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ANGLES OF RANDOM SIMPLICES AND FACE NUMBERS OF RANDOM
POLYTOPES

ZAKHAR KABLUCHKO

ABSTRACT. Pick d+ 1 points uniformly at random on the unit sphere in R?. What is the expected
value of the angle sum of the simplex spanned by these points? Choose n points uniformly at
random in the d-dimensional ball. What is the expected number of faces of their convex hull? We
answer these and some other, seemingly unrelated, questions of stochastic geometry. To this end,
we compute expected internal angles of random simplices whose vertices are independent random
points sampled from one of the following d-dimensional distributions: (i) the beta distribution with
the density proportional to (1 — ||z||?)?, where z is belongs to the unit ball in R?; (ii) the beta’
distribution with the density proportional to (14 ||z||*)™? on the whole of R?. These results imply
explicit formulae for the expected face numbers of the following random polytopes: (a) the typical
Poisson-Voronoi cell; (b) the zero cell of the Poisson hyperplane tessellation; (c) beta and beta’
polytopes defined as convex hulls of i.i.d. samples from the corresponding distributions.

1. MAIN RESULTS

1.1. Introduction. The aim of the present paper is to compute expectations of several quantities
appearing in stochastic geometry. Let us start with the following natural

PrOBLEM A. Pick n points X1, ..., X, uniformly at random in the d-dimensional
unit ball, where n > d 4+ 1. What is the expected number of k-dimensional faces of
their convex hull P = [X7,..., X,]?

The problem asks to determine the expected f-vector of the polytope P, i.e. the vector whose
entries are the expectations Efy(P),...,Efg_1(P), where fo(P) is the number of vertices of P,
f1(P) is the number of edges of P, and, more generally, fi(P) is the number of k-dimensional faces
of P. If the uniform distribution of X1,..., X, is replaced by the d-dimensional standard Gaussian
one, a formula for the complete expected f-vector in terms of internal and external angles of
the regular simplex has been obtained by Affentranger and Schneider E] (whose result has to be
combined with the observation of Baryshnikov and Vitale M]) For distributions other than the
Gaussian one, satisfactory results are available only in a few special cases. For example, Buchta and
Miiller E] derived an explicit formula for the expected number of facets (that is, faces of dimension
k=d—1) of P. In the case when the points are chosen uniformly on the sphere, a similar formula
was obtained by Buchta, Miller and Tichy ﬂa], and more general distributions were treated by
Affentranger @] Since all faces of P are simplices with probability 1, relation dfy_1(P) = 2f4_o(P

also yields the value of Efy_o(P). The expected volume of P is known explicitly ﬁ], see also [28,
Corollary 3.9], and a trick called Efron’s identity [10] yields a formula for Efy(P); see, e.g., [28,
Proposition 3.4]. A special case of this approach with n = d+ 2 is related to the classical Sylvester
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four-point problem which asks to compute the probability that four points chosen uniformly at
random in a planar region have a convex hull which is a triangle. If the region is a disk, the answer
is 35/(1272). Kingman [29] considered a generalization of Sylvester’s problem in which n = d + 2
points are chosen uniformly at random in a d-dimensional unit ball and computed explicitly the
probability that their convex hull is a simplex. It is an exercise to check that both, the expected
volume of the simplex spanned by the first d + 1 points and the expected number of vertices of P
in the special case when n = d + 2, can be expressed through this probability.

The papers cited above used tools from stochastic and integral geometry @], most notably the
Blaschke-Petkantschin formulae @, Section 7.2], ﬂﬁ] In the present paper, we shall completely
solve Problem A and a number of seemingly unrelated problems of stochastic geometry by combining
the integral-geometric approach of the paper ﬂﬂ] with the analysis of certain new special functions
related to the Schléfli function and having properties somewhat similar to the properties of the
Stirling numbers of both kinds. The Schlafli function expresses the volumes of regular spherical
simplices and appears as a limiting case of the functions studied here.

First of all, it is necessary to extend Problem A to a more general class of random polytopes.
We shall be interested in the so-called beta and beta’ polytopes defined as the convex hulls of
random samples from the following two families of distributions: the beta distributions with the
density proportional to (1 — [|z]|?)? on the unit ball in R?, and the beta’ distributions whose density
is proportional to (1 + ||z[?)™” on the whole of R%. Both classes of distributions were introduced
by Miles ﬂﬁ, Section 12]. They are characterized by a remarkable property, called the canonical
decomposition, which was discovered by Ruben and Miles M] In Nﬁi, this decomposition was
combined with other tools from stochastic geometry to express the complete expected f-vectors of
beta and beta’ polytopes in terms of two sorts of quantities: the expected external angle sums of
random simplices sampled from the beta and beta’ distributions, and the expected internal angle
sums of the same simplices. Precise definitions of these quantities, denoted by I, ,(«) and J,, 1 (5)
in the beta case and ﬁn,k(a) and jnk(ﬁ) in the beta’ case, will be given below. Moreover, it was
shown in ﬂﬁ] that several problems of stochastic geometry can be solved in terms of I, ,(a) and
Jnx(B) or I, x(a) and J, (), most notably the determination of the expected f-vectors of the
typical Poisson-Voronoi cell and the zero cell of the Poisson hyperplane tessellation, as well as
the constants appearing in the work of Reitzner ] on random polytopes approximating smooth
convex bodies. .

While the external angle sums I, (o) and I, () are easy to evaluate (which has already been
done in ﬂﬁ]), no formula for the internal angle sums J,, 1(3) and jnk (8) has been provided in ﬂﬂ]
In [20], we described a recursive scheme which allows to compute Jnx(B) and J,, x(B) in finite time
for every given values of n,k, 5. The aim of the present paper is to solve this recursive scheme,
thus providing an explicit formula for the internal angle sums and, consequently, completely solving
Problem A and all problems of stochastic geometry listed above.

We always aim at obtaining reasonably simple formulae for the quantities of interest. Let
us agree that the formulae are allowed to contain elementary functions, as well as multiple sums
and multiple integrals thereof (including the Gamma function), but the multiplicity of sums and
integrals is not allowed to depend on the parameters of the problem such as d,n, k. All formulae
stated below can easily be evaluated by computer algebra systems.

1.2. Internal angles. Let us start with the necessary definitions. A d-dimensional simplez in R%
is defined as the convex hull [x1,...,2z,] of n = d+ 1 points z1,...,z, € R? that are not contained
in a common affine hyperplane. The internal angle of the simplex T' := [x1,...,x,] at its face
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F:=lz;,...,z;], where 1 <i; < ... <1, <n, can be defined as

. Voly(B(z) NT)
BT =l gy

where Vol denotes the Lebesgue measure in R?, B%(z) is the d-dimensional ball with radius r > 0
centered at z, and z is any point in F' not belonging to a face of smaller dimension. Note that we
have chosen the units of measurement for angles in such a way that the full-space angle equals 1.
For each k € {1,...,n} we let 0;(T) denote the sum of internal angles of T" at all its k-vertex faces,

that is
o(T)= > BET).
1<i1<...<ip<n
Fi=[X0 X0, ]

The sum of the measures of angles in any plane triangle is constant, but in dimensions d > 3 the
angle sums o (7") are not constant except for the trivial values q441(7) = 1 and 04(T) = 3(d +1).
The range of all possible values of o(T"), for every fixed k£ and d, has been determined by Perles
and Shephard 40, pp. 208-209]. It is therefore natural to ask what are the average values of these
quantities, which leads to the following

PROBLEM B. Pick n points X7,...,X,, uniformly at random on the unit sphere in

R"~! and consider the simplex T := [X1, ..., X,,] spanned by these points. What is

the expected value of the k-th angle sum o (7)?
The aim of the present paper is to solve a more general version of this problem in which the vertices
of the random simplex have a beta or a beta’ distribution.

1.3. Beta simplices and their internal angles. A random vector in R? is said to have a d-
dimensional beta distribution with parameter 5 > —1 if its Lebesgue density is given by

8 T (4+8+1)
fap(x) = cap (1 - lelz) Ljej<1y,  TERYL  cap=—F—", (1.1)
{llzl<1} F%F(ﬁ )
where ||z|| = (22 + ...+ 22)!/2 denotes the Euclidean norm of the vector = = (z1,...,24) € R%

Since the special case of the normalizing constant cg g with d = 1 will frequently appear below, we
introduce the shorthand 5

cgi=c1 = \;(ﬁ ) ‘ (1.2)

mI'(f+1)

Example 1.1. The uniform distribution on the unit ball B¢ := {z € R?: ||z|| < 1} coincides
with the beta distribution with parameter 8 = 0. The uniform distribution on the unit sphere
S9! .= {z € R%: ||z = 1} is the weak limit of the beta distribution as 8 | —1, see [28, p. 102]. The
standard Gaussian distribution on R? is the limit of the appropriately rescaled beta distribution as
B — 400; see ﬂﬂ, Lemma 1.1]. All formulae of the present paper apply to the uniform distribution
on S%! by taking f = —1 and to the standard Gaussian distribution by letting 8 — +o0.

Let Xi,...,X, be independent random points in R”~! sampled from the beta distribution
fn-1,3, where B > —1. For = —1, this just means that Xi,..., X, have uniform distribution
on the unit sphere. The convex hull [X7,...,X,] is referred to as the (n — 1)-dimensional beta
stmplex. Miles ﬂﬁ] completely characterized the distribution of the volume of the beta simplex by
computing its moments. Our aim is to compute explicitly the expected internal angles of these
random simplices, denoted by

Jnk(B) = EB([X1, ..., Xk, [ X1,..., X4]), (1.3)



4 ZAKHAR KABLUCHKO

for all integer n > 2 and k € {1,...,n}. By exchangeability, the expected sum of internal angles
at all k-vertex faces of the beta simplex [X1,...,X,,] is then

T8 = () a(6). (1.4

Clearly, J,n(8) = Jun(B8) = 1 and Jyn-1(8) = ndpn-1(8) = 5 for all n > 2. It is natural to put
J11(B) = J1.1(B) = 1. As another trivial example, we have J31(5) = 1/2 because the sum of angles
in any plane triangle equals half the full angle. In ], we computed J, ;(8) forn =4 and n =5
(which corresponds to simplices in dimensions d = 3 and d = 4). Some non-trivial values obtained
there include

1 539 1 401 1692197 1

1) == )= 0)=—— )=

Ta= =g T =g505 -5 IO =555 B0 = gemee =5
As explained at the end of ], the method used there cannot be extended to higher dimensions.
In [20], we derived recursive relations for J,, ,(8) which yielded a complicated formula for these

quantities. Although this formula allows us to compute J,, 1(3) in finitely many steps, its complexity
rapidly increases with n,k and (8, and it cannot be considered satisfactory. In the present paper,
we prove the following explicit formula for the quantities J,, 1(3), where 8 > —1.

