
ar
X

iv
:1

90
7.

00
35

7v
1 

 [
m

at
h-

ph
] 

 3
0 

Ju
n 

20
19

GROTHENDIECK’S DESSINS D’ENFANTS IN A WEB

OF DUALITIES. II.

JIAN ZHOU

Abstract. We show that the spectral curve for Eynard-Orantin
topolgical recursions satisfied by counting Grothendieck’s dessins
d’enfants are related to Narayana numbers. This suggests a con-
nection of dessins to combinatorics of Coxeter groups, noncrossing
partitions, free probability theory, and cluster algebras.

1. Introduction

In the first part [20] of this series of papers, we have proposed to
study dualities of different topological quantum field theories using
symmetries of the KP hierarchy. Such theories involve infinitely many
formal variables, so it is natural to study them altogether from a point
of view of infinite-dimensional geometry. One of the most developed
approaches to infinite-dimensional geometry is the theory of integrable
hierarchies. The Kyoto school’s approach to integrable hierarchies fo-
cuses on their symmetries, described by the actions infinite-dimensional
Lie groups or Lie algebras. In this approach the KP hierarchy is univer-

sal in the sense that its symmetries are described by ĜL(∞), into which
the symmetry groups for other integrable hierarchies can be embedded.
From this point of view, different theories have equal status. Once

the partition function of a particular theory is identified as a tau-
function of the KP hierarchy, it can be transformed into the partition
function of any other theory, which is also a tau-function of the KP
hierarchy. This is very crucial to our understanding of dualities of dif-
ferent theories, because the constructions of two theories may be totally
unrelated, but they should share exactly the same properties if they
are dual to each other in our sense.
However, the democracy among different theories does not mean that

some specific theories cannot play more important roles than the oth-
ers. The democracy in this setting only means that before some further
studies, each theory is just a candidate for some selection process after
which one may or may not determine some specific theories that will
play a unifying and leading role in the future studies. One of the goals of
this series of papers is to show that counting of Grothendieck’s dessins
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2 JIAN ZHOU

of d’enfants plays such a role. In Part I of this series, we have focused
on some enumeration problems. We discover that various enumera-
tion problems are either special cases of the enumeration of dessins,
or are directly related to it. We have seen that their generating series
are tau-functions of the KP hierarchy. These tau-functions have very
special properties. For example, they satisfy suitable versions of Vi-
rasoro constraints, and admit some cut-and-join representations. It is
often possible to find explicit formulas for the bases of the elements in
Sato’s Grassmannian corresponding to these tau-functions, sometimes
with the help of representation theory. With these bases available one
can find the Kac-Schwarz operators. Furthermore, one can use the
first basis vectors to write down the corresponding quantum spectral
curves. To make contact with mirror symmetry, we have reformulated
the differential equations involved in these examples of quantum spec-
tral curves as differential equations of hypergeometric type.
In this Part II, we will still focus on the examples considered in Part

I, but we will examine them further from the point of view of emergent
geometry of KP hierarchy developed by the author in earlier works.
Emergence is an notion developed in statistical physics. Roughly it

means the appearance of some structures when one deals with a sys-
tem of very large degrees of freedom. We have borrowed this notion
to describe some results in the study of Gromov-Witten type theories.
Such a theory has a finite-dimensional phase space consisting of the
primary operators. This space is called the small phase space. Intrin-
sic to a Gromov-Witten type theory is its coupling to 2D topological
gravity. As a result, each primary operator has an infinite sequence
of associated operators called its gravitational descendants. The big
phase space, i.e. the space that includes all the primaries and their
descendants, is then infinite-dimensional. We refer to the geometric
structures that can be more easily seen from the big phase space than
from the small phase space as the emergent geometry. We emphasize
that such structures also exists over the small phase space, but it is
more natural to think of them as the restrictions of some structures
over the big phase space.
The emergent approach to the study of a Gromov-Witten type theory

is then to look for some structures over the big phase space and con-
sider their restrictions to the small phase space to get back to a finite-
dimensional setting. This is in contrast to the reduction/reconstruction
approach which starts with some structures on the small phase space
and tries to reconstruct the whole theory based on some axioms that
characterize such theories.
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In earlier papers, we have shown that in some examples of Gromov-
Witten type theories, the following structures emerge: a plane alge-
braic curve called the spectral curve, a family of deformations of this
curve defined over the big phase space called its special deformation,
and a conformal field theory defined over the spectral curve. More re-
cently, it has been realized that Eynard-Orantin topological recursions
can also be understood as emergent geometry. In summary, emergent
geometry is a synthesis of ideas from mirror symmetry, Witten Conjec-
ture/Kontsevich Theorem, and Eynard-Orantin topological recursions.
It is possible to study the emergent geometry of any Gromov-Witten

type theory whose partition function is a tau-function of the KP hi-
erarchy [15]. It is particularly simple when the partition function also
satisfies the Virasoro constraints. The original motivation was to un-
derstand the mirror symmetry of a point, more precisely, why the
n-point functions associated with the Witten-Kontsevich tau-function
[12, 10] satisfied the Eynard-Orantin topological recursion on the Airy
curve y2 = x, a result proved many times by different approach in e.g.
[7, 3, 13]. The proof by the author in [13] indicates that the Eynard-
Orantin topological recursion in this case is equivalent to the Vira-
soro constraints derived by Dijkgraaf-Verlinde-Verlinde [4], and spec-
tral curve and the Bergman kernel are determined by making sense
of genus zero one-point function and the genus zero two-point func-
tion respectively. The emergent geometry in this sense of the modified
partition functions of Hermitian one-matrix models with even coupling
constants has been studied in [19]. The same has been done for parti-
tion functions of Hermitian one-matrix models in [21]. More recently,
in Part I of this series [20] we have discovered that the enumeration
of Grothendieck’s dessins d’enfants lies in the center of a web of duali-
ties of various enumerative problems, including the above three cases.
One of the goals of this paper is to present the emergent geometry of
Grothendick’s dessins d’enfants in the same fashion as in the above
three cases.
It may seem redundant to consider the Eynard-Orantin topological

recursions in these cases because it is concerned with the computa-
tions of genus g, n-point functions recursively, but on the other hand
we have already obtained a formula for all n-point functions, summed
over all genera, in [20] based on the general results for tau-functions of
the KP hierarchy developed in [15]. Our reason is that these different
approaches yield different formulas that encode different information.
The formulas in Part I encode information related to problems in rep-
resentation theory, while the formulas in this Part encode the informa-
tion related to combinatorial problems. Our second goal of this paper
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is to present some unexpected connection between counting dessins and
Narayana numbers. More precisely, the genus zero one-point function
of Grothendieck’s dessins is the generating function of the Narayana
numbers. Because the latter is related to cluster algebras, root sys-
tems, Coexter groups, associahedra, etc, see e.g. [8], this suggests a
connections from dessins to these mathematical objects. In particular,
because Grothendieck’s dessins correspond to Type A root systems,
our results suggest the possibility of dessin theory of Type BCD. Note
in our previous works on emergent geometry, we encounter only Cata-
lan numbers. Because Narayana numbers refine Catalan numbers, we
get another evidence that counting dessins is more fundamental than
counting fat graphs (aka clean dessins).
Derivation of topological recursion from Virasoro constraints for count-

ing Grothendieck’ dessins has already been given by Kazarian and Zo-
graf [9]. But their version is not exactly the version of Eynard and
Orantin [7]. They have remarked that one can derive the latter version
from their version. We will present a direct derivation of the Eynard-
Orantin version in the same fashions as in [19, 21]. Our motivation is,
first of all, to interpret the Eynard-Orantin recursions in these cases
as emergent geometry. Secondly, as a consequence, we establish a con-
nection between counting dessins and intersection theory on Mg,n.
We arrange the rest of the paper in the following way. In Section 2 we

recall some earlier results on emergent geometry of some enumeration
problems and the appearance of Catalan numbers in their genus zero
one-point functions. We show how to compute the n-point functions
in arbitrary genera for dessin tau-function using the dessin Virasoro
constraints in Section 3. In particular, the genus zero one-point func-
tion in this case is shown to be the generating series of the Narayana
numbers. The Eynard-Orantin topological recursions are shown to be
equivalent to the dessin Virasoro constraints in Section 4. In Section 5
wee present some computations necessary for relating dessins to inter-
section numbers numbers using Eynard’s results [6]. In he final Section
6 we present some concluding remarks.

