illustrated by V, W
in Example However, equality in Corollary holds for a > 2b — 1, when
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stab(S) < %5 holds for all S € SYT(3) by Theorem [L4 Thus, Corollary
specializes to

(54) {R,(S): S €SYT(B)} C SYT((ar)?)®”  whena > 2b— 1.
The fact that equality holds in (54) is the content of Theorem [[L.T4

Remark 6.8. In Theorem [[I4, R,(S) is defined by row concatenating shifted
copies of Rect(S®t—1) §@=20+2) " and Rect*(S~Y) instead of shifted copies of
Rect(SE—1) §(6=2k+2) "and Rect*(S*~Y) where k = stab(S) as in Definition
These 2 constructions agree by the definition of tableau stabilization, Definition [LT]
and because stab(S) < b for S € SYT(8), Theorem [L.4

Proof of Theorem [I.13] Fix a positive integer a > 2b—1. Equality in (54)) will follow
from both sides having the same size. By Lemma [2.22], we have the quotient

(55) Qe((er)®) = (r) U (r)U---U(r) = B whenever e > b.
b times

Thus, Qq((ar)?) = B because a > 2b — 1 > b. By Corollary 12 and (5H),

#SYT((ar)")"" = #SYT(Qu((ar)")) = #SYT (8) = # {Ra(S) : S € SYT(H)},
which shows both sides of (54]) have the same size. Therefore,

r

{R.(S): S € SYT(B)} = SYT((ar)?)P" .

Finally, we can choose S € SYT(8) by choosing the sets of r elements that go in
each of b rows, which determines S uniquely since each row of .S is increasing. Thus,

]

Not only can we describe the elements of SYT((ar)?)P” for a > 2b—1, but we can

also describe the action of promotion on SYT((aT)b)pbr, which is closed under pro-
motion. In fact, using the definition of promotion for skew shapes - Definition 212,
promotion commutes with the R, operator:

P(R4(S)) = Ra(p(S)) for all S € SYT(p),
as in Corollary

Proof of Corollary II3. For any T € SYT((ar)?)P”, we have

br

p” (p(T)) = p(p” (T)) = p(T), implying  p(T) € SYT((ar)")*".
Thus, SYT((ar)b)pbr is closed under promotion. So, fixing S € SYT(3),
P(R.(S)) = R.(5) for some S’ € SYT(3)
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by Theorem [[14l It suffices to show S’ = p(S). As rectification is well-defined,
we get the same result whether we perform an inner slide at 1’s cell before or after
rectification, so

(b) - (b) 1
(56) p(S )[1,b2r—1] Rect (S [27b2r}) .

Since S € SYT(f), the inner slide started by removing 1’s cell in S ®) consists of all
horizontal slides, so

(57) p(S®) = p($)®.
Then,
Ra(s/)‘u,b?r—u = p(Ra(S))HLbZr—l]
= Rect(Ra(9)jg42,) — 1 by Definition

= Rect(S(b)‘ )—1 by Definition

[2,b27]
(58) = Rect(p(S(b)) ) by (B6])
[1,2r—1]
— (b)
Rect(p(5)”| |, ) by D
= Ra(p(S))“l’sz,_l} by Definition

By Theorem L4l Ra(S")((p—1)r+1,2,) a0d Ra(P(S))|{(p—1)pr41,52,] €ach have row vec-
tor (%), which together with (58)), forces b?r to be in the same cell in R,(S’) and
R.(p(S)). Combining this with (58] again,

Ra(sl)‘[l,bzr} = Ra(p(s))‘[l,b%]’
In particular,
S~ Ra(S,)h(b—l)br—I—l,sz] - Ra(p(s))’[(b—l)br+1,b2r} ~ p(S),
forcing S = p(S) since S, p(S) € SYT(B). O
Corollary 6.9. Let A = ((b+1)r,br,...,2r,7) and p = (br,(b—1)r,...,7,0). Then,
for all integers a > 2b— 1, v+ br, and Ty € SYT(v),
#{T € SYT((ar)")?" : Ty 4y = To} = c,
the Littlewood-Richardson coefficient from Definition 2111
Proof. Note that § = A/u. By Theorem [L1dland Ro(S)l}; 4, = Rect(S), we have

