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1 Abstract

In this article, we will discover some new generalized identity regarding con-
tinued fractions. We will connect the results to Fibonacci numbers and Lucas
numbers. For all the proofs, we will use induction.

2 Introduction

We begin with a study of some basic facts about the continued fractions and
Fibonacci sequence.

Consider this expression:
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Let’s define this form of expression (with integers ag, a1, aa, ... , a, and 1 at
every numerator) to be a regular or simple continued fraction (abbr. continued
fraction). For succinctness, we simplify this complicated expression into the
following notation: [ag, a1, ... , an].

For example,
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[1,5,6,8] =1+

Continued fractions can be divided into two cases: finite continued fractions
(i.e. consists of finite amount of terms) and infinite continued fractions (i.e.
consists of infinite amount of terms: [ag, ay, ...]). There are some nice identities
about infinite continued fractions. For example,

V19 =[4,2,1,3,1,2,8,2,1,3,1,2,8,...] (a period of 6)

e=1[2,1,2,1,1,4,1,1,...] (a period of 3 and add 2 to one term of each cycle)

However, this article will mainly discuss the identities and generalizations of
finite continued fractions.

Let’s define f,, to be the number of different ways to tile a board of length
n with squares (of width 1) and dominoes (of width 2). Thus, f4 = 5, because

there are five ways to tile a board of length 4, as shown here (we can also use
1’s and 2’s to represent the squares and the dominoes):

There are five ways to tile a strip
of length 4 with squares and dominoes.
Hence, f4 = 5.

With a bit of effort, one is able to find these values for f,:

The first few values for f,

n]0 1 2 3 45 6 7 8 9 10 11
fo |1 2 3 5 8 13 21 34 55 89 144

(One might wonder why we write fy as being equal to 1. This is because
there is exactly one way to tile a board of length 0, and that one way is to use



exactly 0 squares and 0 dominoes.) A quick glance at the above chart will lead
to the discovery that each Fibonacci number is the sum of the two previous
Fibonacci numbers. In other words, for n > 2,

fn = fn—l +fn—2-

There’s a delightful and well-known demonstration of this fact in the lovely
book “Proofs That Really Count” by Arthur T. Benjamin and Jennifer J. Quinn
[1], which is full of many beautiful ways to prove mathematical formulas using
visual proofs.

In the book, the authors proved with visual tiling that if [ag, a1, ..., a,] = &,

then, for n > 0, p, is the ways to tile an (n + 1) tiling with height cor?c?i—
tions ag, ay, ..., an, and g, is the ways to tile an n tiling with height conditions
a1, as, ..., a, (All the tiles are covered by squares and dominoes, but only squares
are stackable). Then immediately, by considering the condition of the last tile
(square or domino), we have the following identity:

Pn = QpPn—1 + Dn—2

n = AnQn—1 + qn—2
Note that if we plug in a,, = 1 into both equation (i.e. [1,1,1,...]), we get
Pn = Dn—1+ Pn—2
Gn = qn—1 1 Gn—2
This is exactly the definition of Fibonacci numbers.
[1]=1
2
1,1 ==
11 =2
3
1,1,1] ==
[ ? ] 2
5
[15 17 15 1] =3
3

L1111 =
5

By writing out the first few terms, we can clearly see that this theorem holds
true. From this example, we can see there are intimate connections between
continued fractions and Fibonacci sequence. Inspired by this, we spend the
whole summer in finding more delicate relationships in finite continued fraction
and Fibonacci numbers. In the following discussion, we will cite some identities
from the book for granted.



3 Known Properties

There are several known properties of continued fractions in connection with
Fibonacci sequence that lay the foundation for further research and discovery.

Identity 1 (Identity 117 from “Proofs that Really Count”):

For n >0,

[4,4,...,4,3] = Jonts

f3n '

where a, = 3, and a; =4 for all 0 < i < n.

We will prove this by induction.

Proof. Step 1: Base Cases.

n=0:[3]=-

=1: [4,3|=4+ - = —
" 43]=4+3=3

1
n=2 [4,4,3] =4+ —

3_fs_ fsoss
L fo  fzo

1 13 fo_ faaes
fs faa

_ 9 _fo_ fzas

13 fo [z

44+ =
+3

True for n =0,1,2

Step 2: Inductive Step.

Upa??

Assuming that this identity is true for some “n”, we try to prove this formula

is true for “n 4+ 17.

Assumption:

[4,4,..,4,3] =

with n 4’s and one 3.