Theorem 1.2. Let n > 3 be integer and k € {1,...,n}. For all « > n — 3 we have

a—n+1 n /2 an+1 1 : ’ —a—1 ok
Jn ke <#> = <k:> /_W/2 c%(cosa;) <§+1/0 CaTﬂ(COSg) dy> dz.  (1.5)

By making the change of variables ¢ = tanhxz, s = tanhy in (LX) and then substituting
t = sinwu, s = sinv in the resulting formula, it is possible to obtain the following equivalent versions

of ([LH):
- 1 +1 an 1 t N n—k
ok (%) = (Z) /_1 can(1—13)% <5 +i/0 Ca (1 —32)_2_1ds> dt  (1.6)

n +oo 1 w n—k
= < > / cen (coshu) "2 <— +i/ Ca—1(cosh U)ad’l)> du.  (1.7)
k — 00 2 2 0 2

If « is integer, the inner and then the outer integrals in these formulae can be evaluated exactly by
standard integration techniques. This gives explicit expressions for J,, ;(3) is f := (a—n+1)/2 > —1
is integer or half-integer; see @] for the tables of J,, x(8) for some values of / including 5 = 0
and 8 = —1. In some cases, it is possible to evaluate the integral more efficiently with the help of
residue calculus.

Theorem 1.3. Let n > 3, k € {1,...,n} and o > n — 3 be integer. If either (i) a is even and
n — k is odd, or (ii) both o and n are odd, then

a—n+1 n n—k
i (50) < (e () o

Here, Res;—y, f(x) denotes the residue of the meromorphic function f(z) at xp € C, that is
the coefficient of (z — ) ~! in the Laurent expansion of f(z) around zo. There are some cases not
covered by this theorem. The best result we have in the case when (iii) « is odd and n is even are
Equations (L), (L6), (L7). In the case when (iv) both o and n — k are even, we can compute
Tk (2=2£L) by combining case (i) of Theorem with the Poincaré relations. These are linear

(Jo (sin y>“dy)n_k] , (1.8)

(sin x)an+2
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relations between angle sums of any deterministic simplex which, in the special case of the beta
simplex, imply that

n

504 (F)0al8) = 0 Tam(8), Tnal) =0

k=m
for all m € {0,...,n} and 8 > —1. As will be explained in Section [} these relations allow to
express the odd-positioned entries of the vector (J,,1(8),...,Jnn(f)) as linear combinations of

the even-positioned ones, and vice versa. It is possible to transform these considerations into the
following “ugly” formula.

Proposition 1.4. Let n > 3, k € {1,...,n} and « > n — 3 be integer. If both o and n — k are
even, then

o (19)

_ 1 ke ) sin (uca-1 [ (siny)*dy
v]]n,k <w> — (_1) kZ' . [un—k -1 ( 7 /0 )

2 —7can - T
2 El tan (%) (sinz)on+?

n—kx—l]

where [u g(u,z) denotes the coefficient of " Fx =1 in the series expansion of the function g

around (0,0).

In Theorems 3.8 and 3.9 of [20] we gave explicit formulae for Jp1(—2%) and J,, 1 (3) with arbitrary
n € N in terms of products of Gamma functions. Stated in different terms, the latter value can
be found in the work of Hug @, Corollary 7.1 and p. 209]. The proofs in these works used only
stochastic geometry. Using Theorem [[3] we can generalize these formulae to J, 1(m — %) with
arbitrary m € Ny. The formulae are as explicit as possible but involve rational functions whose
complexity increases rapidly with m.

Proposition 1.5. There is a sequence of rational functions Ry(x), R1(x), ... with rational coeffi-
cients such that for every n > 3 and m € Ny, we have

J 1 ( )"—1 ™ Ry, (n)
m — — = C(n m—2)n Cn m— .
n,1 9 % niZmo3 (n+2m — 1)n—1

2 2 54+15n%4-81n34225n24-326n+216
The firs terms are Ro(n) =1, Ry(n) = "2(22}5 , Ry(n) = +lom +8(n"+;)2(n7j_7§ nt2lb L

The arithmetic properties of the quantities J, ,(5) for integer and half-integer values of /3
are summarized in the following theorem. It turns out that these are either rational numbers, or
polynomials in 772 with rational coefficients which in some cases reduce to a single rational multiple
of a power of 772,

Theorem 1.6. Let 8 > —1 be integer or half-integer. Let also n € N and k € {1,...,n}.

(a) If 28 4+ n is even, then I, 1 (B) is a rational number.

(b) If both 28 +n and n — k are odd, then J, x(8) is a number of the form gm=("=F=1 with
some rational q.

(c) If 28+ n is odd and n — k is even, then J, (B) can be expressed as qo + qam =2 + qum 4 +

o ot R where the numbers q2; are rational.

Proof. Parts (a) and (c) were established in @] Part (b), which was only conjectured there, follows
from Theorem because the residue appearing in (L.8]) is a rational number. O
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1.4. Beta’ simplices and their internal angles. A random vector in R? has beta’ distribution
with parameter § > d/2 if its Lebesgue density is given by

fap(x) =Cap (1 + le!2) P serd Cap = L ) (1.10)

d d
w2l (8- 5)
We shall use parallel notation for beta and beta’ distributions, with the quantities related to beta’
distributions being always marked by a tilde. For the special case of the normalizing constant with
d =1 we introduce the shorthand

g i=t1p = __® (1.11)

VAT (B=3)

Let Xi,..., X, be independent random points in R”~! sampled from the beta’ distribution fn—1,5,

where 8 > (n—1)/2. Their convex hull [X1, ..., X,] is called the (n— 1)-dimensional beta’ simplex.
Its expected internal angles are denoted by

jn,k(ﬁ) = EB([Xl,...,Xk],[f(l,...,f(n], (1.12)
for all integer n > 2 and k € {1,...,n}. The expected sum of internal angles at all k-vertex faces
of the beta’ simplex is

~ /”L ~
Ik (B) == <k:> Ik (B)- (1.13)

By convention, jnn(ﬂ) = jnn(ﬂ) =1 for all n € N. For the quantities jn,k(ﬁ), we shall prove the
following explicit formula.

Theorem 1.7. Let o > 0. Then, for alln € N and k € {1,...,n} such that an > 1 we have that

N -1 +7r/2 1 x n—k
Jn ke afnz 1) _ (7 / Gan (cos )2 (= + i/ Cat1(cosy)” *dy dx. (1.14)
7 2 k —7/2 2 2 0 2

Making in (II4]) the substitutions ¢ = tanhx, s = tanhy and then ¢t = sinu, s = sinv, we
arrive at the following equivalent versions of (LI4]):

~ a+n_1 n +1~ 2an73 1 . tN 2_a_+1 n—k
Jnk <f>— <k‘> /_1 C%(l—t) 2 <§—|—1/0 CaTJrl(l—S) 2 d8> dt (1.15)

+o0 U n—k
= <n>/ Gan (cosh u)~(@n=1) (1 —|—i/ E(m(coshv)o‘_ldv> du. (1.16)
k 2 2 0 2

—00

Again, it is easy to evaluate the integrals exactly if « is integer, which gives explicit expressions for
Jnk(B) if B:=(a+n—1)/2 > (n—1)/2 is integer or half-integer. In some cases, it is possible to
evaluate the integral by means of the residue calculus as follows.

Theorem 1.8. Let o« € N. Then, for alln € N and k € {1,...,n} such that ak is even, we have
T, . _ n—k
- -1 n—k a—1g
Jn i <7a n > = <n>(~:% <5a_+1) 7 Res (fo (siny) y) ] .
’ 2 k 2 2 =0

(sinx)on—1
It is interesting to note that the validity domain of this formula is larger than in the beta case.
Indeed, it gives the complete vector of expected internal angles if « is even. In the case when « is

(1.17)
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odd, this theorem identifies jnk(%"_l) only for even k. The values with odd k can be obtained
using the Poincaré relations

n

> () 0al8) = 0 Fun(), Tnal) =

k=m

foralln >2,me{0,...,n} and g > "T_l The best result we were able to derive in this way is as
follows.

Proposition 1.9. Let o € N. Let alson € N and k € {1,...,n} be such that ak is odd. If n # 1
s odd, then

3 ~ T3 a—1
- 1 - sin (uCa_H Jo (siny) dy)
A it (—1)*7 Zréan - [ Fz] 2 (1.18)
’ 2 Kl tan (%) (sinz)on—1
If n is even, then
4 Lo a—1
~ a+n—1 nk-1mn! _ —k —1 cos (ucL“ f() (siny) dy)
— ) = (-1 —méan - [u" : 1.19
Jn,k < D) > ( ) 2 k!ﬂ'C 2 [U x ] cot %) (Sin:t)om_l ( )

The arithmetic structure of jnk(ﬁ) for integer and half-integer 3 is described in the following
theorem.

Theorem 1.10. Letn € N and k € {1,...,n}. Let also 5 > "T_l be integer or half-integer.

(a) If 28 —n is odd, then J, 1(B) is a rational number.

(b) If 28 — n is even and k is even, then I, 1(8) has the form qu=("=%) (if n — k is even) or
g~ ("k=1) (if n — k is odd) with some rational q.

(¢c) If28—mn is even, then jnk(ﬂ) can be expressed as qo+qom 2+ qur . A qpop_1m
(if n — k is odd) or gy + qom 2 + 4+ ... + gu_pm"®) (if n — k is even), where the
coefficients qo; are rational numbers.

(n—k—1)

Proof. Parts (a) and (c) were established in [20]. Part (b), which was only conjectured there, follows
from Equation (IL.I7) of Theorem [[.8 since the residue appearing there is a rational number. [

In general, it does not seem possible to simplify the residue in (ILI7]). However, if o and k are
fixed, we can show that it is essentially a polynomial in n.