P = To} = # {Ra(S) 1 S € SYT(B), Ra(S)|f1.r) = To}
= #{R,(S) : S € SYT(B), Rect(S) = Ty}

=#{S € SYT(\/u) : Rect(S) = Tp}

A
= Cuy

by Definition 2171 O

I

H#{T € SYT((ar)?)*"
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7. OTHER TABLEAUX FIXED BY PROMOTION POWERS

In this section, we present the construction of SYT((27’)b)pr by White and Rhee
[Whi06] [Rhel2], Theorem [I.T6], using a similar construction to Theorem [[.I4l Then,
we describe the action of promotion on SYT((27’)b)pr in Corollary [.4l Next, we
characterize the block diagonal skew tableaux fixed by a power of promotion in terms
of tableaux of straight shape fixed by certain powers of promotion, Theorem [Z.7]
inspired by White [Whi0O6]. This has consequences for describing the tableaux in
SYT((Qr)b)pr/k in terms of rectangular tableaux fixed by smaller promotion powers,
Corollary [7.9l

We next describe the tableaux in SYT((ar)?)P” when a = 2. Using Lemma 222
and that {%W = LQJ when b is even, we have the quotient

2
(59) Q2" = ([ hurlal).
Therefore, by Corollary [L12]
(60) #£SYT((2r)")P" = #SYT ((H%h U (rl3] ) .

)
Definition 7.1. Fix b,r € Z>; and let v = (r[ﬂ) U (T’L%J) For S € SYT(y),
let R2(S) be the filling formed by row-concatenating Rect(S) and Rect(S*) + br

together from left to right.
Example 7.2. Suppose b = 4,r = 2, and choose

S = 215 e syT((2,2) U(2,2)).
618
1
4
Then,
- 5 \ 8 . B
Rect(S) = , Rect™(S) + 8 = ,
3]6 10]13
1114
\ 9 \12 15|16
Ro(S) = | ! 5)8]
3 10]13
4 1114
9[12]15]16

We use the name Rs(S) because the construction is similar to the definition of
R, (S) if we set a = 2. Note that we cannot just set a = 2 in Definition because
Definition requires a > 2stab(S) — 1. Similarly to Theorem [6.4] we will show
R»(S) has shape ((2r)?), is a standard tableau, and is fixed by p’".
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Lemma 7.3. The map
Rect : SYT(y) — U SYT(v)

v=(v1,...,vp) - br,
stbovjtuvpp1-j=2r

is bijective.
Proof. Say v = A/ as a skew shape. By [Sta86l Lemma 3.3], we have the Littlewood-
Richardson coefficient

(61) P 1, if vj + vpy1—; = 2r for all j € [1,0],
0, else,

for all v = (v1,...,1) F br. Lemma [.3] follows immediately from (61]) and Defini-
tion 2111
U

Proof of Theorem [L16l [Whi06] [Rhel2] Fix S € SYT(y). For all j =1,...,b and
rv(Ry(S)) = rv(Rect(S)); + rv(Rect™(5));
= rv(Rect(S)); + rv(e(Rect(9))1); by Lemma [5.5]
= 1v(Rect(5)); + rv(Rect(S))p41—;
=2r by Lemma [7.3]
Indeed, Ry(S) is a filling of shape ((2r)?). The fillings Ro(S)|j,6r) = Rect(S) and

Ro(S)| 11,05 = Rect™(S) + br are skew tableaux using the entries [1,br] and

[br + 1,2br], repsectively. Thus, their row-concatenation from left to right, Ry (.S),
is a standard tableau.
Similarly to the proof of Theorem [6.4],

pr(Rg(S))‘[1 w Rect(Rect*(S) + brr) — br by (@5l

)

(62) = Rect(S) as rectification is well-defined
= Ro ()| [1.p) by Definition [7.1],
and
p”" (Ry(S9)) = Rect*(Rect(S)) + br by (48)
[br+1,2br]
(63) = Rect™(S) + br as anti-rectification is well-defined

= R2(5)|[br+172br} by Definition m .
Putting (62) and (63) together gives p® (R2(S)) = R2(S). Thus,
(64) {Ry(S) : § € SYT(7)} € SYT((2r)?)*"".