2. Earlier Results on Emergent Geometry and Catalan

Numbers

In this Section we recall some results on emergent geometry in the
following three cases: Witten-Kontsevich tau-function, partition func-
tions of Hermitian one-matrix models, and modified partition functions
of Hermitian one-matrix models with even coupling constants. We will
focus on the genus zero one-point functions and two-point functions.
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We note that the genus zero one-point functions in these three cases
are all related to the Catalan numbers.

2.1. Emergent geometry of Witten-Kontsevich tau-function.

The first example of emergent geometry of Gromov-Witten type the-
ories appeared in [14], based on [2]. In genus zero this means the
construction of the special deformation of the Airy curve defined using
the genus zero one-point function associated to the Witten-Kontsevich
tau-function [14]. In higher genera, this means an equivalent reformu-
lation of the Virasoro constraints in terms of quantization of a field on
the Airy curve [14], or Eynard-Orantin recursions on the Airy curve
[13].
The relevant correlators are

(1) 〈τa1 · · · τan〉g =
∫

Mg,n

ψa1
1 · · ·ψan

n .

The genus g free energy is defined by

(2) Fg =
∑

n

ta1 · · · τan
n!

〈τa1 · · · τan〉g,

where the summation is taken over n such that 2g − 2 + n > 0. The
Virasoro constraints in terms of the free energy are given by:

∂FWK

∂g0
=

∞∑

k=1

(2k + 1)gk
∂FWK

∂gk−1
+

g20
2λ2

,(3)

∂FWK

∂g1
=

∞∑

k=0

(2k + 1)gk
∂FWK

∂gk
+

1

8
,(4)

∂FWK

∂un
=

∞∑

k=0

(2k + 1)gk
∂FWK

∂gk+n−1
(5)

+
λ2

2

n−2∑

k=0

(
∂2FWK

∂gk∂gn−k−2
+
∂FWK

∂gk

∂FWK

∂gn−k−2

)
, n ≥ 2.

Usually {tn}n≥0 are used to denote the coupling constants. Here we
have made the following change of coordinates:

(6) tk = (2k + 1)!!gk.

Correspondingly, the operator τn is changed to σn = (2n+ 1)!!τn.
Because M0,1 and M0,2 are not defined, the genus zero one-point

function and two-point function need special care. One approach, taken
in [13] and elaborated further in [15], is to introduce ghost operators
τ−n and ghost variables t−n. Another approach, taken in [14], is to
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consider the theory in a different background, i.e., with nonzero g0.
To compute the genus zero one-point function in this background, one
then needs to compute:

〈σneg0σ0〉0 =
gn+2
0

(n+ 2)!
〈σn+2

0 σn〉0 =
(2n+ 1)!!

(n + 2)!
gn+2
0

=
1

n+ 2

(
2n+ 2

n+ 1

)
· g

n+2
0

2n+1
,

where

(7) Cn =
1

n+ 1

(
2n

n

)

are the Catalan numbers. We note the above result can be reformulated
as follows:

(8) z(1 − 2g0
z2

)1/2 = z − g0
z

−
∞∑

n=0

∂F0

∂gn
(g0, 0, . . . ) · z−(2n+3).

So we define the genus zero one-point function associated to Witten-
Kontsevich tau-function by:

(9) GWK
0,1 (z; g0) =

∞∑

n=0

∂F0

∂gn
(g0, 0, . . . )·z−(2n+3) = z− g0

z
−z(1−2g0

z2
)1/2.

In [14], motivated by (8), we consider the following series:

(10) x = z −
∑

n≥0

(2n+ 1)gnz
2n−1 −

∑

n≥0

∂F0

∂gn
(g) · z−2n−3.

By Virasoro constraints one has

x2 =2y

(
1−

∑

n≥1

(2n+ 1)gn(2y)
n−1

)2

−2g0

(
1−

∑

n≥1

(2n+ 1)gn(2y)
n−1

)

+2
∑

n≥0

∑

k≥n+2

(2k + 1)gk ·
∂F0

∂gn
· (2y)k−n−2,

(11)

where y = 1
2
z2. In fact, the following equation is equivalent to Virasoro

constraints for FWK
0 :

(12) (x2)− = 0.
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Here for a formal series
∑

n∈Z anz
n,

(13) (
∑

n∈Z
anz

n)+ =
∑

n≥0

anz
n, (

∑

n∈Z
anz

n)− =
∑

n<0

anz
n.

The genus zero two-point correlators are given by:

〈σkσleg0σ0〉0 =
gk+l+1
0

(k + l + 1)!
〈σkσlσk+l+1

0 〉0 =
(2k + 1)!!(2l + 1)!!

k!l!(k + l + 1)
gk+l+1
0 .

The genus zero two-point function in this case is defined by:

G0,2(z1, z2; g0) =

∞∑

n1,n2=0

∂2F0

∂gn1
∂gn2

(g0, 0, . . . ) · z−(2n1+3)
1 z

−(2n2+3)
2

=

∞∑

k,l=0

(2k + 1)!!(2l + 1)!!

k!l!(k + l + 1)
gk+l+1
0 · z−(2k+3)

1 z
−(2l+3)
2 .

To take the summation over k and l, we first take derivative in g0 to
get:

∂

∂g0
G0,2(z1, z2; g0) =

∞∑

k,l=0

(2k + 1)!!(2l + 1)!!

k!l!
gk+l
0 · z−(2k+3)

1 z
−(2l+3)
2

=

∞∑

k=0

(2k + 1)!!

k!
gk0z

−(2k+3)
1 ·

∞∑

l=0

(2l + 1)!!

l!
gl0z

−(2l+3)
2

=
1

(z21 − 2g0)3/2(z22 − 2g0)3/2
,

and so after integration we get:

G0,2(z1, z2; g0) =
z21 + z22 − 4g0

(z21 − z22)
2(z21 − 2g0)1/2(z22 − 2g0)1/2

− z21 + z22
(z21 − z22)

2z1z2
.

(14)

2.2. Emergent geometry of Hermitian one-matrix models. We
refer to [16], [17], [18] for notations and proofs of the results in this
Subsection. Roughly speaking, with the introduction of the t’ Hooft
coupling constant t = Ngs, one gets the free energy functions Fg(t)
from the fat genus expansions of Hermitian one-matrix models. The
genus zero fat Virasoro constraints can be reformulated as follows: The
series

y =
1

2

∞∑

n=0

tn − δn,1
n!

xn +
t

x
+

∞∑

n=1

n!

xn+1

∂F0(t)

∂tn−1
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is a solution to the equation

(15) (y2)− = 0.

When all tn are taken to be 0,

y = −x
2
+
t

x
+
t2

x3
+

2t3

x5
+

5t4

x7
+

14t5

x9
+ · · ·

= −x
2
+

∞∑

n=1

1

n

(
2n− 2

n− 1

)
tn

x2n−1
,

so we again encounter Catalan numbers. Note

(16) y =
−
√
x2 − 4t

2
,

and so the spectral curve in terms of the field y = y(z) is given by the
algebraic curve:

(17) x2 − 4y2 = 4t.

Define the genus zero one-point function in this case by:

(18) G0,1(x) =
t

x
+

∑

m≥1

x−m−1 ·m∂Fg

∂gm

∣∣∣∣
gi=0

,

then the above result shows that

(19) G0,1(x) =
1

2
(x−

√
x2 − 4t).

In terms of the correlators,

(20) 〈pm〉c0(t) =
{

1
n+1

(
2n
n

)
tn+1 if m = 2n,

0 if m = 2n+ 1.

The genus zero two-point function is computed in [21] to be:

(21) G0,2(x1, x2) =
x1x2 − 4t

2(x1 − x2)2
√

(x21 − 4t)(x22 − 4t)
− 1

2(x1 − x2)2
.

It has the following expansion:

G0,2(x1, x2) =

∞∑

m,n=0

tm+n+1

m+ n+ 1

(2m+ 1)!

(m!)2
· (2n + 1)!

(n!)2
1

x2m+2
1 x2n+2

2

+

∞∑

m,n=0

4tm+n+2

m+ n+ 2

(2m+ 1)!

(m!)2
· (2n + 1)!

(n!)2
1

x2m+3
1 x2n+3

2

.

(22)

In terms of correlators we have

(23) 〈p2m+1p2n+1〉c0(t) =
(2m+ 1)!

(m!)2
· (2n + 1)!

(n!)2
· tm+n+1

m+ n+ 1
,
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(24) 〈p2m+2p2n+2〉c0(t) =
(2m+ 1)!

(m!)2
· (2n + 1)!

(n!)2
· 4tm+n+2

m+ n+ 2
,

and other genus zero two-point correlators vanish.

