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Abstract

We give new identities for some symmetric polynomials: elementary, complete ho-
mogeneous, power symmetric polynomials, which are relationships between symmetric
polynomials in 2r variables zq, zfl, ..y Zr, 1 and 7 variables z; + zfl, oo Zr 2t
As applications of these identities, we obtain some formulas for a higher order analogue
of Fibonacci and Lucas numbers.

1 Introduction

Throughout the paper, we denote the set of non negative integers by Zs, the field of real
numbers by R, the field of complex numbers by C and C* := C\ {0}. Let z,...,2, be
r independent variables and z := (z1,...,2,). For each non-negative integer n, the nth
elementary symmetric polynomial esf), complete homogeneous polynomials hgf) and power

symmetric polynomial p\!”) are defined by

ZlSJ1<~~-<jn§r 2t Zgn (1<n<r)

) — e)(z) = {1 (=0 | (1.1)
0 (n>r
W) =@ = Y (12
mi+---+mr=n
p) = p(2) =) 2 (1.3)
j=1
respectively. For z = (z1,...,2,) € C*", we put
(z,27') = (21,..., 20,27 ..., 20 1) € C¥,

(z4+z ') i=(xn+2" ..., +21)eC.



Our main results are new 1dent1t1es for these three tyges of symmetrlc polynomials f = e, h, p,

which are relationships between fn (z z~ 1) and f (z+z~'). More precisely, we determine
the following expansion coefficients a;{ ,)g and 6517,1,
S0 (2,27 = Z e, (1.4)
iz + 2~ ankfk% 7,2 "). (1.5)

The explicit expression of aff . and bn‘Tj . may be well known. Actually we determine afj ,)c and

bgf 36 immediately by only using the binomial formula. However we have not found appropriate

(f)

references about explicit formulas of a,’; and their interesting applications which are to derive

h)

some new formulas of Fibonacci and Lucas numbers etc. The proofs of bﬁf and bfl ., are more
difficult than a(e% and aflh,)c In particular we need a hypergeometric identity in proofs of the

explicit formula of b ok OT b( Therefore we give their proofs and applications together in
this article. For examples by some specializations of our results we obtain the following
type formulas (see Corollary:

2] (1 (n=0,1(mod6))
Z(—l)k(n;k) — —1 (n53,4(m0d6)) y
k=0 (0 (others)
El - (1 (n=0,1(mod 10))
(—1) (n Z"l_ 1) Fooky1 =14 -1 (n=5,6(mod10)),
k=0 (0 (others)

,_
mlg
[

é<<—WJ—<—1>W> (")) e

where n and m are non negative integers, |z| is the greatest integer not exceeding = € R,
F,,.1 is the classical Fibonacci numbers.

The content of this article is as follows. In Section 2, we refer some basic formulas for
symmetric polynomials and Gauss hypergeometric function from |[AAR] and [M]. Section 3

=0

is the main part of this article. In this section, we determine ag ,)g and bgf ,1 explicitly. We
also consider principle specializations z; = ¢ of our formulas. In Section4, we introduce a
natural generalization of Fibonacci or Lucas numbers and give their fundamental formulas
by applying our main results. Further, we consider some specializations of our results and
drive some interesting binomial sum formulas and others.
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2 Preliminaries

2.1 Symmetric polynomials

Refer to Macdonald [M] for the details in this subsection. We fix a positive integer r, and
denote the partition set of length r by

AePri={v=(n,...,vn) €L |11 > ... > 1}

and the symmetric group of degree r by G,.. For some special partitions, we use the following
notations

(n) == (n,0,...,0) € P,
(1) :=(1,...,1,0,...,00 €P,, (n=1,...,7).