The fact that {R2(S) : S € SYT(7)} is a set and not a multiset is a consequence
of Lemma [7.3l By (60]), both sides of (64]) have the same size, so

SYT((2r)?)P" = {Ry(S) : S € SYT(7)}.
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Finally, we count these tableaux by first partitioning {1,2,...,br} into two blocks

of size r- [%] and 7 - L%J Then, we choose a filling of (7‘(%1) with the first block and

a filling of (r L%J) with the second block so that both fillings have increasing rows
and columns. This yields

#SYT((2r)")P" = (LSJT

2

T) #SYT(rl2]) . #8YT(rL2]),

O

We also describe the action of promotion on SYT((QT)b)pr, which is closed un-
der promotion. Like R, in Corollary [LI5 the Rs operator also commutes with
promotion.

Corollary 7.4. [Whi06] [Rhel2] For any S € SYT(y),
p(R2(S5)) = Ra2(p(5)).

Proof. Similar to Corollary [[.T5] SYT((ZT)b)pr is closed under promotion. Thus,
fixing S € SYT(y),

p(Ra(S)) = Ra(S") for some S" € SYT(y).
Our reasoning from the proof of Corollary still holds through (58]), so
(65) R2(S/)‘[17b271_1} = R2(p(s))|[1,br—l] :

By LemmalZ.3, R2(S")|j ) and Ra(p(S5))]((p—1)brr1,62,) €ach have shapes v = (v1,... 1)
satisfying v; + vp41—; = 2r, which together with (G3l), forces br to be in the same
cell in Ry(S") and Ry (p(S)). Thus,

(66) Rect(S') = Ro(S)] 1y = Ro(p(S)) 1) = Rect (p(5)).
Finally, Lemma [T.3] forces S" = p(9). O
For any k | br,
SYT((ar))P""" € SYT((ar)")P"".

By Corollary and Corollary [74] we have, for a =2 or a > 2b — 1,
(67)  SYT((ar)")"""" = {Ra(S) : § € SYT(Qu((ar)")),p"/(S) = 5}.

For a = 2, we will describe {S € SYT(y) : p”/*(S) = S} in terms of rectangular
tableaux fixed by smaller promotion powers.

Definition 7.5. For a standard tableau T" of size n, m € Z>1,and A = {ay, ..., a5} C
[m] where k | n, let I,,, o(T) denote the skew tableau obtained from 7' by replacing
ik +jbyim+aj;foralli=0,1,...,n/k—1and j =1,... k. For example, if

r—|1]2]5 8]

31619 (11
7 (10|12
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then
IG,{2,4,5}(T) = 1 |10)96 :
11 (17 (22
142023
Definition 7.6. On a tableau with entries i1 < --- < i,, let promotion act on the

indices as it would on a standard tableau. For example, since

p:1356n—>1245,

214|811 3171910
71911012 681112

0|30 %6 |, |1 |02 |45

for any i1 < --+ < i19.
12|74 |18 |11 13|77 | %9 |?10

17 | 19 |i10|%12 6 | 18 |11 %12

We realize there are other variations on how promotion acts on tableaux with distinct
non-standard entries, such as in [Rhol0], but this will prove convenient for our
purposes.

Theorem 7.7. (inspired by [Whi06]) For any partitions A(), ..., () with total size
n, and k | n,
sYyT(AM U

7L/k

= {Lyjpi, (T1) U -+~ U Ly g g, (T)

o n/k]
T e SYTOOPM " (L
]GS ()‘ ) 7( 15 ) b)e ’A(l)’/k‘,,‘)\(b)‘/k}

(68)

if k| ged(IAD,..., |A®)]). Else,
SYTOAD U - U O™ = o,
Example 7.8. Suppose r = 2,b = 5. Pick k = 2,

7= 11212 lesyr3, 3, =113 |esyr 2
3046 2 4
(M3, M) = ({1,4,5. (2. 3}>e<”2)
Then,
Is vy (Th) = 14 97 Is vy (T) = 2 77
51610 3 (8
sar, (TV) U Iy a0, (T) = g ; € SYT((3,3) U (2,2))"".
9
51610
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Proof. Suppose AV ..., A®) are partitions with total size n and k | ged(|]AM], ..., |A®)]).
Let "
n [AU)] .
m::E, mj::T forall j =1,...,0.
Consider T; € SYT(AW)P™ for j =1,...,band (My,..., M) € (,, ™, ). Let
(69) Sj = I, (Tj) forall j=1,...,b.
and

S=5U---USp.
Also, write

(70) p™(S) =p"(S)1U---Up™(S)s.