2.3. Emergent geometry of modified partition function. Now
we recall the case of modified partition function of Hermitian one-
matrix model with even couplings. For details, see [19]. The Virasoro
constraints in genus zero are the following sequence of differential equa-
tions:

1

2

∂F0

∂s2
=

∑

k≥1

ks2k
∂F0

∂s2k
+
t2

4
,(25)

1

2

∂F0

∂s2n+2
=

n−1∑

k=1

∂F0

∂s2k

∂F0

∂s2n−2k
+ t

∂F0

∂s2n
+
∑

k≥1

ks2k
∂F0

∂s2k+2n
, n ≥ 1.(26)

In this case, we consider:

(27) y :=
1

2

∞∑

k=1

k(s2k −
1

2
δk,1)x

k−1 +
t

2x
+

∞∑

k=1

1

xk+1

∂F0

∂s2k
.

Then by the Virasoro constraints above:

(28) (y2)− =

(
1

2
t(s2 −

1

2
) +

∑

l≥1

(l + 1)s2l+2
∂F0

∂s2l

)
x−1,

and so

y2 =
1

4
(

∞∑

k=1

k(s2k −
1

2
δk,1)x

k−1)2

+
t

2

∞∑

k=1

k(s2k −
1

2
δk,1)x

k−2 +
∑

l≥1

∑

k≥l+1

ks2k
∂F0

∂s2l
xk−l−2.

It follows that when all s2k = 0, we get the spectral curve:

(29) y2 =
1

16
− t

4x
.

The one-point function in genus zero is:

(30) G0,1(x) =
1

4

(
1− 2t

x
−

√
1− 4t

x

)
.

It has the following expansion:

(31) G0,1(x) =
1

4

∑

n≥2

(2n− 3)!!

n!
· (2t)nx−n =

1

2

∑

n≥2

(2n− 2)!

(n− 1)!n!

tn

xn
.
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The two-point function in genus zero is:

(32) G0,2(x1, x2) =
1− 2t

x1
− 2t

x2

2(x1 − x2)2
√
(1− 4t

x1
)(1− 4t

x2
)
− 1

2(x1 − x2)2
.

It has the following expansion:

(33) G0,2(x1, x2) = 2

∞∑

l=2

tl

l

∑

m+n=l−2

(2m+ 1)!

(m!)2
· (2n+ 1)!

(n!)2
1

xm+2
1 xn+2

2

,

In terms of correlators we have

(34) 〈p2mp2n〉c0 =
1

2
· (2m)!

(m− 1)!m!
· (2n)!

(n− 1)!n!
· tm+n

m+ n
.

3. N-Point Functions of Dessin Tau-Function by Virasoro

Constraints

In this Section we show how to compute the n-point functions asso-
ciated to the dessin tau-function by the dessin Virasoro constraints.

3.1. Dessin n-point functions. Recall the genus g, n-point functions
associated to the dessin free energy FDessins [20] is defined by:

(35) G(n)(ξ1, . . . , ξn) =
∑

m1,...,mn≥1

n∏

j=1

mj

ξ
−mj−1
j

∂

∂pmj

FDessins

∣∣∣∣
pm=0,m≥1

·

An explicit formula for these functions based on the theory of KP
hierarchy have been proved in [20]. In particular,

G(1)(ξ) =
∑

n≥1

snuv

n

∑

i+j=n−1

(−1)j

i!j!

i∏

a=1

(u+ a)(v + a)

·
j∏

b=1

(u− b)(v − b) · ξ−n−1.

It is actually possible to take the summation
∑

i+j=n−1 and simplify
such a formula. In this Section we will show how to recursively compute
the n-point functions using the dessin Virasoro constraints.
The n-point correlators are defined by:

(36) 〈pa1 · · ·pan〉cg := a1 · · · an
∂nFg,dessin

∂pa1 · · ·∂pan

∣∣∣∣
pk=0,k≥0

.

Define the genus g, n-point function by

(37) Gg,n(x1, . . . , xn) =
∑

a1,...,an≥0

〈pa1 · · · pan〉cg
1

xa1+1
1 · · ·xan+1

n

.



GROTHENDIECK’S DESSINS D’ENFANTS IN A WEB OF DUALITIES. II. 11

3.2. Virasoro constraints for dessin tau-function. Recall the Vi-
rasoro constraints for dessins are given by [9]: For n ≥ 0,

Ln =− n+ 1

s

∂

∂pn+1
+ (u+ v)n

∂

∂pn
+

∞∑

j=1

pj(n+ j)
∂

∂pn+j

+
∑

i+j=n

ij
∂2

∂pi∂pj
+ δn,0uv.

(38)

To keep track of the genus, introduce the genus tracking parameter.
This corresponds to the following change of variables:

s 7→ λs, u 7→ λ−1u, v 7→ λ−1v, pn 7→ λ−1pn.(39)

The dessin Virasoro operators then take the following form:

Ln =− n+ 1

s

∂

∂pn+1
+ (u+ v)n

∂

∂pn
+

∞∑

j=1

pj(n+ j)
∂

∂pn+j

+λ2
∑

i+j=n

ij
∂2

∂pi∂pj
+ δn,0uvλ

−2.

(40)

3.3. Virasoro constraints in terms of correlators. When expressed
in terms of correlators, the Virasoro constraints can be expressed as fol-
lows. First,

〈p1〉0 = suv,(41)

and for m ≥ 0,

m+ 1

s
〈pm+1 · pa1 · · ·pan〉g

=
n∑

j=1

(aj +m) · 〈pa1 · · · paj+m · · · pan〉g

+(u+ v)m〈pm · pa1 · · · pan〉g

+
m−1∑

k=1

k(m− k)〈pkpm−k · pa1 · · · pan〉g−1

+
m−1∑

k=1

∑

g1+g2=g
I1

∐
I2=[n]

k〈pk ·
∏

i∈I1

pai〉g1 · (m− k)〈pm−k ·
∏

i∈I2

p2ai〉g2,

(42)

where [n] = {1, . . . , n}.
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3.4. Genus zero one-point function by Virasoro constraints

and Narayana polynomials. From

〈p1〉0 = suv,

m〈pm〉c0 = s
m−2∑

k=1

k〈pk〉0 · (m− 1− k)〈pm−1−k〉c0

+ s(u+ v) · (m− 1)〈pm−1〉0, m ≥ 2,

we get:

G0,1(x) =
suv

x2
+ s

∑

n≥2

1

xn+1

(n−2∑

k=1

k〈pk〉c0 · (n− 1− k)〈pn−1−k〉0

+ (u+ v) · (n− 1)〈pn−1〉0
)

=
suv

x2
+
s(u+ v)

x
G0,1(x) + sG0,1(x)

2.

After solving for G0,1(x) we then get:

G0,1(x) =
1

2s

(
1− s(u+ v)

x
−

√(
1− s(u+ v)

x

)2

− 4s2uv

x2

)

=
1

2s

(
1− s(u+ v)

x
−

√
1− 2s(u+ v)

x
+
s2(u− v)2

x2

)
.

(43)

Now recall the following identity:

1

2

(
1− (u+ v)z −

√
1− 2(u+ v)z + (u− v)2z2

)

=

∞∑

n=1

zn+1

n

n∑

k=1

(
n

k

)(
n

k − 1

)
un+1−kvk.

(44)

It gives the generating series of the Narayana numbers

(45) Nn,k =
1

k

(
n− 1

k − 1

)(
n

k − 1

)
=

1

n

(
n

k

)(
n

k − 1

)
.

They are A001263 on [11]. The polynomials

(46) Nn(q) :=
n∑

k=1

Nn,kq
k
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is called the n-th Narayana polynomial. The following are the first few
terms of G0,1(x):

G0,1(x) =
suv

x2
+
s2uv(u+ v)

x3
+
s3uv(u2 + 3uv + v2)

x4

+
s4uv(u3 + 6u2v + 6uv2 + v3)

x5

+
s5uv(u4 + 10u3v + 20u2v2 + 10uv3 + v4)

x6
+ · · · .

In terms of the correlators, we have shown that:

(47) 〈pn〉0 = snuv

n∑

k=1

(
n
k

)

n

(
n

k−1

)

n
un−kvk−1 =

1

n
snun+1Nn(

v

u
).

It is well-known that the Narayana numbers provide a version of q-
analogues of the Catalan numbers. By taking q = 1 in the Narayana
polynomials, one gets the Catalan numbers:

(48)
n∑

k=1

1

n

(
n

k

)(
n

k − 1

)
=

1

n + 1

(
2n

n

)
.