Proposition 1.11. Fiz o € N and k € N such that ok is even. Then, there is a polynomial Py j(n)
with rational coefficients such that for all integer n > k,

= a+n—1\ [n). _ n—k 7 Py (1)
o () - (e o)

For example, we have

n—1 5n? —8n + 3 35n3 — 63n? + 37T — 9

12(n) =1, Pra(n) e Pus(n) 30 Tus() 45360 ’
B on ~n(n+1) ~ n(n®+3n+2)
Poa(n) =1, Paa(n) =, Poa(n) = ——=—, Poa(n) = =——r——
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2. APPLICATIONS TO RANDOM POLYTOPES

In this section, we give applications of the above results to some problems of stochastic geome-
try including the determination of the expected f-vectors of two random polytopes: the zero cell of
the Poisson hyperplane tessellation and the typical cell of the Poisson-Voronoi tessellation. Recall
that for a convex d-dimensional polytope P, we let fy(P) denote the number of /-dimensional faces
of P, for all £ € {0,...,d}. The f-vector of P is then the vector (fg(P))?;é. If P is random, we
are interested in its expectation, called the expected f-vector. We start with the so-called Poisson
polytopes which can be used to treat both models.

2.1. Poisson polytopes. For a > 0 let II;, be a Poisson point process on RA\{0} with the
following power-law intensity function:

T ||x\|_d_a, T € Rd\{O}.

Let convIl,, denote the convex hull of the atoms of II;,. We call convIl;, the Poisson polytope.
Even though the number of atoms of 11, is a.s. mﬁmte because the atoms cluster at the origin,
it can be shown that convlIl;, is a.s. a polytope see @ Corollary 4.2]. Moreover, this polytope
is simplicial (that is, all of its faces are simplices) and contains the origin in its interior, with
probability 1.

In , Theorem 1.21], the expected f-vector of the Poisson polytope convIl;, has been
expressed through the quantities jm7g(’7). Namely, for every d € N and every k € {1,...,d}, the
expected number of (k — 1)-dimensional faces of convIly, is given by

= = a+m—1
Efr—1(conv Hd,oe) =2 Z Hm,m(a)Jm,k (f) ) (2.1)
medk,....d}
m=d (mod 2)
wherd]
T amol e (1) \” (YR
oeonl®) = g " = ey | e . (2.2)
atl 2 (“3) m

Using our results on the quantities jm,z(’y) we are able to prove the following explicit formula for
the expected f-vector of convIlg,.

Theorem 2.1. Let d € N and o > 0. Then, for every k € {1,...,d} we have

Efr—1(convIly,)

d (6% I 1 oo ( d ) 1 w d=Fk
_ . . —(ad+1 - : ~ a—1
= <k> <5aT+1) W/—oo (coshu) <2 +1/0 Catl +1(coshv) dv> du.

If, additionally, « € N and k € {1,...,d} are such that ok is even, then

a ?(sin ) 1dy) "
Efi—i(convIlg,) = </<;> <\/_F(2)> Res (Jy (siny)*'dy) ] ) (2.3)

r(eft) ) =0 (sin z)@d+1

o explain our notation, let us mention that it was shown in the proof of Theorem 1.21 in Iﬂ] that ﬁoo,m(a) =
limp— o0 In,m (@), for some quantities I, m () to be defined below.
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Equation (23]) identifies the complete expected f-vector (E fy(conv Hd,a))?;é ifaiseven. If ais
odd, it gives only the entries with odd ¢. However, since the polytope conv Il is simplicial a.s., the
remaining entries are uniquely determined by the Dehn-Sommerville relations; see Section[8l In the
same way as in Proposition [[L9] it is possible to prove the following statement complementing (2.3]).

Proposition 2.2. Let o € N. Let also d € N and k € {1,...,d} be such that ak is odd. If d is
odd, then

o (o0 e )

Efr_ ;) = = 2.4
fie-r(convIlaa) i k! tan (%) (sinz)ad+! (24)
2
If d is even, then
d—k—1 ~ T . a-1q
(—1) ald e cos (uCaTH fo (siny) y)
Efr_ o) =——FF——" 2.5
Tk 1(C011V d, ) E%Hk [u €T ] cot %) (Siniﬂ)ad'ﬂ ( )

Let us now consider three special cases of Poisson polytopes.

2.2. Poisson zero cell: o = 1. It is known that on the space of all affine hyperplanes in R? there
is an infinite measure invariant under rotations and translations of R%. Moreover, this measure is
unique up to multiplication by constants; see @, Section 13.2]. Consider a Poisson process on the
space of affine hyperplanes having this measure as intensity. The hyperplanes belonging to this
point process dissect R? into countably many polytopes, called the cells of the (homogeneous and
isotropic) Poisson hyperplane tessellation. The a.s. unique cell containing the origin is called the
Poisson zero polytope and is denoted here by Z;; see @, Sections 10.3, 10.4]. The expected f-vector
of Z; has been identified only recently in ﬂé] There we have shown that for all £ € {1,...,d} such
that d — ¢ is even,

d—t - ‘
Efe(24) = I 2 I @+ (2.6)
’ jef{l,...,d—1}
jZd (mod 2)

Theorem 2.1 can be used to derive the following alternative formula.

Theorem 2.3. For alld € N and ¢ € {0,...,d} such that d — { is even, we have
d T d+1
_ d—¢ d—r
Efe(Zq) = <l>[x ] <—sinx) . (2.7)

Proof. The claim is trivial for £ = d, so let £ € {0,...,d—1}. It is known [27] that conv 14, can be
identified (up to scaling) with the convex dual of the zero cell Z; of the homogeneous and isotropic
Poisson hyperplane tessellation. In particular,

Efe(24) = Efq—¢—1(convIlyy) (2.8)

for all ¢ € {0,...,d — 1}. Taking o = 1 in the second claim of Theorem [2Z] we obtain after
straightforward transformations that for all even k € {1,...,d},

E fr—1(convlg;) = 7* <d> "] (L)dﬂ :

k sinx

The claim follows by taking k = d — ¢ and applying (2.8]). O
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Remark 2.4. Comparing (20) and (2.7]), we obtain the following curious combinatorial identity
which is valid for all d € N and all even m € {0,...,d}:

d' m x d+1 o m -2 2
(d—m)![gj ]<Sinx) =l ] H (1+572%).
jZd (mod 2)

Remark 2.5. The values of E fy(Z,;) with even d—¢ were called “nice” in ﬂﬁ] because they are rational
multiples of powers of 2. The values with odd d — ¢ were called “ugly” and are polynomials in 72
with rational coefficients. For the ugly values, Proposition and (28) yield the formulae

)4
B (—1)§7rdd! v _1, [ cot (%) sin (%) o )
Efe(Z4) = R [u'x™"] (sin )1 , if d is odd and ¢ is even,
£—1
(=) =2 w%d g tan (§) cos (%) - -
Ef(Z,)) — . s £ .
fi(Zaq) A=) [uz™"] EmE , if d is even and ¢ is odd

Note finally that all results of this section can be restated in terms of jnk(%) since, as we have
shown in [22, Equation (3.9)] and [23, Proposition 1.2],

j (ﬁ) _ n(Efn—k(Zn) - Efn—k—2(zn—2)) _ n(n - 1)2Efn—k(zn—2)
mh\2) ~ 2" st — 20 %k(k — 1)éan

forall n € {3,4,...}, k € {1,...,n — 2}, where the second equality additionally requires k # 1.

2.3. The simplest case: o = 2. As it turns out, this case can be treated by purely combinatorial
tools.

Theorem 2.6. For alln € N and k € {1,...,n} we havdl
an n+1\ _(n\(n+k\ (n—=2\(In—-2+k
n) M\ 2 ) Tk K k k '
The proof will be given in Section dl As a corollary, we can compute the expected f-vector of

conv Il o.

Theorem 2.7. For alld € N and k € {1,...,d} we have
d\ (d+k
Efr—1(convIlgze) = </<;>< k ) (2.9)

Proof. Recalling ([2.2]) and using Legendre’s duplication formula, it is easy to check that for all

m e N,
i S rzmEy e\ " eymmt 1 2m
Lein(® =~y (r(%)) )

m 2
By (1)), we obtain

Efr—1(convIlgs) = Z <2;n>jm7k <mT+1> .

m=d (mod 2)

To complete the proof, apply Theorem and evaluate the telescope sum. O

2In the cases n = 1 and n = 2 we use the natural definitions (711) = —1and ((1)) = (g) =0.
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On the other hand, Theorem 2] with o = 2 yields

d (1 — cos z)4* d N —9d—
_ od+k W—cosz)” " | _ 2%k—1 2d—1
Efr—1(convIlgs) =2 <k‘> Ix%fg [ |~ \k ly%:eg |:(Sln Y) (cosy) ] ,

where the last step follows from the formulae 1 — cosz = 2sin? 5 and sinz = 2sin § cos 5 after the

substitution y := x/2. Comparing both results, we obtain the curious identity

Res [(sin y) "2 (cos y)_zd_l} = (d * k)
y=0 k
which can be shown to be valid in the range d € Z, k € Nj.

The numbers on the right-hand side of (Z3) appear as Entry A063007 in [50]. Interestingly,
the expected f-vector of convIl,o coincides with the f-vector of the dual of the associahedron of
type By, (cyclohedron) ﬂﬂ] We have no explanation for this coincidence, but one trivial reason can
be easily ruled out: It is not true that the combinatorial type of conv Il 5 is that of the cyclohedron
(or any other deterministic polytope), with probability 1. Instead we claim that for every o > 0
and every given simplicial d-dimensional polytope P, the probability that convIlg, has the same
combinatorial type as P is strictly positive. To see this, embed P into R? such that the origin is
in the interior of P. Then, for every € > 0 the probability that each e-ball around each vertex of
P contains exactly one point of the Poisson point process Ilg,, while all other points of 11, are
located inside %P, is positive. If € > 0 is sufficiently small and this event occurs, then convIlg,
has the same combinatorial type as P (because P is simplicial and hence its combinatorial type
does not change under small perturbations).