For each j, the entries in S; are U¥_|(M; + (i — 1)m). Thus, since p™ performs a
total of m decrements modulo n, the entries in p™(S); are

k—1 k
U@z + (¢ = 1m) M +n —m) = [ J(M; + (¢ = 1)m).
=1 =1

Thus, the same set of entries appears in S; and p™(S;). By this and the fact that
m; of the m promotions on S slide through S,

(71) p"(5); = p"™ (5))-
Now,
p"(S5) = p"™ (Im,n1;(T5)) by (69
= I, (P (T})) by Definition
= Im,m; (T}) because T} € SYT()\(j))pmj
=5; by @3
for all j =1,...,b. Combining (70), (7I]), and (72)) yields p™(S) = S, so D holds in
(©3).
On the other hand, suppose S € SYT()\(I)U- . 'U)\(b))pm. Let § = S51U---USy, M;
denote the entries in S; that lie in [m] and m; := #M;. Since p™(S) = S, the set of
entries in S; must be fixed by m decrements modulo n. When applying p™ to S, we

apply m; inner slides and m decrements modulo n to S}, so letting {i1,... ,i‘ )\(j)‘}
denote the set of entries of S; in increasing order, we must have

(72)

(73) bt pm, (mod [AW)]) =n it + M forall t =1,...,|AW)].

Equation (73) means that shifting the indices by m; modulo IAD)| corresponds to
shifting the entries by m modulo n. This means [\Y)| = k;jm; for some k; € Z>1,
Mj = {i1,...,im,}, and that the set of entries in Sj is

k;

U@+ - 1m).

(=1
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As S e SYT()\(l) U---u )\(b)), S must use exactly the entries 1,2,...,n, forcing
k‘l :"':k‘b = k.

Now we have

(4)
L ed(AD ] MO, =2 = 2

Hence, SYT(AWD U--- U )\(b))pn/k = @ unless k | gcd(]AD,...,|A®)]).

forall j =1,...0.

Now, assume that k | ged(]AM],...,|]A®)|). Since the set of entries in S; is
U§i1(MJ‘ + (£ = 1)m), we can write S; = I, a1, (T;) for some T € SYT(AU)). Then,
p"(5) =S
= p"™(5;) =5; Dby (@) and ()
= pmj(Im,Mj(Tj)) = m,Mj(Tj)
= Lm, (™ (1)) = Lo, (T5) by Definition

for all j =1,...,b. This proves C holds in (68]) and proves Theorem [7.7]

g

Corollary 7.9. For any r,b € Z>1, and k| br,
o8]k
SYT((2r)0)P""" = {Ro (Lo j1o,pty (T1) U Ly o pay (T2)) = T € SYT <7‘(%1>p :
NI IT lbr /K]
To € SYT (T’[Z—‘) (M, Ms) € <r {gw /kﬂ”L%J /k)}
if k| gcd(rL%J,r[%w). Else,
SYT((2r)0)P""" = &.