1 _ Jfanss
4+ 1 = Fon
dp————




Then, we take the reciprocal of both sides. The equation becomes:

1 _ f3n
4+ 11 f3n+3
4 - - @@
+. 1
I

1
44 =
+3

Next, we add 4 to both sides and get:
1

[4,4,..,4,4,3] = 4+ :
df ————
44 ————

- 1

4f3n43 + fan
fants

with (n + 1) 4’s and one 3.
From Identity 18 in the book, we know
4fn = fn+2 + fn + fn—2-

If we substitute n with 3n + 3, we get
4f3n13+ fan = fants + fanr3 + fant1 + f3n = fants

because of the definition of Fibonacci numbers.
This concludes our proof. O
Identity 2 (Identity 118 from the book):

_ fanta

For n >0,
N .f3n+17

[4,4,...,4,5]

where a,, =5, and a; =4 for all 0 < i < n.

Proof. Proof by induction.
The proof is essentially the same as Identity 1 except that we need to sub-
O

stitute n with 3n + 4 in order to get 3(n+1) +4 =3n+ 7.



Before we move on to the next identity, we need to define a sequence first.
Let’s define L,, be the sequence starting with Lo = 2, L1 = 1, Ly = 3, and
L, = L1+ L,_2. This sequence is actually called Lucas numbers. In the
book “Proofs that Really Count” [1], there exists a nice visual proof of Lucas
numbers. Different from Fibonacci numbers, L,, is the number of different ways
to tile a bracelet of “length” n with “squares” (of “width” 1) and “dominoes”
(of “width” 2). The first few values of L,, are shown in the table below.

The first few values for L,

5 6 7 8 9 10 11
11 18 29 47 76 123 199

n|0123
Ln|134

4
7

(Again, the reason why we write Ly as 2 is because there are 2 ways to tile
a bracelet of length 0, and those are: wuse 0 squares and 0 dominoes in phase
and out of phase.)

Identity 3:

For n >0,

Ly
[4745 5477] = ﬁv
Lsni2

where a, =7, and a; =4 for all 0 <1i < n.
Proof. Proof by induction.

Step 1: Base Cases.
7 _Ls  Lzoys

n=0:[7=-= =
7 1 Ly L3zoyg2
29 L Ls.
n=1: [4,7 =2 = 22 = B
7 Ls  L3iqo
123 L Ls.
n=2 [4,4,7="2 =2 = 524

20 Lg  Lzoyo
After verification, all base cases are true.
Step 2: Inductive Step.

oo ??

Assuming that this theorem is true for some “n”, we want to extend it to
the case “n +17.

As what we’ve done in the proof of Identity 1, we take the reciprocal of the



equation and add 4 to both sides. Finally, the equation becomes:

_ 4L3n15 + Lanyo

, with (n + 1) 4’s and one 7.
L3nis

[4,4,...,4,4,7]

Suffice to show that 4L3n+5 + L3n+2 = LS(n+l)+5 = L3n+8-
From Identity 32 in the book,
Lsnts5 = fan+s5 + fan+s

and
Lznt+2 = fant2 + fan.

From Identity 18 again,

4f3n15 = fant7 + fants + fangs

and
4f3n4+3 = fants + fants + fant1.

After converting them into Fibonacci numbers, the equation becomes
Jan+7 + fants + fants + fants + fants + fant1 + fant2 + fan.

Combining f3n+7 + fan+5 + fan+3 + fan+1 + fan and fani2 + fants + fants,
we finally get fsn4s + fan+e, which is equal to L3y ys.

Thus, this completes the proof. O

4 New Theorems

First, let’s state the 3 known properties:

For n >0, [4,4,...,4,3] = M, where a,, = 3, and a; = 4 for all 0 < i < n.

f3n

For n >0, [4,4,...,4,5] = %, where a,, =5, and a; = 4 for all 0 < i < n.
3n+1

L
Forn >0, [4,4,...,4,7] = 3n+5, where a,, =7, and a; =4 for all 0 < i < n.
L3py2
From the identities listed and proved above, we can observe a clear pattern.
When the last number j € Z equals 3 and 5, the resulting fraction is in the



Fibonacci Lucas

form ————. When j = 7, the result will be . Additionally, the index
Fibonacci uca

s
number of the numerator is always 3 more than that of the denominator (3n+3
and 3n, 3n+4 and 3n+ 1, 3n+ 5 and 3n+ 1).

Then, we start to wonder what the result is when j = 9, since 9 is neither
in Fibonacci numbers nor Lucas numbers.