See e.g. [8] and [1] for references to related mathematical objects.

3.5. Computation of genus zero two-point function by Vira-

soro constraints. By equation (42),

〈p1 · pn〉0 = sn · 〈pn〉0,

and so

∞∑

n=1

n〈p1 · pn〉0
1

xn+1
2

=
∑

n≥1

sn · 〈pn〉0
n

xn+1
2

= − d

dx2

(
sx2

∑

n≥1

〈pn〉0
n

xn+1
2

)

= − d

dx2

(
sx2 ·

1

2s

(
1− s(u+ v)

x2
−

√
1− 2s(u+ v)

x2
+
s2(u− v)2

x22

))

=
1− s(u+v)

x2

2
√

1− 2s(u+v)
x2

+ s2(u−v)2

x2
2

− 1

2
.
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Now recall the following combinatorial identity:

1

2

1− (u+ v)z√
1− 2(u+ v)z + (u− v)2z2

− 1

2

=

∞∑

n=1

zn+1

n∑

k=1

(
n

k

)(
n

k − 1

)
un+1−kvk

=

∞∑

n=1

nzn+1un+1Nn(
v

u
).

(49)

It gives the generating series of A132812 on [11]. The first few terms
are:
∞∑

n=1

n〈p1 · pn〉0
1

xn+1
2

=
uvs2

x22
+

2uv(u+ v)s3

x32
+

3uv(u2 + 3uv + v2)s4

x42

+
4uv(u3 + 6u2v + 6uv2 + v3)s5

x52
+ · · · .

Next we consider the following equation:

(50) 2〈p2 · pn〉0 = s(n + 1) · 〈pn+1〉0 + s(u+ v) · 〈p1 · pn〉0.
By taking generating series, one gets:

∑

n≥1

2n〈p2 · pn〉0
1

xn+1
2

=
∑

n≥1

n

xn+1
2

(
s(n+ 1) · 〈pn+1〉0 + s(u+ v) · 〈p1 · pn〉0

)

= s
∑

n≥2

n(n− 1)

xn2
〈pn〉0 + s(u+ v)

∑

n≥1

n

xn+1
2

· 〈p1 · pn〉c0

= −s d

dx2

(
x22

∑

n≥2

n

xn+1
2

〈pn〉c0
)
+ s(u+ v)

∑

n≥1

〈p1 · pn〉c0
1

xn+1
2

= −s d

dx2

[
x22 ·

1

2s

(
1− s(u+ v)

x2
−
√

1− 2s(u+ v)

x2
+
s2(u− v)2

x22

)]

+ s(u+ v) ·
(

1− s(u+v)
x2

2
√

1− 2s(u+v)
x2

+ s2(u−v)2

x2
2

− 1

2

)

= x2

(
1− s(u+v)

x2√
1− 2s(u+v)

x2
+ s2(u−v)2

x2
2

− 1

)
−

2s2uv
x2√

1− 2s(u+v)
x2

+ s2(u−v)2

x2
2

.
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Recall the following combinatorial identity:

(51)
1√

1− 2(u+ v)z + (u− v)2z2
=

∞∑

n=0

zn
n∑

k=0

(
n

k

)2

un−kvk.

Therefore,

∑

n≥1

2n〈p2 · pn〉c0
1

xn+1
2

= 2x2

∞∑

n=1

sn+1

xn+1
2

n∑

k=1

(
n

k

)(
n

k − 1

)
un+1−kvk

− 2s2uv

x2

∞∑

n=0

sn

xn2

n∑

k=0

(
n

k

)2

un−kvk

= 2
∞∑

n=2

sn+1

xn2

n∑

k=1

[(
n

k

)(
n

k − 1

)
−

(
n− 1

k − 1

)2]
un+1−kvk,

with the first few terms given by:

2s3uv(u+ v)

x22
+

2s4uv(2u2 + 5uv + 2v2)

x3
+ · · · .

Proposition 3.1. The following formula for genus zero dessin two-

point function holds:

G0,2(x1, x2)

=
1− s(u+v)

x1
− s(u+v)

x2
+ s2(u−v)2

x1x2

2(x1 − x2)2
√
(1− 2s(u+v)

x1
+ s2(u−v)2

x2
1

)(1− 2s(u+v)
x2

+ s2(u−v)2

x2
2

)

− 1

2(x1 − x2)2
.

(52)

Proof. For m ≥ 3, n ≥ 1,

m

s
〈pm · pn〉0

=(m+ n− 1) · 〈pm+n−1〉0 + (u+ v)(m− 1)〈pm−1 · pn〉0

+2
m−2∑

k=1

k〈pk · pn〉0 · (m− 1− k)〈pm−1−k〉0,
(53)
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Therefore,

G0,2(x1, x2) =
∑

m,n≥1

〈pm · pn〉c0
m

xm+1
1

n

xn+1
2

= s
∞∑

m,n=1

(m+ n− 1) · 〈pm+n−1〉0
1

xm+1
1

n

xn+1
2

+ s
∑

m≥2,n≥1

(u+ v)(m− 1)〈pm−1 · pn〉0
1

xm+1
1

n

xn+1
2

+ 2s
∑

m≥3,n≥1

m−2∑

k=1

k〈pk · pn〉0 · (m− 1− k)〈pm−1−k〉0
1

xm+1
1

n

xn+1
2

= s
∑

l≥1

l · 〈pl〉c0
∑

m+n=l+1

1

xm+1
1

n

xn+1
2

+
s(u+ v)

x1
G0,2(x1, x2) + 2sG0,1(x1) ·G0,2(x1, x2),

so we have:

G0,2(x1, x2) = s

(
1− s(u+ v)

x1
− 2sG0,1(x1)

)−1

·
∑

l≥1

〈pl〉c0
l∑

n=1

1

xl+2−n
1

n

xn+1
2

=
s√

1− s(u+v)
x1

+ s2(u−v)2

x2
1

∑

l≥1

〈pl〉c0
l∑

n=1

1

xl+2−n
1

n

xn+1
2

.

Furthermore,

∑

l≥1

〈pl〉c0
l∑

n=1

1

xl+2−n
1

n

xn+1
2

=
1

x1(x1 − x2)2
(x1G0,1(x1)− x2G0,1(x2))−

1

x1(x1 − x2)

d

dx2
(x2G0,1(x2))

=
1− s(u+v)

x1
− s(u+v)

x2
+ s2(u−v)2

x1x2

2s(x1 − x2)2
√
(1− 2s(u+v)

x2
+ s2(u−v)2

x2
2

)

−

√
(1− 2s(u+v)

x1
+ s2(u−v)2

x2
1

)

2s(x1 − x2)2
,

where in the last equality we have used (43). Therefore, we have proved
(32). �
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3.6. Computation of n-point functions in arbitrary genera by

Virasoro constraints. By (42) we have:

Gg,n(x0, x1, . . . , xn)

=
∑

m,a1,...,an≥1

〈pm · pa1 · · ·pan〉cg
m

xm+1
0

n∏

i=1

ai

xai+1
i

= s
∑

m,a1,...,an≥1

n∑

j=1

〈pa1 · · · paj+m−1 · · · p2an〉cg
aj +m− 1

xm+1
0

n∏

i=1

ai

xai+1
i

+ s(u+ v)
∑

m≥2,a1,...,an≥1

〈pm−1 · pa1 · · · pan〉c0
m− 1

xm+1
0

n∏

i=1

ai

xai+1
i

+ s

m−2∑

k=1

k(m− 1− k)〈pkpm−1−k · pa1 · · · pan〉cg−1

1

xm+1
0

n∏

i=1

ai

xai+1
i

+ s

m−2∑

k=1

∑

g1+g2=g
I1

∐
I2=[n]

k〈pk ·
∏

i∈I1

pai〉cg1 · (m− 1− k)〈pm−1−k ·
∏

i∈I2

pai〉cg2

· 1

xm+1
0

n∏

i=1

ai

xai+1
i

.

The following operators are introduced in [19]:

Dx0,xj
f(xj) =

x0f(x0)− xjf(xj)

x0(x0 − xj)2
− 1

x0(x0 − xj)

d

dxj

(
xjf(xj)

)

=
∂

∂xj

(
x0f(x0)− xjf(xj)

x0(x0 − xj)

)
,

Ex0,u,vf(u, v) = lim
u→v

f(u, v)|v=x0
.

With the help these operators, the dessin Virasoro constraints can be
reformulated as follows.