Proof. By Theorem and Corollary [7.4]
(74) SYT((2r)0)?""* = {32(5) .S e SYT(rL3) urlsTy™ } .
Corollary [[.9] follows from ((4]) and Theorem [7.7 O

Example 7.10. Continuing Example [7.8],

Ry 217|_|[1
38

3
9 4
)

€ SYT(4%)"".
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Remark 7.11. One can generalize Corollary to give a similar description of
SYT((ar)b)pbr/k for a > 2b — 1,k > 2. However, such a generalization would not
give us anything new. In order for SYT((aT‘)b)pr/k to be nonempty, we must have

b % orarl%rby ([@3)). Sincear2(2b—1)r>b_é’7ar /Ybf,so
b
b | % = k|r
Note also that ak > a > 2b — 1. Then, by Theorem [[.14]

T

SYT((ar)?)?""* = SYT <<akz %)b>p kz Ra(S) : 8 € SYT((r/k)U--- U (r/k))

b times

These tableaux were already constructed in Theorem [[.14]

8. STABILIZATION AS A PERMUTATION STATISTIC

We can identify each permutation w € S,, with the unique skew tableau with
shape (1) U--- U (1) whose reading word is w. Under this identification, we trans-
late the stabilization statistic to the symmetric group. We realize stabilization is
invariant on dual equivalence classes and is bounded below strictly by the number
of ascents of w. We characterize the permutations with stabilization statistic 1 and
2 in terms of their recording tableaux.

Definition 8.1. For w = wy...w, € Sy, let T(w) be the unique standard skew
tableau with shape (1) U--- U (1) with reading word w, and define stab(w) =
stab(T'(w)). Let

asc(w) = #{i : w; < w1}
denote the number of ascents of w.

Example 8.2.
stab(4231) = stab T‘ =3, stab(4123) = T‘ =3,
3 2
2 1
0 0
asc(4231) =1, asc(4123) = 2.

Recall from (@) that v,w € S, are dual equivalent if and only if Q(v) = Q(w).
As in Theorem [B.6] dual equivalence plays well with stabilization.

Lemma 8.3. If v,w € S,, are dual equivalent, then stab(v) = stab(w).

Proof. Since v, w are dual equivalent, T'(v) and T'(w) are dual equivalent [Hai92|
Lemma 2.11]. It follows by Theorem [3.6] that

stab(v) = stab(T'(v)) = stab(T'(w)) = stab(w).
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Lemma 8.4. For all w € S,,, stab(w) > asc(w).

Proof. Suppose w = wy ... wy, € Sy, and let r = stab(w), so T'(w) stabilizes at r. In
particular, this means Rect(T(w)™) has n rows. The reading word of T'(w)(") is

wgr)...wg’) =wi (wi+n) ... (wi+ T —Dn) ... w, (wp+n) ... (wy, + (r—1)n),
(75) Rect (T (w)™) = P(wgr) w)

n

by Lemma 210l By Theorem 2.7] wgr) ...w'" must have a decreasing subsequence
of size n. Yet, at most one of wj, (wj + n),...,(w; + (r — 1)n) can be in such a

(r)

. T T .
decreasing subsequence. Thus, w,; ...w,(q) must have a decreasing subsequence of
the form

(w1 +(r=1)n) ... (wiy, +(r—=1)n) (Wi, +1+(r—=2)n) ... (Wi, +(r—=2)n) ... (Wi, _,+1) ... (wy)
for some 1 <4y <ig--- <4,._1 < n. Since this subsequence is decreasing,
W1 > 0 > Wiy, Wigpl > 0 > Wigy  vvey Wi 41 >+ > Whp.

Therefore, w can only have ascents at possibly ¢1,...,%,_1, so w has at most r — 1
ascents. Hence, stab(w) =r >r —1 > asc(w).
O

Lemma [R3] and Lemma [84] give us some information about the distribution of
stab on S,,, but what else can we say about this distribution? By Theorem [[.4] we
know 1 < stab(w) < n for w € S,,. In Figure B, we give the distribution of stab on
S1,...,53. We have a formula for the number of permutations in S,, with stab 1
or stab 2. In fact, we characterize exactly which permutation has stab 1 and which
permutations have stab 2 in terms of their recording tableaux.

1 18 63 37 1
1 33 175 434 76 1
1 68 549 2345 1927 1491
1 124 1787 7807 23760 6552 288 1

FiGUuRE 3. The distribution of stab on Si,...,Ss. The k-th entry
from the left in row n is #{w € S, : stab(w) = k}.