Considering that Fibonacci sequence and Lucas sequence start with 1,1 and
2,1, respectively, we created a new sequence starting with 3,1. In fact, this
sequence is the sum of the (n — 1)th term of Fibonacci numbers and the nth
term of Lucas numbers (i.e. f,—1 + L, for all n > 0) and is listed as A104449
in the Online Encyclopedia of Integer Sequences (OEIS).

The first few values for f, 1+ L,

5 6 7 8 9 10 11
14 23 37 60 97 157 254

n |0 1 2 3 4
faoi+Ln |3 1 4 5 9

Let’s try the first few values to see if this proposition is true.

9
=0:9 =-
n=0:1="

37
=1:[4,9 = —
n [7] 9

157
=2:[4,4,9] = —

" 44,91 = 57

Indeed, those results testified that our proposition is true. Curious readers
may try out a few more values or let 7 = 11,13... with new sequences starting
with 4,1 and 5,1, correspondingly.

Define G,, to be a linear recurrence sequence with G((Jk) =k, ng) =1, and
G = the sum of the previous two terms (ie. G = Ggi)l + Ggi)Q).

The first few values for G*

n |0 1 2 3 4 5 6 7 8 9 10 11
G313 1 4 5 9 14 23 37 60 97 157 254
Grl4 1 5 6 11 17 28 45 73 118 191 309
GSl5 1 6 7 13 20 33 53 86 139 225 364
GSl6 1 7 8 15 23 38 61 99 160 259 419

With a bit of generalization and refinement, here is our new theorem:
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Theorem 1. Forallk >0andk € Z, Gy =k, Gy =1, and G,, = G,,_1+G,, 5.
Forallm>0€Z, a,, =2k +3 and a; =4 for all 0 < i< m,

G3m+a

44, ... 4,2k + 3] = :
[ ] G3m+1

When k = 0,1, the G,, sequence is Fibonacci numbers in disguise (G2 = F,
and GL = F,,11 if Fy =0, F{ = 1 and F, is the sum of two previous terms).
In the same way, when k = 2, G, is Lucas numbers in disguise (G2 = L, if
Lo =2, L; =1, and L, equals the sum of two previous terms). When k = 3,

the continued fraction becomes [4,4, ...,4,9]. After plugging in m = 1,2, 3, the
result is indeed % @ %

Gy G7 G
Corollary 1. Regardless of what value of k is, the ”Gibonomials” of the nu-
merator and denominator, respectively, will have the same index for all m.

For example, when m = 2, regardless of the value of k (3, 4, 5, 6 from the

chart above) is, Gam+a will always equal %. When m = 3, the result will
3m+1 7
Gis
always be —.
Y G1o

Notice the following property. Any G%k) is constructed in a way that G%k) =
fn+ k- fno1. Next, let’s prove that this property satisfies the definition of the
linear recurrence sequence: GW = Gglk_)l + Gslk_)Q.

ngk) = fn + k- fn—l
ngk—)l = fon—1+ k- fn2
ngk—)2 = fn—2+ k- fn-s

After inspection, we find out G%k) is indeed equal to fo)l + GSZ)Q.

Based on this property, we can now present an even more concise and gen-
eralized theorem by avoiding using the new sequence G,,.

Theorem 2. F),, is the Fibonacci sequence defined with Fy =0, Fy =1, and of
course F, = sum of two previous terms. For allk >0 € Z, ay, =2k+3,a; =4
for all 0 <i<m,

Fypya+ k- Fpys
Fymi1+ k- Fam

[4,4,..,4,2k + 3] =

(Index numbers in the above equation can be flexible according to how you
define the Fibonacci sequence.)



In order to prove this by induction, let’s begin with analyzing the base cases
of variable m.

Proof. Base case: m =0

Fso4a+kF5013  Fa+k-Fs
So, set m = 0 and let’s show that [2k + 3] = =
w that | ) Fyom + kFso P+ k- Fo

and since Fy =0, Fy =1, F3 = 2, F, = 3, we get the desired formula:

3+ 2k
1+ 0k

2k +3] = =2k +3

Now, induction on variable m

Fypy7r + k- Fymye

F3pqa + k- F3mgn
all constant k,m >0 € Z, amy1 = 2k + 3, a; = 4 for all 0 < ¢ < m, assuming

that the theorem above is reasonable and verifiable at m.