2.4. Typical Poisson-Voronoi cell: o = d. Let P, P»,... be the points of a Poisson point
process on R? with constant intensity 1. The Voronoi cell C; of the point P; consists of all points
z € R? whose distance to P; is smaller or equal than the distances to all other points P; with j # 1.
With probability 1, the cells Cy,Co, ... are polytopes with disjoint interiors that form a covering of
R? which is called the Poisson-Voronoi tessellation. We shall be interested in the typical cell of this
tessellation which can be constructed as follows @, p. 450, p. 106]. Take some Borel set @ C R4
with finite but non-zero Lebesgue measure Vol;(Q). Then, the typical Poisson-Voronoi cell is the
random polytope V; whose probability law is given by

1
P ] =—=——E 1o _p.
[Vd € ] VOld(Q) ie]\é:_eQ {Cz_PzE'} ?

where C; — P; = {x — P;: x € C;} denotes the cell C; shifted in such a way that its “center” P; moves
to the origin. For our purposes, the following explicit construction is more convenient: the typical
Poisson-Voronoi cell is the random polytope

Vai={z € R%: ||z|| < ||z — Pj| for all j € N}. (2.10)

In words, V; the Voronoi cell of the origin in the Poisson process with an additional atom at the
origin. The equivalence of both constructions of V,; follows from the characterisation of the Palm
distribution of the Poisson process @, Theorem 3.3.5].

The Poisson-Voronoi tessellation is one of the basic objects in stochastic geometry @, 39 ,
37, 38, E‘] and has been intensively studied at least since the works of Meijering ﬂﬁ], Gilbert |13]
and Miles ﬂﬁ] However, such a natural functional as the expected number of k-faces of the typical
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cell has been known explicitly only in some special cases. It is a classical fact @, Theorem 10.2.5]
that in dimension d = 2, the typical cell is “on average” a hexagon, that is
Efo(Vo) =Efi1(V,) = 6.
In the 1953 work, Meijering ﬂﬁ] determined explicitly some basic characteristics of V; with d = 3
including the expected f-vector
96> 14472 4872
E =—— E = E =24 —.
fo(Vs) T fi(Vs) 35 fo(Vs) =2+ 35
In his 1970 work, Miles ﬂﬁ] stated a formula for E f(V4) which is valid for all d € N. A full proof was
given by Miles in ﬂﬁ] and can also be found in the work of Mgller ﬂﬁ] In view of the fact that V; is
a simple polytope (that is, its dual is simplicial), this gives also a formula for Efi(Vy) = 4 Efo(Va).
All the results listed above and many more references can be found in Section 10.2 of the book of
Schneider and Weil @] and in the notes thereafter. Asymptotic results on the expected f-vectors
of V; (and more general Poisson polytopes) as d — oo have been obtained in HE] Very recently, we
described @] an algorithm which allowed us to compute the expected f-vector of V; in dimensions
d < 10.
Now we are able to derive an explicit formula for the expected f-vector of V,;. It is known HE,
] that V; has the same distribution as the convex dual of Iz, with a = d, up to scalingE In
particular, for the expected f-vectors of these random polytopes we have the duality relation

Efa—t(Va) = Efr—1(conv I 4),

for all k € {1,...,d}. Taking a = d in Theorem 2] we obtain the following explicit formula for
the expected f-vector of the typical Poisson-Voronoi cell.

Theorem 2.8. For alld € N and k € {1,...,d} such that dk is even, we have
k . d—k
4 y d=1q
Efq-r(Va) = d <d> <M> Res [(fo (siny)™ dy) ] : (2.11)

k I(H) (sin )@ +1

This gives the complete expected f-vector of V; if the dimension d is even. In the case
when d is odd, the theorem identifies only the entries with even codimension, while the remaining
entries are uniquely determined by the (dual) Dehn-Sommerville relations; see Section [ It is also
straightforward to write down an explicit though “ugly” formula by taking o = d in Proposition 2.2
The next theorem describes the arithmetic structure of the expected f-vector of V.

Theorem 2.9. Let d € N and ¢ € {0,...,d — 1}.

(a) If d is even, then Efo(Vy) is a rational number.
(b) If both d and £ are odd, then Efy(Vy) is a number of the form qu®=* with some rational q.
(c) If d is odd and ¢ is even, then Efy(V;) can be expressed as qg_1m% " + qqesm®3 4+ ... +

Ga—r—174 1 where the coefficients q; are rational.

Proof. Parts (a) and (c) were established in [20], whereas part (b) was conjectured there and is
now an immediate consequence of Theorem because the residue appearing there is a rational
number. O

3Let us sketch the proof. Denote by H; the half-space containing the origin and whose bounding hyperplane passes
through the point P;/2 and is orthogonal to the segment [0, P;]. By (2I0), V4 is the intersection of the H,’s, j € N.
The dual polytope of Vg is the convex hull of the polars of the hyperplanes bounding the Hj’s, i.e. of the points @Q;
obtained by inverting P;/2 w.r.t. the unit sphere. By the transformation property of the Poisson point processes, the
points Q); form a Poisson point process whose intensity is easily seen to be of the form const - ||m||72d.
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Remark 2.10. For j € {0,...,d}, the intensity of j-faces in the Poisson-Voronoi tessellation, de-
noted by ), is the large n limit of the number of j-dimensional faces of the Poisson-Voronoi
tessellation contained in the cubical window @, = [—n,n]?, divided by the volume of @,. The
intensity of the j-faces satisfies

; Efi(Va) .

U) = 2 Tel e {0,...,d};

fy d _ ] + 17 ,] { 9 9 }7
see Theorems 10.1.2 and 10.2.3 of @] Theorem 2.8 and Proposition 2.2] (with o = d) yield explicit

formulae for all v)’s. A summary of what has previously been known on ) can be found in [49,
pp. 476-477].

2.5. Reitzner constants. Let K C R? be a d-dimensional convex body. Assume that the bound-
ary 0K is C%-differentiable and the Gaussian curvature x(x) > 0 is strictly positive at every point
x € OK. Let Uy,Us,... be independent random points distributed uniformly in K. Denote the
convex hull of n such points by K, 4 = [U1,...,U,]. As n — oo, the random polytopes K, 4
approximate K and their asymptotic properties have been intensively studied. In the case d = 2,
Rényi and Sulanke @, Satz 3] proved that

. Efo(Knz2) . Efili2) (5 ;\5/5 1 13
A = A NGV e s AK<“($)> dz.

In the case of arbitrary dimension d € N, Reitzner @, p. 181] proved that for every k € {0,1,...,d—

1},

B
-

tim EelEnd) _ o QE)/(Volo(FD)) 72 (2.12)

e i " Q(BY)/(Vola(B) #1

where Q(K) := faK(/{(x))Wlld:E is the so-called affine surface area of K and Cyy,...,Cqq—1 are
strictly positive constantd] not depending on K. It seems that so far only the values Cyq—1 and
Ca,0 have been known E, Corollary 1 on p. 366], B, Theorem 3 on p. 760], @, Corollary 7.1]; see
also @, § 3.4] for a discussion. This yields also the value Cy 49 = (d/2)Cy 41 since the polytope
K, q is simplicial. In ﬂﬂ, Remark 1.9], the constant Cy ) was expressed through Jg;41(1/2). This
was used in @] to compute Cy . for all d < 10. Using Theorem we can now state an explicit
formula for Cyy, thus answering a question posed by Reitzner , p. 181].

Theorem 2.11. For alld € N and k € {0,...,d— 1} such that either (i) both d and d—k are even
or (ii) d is odd, we have

k+ 2
d?+1 2a( d 1\ [(VrD(E))
= ———(d+ 1) r 2

2

aors ]

(sin )4 +2

Proof. In m, Remark 1.9], it has been shown that for all d € N and k € {0,...,d — 1}, we have

d241

(d—1) d“+1
2%3(2+i) 1+ %)F(Cg_:'ll) @241 F(%) d+1 1
Cajp = i i1 (d+1) a1 | ————~ ar+ | 5 (2.13)
d+1! (e r(1+9) 2
To compute Jd,kﬂ(%) we apply Theorem [[L3] with « = n = d and k + 1 instead of k. After some

cancellations, we obtain the required formula. O

“In fact, Reitzner used the slightly different notation cgx = Cax - (Vold(Bd))%/Q(Bd). Note that he assumes
that Volg(K) = 1, which is why additional terms involving the volume appear in (212]).
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Similar analysis can be done for random polytopes whose vertices are uniformly distributed
on the sphere. Let Uf,Us,... be independent random points chosen uniformly at random on the
unit sphere S*~1, d > 2. Denote the convex hull of n such points by K;;d = [Uf,...,U}]. In ﬂﬂ,
Remark 1.9], it has been shown that for all £ € {0,...,d — 1},

d(d—2) d—1
i Lpp ey o 2w T 45R) (p e !
Cd,k = nh_)rgo EE,fk( n,d) = d(d — 1)2 . ((d—21)2) T (%l) Jd7k+1 <—§> . (214)

It seems that previously only the values Cj, 4, Cj4 5 = (d/2)Cj, | and Cj, = 1 have been
known @ Corollary 1 on p. 366] ﬂa p. 231]; see also [20, § 3.5] for a discussion.

Theorem 2.12. For alld € N and k € {0,...,d— 1} such that either (i) both d and d—k are even
or (ii) d is odd, we have

T d 7l (&t g
C;,k=§(d—1)d—l<k+l> (\/_F ((%)2 )) Res

Proof. Compute q]]d,k—l—l(_%) by Theorem [ 3l with n = d, « = d—2 and k+1 instead of k. Inserting
this value into (ZI4]), we obtain the claim after straightforward cancellations. O

(ff<siny>d—2dy>d‘k‘1]
(sin x)d2—2d+2

2.6. Further applications. Beta and beta’ polytopes are defined as convex hulls of points sampled
independently according to a d-dimensional beta or beta’ distribution. The results of Sections [[L3]
and [[.4] of the present paper, combined with those of ﬂﬂ], yield explicit formulae for the expected
f-vectors of these polytopes, solving in particular Problem A stated in Section [[Jl Since these
formulae are most conveniently stated after introducing some notation, we postpone them to The-
orems [(.Jl and [[3] Using ﬂﬂ it is also possible to compute expected sums of (Grassmann) angles
of beta and beta’ polytopes. Let us finally mention that there are further quantities in stochastic
geometry that can be studied by the methods of the present paper, for example expected f-vectors
of typical Voronoi cells on the sphere or in the hyperbolic space, probability contents of beta and
beta’ polytopes, and expected face intensities in certain Laguerre tessellations.

3. PRELIMINARIES

The remaining part of the paper is devoted to the proofs of the above results. The only
exception is Section [[l where we explain the solution of Problem A. We start by recalling some facts
about the expected external angles of beta and beta’ simplices.