The symmetric group &, acts on z = (21,...,2.) € C" by
0.2 := (251, - - - » Z0(r))-

For any partition A\, we define Schur polynomial s)(z) and monomial symmetry polyno-
mial my(z) by

det (z;\ﬁr_j) det <zi)‘j+r_j>

ij=1,..r ij=1,..r
sx\(z) = — = : (2.1)
det (2] j)i,j:L..m [hcicjer(zi = %)
ma(z) = Y ezl (2.2)
veES,. A

where det is the usual determinant and
G, .\ = {0‘/\ = ()\0(1), . ,/\J(T)) | o€ GT}

We remark that Schur polynomial extends to Schur function s)(z) for A = (Ay,..., A.) € C"

by .

It is well known that

el (z) = sm(z) = man) (2), (
P (2) = m (2),

which is Schur s(;») or monomial 1) with one column are e,(f), and monomial m,) with

one row is p’, and Schur S(ny With one row is ey ([M] ChapterI Section3 (3.9)). From

(2.5]), we extend the complete homogeneous polynomials to hgf)(z) (n € Z): namely

W (2) = s(n)(2) (n>0). (2.6)
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By this extension ({2.6)) and the definition of Schur function, for any r we have
Kz)=0 (n=1,2,....,r —1). (2.7)

We list up some required formulas for symmetric polynomials in [M].

Lemma 1. (1) Generating functions

[T+ z) =D e @)y, (2.8)
7j=1 n=0

[[—— - > 1w, 29
j=1 EL R —
T 1 o

= " (z)y". 2.10

R LA (210
]:1 n=0

(2) q-binomial formula

n—1 n

. n k(k—1)
[[a+dy)=> <k) T (2.11)
j q

7=0 k=0
n—1 00
1T — =) yk (2.12)
j=0 1=q¢y k=0 k q
where (Z)q denotes the q-binomial coefficient

(Z)q - (—1q_")q-)-'-.(.1(1—_qnq—:)+1>‘

(3) Wronski relation and Newton’s formula

min (n,r)
(1) (2)n (z) = 0, (2.13)
=0
TR j. (1) () ()
(_1)n7jpnr—j+1(z)€jr (z) = (n+ 1)€nT+1(Z)- (2.14)
=0

Actually, (2.8) is [M] p19 (2.2) and (2.9) is [M] p21 (2.5) exactly. For (2.11]) and (2.12)),
see [M] p26 Examples3. Similarly, (2.13) and (2.14]) are [M] p21 (2.6') and p23 (2.11')
respectively.




2.2 Gauss hypergeometric functions

Let a,b, ¢, z be complex numbers such that ¢ is not non negative integers, and (a),, be the
raising factorial defined by

(@) = {a(a+1)...(a+m—1) (m # 0)

1 (m=0)

We recall Gauss hypergeometric function

i) =i (5] = 30 bl (1 <)

m=0

and for any complex numbers o and x we put

Yo x) = ,; %xk (|4z] < 1). (2.15)

Since
a atl
co) — 202 .
w(&,iU) 2F1 (a+174$)7
Y(o; x) is analytically continued to 4z € C\ {0, 1} by analytic continuation of o F}(2).

Lemma 2. (1) Another expression

(o) = Z Cator—1k2", (2.16)
k=0

(@62 04 B

(2) Closed form

where

N e (217
(3) Indes law
las ) (B 2) = Y(a+ B ). (2.18)
(4) Quadratic formula
(2 (1;22) — (2(L;2%) + 2 = 0. (2.19)



Proof. (1) By the definition of ¢(«; x) and ¢, x, we have

- a+k+1),-
1+§:m+k—m( o Jeo1 i

k=1
o (lot ke (et ke g
_1+§:( K En A
k=1
L ((a+2k-1 a+2k—1\\ 4
e () -(ED)
k=1
cha+2k—1k$
k=0

(2) We remark a hypergeometric transformation [AAR] (3.1.10)

o otl 1—vI—z\" o, 1—V1I—z
o 22 o sr) = 2————— ) o} ’ T -
a—fB+1 x a—B+114+/1—x
Thus,
a otl 1—v1I—4z\"
Cr) — 20 2 . S e i
w<0&,$)—2F1(a+1,4$>—( or ) .
The formulas (2.18]) and (2.19) follow from (2.17)) immediately. O