Goal: We need to show that [4,4,...,4,4,2k + 3] = for

In other words, we assume that

Faga + k- Fapgs

[4,4,..,4,2k+ 3] = Fomir 7k Fs , with m 4’s (1)
and we want to prove that
Fs,, k- Fsm )
[4,4,4, .., 4,2k + 3] = —3mETEE T8m46 g (1 1) 4 (2)

Fapga + k- Fgs

We take the reciprocal of both sides of equation (1) and add 4 and get:

 Fypg1 +4F3ma + ko By + 4k F3pg3

LHS
Fypqa + k- Famis

Comparing the numerator and denominator, we find out that the denomi-
nator is the same as the goal. This suffices to prove that Fs,, 11 + 4F5,44 + k-
Fspy +4k - F3my3 = Fapp7r + k- Fapye.

Using Identity 18 from “Proofs that Really Count” again, we know Fj,,41 +
4F5,,45 is equal to Fj,,4+7 and F3,, + 4F3,,43 is equal to F3,,46. By simply
moving the indices left 1 unit and multiplying by k, we can get the answer.
Thus, this concludes our proof and we have proved equation (2). O

With curiosity, we extended the range from only non-negative integers to all
integers. The chart below shows several values when k is negative.

10



The first few values for G (k < 0)

1 2 3 4 5 6 7 8 9 10 11
P4 1 3 2 5 7 12 219 -31 -50 -81 -131
GV 3 1 2 a1 3 4 7 11 -18 29 -A7 76
&?l2 1 a1 0 -1 -1 2 3 5 -8 -13 -21
Va1 o 1 2 3 5 8 13 21 34

One thing worth mentioning is that GS;l) and GS;Q) are negative Fibonacci
numbers, and G%_B) are negative Lucas numbers. The same “Gibonomials” are
constructed according to the definition that Gslk) = fu+k- fno1 (k is negative

in these cases).

Corollary 2. F,, is the Fibonacci sequence defined with Fy = 0, F} = 1, and
F,, = sum of two previous terms (n > 2). For allk € Z, ay, =2k + 3, a; = 4

for all 0 <i < m,

Fypya + k- Fypys

[4,4,..,4,2k + 3] =

Let’s test a few values.

When k= —4 and m = 2, [4,4,—5] = 81
47
When k= -3 and m =2, [4,4,-3] =
13
When k= —2and m =2, [4,4,—1] =

i

T

5=

Fymi1+ k- Fap

_ Fo-4F _ GYY
Fr—4F, G
_ Fo-3F _ GY”
Fr—3F ¢
_ Fo-2F _ GY”
Fr—2F;,  G(?

Even after we let k equal to negative integers, those properties and formulas

still apply.

After we tested and verified the properties above for the magical “4” | we are
motivated to try out other sets of values such as [2,2,...,2,3], [2,2,...,2,5] and
so on, as well as [3,3,...,3,3], [3,3,...,3,5] and so on.

We will present our tests below.

For the number 2:



1 17
2+ -

For the number 3:

After connecting them to existing sequences and creating some new ones
according to the results given above, we cannot find any valid patterns that can
be proved. They may apply in the first few values of numbers “2” and “3”, but
they can never be generalized like the number “4”.

Realizing that “4” is one member of the Lucas numbers, we are suspicious
that there might be another number that fits into a certain pattern.

Recall that in the introduction, we found an interesting identity about con-

F,
tinued fraction: [1,1,...,1] = F—H This leads us to wonder whether this

pattern holds for more values like % and 5.

For the number 3:

1 4
1.3 =1+ =<
L3 =1+35 =73

1 7
[171,3]:14'—1:1
1 _
+3

(The numerators and denominators are in the Gibonacci sequence G?)

For the number 5:

5
5 = -
5] =7
1 6
1,5l=1+-=->
(L5 =14+ ==
1 11
115]=1+—73 =+
1 _
+5

(The numerators and denominators are in the Gibonacci sequence G#)

12



So far, readers may wonder whether [1,1,...,1,2] and [1,1,...,1,4] (even for
the last number a,,, instead of odd) will have the same format of the final results.
Let’s test them patiently.

For the number 2:

2
2:—
2 =2
1 3
1,2l =14+ - ==
L2 =1+5="
1 5
[171,2]=1+—1=§
1"1‘5

(The numerators and denominators are indeed in the Gibonacci sequence GL)

We discover that if the ending number is £, then the numerators and de-

. . k—1
nominators are in the sequence Gsl ).

After generalization, we get:

For k> 1€ Z,
G(k—l)
[1,1,.., 1,k = —2 (3)
Gy

where a,, =k, a; =1 for all 0 < i <m.