3.1. Expected external angles. Given a d-dimensional simplex T := [z1,...,2,] C R""! the
normal cone N(F,T) at its face F' := [z;,,...,2;,] is defined as

N(F,T):={yeR" ' : (y,x —z) <0forall z €T}

where z is any point in F' not belonging to a face of smaller dimension. The external angle of T' at

its face F' is then defined as

Vol,,_1(B"~1(0) N N(F,T))
Vol,—1 (Br1(0))

where 7 > 0 is arbitrary and B”~1(0) is the ball of radius r centered at 0.

VET) =

9
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The expected internal angles J,, x(8) and J, x(3) appeared in [27] together with the quantities
I, (a) and I, (o) that are related to the expected external angles and are defined as follows:

+7/2 ®

n—k
In k(o) = / Cak—1 (cos p)°* (/ Ca—1(cos0)* d9> de, a>-—-1/k, (3.1)

—7/2 2 —r/2 2

n—k

- +7/2 7

In k(o) = / Caria (cos )?F 1 / ot (cos )1 do de, a>0. (3.2)
—7/2 2 —r/2 2

They next theorem states that the expected external angles of beta and beta’ simplices can be
expressed through I, ;(a) and I,, (). It is a special case of Theorems 1.6 and 1.16 in [27).

Theorem 3.1. Let X1, e , Xn b~e i.i.d. random points in R~ with beta distribution fn_175,~where
B> —1. Similarly, let X1,...,X, be i.i.d. random points in R"~1 with beta’ distribution frn-1,8
where B > "T_l Then, for all k € {1,...,n},

E~v([X1,..., Xk, [ X1, ..., X3]) = L x (26 +n — 1),

Ey([X1,. .., Xpl, [X1, .-, Xu]) = Lip(28 —n+1).

Since it will be more convenient to work with angle sums rather than with individual angles,
let us introduce the quantities

(@)= () Tnste)s Taate) = () Tuste 3.3)

Note that T, ,(a) = I, ,(a) = 1 (which follows either from (32]) or from the observation that if all
external angles at vertices are shifted to the origin, they fill the whole space and intersect only at
their boundaries).

3.2. Relations between internal and external angles. The expected external and internal
angles satisfy non-linear relations which will play a crucial role in the following and were obtained
in iﬁ] (although the main work had been done in ﬂﬂ]) As explained in @], these relations can be
derived by combining McMullen’s angle-sum relations ﬂ3_1|, @] with the canonical decomposition of
beta and beta’ distributions [47].

Proposition 3.2. Foralln € {2,3,...} and k € {1,...,n—1}, the following relations are satisfied:

Z (—=1)" Ly () d i <%m+1> =0 fora>n-—3, (3.4)
m=Fk
Z (=)™ L) Tk <a—i—fm—l> =0 fora>D0. (3.5)
m=k

An important observation, also made in @], is that these relations, together with the condition
Jnn(B) = Jnn(B) = 1, determine the J-quantities uniquely. Precise statements are given in the
next two propositions.

Proposition 3.3. Fiz some integer N > 2 and o > N — 3. Consider the following finite system
of linear equations in the unknowns &, where n € {1,...,N}, ke {1,...,n}:

{Ezzk(—l)m_kﬂmm(a){m’k =0, forallne{l,...,N}, ke{l,...,n—1},

3.6
Enn=1, forallne{l,...,N}. (3.6)
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Then, the unique solution to this system is &, = Jp p(—5— "+1)

Proposition 3.4. Fiz some a > 0. Consider the following infinite system of linear equations in
the unknowns &, i, where n € N, k € {1,...,n}:

{Z"m:k(—l)m_kﬁn,m(a)fm,k =0, foralneN, ke{l,...,n—1},

¢ 3.7
&nn =1, for alln € N. (3.7)

Then, the unique solution to this system is fnk In R(E=E L.

Both propositions can be conveniently stated in matrix form. For example, Proposition 3.3
states that the following lower-triangular matrices with £1’s on the main diagonal are inverse to
each other:

(e 0 (7 (52))

For both matrices, we agree to define the elements above the main diagonal to be 0. Thus, our task
is “just” to invert a lower-triangular matrix. Of course, this can be done sequentially, row by row.
This approach has been exploited in @] Although it allows to compute any entry of the inverse
matrix in finitely many steps, it does not lead to a satisfactory general formula and, moreover, fails
to explain the arithmetic properties of the entries of the inverse matrix; see @] The most difficult
problem is to guess the solutions to ([B.0]) and ([B.7) (which is much harder than proving that the
guess is indeed correct).

3.3. How to guess the solution. To get some impression on how the solution may look like, we
look at the case 8 = +oo which, as we shall explain, is closely related to the angles of the regular
simplex.

3.3.1. The reqular simplex and the Gaussian simplex. The regular simplex with n vertices is defined

as [e1,...,ey), where eq, ..., e, is the standard orthonormal basis in R”. Both external and internal
angles of the regular simplex are known explicitly; see ﬂﬁ] and @] for external angles and
Section 4] (where the method used was attributed to H. E. Daniels) as well as [51, Lemma 4] for
internal angles. We state these formulae in the form given in ﬂﬂ, Proposition 1.7]:
1
vy(n, k) :=~([e1, ... ekl [e1, - en]) = gn-k <E> , (3.8)
1

/B(na k) = /8([617 s 7ek]7 [617 s 7en]) = On—k <_E> 9 (39)

where gy, : [—1/m, 00] — [0, 1] is a real-analytic function given by

gm () \/%/ " (rz)e " 2dz.

Here, ®(y) is the standard Gaussian distribution function (which can be analytically continued to
the entire complex plane), and we use the convention /r = iy/—r for r < 0. The function g,, is
closely related to the Schlafli function which expresses volumes of regular simplices in the spherical
space; see, e.g., ﬂﬂ] An interesting consequence of ([B.8]) and ([3.9) is that, on the formal level, we
have the “reciprocity law”
B(nv k) = /7(_]{77 —’I’L). (310)
The Gaussian simplex is the random simplex [X7, ..., X,,], where X1, ..., X,, are independent
random points having the standard Gaussian random distribution on R”~!. It is known that both
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internal and external angles of the Gaussian simplex coincide, on average, with the corresponding
expected angles of the regular simplex ﬂﬁ, ] More precisely, for all k € {1,...,n} we have

Ey([X1,. ., Xi], [X1,. .0, Xa]) = v(n, k), EB([X1, ..., Xil, [X1,. .., Xp]) = B(n, k).

On the other hand, both the beta and the beta’ distribution, when appropriately rescaled, weakly
converge to the standard Gaussian distribution as § — 4o00; see , Lemma 1.1]. Since the
rescaling does not change angles, the continuous mapping theorem implies that

In,k(+oo) = BlTl-Ii-noo In,k(ﬁ) = 7(”7 k)7 Jn,k(+oo) = BITIEIOO Jn,k(ﬁ) = 5(”7 k)a

and similarly for fn,k(—koo) and jn,k(—i—oo). Summarizing, we have the “reciprocity law”
Jn,k(+oo) = I—k,—n(+oo)7
where the right-hand side has to be understood in the sense of analytic continuation.

3.3.2. Stirling numbers. Relations very similar to ([8.6]) and ([B.1]) hold for Stirling numbers of the
first and second kind denoted by [Z] and {Z}, respectively. Namely, it is well known ﬂﬂ, p.250]

I I

m=k m=k
On the other hand, there is a natural definition of Stirling numbers for negative n and k, see @],
such that the following reciprocity relation holds:

-

Assuming that I, (o) is the analogue of {Z}, while Jnk(a_T”H) is the analogue of [Z], Equa-

tion ([B12]) suggests that we should have something like

— 1\ »
Tk <%> L1 g—n(a). (3.13)

In fact, things are more complicated. Attempting to guess the formula for J, ,(5) we constructed
an analytic continuation of I,, ;(a) to complex values of n and k. It turned out that some version
of (BI3) is indeed valid, but it requires additional assumptions on a. To avoid unnecessary as-
sumptions on «, we shall refrain from constructing the analytic continuation here and use certain
closely related quantity instead. The question of how the true analytic continuation is related to
the substitute used here will be studied elsewhere.

3.4. Outline of the proofs. We start by presenting the proof of Theorem in Section @ On
the one hand, this proof, being purely combinatorial, is easy compared to the proof of the general
Theorems [I.2], 3] L7 L8] On the other hand, some of the ideas of this argument will be important
for the proof in the general case.

The proof of Theorem will be given in Section Bl It is based on Proposition B3] and apart
from this does not use any stochastic geometry. The proof is structured as follows.

(1) We define certain quantities called b{v, x} that are related to the expected external angle
sums I, ().

(2) We prove that these quantities satisfy certain recurrence relations which are somewhat
reminiscent of the relations satisfied by the Stirling numbers.

(3) We define another set of quantities, called a[v, ], which satisfy the same recurrence relations
as the quantities b{—~, —v}.
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(4) Using both sets of recurrence relations, we prove that certain matrices constructed out of
b{v, k} and a[v, k] are inverse to each other.
(5) We construct a solution to the system of equations stated in Proposition B.3] in terms of
a[v, K], thus identifying J, 5 (2=2+1).
The remaining results in the beta case can be deduced from Theorem by residue calculus and
other standard methods. The proofs in the beta’ case are very similar and will be sketched in

Section

3.5. Notational conventions. We use the letters v, u, k to denote variables that are similar to
n,m, k but need not be integer. If a[v, k], b{v,k}, F(z),... denote some quantities related to beta
simplices, then a[v, k|, 5{1/, kY, F(z),... denote similar quantities related to beta’ simplices. Record
for future use the standard integrals

+7/2 +oo NZ3N (@) 1 1
h—1 —h 2

dz = hy)™"dy = = = Reh > 0. 3.14
/_ﬁ/2 (cos x) T /_Oo (coshy)™"dy F(%) o a e ( )

The first integral can be reduced to the beta function, whereas the second one can be reduced to
the first one by the substitution y = arcsin tanh x.
4. THE SIMPLEST CASE: PROOF OF THEOREM
4.1. Proof of Theorem Our aim is to show that for all n € N and k € {1,...,n} we have
2n\ ~ n+1 n\ (n+k n—2\/n—-2+k
G (57) = G) () - () (72) =

Recalling Proposition 3.4l and taking o = 2 there, consider the following system of linear equations
in the unknown quantities &, », where n € N and k € {1,...,n}:

S (=D)L, 0 (2)Ek =0, forallneN, ke {1,...,n— 1}, (42)
gn,n =1, for all n € N. .