Lemma 8.5. The permutation w = n(n — 1) ... 21 is the only permutation with
stab(w) = 1.
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Proof. If w = n(n — 1) ... 21, then Rect(7T'(w)) = P(w) has a single column, so
stab(w) = 1. If w € S, with stab(w) = 1, then P(w) consists of n rows, forcing
w=n(n—-1)...21

O

Notation 8.6. Fix n € Z>1. For k=1,...,n, let

T, = 1 kj—l, fork<LgJ, T, = 1 kfl, forkE{gJ.
k |2k n—k| n
T Y
n k
where x =2k 4+ 1,y = n — k + 1. This also means
(76) T,=Pk...1n ... (k+1)=Qk ... In ... (E+1)).
Theorem 8.7. For all n € Z>1,
(77) {w € S, : stab(w) =2} ={w € S,, : Q(w) = T}, for some k}.
Consequently,
(78) 4{w € S, : stab(w) = 2} = (fn_jfj) 9.
2

See OEIS entry [A201686.

We break the proof of Theorem [R.7] into 3 steps. First, we use Lemma [84] to
prove (T7). Secondly, we calculate the number of standard tableaux of a given size
with 1 or 2 columns. Thirdly, we use this result to prove (78).

Proof of (7). Suppose w € S, has stab(w) = 2. By Lemma[8.4], asc(w) < 1, so we
can write w = wy ... WgWg41 - . . W, where

w1y > > Wy, Whg1 > 00 > Wy
for some k = 1,...,n. We must also have wy < wgyq orelse w=n(n—1) ... 21,

which has stab(w) = 1. Thus, wy < wy41. Since stab(w) = 2, Rect(T(w)®)) must
have n + 1,...,2n in distinct rows. Notice that we can perform inner slides to


https://oeis.org/A201686
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T(w)® to get

~

/
Wk+1W 41

w1 wl

where 2/ = z + n for all z. In order for T'(w) to stabilize at 2, w),...,w], can only
slide horizontally. Since wy < wy41 and thus wj, < wj_,, wj, will slide vertically if
the cell above it is vacated while it is in the second column. Since any entry above
wy, sliding into column 1 forces wj, to slide up, if w), slides into column 1, it must do

so before any of the entries above it. Hence, wy, ..., w; must slide up either above
wy, or to the top before wy,, ..., wy41 experience any horizontal slides.
Ifk > L%J, then wy, ..., w; slide to the top and wy,, ..., w1 stay still, so
wy | wy, | w) wy | w
Pw?) = Rect(T(w)@) =| "1 """ — Pw)=|_"]""
T |wgtr|wy T |wgi1
Wak — 'LU;C o —
wy |y w1
wy,_j,
w)

where 2 = war_n41,y = w),_; 1. Sincew = wy ... WgWgy1 - . . Wy, this means during
RSK on w, the whole first column of P(w) was created first. Thus,

1 |k+1

Qu)=L_1 =T
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Ifk < L%J, then wy, ..., w; slide up above w) before wy,, ..., wi41 experience any
horizontal slides, so

Wy, | w

P(w®?) = Rect(T(w)?) = Rect

/
2k+1%ak 11

Wy, | wag | Why,

w1 Wi+1 w;H_I

In particular, based on the position of wy ... wsk, RSK(w; ... wq) began with a
column of size k followed by a second column of size k. Thus,

Wi | Wak 1 k41
P(wl...wgk): - — Q(wl...wgk):

W1 | Wr+1 k 2k

As w has a decreasing subsequence of size n — k, the first column of @ (w) must have
size at least n — k by Theorem 2.7l As Q(w) contains Q(ws . ..wsx), we must have

1 | k+1

k | 2k
2k+1

n

This shows that if stab(w) = 2, then Q(w) = T}, for some k, and hence
(79) {w € S, : stab(w) =2} C {w € S, : Q(w) = T}, for some k}.