Converting this into all-Fibonacci, we derive from equation (3) our next
theorem.

Theorem 3. F,, is the Fibonacci sequence defined with Fy = 0, Fy = 1, and
F,, = sum of two previous terms. For allk > 1 € Z, ay, = k, a; = 1 for all
0<i<m,

Fryo+(k—1)  Fhia

1,1,...,1,k =
[ ] Froi1 + (k—1)-Fp,

(Again, index numbers can vary according to the definition of Fibonacci
numbers. )

Next, let’s prove it by induction.

Proof. Base Case: m =0

F: k—1)-F
Set m = 0 and show that [k] = %
1 —1)-Fo

definition, Fyp =0, F; =1, F5 =1, so

1+ (k-1)
==

Since, according to our

[k] = k.

13



Now, induction on variable m

‘We assume that

Fm+2+(k_1)'Fm+l
Fos1+ (k—1)-Fp,

M,1,...,1,k =

, with m 1’s. (4)

We want to demonstrate that

Fois+(k—=1)-Fpio

1,1,..,1,1,k = 5
[ ] Foiot (k—1) Fros (5)

ey by 1y,

for all constant m >0€ Z, k> 1€ Z, am1 =k, a; =1 for all 0 <i < m.
We take the reciprocal of both sides of equation (4) and add 1 to get:

= Frng1+ Frnga + (k= 1)(Fon + Fg)

1,1,..,1,1,k
[ Frga+ (k= 1) Frog

It’s easy to see that the numerators and denominators are the same as equa-
tion (5).

This concludes our proof. O

We want to extend the realm valid sets of numbers into negative integers,
just like Theorem 1.

Let’s bring out the big chart again.

The first few values for G* (k <0 € Z)

n |0 1 2 3 4 5 6 7 8 9 10 11
GV l4 1 3 2 5 7 12 19 31 50 -81 -131
GOV l3 1 2 1 3 4 7 11 -18 29 4T -76
&?l2 1 a1 0 -1 -1 2 3 5 -8 -13 -21
&Pl 1 0 11 2 3 5 8 13 21 34

Corollary 3. F,, is the Fibonacci sequence defined with Fy = 0, F} = 1, and

F,, = sum of two previous terms. For allk € Z and m >0, a,, =k, a; =1 for
all0 <7< m,

Fm+2+(k_1)'Fm+l
Frs1+ (k—1)- Fp,

(1,1,..,1,k] =

In light of the fact that the numbers “17, “2”7, “3”7, “4” are all in the Lucas
numbers sequence, we tested the number “7”, but it doesn’t work. For the

14



number “11”, however, when a,, = 3, some patterns appear.

3
3 ==
8 =7
1 34
11,3 =114 - = =
(11,3 =11+ 2 ==
1 377
[11,11,3]2114'—1:@
11+§

The results turn out to be Fibonacci numbers.

Theorem 4. F,, is the Fibonacci sequence defined with Fy = 0, F; = 1, and
F,, = sum of two previous terms. For m > 0 € Z, ap, = 3, a; = 11 for all
0<i<m,

Fsm
[11,11,...,11,3] = =22+ (6)
5m—1
3 F
(Note: F_; =1 in the case [3] = = = —4)
1 F,
Proof. Proof by induction:
Base case of m =0
Fy

Set m = 0 and it’s easy to show that [3] = o
—1

Now, induction on m

We assume that equation (6) is right and want to demonstrate that it is true
for (n 4+ 1), which is
Fsm
[11,11,...,11,11,3] = =222 (7)
5m—+4

By taking the reciprocal of both sides of equation (6) and adding 11, we only
need to prove that Fy,,4+9 = F5m—1 + 11F5,,44, which is equivalent to proving

the equation
Fm+9 = Fm—l + 11Fm+4. (8)

To prove this, let’s decompose 11F,, 14 first.

11F,,+4 can be divided into 2 - 4F,,+4 + 3F,,4+4. Using Identity 17 and 18
from the book, we get

11F 44 = 3Fpi6 + 2Fmia + 3F0 0.

15



Using Identity 17 on 3F,,4+¢ and 3F,,+2 again, we obtain
11Fm+4 = Fm+8 + 4Fm+4 + Fm

Using Identity 18 on 4F),+4, we get
1Fpia=Fn+Foyo+ Frpa+ Foge + Frugs. 9)

Now, combine equation (9) and F,,_1, we finally prove that

11Fm+4+Fm—l:Fm—l+Fm+Fm+2+Fm+4+Fm+6+Fm+8:Fm+9-

Since equation (8) is proved, equation (7) is proved, so our theorem is proved.
O

Although the cases when a,, = 3 is fascinating, a,, = 5, a,, = 7, and a,, = 9
are not able to be generalized after testing. However, when a,, = 11, even more
fascinating patterns start to show up.