By B2), (33) and the Legendre duplication formula, the coefficients of these equations are given
by the formula

- 2k\ n! 1 /2 _ .
L, %(2) = ( L > T P / P (cos ) 71(1 4 sin )" *da.

Proposition B4] states that
~ ~ n+1
Sn,k = v]]n,k < 2 >

is the unique solution to this system. To prove (]) it therefore suffices to check that

£ = on\ "' [/ (n\ (n+k n—2\[/n—-2+k
"\ n k)\ k k k
defines a solution to (@2). To this end, we introduce triangular arrays a[n, k] and b{n, k} as follows:

aln, k] = <”> <”+k> Bo__ bl Ny ke {0, ), (4.3)

k ko )4k 4k (n —k)kD
: 2n e %1 L \n—k
b{n,k} := =) B (cosx) (1+sinz)" "dz
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22— 1)
C(n—k)(n+k-1)

The integral in the definition of E{n, k} can be evaluated by the substitution 2 = —§ 4 2y which
reduces it to the well-known ﬂﬁ, 12.42] formula

neN, ke {l,...,n} (4.4)

/2 .

We also put @[n, k] := b{n, k} := 0 if k > n. With this notation,

- | (2K -
nn,k(g):%<k>b{n,k}, neN, ke{l,...,nh.

We claim that

k —1
En e = %(?) (a[n, k] —aln — 2, k), neN, ke{l,...,n},

defines a solution to ([@2). Using @3) it is trivial to check that &,, = 1, and it remains to show

that
n -1
_m_kn_!2m~ 4_k2m - T B
S0 (g (o Jotnm) ( S(2™) (@l k] afm - 2.8 ) =0
foralln € Nand k € {1,...,n — 1}. After some cancellations, the identity simplifies to

S k() = S (=)™ Fb{n, m} (@m, k] — lm — 2, K]) = 0, (4.5)

m=k

foralln € Nand k € {1,~. ..,n—1}. The proof of this identity is based on the following recurrence
relations for aln, k| and b{n, k}:

an, k] — d[n — 2, k] = <n—%> in—1k—1, neN kc{o,... n}, (4.6)

6{n,k+2}—6{n,kz}:—<%+k> b{n+1,k+1}, neN, ke{0,...,n}. (4.7)

Here, we put @[n, —1] := 0 and a0, —1] = 2, as well as b{n,0} := b{n,1} = 22*~1/n! for n € N,
which is quite natural in view of (4.4]). Verifying both relations is an easy exercise. Let n > 2 and
kEe{l,...,n—1}. Using first (46) and then (£7]), we obtain

S k(k) = S (=16 n, m} (@lm, k] — am — 2, k)

m=Fk

_ n; (1) 5, m) <m - ;) am — 1,k — 1

=— n (=)™ Fo{n—1,m+1} —b{n—1,m—1})a[m — 1,k — 1]

m=Fk
n n

= > (=)™ Fb{n—1,m—1}a[m -1,k —1] = > (=)™ Fb{n — 1,m + 1}a[m — 1,k — 1].
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After shifting the summation index in the second sum, we obtain

n n+2
Snck(k) =D (=)™ Fb{n —1,m —1am— L,k —1 - > (=)™ Fb{n - 1,m — 1}a[m — 3,k — 1]
m=Fk m=k+2

n n
= > (=)™ Fb{n—1,m—1}a[m - 1,k —1] = Y (=)™ Fb{n — 1,m — 1}a[m — 3,k — 1],
m=k m=k
where the last identity holds because the terms in the second sum vanish for m € {k,k + 1,n +
1,n+ 2}. Finally, taking both sums together and shifting the summation index one more time, we

arrive at
n

k() =D (=)™ Fbf{n —1,m — 1}(@m — 1,k — 1] — a[m — 3,k — 1))

m=k
n—1
= > (=)™ e{n— 1, m}@[m, k- 1] — dfm — 2,k — 1)
m=k—1
= §n—k(k - 1)

Iterating this k£ times, we obtain

§n—k(k) = §n_k(0), k € Ng, n > k.
To complete the proof, it remains to check that §,.(0) = 0 for every r € N. But this is trivial since
afm,0] = afm — 2,0] =1 for m > 2 and hence

T

5:(0) = Y (=1)™b{r,m}(@[m,0] — a[m — 2,0]) = b{r,0}a[0,0] — b{r, 1}a[1,0] =0,

m=0
where we recall that a[0, 0] = a[1,0] = 1 and b{r,0} = b{r, 1} = 22"~! /rl. The proof of Theorem 2]
is complete. O

Let us record for future reference the following

Proposition 4.1. Let a[n, k] and b{n,k} be defined by @3) and @A). Then, for everyn € N and
ke{l,...,n} we have
- . 1
> (1o m) (= 5 )l 1.k~ 1 = b (4.9
m=k
where b,y denotes Kronecker’s delta function. With other words, the infinite lower-triangular ma-
trices ((—1)™b{n,m})nmen and ((—1)F(m — L)a[m — 1,k — 1]),, ken are inverse to each other.

Proof. In view of (.6]), the left-hand side equals §,_(k), the sum defined in ([@H). For k < n we
have already shown that §,,_r(k) = 0. Let us verify that §p(k) = 1 for all k£ € N. Indeed,
2261k — 1)t (2K)!
(2k —1)! 4k ! '
where we used (4] and (3. O

Remark 4.2. The above proof would not be possible without the pre-knowledge of the final formula
for Jnk("TH) stated in (ZI]). In fact, we proceeded as follows. Using computer algebra, we calcu-

lated the solution &, j to ([£2]) for small n and then guessed (&Il using the Online Encyclopedia of

So(k) = b{k,k}alk, k] =



ANGLES OF RANDOM SIMPLICES 21

Integer Sequences (OEIS) [50]. In a similar way, it is also possible to guess jnk(%) (which was done
in @], see also Section 2.2)). As we shall see in Remark [5.6] below, these two cases are distinguished
by a very special property making them easy compared to the general case.

5. PROOFS IN THE BETA CASE

5.1. Recurrence relations for external quantities. Fix some « > 0 once and for all. Most
functions we shall introduce depend on «, although this dependence is usually suppressed in our
notation. Define

X
F(z) = / (cosy)*dy, x € R. (5.1)
—7/2

Later, we shall need an extension of this definition to complex x. There are no problems if « is
integer, but for non-integer a the function (cos z)® has branch points located at § 4+ 7n, n € Z. In
order to define F' as a univalued analytic function we agree to cut the complex plane at (—oo, —3]
and [+3,00). In (&I), we integrate along any contour which connects —% to z and stays in the
doubly slit plane.

Next we are going to introduce quantities which are related to the expected external angles.

For v,k € C such that Rex > —é and v — Kk € Ny we define

¥’k +7/2
7/ (cos ) (F(x))" "dz. (5.2)

b{v, Kk} = R

By convention, we also put b{rv,k} = 0 if v — k € {—1,—2,...}. The expected external angles of
beta simplices can be expressed through the b{v, k}’s since by BI) and B3,

+/2

(@) = ([ Jeassert [ teosa (o)) aa

2 2 J—7/2

n n—k (’I’L—k‘)'
= < >C%Ca21 . Wb{n,k}

=a "nlcay - —2—— - b{n, k}. (5.3)

The quantities b{v, k} satisfy a recurrence relation which will be crucial for what follows.

Proposition 5.1. For v,k € C such that Rek > é and v — Kk € Ny, we have

(67

b{v, i+ 2} + (5 + Drb{v, k) = <ﬁ—é> (/-i—l—l)b{l/—%,/{—g}. (5.4)

Proof. Let us first give a proof assuming that v — x € {2,3,...}. Writing d(F(z))" ! = (v — k —
1)(F(z))"~%2(cos x)*dx and integrating by parts, we obtain
V—Kk—2

a +7/2
U, K - cos z)rTe ) i
v+ 2) (V_H_l)!/_Wﬁ( 2 (F(2))

K al/—n—l +/2
- %/_ , F@) o) sin )dr.
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The boundary term in the partial integration formula vanishes since ak+a > 0. Writing d(F(z))" ™" =
(v — k)(F(x))" % !(cosz)*dx and again integrating by parts, we obtain

_ (K‘ + 1)0/_&_1 /2 ak—1/_: V—K
b{v,k +2} = P /—7r/2 (cosx) (sinz)d(F(x))
_ (’{ + 1)0/_&_1 /2 V—FK ark—1 _: !
R s T /_7r/2 (F(z))" " ((cos z) sinz) dz
(k+ 1)ar—r"t

+7/2
-  (v—r)! /_W/2 (F(2))"™" ((er — 1)(cos 2)* % sin® & — (cos 7)) da.

Again, the boundary term in partial integration vanishes since ok — 1 > 0 by our assumptions.
Using the identity sin?z = 1 — cos? z we can write

_ (K‘ + 1)0/_&_1 +7T/2 V—K ak—2
b{l/, K+ 2} = W /;W/z (F(IE)) (CW{ — 1)(COS LU) dLU
(I{ + 1)alj_h:_l +7T/2 V—KR ar
B T /_ » (F(2))" " (o) (cos )" dz.

Recalling the definition of b{v, K}, we arrive at

b{v,k 42} = <ﬁ—é> (H+1)b{y—%,m—§}—(H+1)Hb{y,ﬁ},

which proves the claim under the assumption v — k € {2,3,...}. In the cases when v = £ and
v =k + 1, Equation (5.4) takes the form

mb{ﬁ,ﬁ}z(ﬁ—é) b{/{—%,/{—g}, (5.5)

(67

/ib{/i—l—l,/i}:</£—é>b{/i—g—kl,/ﬂ—g}, (5.6)

(&% «

respectively, where we recall that b{x,x + 2} = b{x + 1,k + 2} = 0 by definition. Identity (5.0 is
a direct consequence of the definition of b{x, xk} since by (5.2)),

+m/2 T (estl
b{k,k} = /—7r/2 (cosx)*dx = % (5.7)

To prove ([0.0]), we again recall (5.2)):

+7/2 +m/2
(cosx)*F(x)dr = « / (cosx)*F(0)dz

—7/2

b{/ﬁ—l—l,/{}:oz/

—n/2
VAT (eg) VAT ()
C R

(5.8)

where we used that (cosz)* (F(x) — F(0)) is an odd function implying that its integral over
[—5,+5] vanishes. O
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5.2. Recurrence relations for internal quantities. In view of what has been said in Section B.3]
it would be natural to proceed as follows. First, construct a meromorphic continuation of b{v, Kk},
considered as a function of x with fixed r := v — k € Ny, to the whole complex plane. For example,
in the cases 7 = 0 and r = 1 the meromorphic continuation was already given in (57 and (5.8]).
Introduce the quantities
a1[v, k] := b{—k, —v}.