Remark 3. We mention some properties of ¢, ;. For non negative integers n and k, we
make the table of ¢, > 0. This table is determined exactly by initial conditions

cno=1 (n>0),

i =0 <n > 0, LSJ < k) ,

1 2n+ 2
n,n = ZO,
C2nnt1 n+2(n+1> (n=0)

1 2
Conm ——( n) : Catalan numbers (n > 0)
’ n+1\n

and a recursion formula
Cnk = Cn—1k—1 1 Cn—1k, (2.20)

where |z is the greatest integer not exceeding # € R. The sequence ¢, j is a kind of Clebsch-
Gordan coefficients for sly. Actually, from the above initial conditions and recursion of ¢, ,
we have [

(BED) — 2cosoyr = Y-, 2L, (2.21)

sin sin
k=0

N3
[
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that is the classical Clebsch-Gordan rule for sly exactly.

n\kJO] 1] 2] 3 | 4 | 5 6 7 8 | 9 10 |

0 |1

HE

2 J1]1

3 [1]2

4 J1]3] 2

5 145

6 J1[5] 9] 5

7 J1]6[14] 14

8 [1]7[20] 28 [ 14

9 [1][8[27 [ 48 [ 42

10 [1]9]35 ] 75 | 90 | 42

11 [[1]10] 44 | 110 | 165 | 132

12 [[1]11] 54 | 1564 | 275 | 297 | 132

13 [[1]12] 65 | 208 | 429 | 572 | 429

14 [[1]13] 77 | 273 | 637 | 1001 | 1001 | 429

15 [[1]14] 90 | 350 | 910 | 1638 | 2002 | 1430

16 [[1]15]104 | 440 | 1260 | 2548 | 3640 | 3432 | 1430

17 [[1]16] 119 | 544 | 1700 | 3808 | 6188 | 7072 | 4862

18 [ 1]17]135 | 663 | 2244 | 5508 | 9996 | 13260 | 11934 | 4862

19 [[1]18] 152 | 798 | 2907 | 7752 | 15504 | 23256 | 25194 | 16796

20 [[1[19]170 [ 950 | 3705 [ 10659 | 23256 | 38760 | 48450 | 41990 | 16796

21 [[1]20] 189 [ 1120 [ 4655 | 14364 | 33915 | 62016 | 87210 | 90440 | 58786
Table 1: ¢, 1

Further ¢, is a typical example of Kostka numbers Ky, (see [S] Chapter2 Section2.11
and Chapter 4 Section4.9). We remark Young’s rule

and

S(A1,A2) (6

S(u1)(2) S (un) (2) = ZK)\NS)\(Z) (g > -+

V=16 ei\Ee) _

e()\1—)\2+1)\/— 0 _ 6—()\1—)\2-‘1-1)\/—19

>y > 1),

(2.22)

sin (A = X +1)0)

evV—10 _ o—v-10

sin 6



By putting r =2, iy = -+ =pp=1,21 = eV ¥ 2y = e V10 1in 1} we have

sin (26)\" n
( ( )) = 500 (6\/—19’6—\/?19>
sin 6
= Z K\qnysa <ev ’19, e’ﬁ0>
A

_ Z K/\(ln)sin (AN — X+ 1)9). (2.23)
A

sin 6

Finally, by comparing (2.21]) and (2.23)), we have

K(n—kk),an) = Cnk-
In Section 4 we show that a higher order analogue of Fibonacci numbers appear in the Table 1,

that is one of our main results (4.18)).

3 Main results

From , and

. . Y
Atzy)AEzly) =1+ (z+2 Dy+v* =1+ (1i(2j+2j1)1+y2),

we obtain the following key lemma.