11
1] =11=—
1
1 122
11,11 =11 + — = —
11,11 LTI
1 1
[11,11,11]:11+71:£
14— 122
11

One might wonder that 122 and 1353 are not Lucas numbers or Fibonacci
numbers, but once you take a closer look, you’ll find out that 122 = 123 —1 and
1353 = 1364 — 11. This time, 1, 123, 11, 1364 are all Lucas numbers. So it’s
easier for us to find a general formula.

For our theorem to be able to express, we defined a new Lucas sequence.
Simply reversing the order of the first two numbers, we get the sequence [,,
defined with lo = 1, ll = 2, l2 = 3, lg = 4, and ln = ln,1 —|—ln,2 for n Z 2. (ThlS

1 5
sequence is actually the result of rounding ( +2\/_

which is also listed as A169985 in OEIS.) Readers might notice that iy 4 lo # I3.
This is because we simply changed the position of the first 2 terms. In the
original L,, sequence, Lo =2, L1 =1, s0 Lo = 3 and L3 = 4. When Ly and L,
are exchanged, 3 and 4 remain unmoved, resulting in such a irregularity. Making
such a tiny change is entirely for the purpose of expressing our theorem.

)" to the nearest integer,

1
In the case [11,11,11] = %, 1353 can be written into 123 — 1, which is

l15 — l5, and 122 can be written into 123 — 1, which is l19 — lp. Consequently,
we can state our new theorem.

16
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Theorem 5. Let I, be defined with o = 1, 1 = 2, ls = 3, I3 = 4, and
ln =1Ilp_1+1ln—o formn>2 andlet a; =11 for allm >0 € Z and 0 < i < m,
then

Ismas — lsm—
[11,11,...,11,11] = 2mt>  fom=5 (10)
lsm — lIsm—10

(Special note: In the cases [11,11] and [11], where m = 1 and m = 0,
respectively, the results contain [_5 and [_1g, so we set them to be 0 in order
for our theorem to be applicable to all non-negative m.)

Next, let’s prove it by induction.

Proof. Base Case: m =0

ls —1_
Set m = 0 and we want to show that [11] = %
0—l-10

As we've explained earlier, this equation is true.
Now, induction on variable m

As usual, we take the reciprocal of both sides of equation(10) and add 11
and get

11,1111, ., 11, 11] = Lo £ o) = o1 + 1lsmos)

Ismss — lsm—5

So, we only need to show that
Ism+10 = lsm = (Ism + 1sm+5) — (Ism—10 + 11sm—5)-
According to our proof of Theorem 3, we can clearly see that the above
equation is exactly true by alternating the index numbers.

Thus, we have proved Theorem 4. O

The next thing we wonder is if we can render it into Fibonacci numbers, just
like Theorem 1,2, and 3.

This is not obvious, however, since 1353 and 122 are not in the original
Fibonacci sequence. If we multiply 1353 and 122 by 5, we get 6765 and 610,
which are Fyg and Fis.

Further simplifying Theorem 4, we obtain Theorem 5.

17



Theorem 6. Let Fy =0, Fy =1 and F,, = F,,_1 + F,,_o. Let a; = 11 for all
m>0€Z and 0 <1 <m, then

Fs,,
[11,11,...,11,11] = 220410
5m—+5

F5m+10

(Note: The result should be % After we multiply the numerator and
5m—+5

denominator by 5, those 5’s cancel out.)

Let’s test a few values before we go on to prove this.

55 Fio
h = 1=1=—=—.
When m = 0, [11] 3 7

122 610 F
When m =1, [11,11] = = = % =z
10

1353 6765  Fy

When m =2, [11,11,11] = —o0 = -0 =
15

Then, let’s prove this by induction.

Proof. Base cases: m =0,1,2
True.
Now, induction on m
After we execute the same procedure, we only need to show that

Fsm+s5 + 11F5m4+10 = Fom+1s-
We already proved this one. O

Besides, by referring to Theorem 3 and Theorem 4, we can get a new formula
connecting Fibonacci numbers and adjusted Lucas numbers:

1
I —lm—10= gFm-l-S-

Actually, the numerators and denominators of the results of Theorem 4, for
small to large, can form a sequence: 0, 1, 11, 122, 1353, ... This sequence is

18



listed as A049666 in OEIS. All terms have a generalized formula to represent

R : o
them, which is Tn, where n is a non-negative integer.