Then, one could conjecture that the expected internal angles can be expressed through a[v, K].
After having tried this approach out, we convinced ourselves that it works only under certain re-
strictions on « (namely, one has to assume that « is integer and that certain parity assumptions
hold). Since we need a proof for arbitrary a > 0, we refrain from presenting the details of mero-
morphic continuation of b{v, k} here and proceed in a slightly different way. For v,k € C such that
v —k € Ng and Rek > 0 we define

VTl 1 +ioco o b
alv, k] = i 2—m/ (cosx) " (F(z))" "dx. (5.9)

As it turns out, the function a is more suitable for what follows than a;. Parametrizing the contour
of integration by x = iu with v € R, we can equivalently write

—ioco

aV—H+1 1 +00 o . .
alv, k] = O / (coshu)™(F(iu))" "du. (5.10)

Our conditions on v and k ensure that this integral converges absolutely. Indeed, using (5.1 and
the L’Hospital rule it is easy to check that

—00

F(iu) = #(Sgn w)e (1 4+ 0(1)), as u — £00. (5.11)

We also put a{v,k} =0if v —xk € {—1,—-2,...}. The quantities a[v, k] satisfy recurrence relations
which are, in some sense, dual to those satisfied by b{v, k}.

Proposition 5.2. For v,k € C such that v — k € Ny and Rek > 0, we have
1 2 2
alv — 2,k + (v — valv, k] = <I/+ a) (r—1)a [1/ okt E] . (5.12)

Remark 5.3. Comparing the definitions of b{v, k} and a[v, k] given in (5.2)) and (59]), we detect
only the following three differences. Firstly, the integrand in (5.2]) turns into the integrand in (5.9I)
if we replace (v, k) by (—k,—v). Secondly, the integration contours are different. Finally, there is
an additional factor of «/(27i) in (B9]), but it does not influence the recurrence relation. Since
the shape of the integration contour is completely irrelevant for the proof Proposition [5.1] provided
we can check that the boundary terms in the partial integration formula vanish, it should not be
surprising that the recurrence relation for a[v, k] has the same form as the recurrence relation for

b{—k,—v}.

Proof of Proposition[5.2. Let us first assume that v — x € {2,3,...}. Writing d(F(z))*~*"! =
(v — Kk —1)(F(z))" " 2(cos #)*dx and using integration by parts, we obtain

v—k—1

[v—2k] = o b /+ioo(cos x) WA (F(z))r
R i yp Y

(v—1a" " 1 oo

— —m%/_m (F(w))”_“_l(cosx)_a”+°‘_1(sinx)da:.
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The boundary terms in the partial integration formula vanish since Re k > 0; see (5.11). Writing
d(F(z))"™" = (v — &) (F(x))" " !(cos z)*dx and again integrating by parts, we obtain

v—1)a?F +ioco
aly — 2,k = —%%ﬂ /_ioo (cos z) ™ Y(sinz)d(F(z))" "

v— 1)V " +ioco /

B %% /_ (F(x))"™" ((COS x)_w_l sina;) dx
v—1a" ™" +ico

B %%ﬂ /_ (F(2))"™" ((aw + 1)(cos 2) " ?sin* z + (cos ) ") da.

Again, the boundary terms in partial integration vanish since Rex > 0; see (.I1]). Using the

identity sin?z = 1 — cos® z we can write

v—1)a?F +ioco
s %% | F@)y e+ teosa) s

v—1a" " +ioco
_ %% /_ (F(z))" " (av)(cos z)~*dz.

Recalling the definition of a[v, k], we arrive at
[V — 2, K] + ! (v—1) + 2 + 2 ( Dvalv, K|
v— =(v+—-)(v— v+ — —| - (v—-1valy
a K 5 a ot aly, k|,

which completes the proof if v —k € {2,3,...}. It remains to consider the cases v = k and v = K+1.
The identities we need to prove take the form

K afk, K] = (mé) a [m%,mé], (5.13)
(n+1)a[/€+1,ﬁ]:(/i—ké—i-l)a[ﬁ—i-%—i-l,ﬁ—k%]. (5.14)

To prove (5.I3) observe that by (5.10) and (B.14),

+o00 I (e
alk, k| = %/ (coshu)™**du = % . (72)

Identity (5.14]) follows from the formula
atl akrta
F(s5)  T(*5)
a arta+t1)’
r (5) P( +2 + )
_— atl

which can be obtained as follows. Observe that F'(iu) = F(—iu) and Re F(iu) = F(0) = ),
Hence,

alk + 1, K] :%-

a2 +oo 2 +o00
alk +1,k] = o / (coshu) ™" “F(iu)du = —F(0) / (cosh )~ “dy,

— 50 —00

and the claim follows. O
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5.3. Periodicity. Fix some r € Ny and consider the expression

o 1 2 2
sp(K) = L;(—l)“_“b{m + 7, u} <u + E) a [u + L + E} . (5.15)
By convention, the sum is taken over p € {k,k + 1,...,k +r}. The involved b- and a-terms are

well-defined if assume that Re x > —é. In this range, s,(k) is an analytic function of k. Our aim
is to prove that s,(k) = 0, for all » € N. As a first step, we prove that s, is a periodic function.

Proposition 5.4. Let o > 0 and r € Ny. Then, for every k € C with Rek > é, we have

sn(k) = 8 </< - %) .

Proof. The only properties of @ and b we shall rely on in this proof are the recurrence relations
stated in Propositions [5.1] and It will be convenient to work with the quantities

b
b{v,k} = %, a[v, k] == aly, k] - T'(v +1). (5.16)
With this notation, the recurrence relations of Propositions 5.1 and take the form
(v (5= 2) 2 2
K K
) — (e} (&3 J— — — Nl
b{v,x + 2} + b{v,k} Tt 1) b{z/ ook a}’ (5.17)
(v+ é) I'(v) 2 2
alv — 2, k| + a[v, K] :ma |:V+E,li+a:| . (5.18)
The definition (5.I5) of s, (k) takes the form
K+T7 ( 1
_ p+ ) D) [ 2 2]
sp(k) = D"k +r o pt—-—Salu+ — K+ —|. 5.19
(0= 320t rb gl e [k Lok (5.19)
In view of (BI8]), we can write (5.19]) as
K+
() = 3 (16l + v (alp — 2.5 + ).
=K

We now regroup the terms by applying Abel’s partial summation. Splitting the sum into two sums
and introducing in the first sum the new index of summation p/ := p — 2, we obtain

K+r—2 K+
so(m) = S0 (<D {4l + 2balu 1]+ S (<1 6Lk + 7. abalu, k]
w=k—2 U=k

To the first sum we add two vanishing terms and subtract two vanishing terms as follows:

KT KT
sr(k) = Y ()P 7 b{r+r 0 + 2 ali 6] + Y (=1)F T 0{r + r, p}alp, ],
p'=r p=r

Replacing 1/ by p and taking the sums together, we obtain

K+
5r(8) = (=) (0{s + 7, + 2} + bl 7, o}l ]
U=K
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Applying Relation (5.I7)) to the b-terms, we obtain

KT _ 1 _2
o) = Sy L = 2 - 2LV T Sy,

p=r

Writing p* := p — % we finally arrive at

k=247
0 (o2 2 (1% + )T (p") 2
sr(K) = € i)b{ﬂa—kr——, *}a—a T+ — k|
" u*—z,.;_Z( ) ot D (p+2+1) "
In view of (5I9), the right-hand side equals s,(k — %), which completes the proof. ]

Remark 5.5. Although we shall not need this, let us mention that the same argument, with trivial
modifications, shows that the unsigned version of s, (k) defined by

= 1 2 2
st(r) =) b{r+ru} (’”E) a [/Hr E”HE}
U=k
is also periodic, namely

Q

k) = 5+ </£ - 3) |

Remark 5.6. If o« =1 or o = 2, Proposition [5.4] can be used to express s, (k) (for k € N) through
sr(0) or s,(1). In the setting of beta’ simplices, this was the way we obtained combinatorial formulae
for jnk(%”_l) in Section H (for o = 2) and in [22] (for o = 1, see also Section [ZZ). Unfortunately,
in the setting of beta simplices, the values @« = 1 and a = 2 are not admissible as arguments of
T 6 (2=2£L) (except for small n) because of the restriction o > n — 3. On the other hand, except

for the special cases a = 1 and o = 2, any attempts to decrease the argument of s,.(k) using
Proposition [(£.4] do not seem useful. Instead, we shall let the argument go to co.

5.4. Asymptotics. Our aim is now to prove that s,(k) = 0 for all » € N and all x € C with
Rek > —é. We observe that Proposition [5.4] implies that for every T' € N,

52(K) = 59 <H + %T) . (5.20)

Now, we are going to let 7" — 400 and prove that the limit of the right-hand side is 0. To this end,
we need to investigate the asymptotic properties of b{v,x} and a[v,x|. This is done in the next
two lemmas. As usual, we write f1(T) ~ fo(T) if the quotient f1(T")/f2(T) converges to 1 as the
real variable T goes to +oo0.

Lemma 5.7. Fix some k1, ko € C such that k1 — ko € Ng. Then, as T — 400, we have
2 2 F(0))r1—r2
b ,{1_|__T7,{2_|__T Nw f
a e (k1 — K2)! T
Proof. Recall from (5.2]) that

2 2 Q12 +7/2
b {fil + =T, ko + —T} = / (cos z) 22T ([ ()" —R2 g,
a a (k1 = 62)! J_rpo
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The standard Laplace asymptotics, see, e.g., , Theorem B.7 on p. 758], yields

+7/2 +7/2
/ , (COS $)om2+2T(F($))n1—n2d$ _ / , e2Tlogcosx X (COS x)omg (F($))n1—n2d$
- -
T
~ | =(F(0)) "2
T FO)
as T'— 400, because the maximum of the function ¢(z) := logcosz on [-F,+5] is ¢(0) = 0 and
the second derivative is ¢”(0) = —1. O

Lemma 5.8. Fiz some k1, ko € C such that k1 — ko € Ng. Then, as T — 400, we have

2 2 F(0))r =" 1
a [/11 + =T, kg + —T} ~ 2. (@F(0) :
a e

2 (/451 —Hg)! \/ﬁ

Proof. Recall from (5.10) that
2 2 aﬁl_nﬁ—l 1 e —ar1—2T : K1—FK
a [m + ET’ Ko + ET} = ) o /_Oo (cosh u) ™™™ (F'(iu))" ~"2du.