Proposition 3.2. Define the renormalized operators D̃ and Ẽ as fol-

lows:

D̃x0,xj
=

sDx0,xj

1− 2sW0,1(x0)
, Ẽx0,u,v =

sEx0,u,v

1− 2sW0,1(x0)
.(54)



18 JIAN ZHOU

Then one has:

Gg,n+1(x0, x1, . . . , xn)

=

n∑

j=1

D̃x0,xj
Gg,n(x1, . . . , xn) + Ẽx0,u,vGg−1,n+2(u, v, x1, . . . , xn)

+
∑

g1+g2=g
I1

∐
I2=[n]

′Ẽx0,u,v

(
Gg1,|I1|+1(u, xI1) ·Gg2,|I2|+1(v, xI2)

)
.

(55)

3.7. Examples. We now present some sample computations of Gg,n

using (55).

3.7.1. Three-point function in genus zero.

G0,3(x0, x1, x2)

=
2∑

j=1

D̃x0,xj
G0,2(x1, x2) + 2Ẽx0,u,v

(
G0,2(u, x1) ·G0,2(v, x2)

)

=
2s3uv(1− (u− v)2s2( 1

x0x1
+ 1

x1x2
+ 1

x2x0
) + 2(u+ v)(u− v)2 s3

x0x1x2
)

∏2
j=0 x

2
j (1− 2(u+ v)s/xj + (u− v)2s2/x2j)

3/2
.

3.7.2. One-point function in genus one. In this case (55) takes the
form:

G1,1(x0) = Ẽx0,u,vG0,2(u, v) =
uvs3

x40(1− 2(u+ v)s/x0 + (u− v)2/x20)
5/2
.

The following are the first few terms:

G1,1(x0) =
uvs3

x40
+

5(u+ v)s4

x50
+

(15u2 + 40uv + 15v2)s5

x60

+
35(u+ v)(u2 + 4uv + v2)s6

x70
+ · · · .

4. The Emergent Geometry of Dessin Tau-Function

In this Section we show that the dessin Virasoro constraints implies
that the n-point functions associated to the dessin tau-function satisfy
the EO topological recursions on a suitable spectral curve. We take a
different approach from that of [9].
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4.1. Dessin spectral curve and its special deformation. For n ≥
0, the dessin Virasoro constraints in genus zero are:

(u+ v)n
∂F0

∂pn
+

∞∑

j=1

(
pj −

δj,1
s

)
(n+ j)

∂F0

∂pn+j

+
∑

i+j=n

ij
∂F0

∂pi

∂F0

∂pj
+ δn,0uv = 0.

Consider the following series:

(56) y =
1

2

∞∑

n=1

(pn −
δn,1
s

)xn−1 +
u+ v

2x
+

∞∑

n=1

n

xn+1

∂F0(t)

∂pn
.

One has:

y2 =
1

4

( ∞∑

n=1

(pn −
δn,1
s

)xn−1

)2

+
(u+ v)2

4x2
+

∞∑

i,j=1

ij

xi+j+2

∂F0(t)

∂pi

∂F0(t)

∂pj

+
u+ v

2

∞∑

n=1

(pn −
δn,1
s

)xn−2 + (u+ v)
∞∑

n=1

n

xn+2

∂F0(t)

∂pn

+
∞∑

j=1

(pj −
δj,1
s
)

∞∑

k=1

k

xk−j+2

∂F0(t)

∂pk
.

Now by Viraroso constraints,

y2 =
1

4

( ∞∑

n=1

(pn −
δn,1
s

)xn−1

)2

+
(u− v)2

4x2
+
u+ v

2

∞∑

n=1

(pn −
δn,1
s

)xn−2

+
∑

k≥1

∑

j≥k+1

(pj −
δj,1
s
)kxj−k−2∂F0(t)

∂pk
.

When pn = 0 for all pn:

(57) y2 =
1

4s2
− u+ v

2sx
+

(u− v)2

4x2
.

We refer to this plane algebraic curve as the dessin spectral curve. We
call (56) the special deformation of the dessin spectral curve.

4.2. Genus zero one-point function and the spectral curve. Let
us take pk = 0 in (56) to get:

(58) y = − 1

2s
+
u+ v

2x
+

∞∑

k=1

1

xk+1

∂F0

∂pk

∣∣∣∣
pn=0,n≥1

.
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By the definition of correlators and G0,1(x),

(59) y = − 1

2s
+
u+ v

2x
+G0,1(x).

By the formula (43) for G0,1,

(60) y = − 1

2s

√
1− 2(u+ v)s

x
+

(u− v)2s2

x2
,

and so

(61) y2 =
1

4s2

(
1− 2(u+ v)s

x
+

(u− v)2s2

x2

)
.

Note

(62) y = 0 ⇔ x = s(u+ v ± 2
√
u) = s(

√
u±

√
v)2,

and so the above equation defines a hyperelliptic rational curve with a
branched covering ramified over x = s(

√
u±√

v)2. This is an example
of one-cut solution. Following [9], introduce the following coordinate
that globally parameterize the dessin spectral curve:

(63) z =

√
1− sβ/x

1− sα/x
, α = (

√
u−

√
v)2, β = (

√
u+

√
v)2.

This function in x takes the ramification point (x = sβ, y = 0) to z = 0,
and (x = sα, y = 0) to z = ∞. The functions x and y are two rational
functions on this curve, expressed explicitly in terms of z as follows:

x(z) =
s(αz2 − β)

z2 − 1
, y(z) = − (α− β)z

2s(αz2 − β)
.(64)

There is a natural hyperelliptic structure on this curve: One can
define an involution p 7→ σ(p) by

(65) σ(x, y) = (x,−y).
On the z-coordinate, it is given by

(66) σ(z) = −z.

4.3. Multilinear differential forms on the dessin spectal curve.

With the introduction of the spectral curve, one can regard the genus
g n-point correlation functions Gg,n(x1, . . . , xn) as functions on it. We
understand x and y as meromorphic function on the spectral curve.
For a point pj on it, we write

xj = x(pj), yj = y(pj), zj = z(pj).(67)
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Then Gg,n(x1, . . . , xn) can be written as rational functions in z1, . . . , zn.
One can also consider the multilinear differential forms:

(68) Wg,n(p1, . . . , pn) = Ĝg,n(y1, . . . , yn)dx1 · · ·dxn,

where Ĝg,n(y1, . . . , yn) = Gg,n(y1, . . . , yn) except for the following two
exceptional cases:

Ĝ0,1(y1) = − 1

2s
+

(u+ v)

2x1
+G0,1(y1),(69)

Ĝ0,2(y1, y2) =
1

(x1 − x2)2
+G0,2(y1, y2).(70)

Since Ĝ0,1(y1) = y1, so we have:

(71) W0,1(p1) = y1dx1 =
(α− β)2z21

(αz21 − β)(z21 − 1)2
dz1.

By some straightforward computations using (52), one can get:

(72) W0,2(p1, p2) =
dz1dz2

(z1 − z2)2
.

By the results for G0,3(x1, x2, x3) and G1,1(x1) in §3.7, we get:

W0,3(p1, p2, p3) = G0,3(x1, x2, x3)dx1dx2dx3

=

2s3uv(1− (u− v)2s2
3∑

j=1

1
xjxj+1

+ 2(u+ v)(u− v)2 s3

x1x2x3
)

3∏
j=1

x2j (−2syj)3
dx1dx2dx3

=
1

(α− β)2
(−α +

β

z21z
2
2z

2
3

)dz1dz2dz3,

where x4 = x1, and

W1,1(p1) = G1,1(x1)dx1

=
uvs3

x41(1− 2(u+ v)s/x1 + (u− v)2/x21)
5/2
dx1 =

uvs3

x41(−2sy1)5
dx1

=
1

8(α− β)2

(
β

z4
− 2β + α

z2
+ (2α + β)− αz2

)
dz.

4.4. Eynard-Orantin topological recursions. We use W0,2 as the
Bergman kernel. Then

∫ p2

q=σ(p2)

B(p1, q) =

∫ z2

z=−z2

dz1dz

(z1 − z)2
=

dz1
z1 − z

∣∣∣∣
z2

z=−z2

=
2z2dz1
z21 − z22

.
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It follows that

(73) K(p0, p) =
2zdz0

2(z20 − z2) · 2ydx =
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· dz0
dz

.

This has simple poles at z = 0 and z = ±z0. To understand its behavior
at z = ∞, let z = 1/z̃ and z0 = 1/z̃0. Then

(74) K(p0, p) =
(βz̃2 − α)(z̃2 − 1)2

2(α− β)2z̃(z̃20 − z̃2)
· dz̃0
dz̃

.