Lemma 4. If
-1 -1 ) —
|ij|, |zj y‘a (Zj +Zj )1 +y2 < (] - 1a >T)7 (3 1)
then
2r r
Zefr) (z,z )y = H(l + zjy) (1 + zj’ly)
n=0 J=1
= (1+¢%)" "z 4z i , 3.2
1 et (1 3.2)
S e = [ s
n=0 j=1 (1 o ny)(l - Zj y)
_ 2\—r = (r) -1 Y "
= (1447 ;hm<z+z )(1+y2) . (3.3)

First, we prove the formulas of type ([1.4]).
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Theorem 5. (1) Forn=0,1,...,2r, we have

3] -
EACCR R SR (R E )
eemax{ [ 25 | 0}

(2) For any non negative integer n,

r_
0|3

|

—k -1
e =3 (" T e
=0

Eod

(3) For any positive integer n,

125

L3]

2k —n —1 2k —n
g,z ) =2 Y 7) 1y ") 1y
Pn (Z7Z ) P ( k )pn—Qk(Z_'_Z ) < < k >pn—2k(z+z )

k=

Proof. (1) From (3.2) and binomial theorem, we have

2 (r _k,m> ez 42y

m=0 k=0
5]

2r T
S ez 2yt =) ez )y 14y
n=0 m=0

2

S

k

n=

[e=]
B

=max{ | 25+ ] .0}

(2) Similarly, we have

o0

Sz a Yy

n=0

Nz+z )y (1 +y5) "

[
WE
Si

3
L

I
Me i 10
M

il —)khfﬁ) (z+2 )y

(]
3
_l’_
=

>
Il
o

,_
N3
[

n—2k+7)g i\ m
(k—')kh;Z%(ZﬂLZ Yy
k=0 ’
|5]
n—k+r—1\ i\ m
- ( . )hflz%(zjtz 1)y )

3
Il
=)
B
i
o

r—n-+2k\ nn
( )67(1221@(2"‘2 Dy,

(3.4)



(3) It is enough to show that the case of » =1 which is

|

|25

2k —n—1
M4z =2 Z ( ]: >(z R
k=0

From (3.2)) and simple calculus,

|3

J
2k —
( n) (Z + Zfl)ank.
‘ k

k=

i(Z" T N
s l—zy 1—271y
2—(z+2 Yy

Tl (e Dy P
1 2—(z+2Yy

L+y?1 = (2427

If |zy| < 1, |27'y| < 1 and |y| < 1, then

o

;(2" + 2 Myt = i (g e 21)) S <1 Ey2)m+1

3
]
(=)

G — (et 2‘1>) (s + - tymyrert L L gy

2k —n—1 \n—2k
( i )(z+z1) 2y

2k—n CiNpe "
( L )(z+z 1) 2k+1y +1.

n+1
2

\)

M 1

i
o
b
Il
o

]

To prove (|1.5)), we prepare the following formula which follows from Lemma immedi-
ately.

Lemma 6. If
1 — 1 —4x2
Y= 5 5
x
then
r=-—"
1492
and for any non negative integer N
yN = 2Ny (N; x2) = 2V Z cN+2k,1,kyc2k. (3.7)
k=0
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Proof. By quadratic formula,

Thus, we have

yV =2y (122" = 2V (Nia?) = a3 w1
k=0

Here the second and third equalities follow from (2.18)) and ([2.16)) respectively.

Next, we obtain the formulas of type ((1.5)).

Theorem 7. For any non negative integer m, we have the following identities.

(1)
%] )
Z Cm—'r—l,kegn’r_)gk(z7z_1) =

kmmax(| 2 | —1,0) 0 (others)

,_
wl3
[

Cm+r71,kh£3f_)2k(z, Zil) = hg;) (Z + Zil).
0

£
Il

DN | —

- m 2r — r —
Z (k>p|(m)2k|(z,z D =p(z+27").
k=0

Proof. (1) From (3.2),

2r r
Zegl?r)(z’z 1)yn—r e Z 6(r)(z +z l)xm’
n=0 m=0
where
g =—7
1492
Hence, from (3.7]) we have
2r 2r 00
Zen2r)(z7 7 l)yn T Z 67(127‘)<Z’Zfl>xnfr ch—r+2k—1,kx2
n=0 n=0 k=0
- B
=z " Z eﬁngk(z, z ) em 1 g™

{eﬁ,’?(z +z7Y (m=0,1,....r)