In order to show the reverse containment of (79) and thus complete the proof
of (7)), suppose Q(w) = T} for some k. To show stab(w) = 2, it suffices to verify
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stab(w) = 2 for only 1 such word w in each dual equivalence class by Lemma 8.3l
As the recording tableau characterizes dual equivalence classes, it suffices to check
that

stab(k...1n...(k+1))=2 forallk=1,...n.

by ([[@). Let w=Fk...1n...(k+ 1) so that by (73,
Rect(T(w)?) = P(k(n+k)...1(n+n2n ... (k+1)(n+k+1))

1 1
e el ifk-<m, i ifk;zm.
I 2 ST 2
k | 2k n+2K n—k| n |2n
ok+1| 2 T |(n+1
n | 2n k | 2k
n—+1 2k+1
n+k n+k

where x =n—k+ 1,y =n+k+ 1,2 =n = 2k + 1. Either way, stab(w) = 2.
O

Lemma 8.8. Let SYT(®)(n) denote the set of standard tableaux of size n with at

most 2 columns. Then,
#SYT® (n) = < " >

[n/2]
Proof. Because RSK: S,, — Uy, SYT(X) x SYT(A) is a bijection,
(80) #{weS,: Qw)=T}=#SYT(v(T)).
For all k. =0,1,..., L%J, let
Qr = mt where m = LEJ,x:m—Fk—i—l
2
k |m+k
m
x
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which has shape (2F,1"72F). Now, {Qy : k = O,l,...,L%J} is the set of size n

standard tableaux with descents at 1,..., L%J -1, L%J +1,...,n—1. Thus,

15]
#SYT® (n) =) " #SYT(2F, 1"%)
= ;é:{ow € Sp: Q(w) = Qy, for some k} by (80)
:#{weSnzl,...,LgJ -1, {gJ +1,...,n—1€Des(Q(w))}
:#{wESnzl,...,LgJ -1, {gJ —I-l,...,n—leDeS(w)} by ([6])

:#{weSn:wl>--->wL%J,wL%J+1>~~>wn}

(2

by choosing the set {wq, ... W J} from [n], which determines w uniquely.
2
O

Proof of (78). We can add (n + 1) to 2 positions to tableaux in SYT(2",17~2") for
r=0,..., L”T_IJ, but only 1 position to tableaux in SYT (2"/2), meaning

22 ]
(81) #SYTO (1) =2 Y #SYT(2, 1) + #SYT (2"/2>
r=0

Note SYT (2"/2) = @ if n is odd. Therefore,

#{w € S, : stab(w) =2} = #{w € S, : Q(w) = T}, for some k}

=Y _#SYT(v(Ti)) by €O
k=1
|2z
=2 ) #SYT(2,1"7%) + #SYT (272)
r=1
|2z
=2 3 #SYT(2,1"%) + #SYT (2"/2) 2 as #SYT(1") =1,
r=0
=#SYTP(n+1) -2 by (B1)

— <[Ini_11J> -2 by Lemma [R.8
2
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9. OPEN PROBLEMS

We finish by discussing related open questions about tableau stabilization and
promotion. While we have proven some of the important properties of tableau
stabilization, much remains unknown. The most glaring open problem is Conjec-

ture 3]

Conjecture Any standard skew tableau with b rows and decreasing row vector
stabilizes at b.

We have proven this bound is tight for skew tableaux with constant row vectors,
Theorem [[.4] and Example Due to Example 48] our approach to proving The-
orem [I.4] does not readily generalize to proving Conjecture [I.3]

The distribution of the stabilization statistic remains to be explored as well.

Open Problem 9.1. What is the distribution of stab on tableaux of a fixed skew
shape?

We expect Open Problem to be especially difficult. The permutation case, i.e.
shape (1) U---U (1), could be more tractable. The triangular array in Figure [3]
describes stabilization’s distribution on permutations in S1, ..., Ss. The distribution
is unimodal and log-concave for these small cases. While we know the leftmost entry
is always 1, is the rightmost entry is always 1 as well? In addition, since stab is
invariant on dual equivalence classes, Q(w) determines stab(w).

Conjecture 9.2. The permutation w = 12 ... (n — 1) n is the only permutation
with stab(w) = n.

Open Problem 9.3. What is the distribution of stab on S,,?
Open Problem 9.4. Is the distribution of stab on S,, unimodal? Is it log-concave?
Open Problem 9.5. Characterize stab(w) directly in terms of Q(w) for all w € S,.