This has a simple pole at z̃ = 0.
Let us carry out the first few calculations of Eynard-Orantin recur-

sion for the spectral curve (61) with ω0,1 =W0,1 and ω0,2 = W0,2 given
by (71) and (72) respectively.

ω0,3(p0, p1, p2)

= (Resp→p+ +Resp→p−)

(
K(p0, p)[W0,2(p, p1)W0,2(σ(p), p2)

+W0,2(p, p2)W0,2(σ(p), p1)]

)

= Resz→0
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· dz0
dz

·
(

dzdz1
(z − z1)2

· −dzdz2
(−z − z2)2

+
dzdz2

(z − z2)2
· −dzdz1
(−z − z1)2

)

+ Resz̃→0
(βz̃2 − α)(z̃2 − 1)2

2(α− β)2z̃(z̃20 − z̃2)
· dz̃0
dz̃

·
(

dz̃dz̃1
(z̃ − z̃1)2

· −dz̃dz̃2
(−z̃ − z̃2)2

+
dz̃dz̃2

(z̃ − z̃2)2
· −dz̃dz̃1
(−z̃ − z̃1)2

)

=
β

2(α− β)2
· dz0
z20

· dz1
z21

· dz2
z22

+
α

2(α− β)2
· dz̃0
z̃20

· dz̃1
z̃21

· dz̃2
z̃22

=

(
β

(α− β)2
· 1

z20z
2
1z

2
2

− α

(α− β)2

)
dz0dz1dz2

= W0,3(p0, p2, p2).
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ω1,1(p0) = (Resp→p+ +Resp→p−)

(
K(p0, p)W0,2(p, σ(p))

)

= Resz→0
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· dz0
dz

· −(dz)2

4z2

+ Resz̃→0
(βz̃2 − α)(z̃2 − 1)2

2(α− β)2z̃(z̃20 − z̃2)
· dz̃0
dz̃

· −(dz̃)2

4z̃2

=
1

8(α− β)2
(
β

z40
− α + 2β

z20
)dz0 +

1

8(α− β)2
(
α

z̃40
− β + 2α

z̃20
)dz̃0

=
1

8(α− β)2

(
β

z40
− α + 2β

z20
+ (β + 2α)− αz20

)
dz0

= W1,1(p0).

Theorem 4.1. When 2g−2+n > 0, the multi-linear differential forms

Wg,n(p1, . . . , pn) defined by (68) has the following form

Wg,n(p1, . . . , pn) =wg,n(z1, . . . , zn)dz1 · · · dzn
=w̃g,n(z̃1, . . . , z̃n)dz̃1 · · · dz̃n,

(75)

where wg,n(z1, . . . , zn) is a Laurent polynomial in z1, . . . , zn which has

only terms of even degrees with respect to each variable, similarly for

w̃g,n(z̃1, . . . , z̃n). Furthermore, they satisfy the Eynard-Orantin topolog-

ical recursions given by the spectral curve

(76) y2 =
1

4s2
− u+ v

2sx
+

(u− v)2

4x2
.

I.e., we have

(77) Wg,n(p1, . . . , pn) = ωg,n(p1, . . . , pn).

Proof. We have explicitly check the case of ω0,3 and ω1,1. We now
show that other cases can be checked by induction. First, assume the
Eynard-Orantin topological recursions are satisfied. By the induction
hypothesis,

ωg,n+1(p0, p1, . . . , pn) = (Resz→0+Resz→∞)K(z0, z)

·
[
wg−1,n+2(z,−z, z[n])dzd(−z)

+

g∑

h=0

′∑

I⊂[n]

wh,|I|+1(z, zI)wg−h,n−|I|+1(−z, z[n]−I)dzd(−z)
]
dz1 · · · dzn.
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There are three kinds of terms to consider on the right-hand side. First,

(Resz→0+Resz→∞)K(z0, z) · wg−1,n+2(z,−z, z[n])dzd(−z)

= −(Resz→0+Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· wg−1,n+2(z, z, z[n])dz

= (Resz→z0 +Resz→−z0)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· wg−1,n+2(z, z, z[n])dz

= −(αz20 − β)(z20 − 1)2

2(α− β)2z20
· wg−1,n+2(z0, z0, z[n]).

Secondly, when none of (h, |I|+ 1) and (g − h, n− |I|+ 1) is (0, 2),

(Resz→0+Resz→∞)K(z0, z) · wh,|I|+1(z, zI)wg−h,n−|I|+1(z, z[n]−I)dzd(−z)

= −(Resz→0+Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)

·wh,|I|+1(z, zI)wg−h,n−|I|+1(z, z[n]−I)dz

= (Resz→z0 +Resz→−z0)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)

·wh,|I|+1(z0, zI)wg−h,n−|I|+1(z0, z[n]−I)dz

= −(αz20 − β)(z20 − 1)2

2(α− β)2z20
· wh,|I|+1(z0, zI)wg−h,n−|I|+1(z0, z[n]−I).

Thirdly we need to consider

(Resz→0+Resz→∞)K(z0, z) · (w0,2(z, zi)wg,n(−z, z[n]−{i})

+w0,2(−z, zi)wg,n(z, z[n]−{i}))dzd(−z)

= dz0 · (Resz→0+Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)

·
(

1

(z − zi)2
wg,n(z, z[n]−{i}) +

1

(−z − zi)2
· wg,n(z, z[n]−{i})

)
dz.

Its computation can be reduced to dz0 times

(Resz→0−Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· 2(z

2 + z2i )

(z2 − z2i )
2
z2ndz,

the result is clear a Laurent series in z0 with only terms of even degrees.
Let us present the result for n ≥ 0, the result for n ≥ 0 is similar. When
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n = 0,

(Resz→0−Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· 2(z

2 + z2i )

(z2 − z2i )
2
dz

= − β

(α− β)2z20z
2
i

+
(3z2i + z20 − 2)α− β

(α− β)2
.

For n > 0, the residue at z = 0 vanishes, and so

(Resz→0−Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· 2(z

2 + z2i )

(z2 − z2i )
2
z2ndz

= −Resw→0
(α− βw2)(1− w2)2

(α− β)2(z20w
2 − 1)

· (1 + z2iw
2)

(1− z2iw
2)2

w−2n−3dw

= −(α− βw2)(1− w2)2

(α− β)2(z20w
2 − 1)

· (1 + z2iw
2)

(1− z2iw
2)2

∣∣∣∣
w2n+2

.

On the other hand, by (68),

Wg,n+1(y0, . . . , yn)

= Gg,n+1(y0, y1, . . . , yn)dx0 · · · dxn

=

n∑

j=1

Dy0,yjGg,n(y1, . . . , yn) · dx0 · · · dxn

+ Ey0,y,y′Gg−1,n+2(y, y
′, y1, . . . , yn) · dx0 · · ·dxn

+
∑

g1+g2=g
I1

∐
I2=[n]

′Ey0,y,y′
(
Gg1,|I1|+1(y, yI1) ·Gg2,|I2|+1(y

′, yI2)

)
· dx0 · · · dxn.

By comparing these two recursions, we see that it is easy to show that

(Resz→0+Resz→∞)K(z0, z) ·
[
ωg−1,n+2(z,−z, z[n])

]

= Ey0,y,y′Gg−1(y, y
′, y1, . . . , yn) · dx0,

and when (h, |I|+ 1) 6= (0, 2) and (g − h, n− |I|+ 1) 6= (0, 2),

(Resz→0+Resz→∞)K(z0, z)

[
ωh,|I|+1(z, zI)ωg−h,n−|I|+1(−z, z[n]−I)

]

= Ey0,y,y′
[
Gh,|I|+1(y, yI)Gg−h,n−|I|+1(y

′, y[n]−I)

]
· dx0,
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and so it suffices to show that

(Resz→0+Resz→∞)K(z0, z)

[
ω0,2(z, zi) · ωg,n(−z, z1, . . . , ẑi, . . . , zn)

]

+ (Resz→0+Resz→∞)K(z0, z)

[
ω0,2(−z, zi) · ωg,n(z, z1, . . . , ẑi, . . . , zn)

]

=

(
Dy0,yj

[
Gg,n(y1, . . . , yn)

]

+ Ey0,y,y′
[
G0,2(y, yi)Gg,n(y

′, y1, . . . , ŷi, . . . , yn)

+Gg,n(y, y1, . . . , ŷi, . . . , yn)G0,2(y
′, yi)

])
· dx0dx1 · · ·dxn.