(3.10)

(3.11)

(3.12)

(3.13)



By comparing coefficients of (3.12)) and (3.14]), we obtain the conclusion.
(2) Similarly, from (3.3))

Z h) (z, 27 )y = 2 Z A (z 4z~ )™ (3.14)
n=0 m=0
and (3.7) we have
Z thT) (z,z )y"" = Z h\?)(z, 2~ 1)zt Z Crtr4+2k—1,kT
n=0 n=0 k=0
o |3] )
=" Z hini)%(z, z_l)cm+r_1,k$m.
m=0 k=0

(3) We prove this formula without generating function and other Lemmas. Actually, by
applying the usual binomial formula we have

PNz 427 = (zi+z )"

_ Zm: (m> (2k—m)

=1 k=0 k
_1 - — m 2k—m m m—2k
SR ()

1 = m - -n n—
:§Z<k) (22F7n 4 n2k)

k=0 i=1

1 " m 2

- 52 (k)pfm’%(z,z )

Finally, we consider principal specialization of Theorem[5] and Theorem[7] Let

q:i:é — (q:i:(r—l)’ g

:I:l)'
In this special case, we evaluate 67(12T)(q+5, q?), hﬁ?”(q%, q %) and p,(fr)(q“s ,q %) explicitly.

Proposition 8. For any non negative integer n, we have the following identities.
(1)

min(n,2r+1)

Z (_1>nfk (ZT + 1) qk(k*ST*U _ 67(12r) <q+57 q_6) (TL =0,1,... 727,.) . (315)
— ko /., 0 (others)
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_ o [ (27 + 1 2r+n—1\ ,
h$ (g™, q7%) = ¢ (( ) - ( . ) q ) : (3.16)
n q n q

@) (S 6 e
pr (@, q7%) =-1+¢q r”v- (3.17)
Proof. (1) From generating function of elementary symmetric polynomials (2.8)),

2r r 2r

r — n ) -7 1 ) —T
> e g g )y =]+ )1 +q7y) = mH(Hq]q ).
n—0 j=1 j=0

By ¢-binomial formula (2.11)), we have

> e g q )y

2r+1
iy 2r+1 R(k=1)
(—1)y§(k)q2qky’“
k=0

q

2r +1 k(k—2r-1)
q 2 Y.
q

(o ()

oo
oo min(n,2r+1) (
n=0

(2) Similarly, we have

ol ey
= (or+ k .
—-n X (M) oy
k=0 q
> 2r+n 2r+n—1 o\ e on
- n B n—1 O
n=0 q q

(3) By the definition of power sum and geometric series, we have

2r) (45 6 ~ g — gt
P, (@, q ):_1+Zq :—1‘1‘?
k=—r
We remark this formula holds on the limit ¢ — 1. ]
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Corollary 9. (1) Forn=0,1,...,2r,
5]
k::max{ L%J,O} k=0

For any non negative integer m,

n

5 mln(m 2k 27"—{—1)

2r + 1\ w=2r-p
Z Z q 2 Cm—r—1,k
k:max{tm ""J O}l 0 d

@ ) (m=01,...7)
0 (others) '

(2) For any non negative integers n and m, we have

|

—
0|3

Il
=)

|l
1\3‘3
[

=hi) (@ +q7).
(3) For any positive integer n,

|25

L3]

k=0

—rn __ (r+1)n
1—qn
For any non negative integer m,

(2r+1)\m 2k|

m— 1 « m—2k|r r -
-9 1+§Z( ) |m 5 q\ 2k| _pT(n)(quzS_'_qa
=0

4 Applications

r—n-+2k\ _ " 2r +1 k(k—2r—1)
Z ( L )‘%gblzk;(qﬂs +q7%) = Z(_l)k( k > a *
q

n—k+r—1 e 2r+n 2r4+n—1
(e = (7)<
n g n—1

2r +m — 2k 2r+m —2k —1
_1m—(m—2k)r . r S
k:0< ) q m — ok ) m— ok — 1 qq Cm+4r—1,k