Also, [11,11,...,11,8], where a,, = 8 and a; = 11 for 0 < ¢ < m, and
[11,11,...,11,13], where a,, = 13 and a; = 11 for 0 < i < m can also be

Fibonacci

expressed in the form ———. We’ll let the readers to determine the index
ibonacci

numbers and find the hidden patterns.

We have finished our discussion for the number “11”. We have reason to
believe that for the numbers “1” and “4”, the same pattern exists.

When n =1, Fy, = F5 = 5, and the denominator is exactly 5.

We hypothesize that for the number “1”, the generalized formula will be

" When n = 1, Fy,, = F1 = 1, which corresponds to the denominator. in

is essentially F;,, which matches to Theorem 2.

For the number “4”, according to the format, the results form a sequence
F:
with a general formula % (listed as A001076 in OEIS). When n = 1, F3, =

F3 = 2, which is the same as the denominator. Here comes our next theorem.

Fs,
Theorem 7. Let a, = % form > 0. Let a; = 4 for all m > 0 € Z and
0 <i<m, then
[4,4,...,4,4] = Im+?

Am+1
Proof. Proof by induction:
Base case: m =0
Set m = 0 and show that [4] = Z—j. Since ag = 76 =4 and a; = % =1,
4
[4] = 1= 4.

Induction on variable m
Suffice to show @, 41 + 4amt2 = Ams.

Converting this into its original form and adjusting its index numbers as
needed, we want to show that

F3 + 4F3,13 = F346
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Using Identity 18, we obtain that

F3 + Fypg1 + F3pmy3 + Fypys = Fapqe,

which is true. O

Now it’s time for us to further explore the results when every number, or
element, in the continued fraction is the same. Back to the original Lucas
numbers where the sequence starts with 2, 1 and so on. From our discussion
above, we know that “17, “4” and “11” possess patterns, so we hypothesize
that “29” also has some kind of pattern, skipping “18”.

ry, F
Before verifying, let’s first guess the potential results. From %, %, and
F
% for the number “17, “4” and “11”, respectively, we suppose the generalized

formula % will fit for the number “29”.

For example,

377 Fiy
2 _ 13 13
20)=T =13 =5
13 13
and
10946 Fy
_8%42 . 13 _ 13
WA T T E
13 13

Fry
Theorem 8. Let a, = 1—73 forn > 0. Let a; = 29 for all m > 0 € Z and

0<17<m, then

29,29, ...,29,29] = m+2.
Am+1

Proof. Proof by induction:
Base case: m =0,1
As tested above, all the base cases are true.
Induction on variable m
Suffice to show that a,,4+1 + 29a,42 = Gmys.
Converting the sequence a,, into F,,, we only need to prove the equation

Fo 4 29F o7 = Froy14. (11)
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The first step is to decompose 29F,,, 7. From equation (8), we get

22F 47 = 6F 40 + 4F 47+ 6F 45

Then, we combine 4F,, 7 and the remaining 7F,,;7 and use equation (8)
again and get
29F 47 = 9Fmq9 + 2F 47 + 9F 4.

The next step is to use Identity 17 from the book on 9F;,, 19 and 9F,,, 5, we
obtain
919 = 3Fnq11 + 3F 7

and
9F+5 = 3F 47+ 3F 13-

Next, we need to combine all the F;,, 7 like terms and using Identity 18, we
get
8F g7 = 2F 19+ 2F 7 +2F, 5.

Then we use Identity 17 on 3F,,+11 and 3F,,4+3 and combine all the like
terms. For all the terms with coefficient 3, we use Identity 17. Similarly, for
all the terms whose coefficients are 4, we use Identity 18. Finally, we get our
desired formula:

Fpp +29F, 47
=Fn+ P+ Frogs+ Foys + Fgr + Fgo + Fropnn + Fopis (12)

— LI'm4-14

Equation (12) clearly shows that equation (11) is true.