For the computation of the left-hand side, we have reduced to the
computation with ωg,n(z, z1, . . . , ẑi, . . . , zn) replaced by z2ndz, because

ωg,n(z, z1, . . . , ẑi, . . . , zn)

= Gg,n(y, y1, . . . , ŷi, . . . , yn)dxdx1 · · · d̂xi · · · dxn,

this corresponds to replacing Gg,n(y, y1, . . . , ŷi, . . . , yN) by fn(y) on the
right-hand side, where fn(y) is chosen such that:

(78) z2ndz = fn(y)dx,

i.e.,

(79) fn(y) =
z2n

dx
dz

= −(z2 − 1)2z2n−1

2s(α− β)
,

so we need to check that:

(Resz→0+Resz→∞)
(αz2 − β)(z2 − 1)2

2(α− β)2z(z20 − z2)
· 2(z

2 + z2i )

(z2 − z2i )
2
z2ndz

=

(
Dy0,yi

[
fn(yi)

]

+ Ey0,y,y′
[
G0,2(y, yi)fn(y

′) + fn(y) ·G0,2(y
′, yi)

])
· dx0
dz0

dxi
dzi

.

The right-hand can be computed as follows. Note
(
G0,2(y0, yi) +

1

(x0 − xi)2

)
dx0
dz0

dxi
dzi

=
1

(z0 − zi)2
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and so

Ey0,y,y′
[
G0,2(y, yi)fn(y

′) + fn(y) ·G0,2(y
′, yi)

])
· dx0
dz0

dxi
dzi

= − 1

2y0

[
G0,2(y0, yi)fn(y0) + fn(y0) ·G0,2(y0, yi)

]
· dx0
dz0

dxi
dzi

= − 1

2y0
· 2
(

1

(z0 − zi)2
· 1

∂x0

∂z0

∂xj

∂zj

− 1

(x0 − xi)2

)
· fn(y0) ·

dx0
dz0

dxi
dzi

= − 1

2y0
· 2
(

1

(z0 − zi)2
· 1

∂x0

∂z0

∂xj

∂zj

− 1

(x0 − xi)2

)
· z

2n
0

dx0

dz0

· dx0
dz0

dxi
dzi

= − 1

2y0
·
(

1

(z0 − zi)2
−

∂x0

∂z0

∂xj

∂zj

(x− x0)2

)
(z20 − 1)2

s(α− β)
z2n−1
0

=
1

2y0
· 1

(z0 + zi)2
· (z

2
0 − 1)2

s(α− β)
z2n−1
0

=
(z20 − 1)2(αz20 − β)

(α− β)2(z0 + zi)2
z2n−2
0 ,

on the other hand,

Dy0,yi

[
fn(yi)

]
· dx0
dz0

dxi
dzi

= − 1

2y0
· ∂

∂xi

(
x0fn(y0)− xifn(yi)

x0(x0 − xi)

)
· dx0
dz0

dxi
dzi

= − 1

2y0
· ∂

∂zi

(
x0fn(y0)− xifn(yi)

x0(x0 − xi)

)
· dx0
dz0

=
s(αz20 − β)

(α− β)z0
· ∂

∂zi

(− (αz20−β)(z20−1)z2n−1

0

2(α−β)
+

(αz2i −β)(z2i −1)z2n−1

i

2(α−β)

s(αz2
0
−β)

z2
0
−1

(
s(αz2

0
−β)

(z2
0
−1)

− s(αz2i −β)

(z2i −1)
)

)

·−2sz0(α− β)

(z20 − 1)2

=
1

(α− β)2
· ∂

∂zi

(
(z2i − 1) · (αz

2
0 − β)(z20 − 1)z2n−1

0 − (αz2i − β)(z2i − 1)z2n−1
i

z20 − z2i

)
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For n > 0,

(α− βw2)(1− w2)2

(1− z20w
2)

· (1 + z2iw
2)

(1− z2iw
2)2

∣∣∣∣
w2n+2

=
(z20 − 1)2(αz20 − β)

(z0 + zi)2
z2n−2
0

+
∂

∂zi

(
(z2i − 1) · (αz

2
0 − β)(z20 − 1)z2n−1

0 − (αz2i − β)(z2i − 1)z2n−1
i

z20 − z2i

)
.

This can be proved as follows. The generating function of the left-hand
side is

∞∑

n=1

u2n+2 · (α− βw2)(1− w2)2

(1− z20w
2)

· (1 + z2iw
2)

(1− z2iw
2)2

∣∣∣∣
w2n+2

=
(α− βu2)(1− u2)2

(1− z20u
2)

· (1 + z2i u
2)

(1− z2i u
2)2

− α− (3αz2i − 2α− β + αz20)u
2,

and the generating function of the right-hand side is:
∞∑

n=1

u2n+2

(
(z20 − 1)2(αz20 − β)

(z0 + zi)2
z2n−2
0

+
∂

∂zi

(
(z2i − 1) · (αz

2
0 − β)(z20 − 1)z2n−1

0 − (αz2i − β)(z2i − 1)z2n−1
i

z20 − z2i

))

=
(z20 − 1)2(αz20 − β)

(z0 + zi)2
· u4

1− z20u
2

+
∂

∂zi

(
(z2i − 1) ·

(αz20 − β)(z20 − 1) z0u4

1−z2
0
u2 − (αz2i − β)(z2i − 1) ziu

4

1−z2i u
2

z20 − z2i

)
.

It is straightforward to verify that these generating functions coincide
with each other. This completes the proof. �

5. Connection to Intersection Numbers on Mg,,n

Eynard [5, 6] related the n-point functions constructed from EO
topological recursions to intersection theory. In this Section we carry
out some computations necessary for applying his results to relating
Grothendieck’s dessins to intersection numbers on moduli spaces.

5.1. Local Airy coordinates. Recall the dessin spectral curve is
given by (61) which we recall here:

y2 =
1

4s2

(
1− 2(u+ v)s

x
+

(u− v)2s2

x2

)
.
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This defines a double covering of the complex plane ramified at two
points

x+ = sβ = s(
√
u+

√
v)2, x− = sα = s(

√
u−

√
v)2,(80)

where

(81) α = (
√
u−

√
v)2, β = (

√
u+

√
v)2.

Following [9], one can globally parameterize the dessin spectral curve
by:

(82) z =

√
1− sβ/x

1− sα/x
.

In this coordinate, the Bergman kernel is given by (72) which we recall
here:

W0,2(p1, p2) =
dz1dz2

(z1 − z2)2
.

Following [5, 6], the local Airy coordinates near x± are defined by:

(83) ξ± = (x− x±)
1/2.

5.2. Computations of the times. Plugging x = x± + ξ2± into the
equation of the dessin spectral curve, one gets:

(84) y2 = ± ξ2±(4
√
uvs± ξ2±)

(s(
√
u±√

v)2 + ξ2±)
2
.

So we get:

(85) y = ξ± · 2(
√
u)1/2(±√

v)1/2s1/2

s(
√
u±√

v)
·
(1± ξ2

±

4
√
uvs

)1/2

1 +
ξ2
±

s(
√
u±√

v)2

·

It is straightforward to write down the series expansions in ξ± using

(1 + 4x)1/2 = 1 + 2
∞∑

m=0

(−1)m

m+ 1

(
2m

m

)
xm+1,

1

1 + x
=

∞∑

n=0

(−1)nxn.
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5.3. The expansions of the Bergman kernel in local Airy coor-

dinates. Near p1 = p2 = p+ = (x+, 0), we have

zj =

√
1− s(a+ b)2/(s(a+ b)2 + ξ2j,+)

1− s(a− b)2/(s(a+ b)2 + ξ2j,+)
=

ξj,+
(4sab+ ξ2j,+)

1/2
,

where a =
√
u, b =

√
v, and so

B(z1, z2) =
dz1dz2

(z1 − z2)2

=
dξ1,+

(1 +
ξ2
1,+

4abs
)1/2

· dξ2,+

(1 +
ξ2
2,+

4abs
)1/2

· 1

(ξ1,+(1 +
ξ2
2,+

4abs
)1/2 − ξ2,+(1 +

ξ2
1,+

4abs
)1/2)2

.

Its expansion can be computed using the combinatorial identity:

1

(1 + 4tx2)1/2(1 + 4ty2)1/2(x(1 + 4ty2)1/2 − y(1 + 4tx2)1/2)2

=
1

(x− y)2
+
∑

n≥0

(n+ 2)(−t)n+1
n∑

k=0

2

(
n
k

)2(2n+2
n

)
(
2n+2
2k+1

) x2ky2n−2k.