202k —n—1\ _ 20— n\ ¢ _
2 Z ( k )pv(l)2k(q+6+q ’) - ( I: )pg)%(q*‘s—{—q )
k=0

(3.18)

(3.19)

~—~

3.20)

(3.21)

(3.22)

(3.23)

In this section we investigate more specializations of Theorem[5] and Theorem[7] that is

including new identities for the classical Fibonacci and Lucas numbers. Let

2w/ —=1r 27/ —1
Ci5 = (ei 1L e e ) .
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We put

2 2rr

T r é ) r

F,(LJF)1 ::h%)(_CJr ¢ ):hg)<_COS(27‘—1—1)’”"_008(27"—1—1))’ (4.1)
2T 2rr

LM = ¢ = pin) e — 4.2

Wl (67 =) = p (o w+1) 0 C\arr1) ) (42)

that is a higher order analogue of the classical Fibonacci and Lucas numbers. Actually, the
case of r = 1 is trivial sequences

Fh =LY =1, (n>0) (4.3)

and the case of r = 2 is the classical Fibonacci numbers F,,; and Lucas numbers L,

Fﬁ-)l - % (1 +2\/_> (1 _2\/3) =: Foya, (4.4)

o = (%) + (1 _2\/5> = L. (4.5)

Further under this specialization, el (—¢ 0, —¢ %), B (=¢H0, —¢70), pF(=¢H, —¢70)
and €' (—C+5 — ¢ %) have the following simple expressions.

Proposition 10. (1) We have
(¢, —¢ ) =1 (n=0,1,...,2r), (4.6)

@ B {e%)(_CJrJ_CS) (m:(),l,...,r)
m—r—1,k — .
e [ 2 | 0} 0 (others)

Cb

2

In particular, for m =0,1,... r, we have

e(—¢H - ¢ = izmi Cmr1 = (m Ié_ 1) — (—1)lz (”’ _Lé‘JTJ)' (4.8)

(2) For any non negative integer n,

?

h(QT)(_C‘HS’_ —5 = -1 741 ] —(-1) %J)

=2r+1,2r+2(mod2(2r+1))) . (4.9)

)L
(n=0,1(mod2(2r +1)))
(n
(others)
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(3) For any non negative integer n,

_ -t (2r+1 ) n)
G(—¢P0, =70 = (=1)"(=14 2r 4+ D)dorpipm) = ( 4.10
P (=€ =¢70) = (=1)"( ( )02r+1jn) 12 (2 +1|n) (4.10)
where
5 J0 (@2r+1 ) n)
T @1 n)
Proof. (1) From (2.8)), we have
2r r
Z 67(127")(_C+5’ _C—§)yn _ H (1 _ 627m/jﬁy> (1 _ 6—27r\/—712ﬂﬁy>
n=0 7j=1
1— y2r+1
e ﬁ
2r
>
n=0
(2) From (2.9), we have
th C+5_—)n:ﬁ ' 1 :
4 (s oty (14 ooriaty)
1+y
o 1+y2r+1
:Z< 1)k(y(2r+1)k+ (2r+1)k+1)
k=0
L (Coplel -yl
225 ((_1) 1] — <_1) 2r 1 )y .
n=0
(3) By the definition of o
p(=¢T, (70 = < 1+ Z sz) = (=1)"(=1+ 2r + 1)02r+1jn)-
k=—r
O

Remark 11. For (4.8)), we give another proof without using (3.9). Let z := 2z + 2~!. First,
we remark

Z 2" = H (x — 2cos (257:‘_71)) = Z 67(77;)(—C+6 - C_é)xr_m.

k=—r m=0

16



On the other hand, if |u| < |z| < |u|™!, then
ZT‘+1
Sy Hey (-

r=0 k=—r
B 1 1 z
1=z \1—z1u 1-zu

B 14+u

1=z w)(1 - zu)

14w 1
1+u21_'rl-i-u2

= (14 u) Zx (1+u?)~N1

(e

Hence we obtain the conclusion (4.8)).