We have made substantial progress on the problem of specifying the fixed points
of the powers of promotion on rectangular tableaux, but some cases remain open.
We constructed the tableaux in SYT((ar)?)P"” for a > 2b — 1 in Section [6 and for
a = 2 in Section [l The a = 1 case is trivial, and the complete r = 1 case with
a > b was solved by Purbhoo and Rhee, [PR17]. To completely solve the problem
of specifying the fixed points of the powers of promotion on rectangular tableaux,
Open Problem remains.

Open Problem 9.6. Fix b, € Z>;. For each a € [3,20 — 2] (a € [3,b — 1] for
r = 1), describe the tableaux in SYT((ar)b)pbr

Generalizing Purbhoo and Rhee’s construction for r = 1,a > btor > 2,a > b is
a nontrivial potential future task. By Corollary [[12] and (B5), we have

#svr(a = (") foraiaze
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Purbhoo and Rhee’s proof relies on the fact that for all T' € SYT(bb)pb, the entries
in the anti-diagonal cells (b,1),(b — 1,2),...,(1,b) of T form a permutation in S
when taken modulo b. For example,

1123|178
10

€ SYT(5%)P"

has the anti-diagonal entries [16,14, 15,12, 8] =5 [1,4,5,2,3] € S5. One might hope
that for any T € SYT((b-7)?)P"", the cells (b,1),...,(b,r),(b— 1,7 +1),...,(b—
1,2r),...,(1,(b — 1)r + 1),...(1,br) have entries that form a permutation in Sp,
when taken modulo br. But, considering such examples as

€ SYT(62)"", 51618 & gyr(6)’,

317(1910|11|12 317191112
10

this is not the case, since [3,7,9,5,6,8] =¢ [3,1,3,5,6,2] ¢ Sg and [4,10,9,11,8,14] =4
[4,4,3,5,2,2] ¢ Sg. In the first case, there is not even a symmetric choice of 3 con-
secutive entries in row 1 and 3 consecutive entries in row 2 which reduces to a
permutation modulo 6. We want a symmetric choice with respect to reflection so
we can attach 2 symmetric shapes together to make a rectangle like we did for
tableau stabilization.

The a < b case is even more challenging since # SYT((ar)?)P”" = # SYT(Qq((ar)?))
changes according to Lemma [2.22] using Corollary Since now the pieces of the
quotient are rectangles, one might have to do some tableau stabilization-like proce-
dure with rectangles to find SYT((ar)b)pbr, and it is so far unclear how this would
work without just reducing to tableau stabilization. When a = 2, row-concatenating
the rectification to the anti-rectification works, but this does not easily generalize to
a € [3,2b — 1]. Row-concatenating Rect(S([%U) and Rect*(S(L%J)) + ([41) br will
not produce a rectangular tableaux in general.

For example, consider a = 3,7 = 2,b = 6, whence

#SYT(65)P” = #SYT(Q5(6%)) = #SYT((2,2) U (2,2) U (2,2)).
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by Corollary and Lemma Choose

S = 191 e sYT((2,2) U(2,2) U (2,2).
6 11
1
10
3
7|12
Then, we have
Rect(s®) [ 1] 2[4]5 [6 [I[17[18] g (s 4 24 =
3 11[20]21]23
10[13]14]22
1215
1924

Row-concatenating these along 6 rows gives

1(214]|5|6[16[17]|18
3189 |11|20(21|23
7110(13|14|22
12|15
24

which is not even partitioned-shaped, let alone rectangular.

In Theorem 14 and Theorem 16, our construction of SYT((ar)?)P"" for a >
2b — 1 and White and Rhee’s construction for ¢ = 2 included a natural bijection

Ry : SYT(Qu((ar)?)) — SYT((ar)b)pbr. Moreover, promotion commuted with R, as
in Corollary and Corollary [[-4l One would hope these properties extended to
a construction of SYT((ar)?)P” for a € [3,2b — 2] as well.

Open Problem 9.7. Fix b,r € Z>; and a € [3,2b — 2]|. Find a bijection
Ry : SYT((ar)?)P"" — SYT(Q.((ar)?))

satisfying p(Ra(S)) = Ra(p(S)) for all S € SYT(Qq((ar)?)), or show no such bijec-
tion exists.
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