This is found and proved as follows. With the help of Maple we get:

1

(1 + 4tx2)1/2(1 + 4ty2)1/2(x(1 + 4ty2)1/2 − y(1 + 4tx2)1/2)2

=
1

(x− y)2
− 2t+ 3(2x2 + 2y2)t2 − 4(5x4 + 6x2y2 + 5y4)t3 + · · · ,

After consulting with [11] we find the numbers 1, 2, 2, 5, 6, 5, . . . are the
integer sequence A120406 on [11], they are given by the closed formula:

(86) T (n, k) = 2

(
n
k

)2(2n+2
n

)
(
2n+2
2k+1

) ,

and have the following generating series:

1−
√
(1− ax)(1− bx)

=
(a+ b)x

2
+

(b− a)2x2

8

∑

n≥0

(
∑

0≤k≤n

T (n, k)akbn−k)(
x

4
)n.

(87)
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From this we get:

1−
√

(1 + 4tx2)(1 + 4ty2)

= −2(x2 + y2)t+ 2(x2 − y2)2
∑

n≥0

(−1)ntn+2
∑

0≤k≤n

T (n, k)x2ky2n−2k.

After taking ∂
∂t

on both sides we get:

∑

n≥0

(n+ 2)(−t)n+1

n∑

k=0

2

(
n
k

)2(2n+2
n

)
(
2n+2
2k+1

) x2ky2n−2k

=
x2 + y2 + 8tx2y2 − (x2 + y2)(1 + 4tx2)1/2(1 + 4ty2)1/2

(x2 − y2)2(1 + 4tx2)1/2(1 + 4ty2)1/2
.

One can then proceeds as follows:

1

(1 + 4tx2)1/2(1 + 4ty2)1/2(x(1 + 4ty2)1/2 − y(1 + 4tx2)1/2)2

=
(x(1 + 4ty2)1/2 + y(1 + 4tx2)1/2)2

(1 + 4tx2)1/2(1 + 4ty2)1/2(x2 − y2)2

=
x2 + y2 + 8tx2y2 + 2xy(1 + 4tx2)1/2(1 + 4ty2)1/2

(x2 − y2)2(1 + 4tx2)1/2(1 + 4ty2)1/2

=
1

(x− y)2
+
∑

n≥0

(n+ 2)(−t)n+1

n∑

k=0

2

(
n
k

)2(2n+2
n

)
(
2n+2
2k+1

) x2ky2n−2k.

Near p1 = p2 = p− = (x−, 0), we have

zj =

√
1− s(a+ b)2/(s(a− b)2 + ξ2j,−)

1− s(a− b)2/(s(a− b)2 + ξ2j,−)
=

(−4sab+ ξ2j,−)
1/2

ξj,−

and so

B(z1, z2) =
dξ1,−

(1 +
ξ2
1,−

4abs
)1/2

· dξ2,−

(1 +
ξ2
2,−

4abs
)1/2

· 1

(ξ1,−(1 +
ξ2
2,−

4abs
)1/2 − ξ2,−(1 +

ξ2
1,−

4abs
)1/2)2

.

Its expansion can be found in the same fashion.
Near Near p1 = p+ = (x+, 0) and p2 = p− = (x−, 0), we have

z1 =
ξ1,+

(4sab+ ξ21,+)
1/2
, z2 =

(−4sab+ ξ22,−)
1/2

ξ2,−
,



32 JIAN ZHOU

In this case

B(z1, z2) =

√
−1dξ1,+dξ2,−

4abs(1 +
ξ2
1,+

4abs
)1/2(1− ξ2

2,−

4abs
)1/2

(
(1 +

ξ2
1,+

4abs
)1/2(1− ξ2

2,−

4abs
)1/2 − ξ1,+ξ2,−√

−14abs

)2 .

It is possible to find explicit expressions for its expansion by noting:

1

(1 + 4tx2)1/2(1 + 4ty2)1/2((1 + 4tx2)1/2(1 + 4ty2)1/2 + 4txy)2

=
((1 + 4tx2)1/2(1 + 4ty2)1/2 − 4txy)2

(1 + 4tx2)1/2(1 + 4ty2)1/2(1 + 4tx2 + 4ty2)2

=
(1 + 4tx2)1/2(1 + 4ty2)1/2

(1 + 4tx2 + 4ty2)2

− 8txy2

(1 + 4tx2 + 4ty2)2

+
16t2x2y2

(1 + 4tx2)1/2(1 + 4ty2)1/2(1 + 4tx2 + 4ty2)2
.

The Taylor expansion of the right-hand side of the second equality can
be found by standard method.

6. Concluding Remarks

In this paper we have discussed the emergent geometry of the enu-
meration of Grothendieck’s dessins d’enfant. This leads to Eynard-
Orantin topological recursion on the spectral curve

(88) y2 =
1

4s2

(
1− 2(u+ v)s

x
+

(u− v)2s2

x2

)
.

This curve can be found by computing the genus zero one-point func-
tion of the dessin tau-function. Furthermore, by computing the genus
zero two-point function of the dessin tau-function, the Bergman kernel
is shown to be

(89) B(z1, z2) =
dz1dz2

(z1 − z2)2
,

where

(90) zj =

√
xj − s(

√
u+

√
v)2

xj − s(
√
u−√

v)2
.

We have compared with the genus zero one-point functions of some
related theories. It turns out that in the cases of Witten-Kontsevich
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tau-function (with nonzero t0), partition function of Hermitian one-
matrix models and modified partition function of Hermitian one-matrix
models with even couplings (after the use of t’Hooft coupling constant),
the genus zero one-point functions are all related to Catalan numbers,
but for the dessin partition function, it is related to Narayana numbers
of type A:

(91) N(An, q) =

n∑

k=0

1

n+ 1

(
n+ 1

k

)(
n+ 1

k + 1

)
qk.

More precisely,

G0,1(x) =
∞∑

n=1

sn

xn+1

n∑

k=1

1

n

(
n

k

)(
n

k − 1

)
un+1−kvk

=
1

2s

(
1− s(u+ v)

x
−

√
1− 2s(u+ v)

x
+
s2(u− v)2

x2

)
.

(92)

The generalized Narayana numbers of type B/C are given by:

(93) N(Bn, q) =
n∑

k=0

(
n

k

)2

qk,

and the generaized Narayana numbers of type D are given by:

(94) N(Dn, q) = 1 + qn +

n−1∑

k=1

[(
n

k

)2

− n

n− 1

(
n− 1

k − 1

)(
n− 1

k

)]
qk.

From the generating series

(95)
∞∑

n=0

xn
n∑

k=0

(
n

k

)2

yk =
1√

1− 2x− 2xy + x2 − 2x2y + x2y2

we get:

∞∑

n=0

sn

xn+1

n∑

k=0

(
n

k

)2

un−kvk =
1√

x2 − 2s(u+ v)x+ s2(u− v)2
,

and so we conjecture that

(96) y2 =
1

x2 − 2s(u+ v)x+ s2(u− v)2
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is related to the spectral curve for enumeration of “Grothendieck’s
dessins of Type B/C”. Similarly, for Type D,

∞∑

n=0

sn

xn+1

(
un + vn +

n−1∑

k=1

[(
n

k

)2

− n

n− 1

(
n− 1

k − 1

)(
n− 1

k

)]
un−kvk

)

=
∞∑

n=0

sn

xn+1

n∑

k=0

(
n

k

)2

un−kvk

−
∞∑

n=1

(n+ 1)sn+1

xn+2

n∑

k=1

1

n

(
n

k − 1

)(
n

k

)
un+1−kvk

=
1√

x2 − 2s(u+ v)x+ s2(u− v)2

+ s
∂

∂x

∞∑

n=1

sn

xn+1

n∑

k=1

1

n

(
n

k

)(
n

k − 1

)
un+1−kvk

=
s(u+ v)

2x2
+

2− s(u+v)
x

+ s2(u−v)2

x2

2x
√

1− 2s(u+v)
x

+ s2(u−v)2

x2

.

We conjecture that it is related to the spectral curve for enumeration
of “Grothendieck’s dessins of Type D”. One can also take u = v in the
above discussions.
The Narayana numbers and Catalan numbers have a wide connec-

tion to a plethora of mathematical objects, including combinatorics
of Coxeter groups, generalized noncrossing partitions, free probability,
cluster algebras, etc. (See [8] and [1] for expositions.) We believe the
surprising appearance of these numbers in the emergent geometry of
Grothendieck’s dessins and clean dessins suggest deeper connections to
these objects that deserve further investigations.
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