CJ

N3

From the Wronski, Newton relations and 1} we have the recursion formulas of Fn el
and L

Proposition 12. For any non negative integer n,

G—Dtﬁfj(r_lé%;J)FﬁL+1::Q (4.11)

(4.12)

We remark that a generalized Fibonacci numbers {F, +1}n>0 are determined by the van-
ishing property (2.7 .

Fy) = =F") =0 (4.13)

and the initial condition F} (r) — h (r) = = 1, and the recursion formula
" | 5 1=\ | 52] VS N
F'I‘L = Z (_1) - Fn—1—2j + Z (_]‘> ] + 1 Fn—2—2j' (4]‘4)

=0 J =0

17



Example 13. r =1 Fl(l) =1, F,Ei)l — RV,

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,1, 1,1, 1,1,1,1,1,1,1,1

Y Y Y ) Y Y Y P Y Y P Y Y P Y Y P Y J Y ) Y Y Y P Y Y P Y Y PR

r = 2 (Fibonacci numbers) FO(Q) =0, FI(Z) =1, FT(Li)Q = Fﬁ)l +F?.

1,1,2,3,5,8, 13,21, 34, 55,89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10946, . . .

r =3 (OEIS A006053) F% = ¥ =0, FY =1, F®, = £, + 25

n

3 3
B,

1,1,3,4,9,14,28,47,89, 155, 286, 507, 924, 1652, 2993, 5373, 9707, 17460, 31501, 56714, . ..

r=4 (OEIS A188021) FY) = F% = iV =0, ;Y =1,

Fygi)4 = F7(Li)3 + 3F7Si)2 - 2F7§j-)1 - F7(L4)~
1,1,4,5,14,20,48, 75,165, 274, 571, 988, 1988, 3536, 6953, 12597, 24396, 44745, 85786, . . .
r=5 (OEIS A231181)  F&) = F&) = F¥) = " =0, FY = 1,

F7E5+)5 = Fr(Li)4+4Fr(Li)3 _3Fr(zi)2 _3F755+)1 + FP).

1,1,5,6,20,27, 75,110, 275,429, 1001, 1637, 3639, 6172, 13243, 23104, 48280, 86090, . . .
r=6 F9=F9=F9FY=F"=0 =1,

6 6 6 6 6 6
FT(H-)(S = F7§+)5 + 5F7E+)4 - 4F7§+)3 - 6F7E+)2 + 3FT(L+)1 +E9.
1,1,6,7,27,35,110, 154,429, 637, 1638, 2548, 6188, 9995, 23255, 38741, 87190, 149017, . ..

On the other hand, calculation of a generalized Lucas numbers {Lg)}nzg is more compli-

cated. First, from the initial condition Lg) = pér) = r and (4.12), we calculate Lﬁ”), . Lff;)l.
Next, by using the recursion
o r—1—3 =] r—1—3
= (T S e ()i e
=0 =0
and values of L\, ..., L"), we obtain the following examples.

Example 14. r =1 Lél) =1, ij}rl =L,

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1

2T T ) ) ) Ty ) ) ) ) Y ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) Y Ty ) ) ) Y Ty ) ) ey e

r = 2 (Lucas numbers) Lé2) =2, LgQ) =1, LS}FQ = L,(i)rl + LY.

2,1,3,4,7,11,18,29,47, 76,123,199, 322, 521, 843, 1364, 2207, 3571, 5778, 9349, . . .
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— 3 (OEIS A096975) LY =3, L% =1, LY =5, 1P, = L8, + 21 — LY.