Thus, proof for Theorem 7 is finished. O

For Theorem 5, 6, 7, they all have something in common. First, the elements
in those continued fractions are the same. Second, the results are render in the

Fibonacci
form ————. However, those “Fibonacci” numbers aren’t directly extracted
Fibonacci
.. . . Fln F3n
from the original sequence F),. Instead, they have a hidden pattern: T g
& & & and so on
57 137 34 '

For the results to be valid, the numbers in the continued fraction must be
inside Lucas numbers L,,, but not all of them satisfy. The truth is that there’s
one satisfying number every two Lucas numbers, as seen in the cases “17, “4”,
“11, “29”. This implies that the next number that will work is 76.
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Based on these findings, we have another corollary, which is the most gen-
eralized one.

Corollary 4. Let L, be the sequence that starts with Lo = 2, Ly = 1, and

F n
L,=L, 14 Ly_o (n>2). Let the sequence a, = %, where k >0 € Z.
2k+1
Let a; = Logy1 for allm >0 € Z and 0 < i < m, then
a/m
[Loks1, Lokit, oo Loyt Lopsr] = —2F2.
Am+1

m F”l .
If k = 4, then [76,76, ..., 76, 76] = =22 where a,, = ﬁ (listed as A049669
Am+1
in OEIS).
m Fiin .
If k = 5, then [199,199, ...,199,199] = %2 where a, = —° (listed as
Am+1 89

A305413 in OEIS).
The same patterns holds for other values of k.

There might be other patterns regarding the number “29”, “76”, or even
larger. We’ll leave this for the readers to explore and discover.

5 Collection of New Theorems

For readers’ convenience, we collect all the new theorems that have been stated
and proved in this article.

Theorem 1:

Foralk>0and k€ Z, Gy =k, Gy =1, and G,, = G,,—1 + G,,_». For all
m>0€Z, ayp, =2k+3and a; =4 forall 0 <i < m,

G3m
[4,4,..,4,2k + 3] = =2mtd

3m—+1

Theorem 2:

F,, is the Fibonacci sequence defined with Fy = 0, F} = 1, and F,, =
sum of two previous terms. For all & > 0 € Z, a,, = 2k + 3, a; = 4 for all
0<i<m,

Fspmya+ k- F3mys
Fami1+ k- Fap

[4,4,..,4,2k+3] =

Theorem 3:
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F,, is the Fibonacci sequence defined with Fy = 0, F} = 1, and F,, =
sum of two previous terms. Forall k > 1€ Z, a,, =k, a;, =1 forall 0 <i < m,

Fm+2+(k_1)'Fm+l
Fopi1+(k—-1)-F,

(1,1,..,1,k] =

Theorem 4:

F,, is the Fibonacci sequence defined with Fy = 0, F} = 1, and F,, =
sum of two previous terms. For m >0 € Z, a,, =3, a; = 11 for all 0 < i < m,

Fsmta
11,11,...,11,3] = —om+d.
[ ] F5m71

Theorem 5:

Let ln be defined with lo = 1, ll = 2, ZQ = 3, lg = 4, and ln = ln,1 + ln,Q
forn>2 and let a; = 11 for all m > 0 € Z and 0 < ¢ < m, then

Ismats — Lsm—
[11,11,...,11,11] = 2md5 —_om=5
l5m - l5m710

Theorem 6:

Let F():O, Fr=1and F, = F,_ 1+ F, 5. Leta; =11 forallm >0¢€ Z
and 0 <17 < m, then

Fsm
[11,11,...,11,11] = 220410
Fsts

Theorem 7:

F3p
Letan:%fornz(). Let a; =4 for all m > 0 € Z and 0 < i < m, then

[4,4,...,4,4] = Im*2,
Am+1

Theorem 8:
F7n .
Letan:1—3f0rn20. Let a; =29 for allm > 0 € Z and 0 < ¢ < m, then

29,29, ..., 29,29] = Zm+2

Am+1
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6 Conclusion

In this article, we mainly discussed the close connections between finite contin-
ued fractions, F), and L,,. For some of the theorems, we need to adjust the index
numbers for the sake of expression, such as l,,, but this move doesn’t affect the

whole picture. During the process of proving, we also discovered some new for-

1
mulas which connect different sequence together, such as l,;, — l,;,—10 = = Fints-

In order to generalize our equation, we even created some new formulas such
as G*. For those expressions that have large coefficients, we patiently use some
identities from the book “Proofs that Really Count” [1] to assist our proof. Still,
even more fascinating and impressive identities await, but we cannot include all
of them in this paper. After reading this article, one might wonder what if the
elements inside the continued fraction are irrational numbers, such as V3 and
/5, or complex numbers involving i. Maybe these fraction will have some sort
of connection with Binet’s formula, which expresses F;, and L, with irrational
numbers. Curious readers might dig into this topic and explore.
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