3,1,5,4,13,16,38, 57,117, 193, 370, 639, 1186, 2094, 3827, 6829, 12389, 22220, 40169, . . .

r =4 (OEIS A094649) LYV =4, LV =1, L =7, LY = 4,

L1(14+)4 - Ln+3 + 3Ln+2 - 2L7(14+1 L£L4)

4,1,7,4,19,16, 58, 64, 187, 247,622,925, 2110, 3394, 7252, 12289, 25147, 44116, 87727, . ..
=5 (OEIS A189234) L =5 L =1, LV =9, LY =4, LY =25,

5 5 5 5 5
LYy = Lo, + 4L, — 3LY), — 3LY), + LY.
5,1,9,4,25,16, 78, 64, 257, 256, 874, 1013, 3034, 3953, 10684, 15229, 38017, 58056, . . .
r=6 Ly =6L"=1LY =111 =4, LY =31, L =16,

6 ©
L7(1+)6 L£z+5 + 5Ln+4 4LnJ)r3 6Ln+2 + 3L i1 + LY.
6,1,11,4,31,16,98, 64, 327,256, 1126, 1024, 3958, 4083, 14116, 16189, 50887, 63768, . . .

By comparing the table of ¢, and the above examples of {F, +1}n>0, we find some

relations between special Kostka numbers ¢, j and our generalized Fibonacci numbers Fé +)1

Actually, from our main results Theorem[5], Theorem[7] and Proposition[I0, we obtain the
following formulas.

Theorem 15. (1) Forn=20,1,...,2r,

3]
k:max{%r 10} ( o 2k> (n _élj v 1) =t (4.16)

(2) For any non negative integers n and m, we have

| 2] n k1 1 (n=0,1(mod2(2r+1)))
( . )EY)%+1 —1 (n=2r+1,2r+2(mod2(2r +1))),  (4.17)
k=0 0  (others)
I-%J 1 m—2k m—2k—2
Féﬁ_l — Z 5 ((—1)L27‘+1J _ (_1> 241 J) Crtr—1,k- (4.18)
k=0

(3) For any positive integer n,

|25 L3]

) Z (Qk n—1>Lr) D3 <2k—n>m%: {<_1)n—1 (2r+1)n) (419

— k (=1)"2r (2r+1]n)
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For any non negative integer m,

. ] m2r+1m m
RIS o1 ) RN

k=0

In particular, we have

[z
(r) 91 2r+1 2m
L = —2 _— 4.21
2m Ty Z <m—(2r+1)k ’ (4.21)
k’:—bﬂd
L(r) . 4m 27‘ + 1 L%J 2m + 1 (4 22)
amtl 2 (e | m—2r+10)k—r) '
k=— ”7127:_11

From specializations of Theorem[l5, we obtain the following intersting binomial sum
formulas and others.

Corollary 16. For any non negative integers n and m, we have

|2] I (1 (n=0,1(mod6))
(—1)’“( N ) =¢-1 (n=2r+1,2r+2(mod6)), (4.23)
k=0 L0 (others)
2] (1 (n=0,1(mod10))
(—1)k (” a : + 1) Foopr1 =% —1 (n=2r+1,2r 4+ 2(mod 10)) (4.24)
k=0 (0 (others)
and
L%J 1 m—2k m—2k—2
Z 3 ((_1)LTJ — (_1)LfJ> Cme = 1, (4.25)
k=0
L%J 1 m—2k m—2k—2
. <(_1)L = (_1)LfJ) Cmiik = Fons1. (4.26)
k=0

Corollary 17. (1) For any positive integer n, we have

(Qkk—n> _ {(—1)“ BLn) o

15+ L)

, ; <2k—;—1)_

k=0 (=)"2  (3|n)
SR T B o C1 6w
2 kzzo < i )ank P ( N )ank = { 1 (5)m) (4.28)
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For any non negative integer m, we have

1% ]
3 2m
e _22m—1 1
2 Z (m—Sk) 5
k=[5 ]
m—1 m—1
§L3J 2m + 1 _3L3J 2m+1 N e
2 m—3k—1) m—3k—1 ’
h=—| 32 | h=0
I 22m—1+§ % 2m
am = 2 m —bk)’
k=—[%]
[0 _gm 5 L] 2m + 1
2mAl 2 m — 5k — 2
k=]

(2) If m < 2r +1, then

) 0 +1 (2
LY) = —g2m-1 4 T; (m)

(3) If m <r, then

L(2:7)1+1 = 4"

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)
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