The Laplace method, see, e.g., , Theorem B.7 on p. 758], yields

+oo “+00
/ (coshu) =121 (B (ju))1 —F2dy = / e~ 2o coshu (ogh 44) =1 (F(ju) )* ~F2 du

—oo —00
T
~ | (F(0))F k2
TPy,
as T — +o0, because the maximum of the function ¢(x) := —logcoshz on R is ¢(0) = 0 and the
second derivative is ¢”(0) = —1. O

5.5. Evaluating the sum. We are now ready to compute the sum s,.

Proposition 5.9. Let a > 0. Then, for all k € C with Rex > —é, we have

52 (k) = 1, ifr=0,
"o, ifreN.

Proof. Using (5.20) and then the definition for s, given in (5.I0]), we can write

sp(k) = sy </€ + %T)

/i—i-%T—i-r 9 1 9 9 9

2
= (—1)“_“_3Tb{/£—|-r+—T,,u} <u+—>a[u+—,n+—T+—]
u:n-i—zT « « « « «

Introducing the new summation index £ by u =k + £ + %T, we get

T

2 2
ST(H) = Z(—l)zb {H +r—+ ET7 K+ 0+ ET}
=0

2 1 2 2 2 2
X <m+€+—T—|——>a[/1+€—|——T—|——,/1—|——T+—}.
et ! ! ! ! et
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We now let T — +oo along the integers. By Lemma 5.7, we have

2 2 (aF0) ¢ [
=T STy~
b{/ﬂ—i—T‘—Fa ,/4—|—€+a } r—0) T

Furthermore, by Lemma [5.8] we have

2 2 2 27 a (aF(0)f 1
b4+ =T+ — —T+—| ~= . .
a[ﬁ—i— +a +a,/£+a —i—a] 5 7l —
Taking everything together, we arrive at
2
sp(k) = lim s, </<a + —T)
o

T—+o0

I(r — 0)!
— a a) l(r—1)
~ (-1
= (aF(0))"
PO D gy
=0
(aF(0))" ¢ efr
= -1
r! g( ) l
For r € N, the sum on the right-hand side equals (1—1)" = 0. For r = 0, the right-hand side equals
1. 0
Remark 5.10. A similar argument shows that for all » € Ny, the unsigned version of s, satisfies
20F(0))"
Gt (20F Q)
r!

The only essential difference is that at the very end we have to replace (1 —1)" by (14 1)".

As a special case of Proposition and Remark .10, we obtain the following non-linear
relations between a[n, k] and b{n,k}. The first of them reminds the property of Stirling numbers

stated in (BIT).
Proposition 5.11. Let a > 0. For everyn € N and k € {1,...,n} we have
= 1 2 2
E (=)™ *b{n,m} <m + —> a [m +—k+ —] = Ok, (5.21)
— a a a
. 1 2 2 (2aF(0))"*
b — —k4+—-|=— .22
mE:k {n,m} <m+a>a[m+a, —i—a] =k (5.22)

where 0, denotes Kronecker’s delta.

5.6. First formula for expected internal angles. We are now ready to express the quantities
J.k () through the quantities alv, k] as follows.

Proposition 5.12. For all integer n > 3, k € {1,...,n} and all positive o > n — 3, we have

n—=k
I <a—n+1> ak_nn! r(«2) T(ekE2)T(ent3) g [n+ 2,k + 2]
k| —— | = T\ T ey : iz, :
2 B\ VR () JT(52) afkt 2k + 2

(5.23)




ANGLES OF RANDOM SIMPLICES 29

Proof. Take some integer N > 3. It suffices to show that (523]) holds for all n € {1,..., N} and
ke {1,...,n} provided that « > N — 3 and « # 0. Consider the following finite system of linear
equations in the unknowns &, i, where n € {1,..., N}, k€ {1,...,n}:

S (=D)L (@) =0, forallme {1,...,N}, ke {l,...,n— 1}, (5.24)

énn =1, forallne{l,...,N}. '
We know from Proposition that the unique solution to this system is &, , = ,,]]nk("_T"Jrl) To
prove the proposition it therefore suffices to check that the right-hand side of (5.23]) also defines a

solution to (5.24). Recall from (5.3) that

Cam—1 Oém

]Imm(a) = a_"n!c% . ﬁ . b{n,m}

a—1

2

We now claim that for every function ¢(k), the following defines a solution to the first line of (5.24]):

Coym! 1 2 9
Emp = c(k)  —F—— <m+—>a [m—l——,kz—l——} . (5.25)
Can’éfla « « «
Indeed, with this &, , and for all k € {1,...,n — 1} we have
2": (=)™ FL, (@) = a0l -c(k)- 2"2 (=)™ *b{n,m} ( m + 1 a|m+ 2 k + 2
m=k ’ ’ 2 —tc ’ a o al’

which vanishes by Proposition (11l It remains to determine the normalizing constant ¢(k) such
that &, =1 for all k € {1,...,N}. Taking m = k in (5.25)) we see that { ;, = 1 is satisfied iff

k
Cak—1Q
okl 1

Ak (k+Dalk+ 2K+ 2]
2

c(k) =

Inserting this into (5.25]), we obtain a solution to (5:24]). Since the solution is unique, and since the
numbers Jnk(o‘_T"Jrl) also define a solution, we arrive at the formula

_ ! Cak— 1 2 2
Jn,k <Oé n+]‘> — ak—’nn' g . k2 . (n+ Of)a [n+ Oc’k:—i_ a] (526)

2 E-c2 c%fl'(k‘—l—é)a[k‘+%,k:+%]'

Recall that cg is given by (L.2), namely
I'(8+3)

Cp = m (527)

After some simplifications we arrive at (.23]). O

5.7. Proof of Theorem We are now in position to prove Theorem [I.2] or, more precisely, its
equivalent form (7)) which we restate as follows.

Proposition 5.13. For all integer n > 3, k € {1,...,n} and all @« > n — 3, we have

a—n+1 n +oo —an—2 1 ) U n—k
— | = an (coshu) ™" | - a— hv)® . 2
Jn,k( 5 > <k> /_OO can (coshu) <2 4—1/0 CTl(COS v) dv> du.  (5.28)
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Proof. We shall assume that « # 0 since the case a = 0 (which occurs only if n = 3) follows
afterwards by letting o | 0 and using continuity. Our starting point is (5.20). In this formula,

1 2 2 1 —+o0 1" ak+2
<l<: + —) a [k‘ +—k+ —} = ak + / (coshz) ™% 2dg = (7216)1 = Cak-1;
a a o 2r ) val (25 ’

see (5.10) and (B14). It follows from (5.26]) that

— 1 ! 1 1 2 2
Jn i azntl :ak_"n—-cﬁ;’f- An+—=]aln+—k+—
’ 2 k! "% cana « « «

2

! (et 1 2 2
:ak_"n—-cz_lf-M'<n+—>a[n—k—,k—k }
a «

(07

k! 5 F(—a"2+2)
! 2 2 2
. 2 « (6 (6

Recall from (5.I0) that

21 2 2 ank oo (F(iu))m
il iy " - . ——=—du.
a’ [n Tt ] (n—k)! /_oo (cosh u)on+2

o
a—n+1\  [(n\ ,_ oo (F(iu))"k
Tn ( 2 > N (k‘)CQTlC%n /_Oo (cosh u)on+2 du.

It remains to observe that by (&),

0 iu U

1

F(iu) :/ (cosy)ady—i-/ (cosy)*dy = +i/ (coshz)“dx.
—n/2 0 2cazs 0

Hence,

The proof is complete. O

5.8. Evaluating the integral: Proof of Theorem [I.3l In view of (5.:29]), in order to prove
Theorem [[3] we need to compute afv, &

Proposition 5.14. Let o € N and let v,k € a~'N be such that v — k € Ng. If ak + v — K is odd,

then _
(fox (sin y)o‘dy) v
(sinz)w

aV—H+1

alv, k] = ——— Res

2 (v —kK)! =0 (5.30)

Remark 5.15. Recalling (5.29) and using the proposition with v := n+ % and k := k+ % we obtain
. —k
— 1 (siny)*dy)"
. (%) _ (”) K o R | o ($109)°) ]
’ 2 k) == 2 =0

(Sin $)om+2
provided (i) « is even and n — k = v — k is odd (because then ak +v —k = ak +2+n —k is
odd), or (ii) both a and n are odd (because then ak +v — k = ak —k +2+n is odd). This proves
Theorem

Proof of Proposition[5.17) In view of the definition of a[v, k| given in (5.I0]), we need to prove that
[ (J (siny)dy)"~ ] | (5.31)

—oo (coshu)® (sinz)¥

du = 7 Res
=0
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Let R > 0 and consider the closed rectangular contour v(R) passing through the points —7 + Ri,
—m — Ri, —Ri, +Ri. By the Cauchy residue formula, we have

g F o [FEe ] [Ueinz)eds)
[(R): jg(R) v = y=R—7r/2 [ ] B E’{:

(sin )

" 2mi (cos y)w (cosy)w 0

On the other hand, since the value of the integral does not depend on R, we can let R — +o00. The

contribution of the horizontal parts of the contour vanishes in the limit because in the same way
as in (B.I1]) one can check that

(F(u+iv))"="
v—£oo (cos(u + iv))”
locally uniformly in u € R. We are left with the contributions of the vertical lines:
1 +ioco (F(y))u—n 1 —m—ioco (F(y))l/—n
I =1I(R)=— ~ 2 d i APV
)= 5 /_m osyy V" 2m /_moo (cos g ¥
To complete the proof of the proposition, we need to argue that under (i) or (ii),
1 +o00 F(i V—K
I= —/ Flu)™" (5.32)
T J_ oo (coshu)¥
First of all, even without assuming (i) or (ii), the change of variables y = iu yields
L R ()i /+°° ()"
271 )i (cosy) 21 J_o (coshu)ov
Hence, to prove (5.32) it remains to show that
1 —m—ioco F V—K 1 +o00 F(i V—kK
— / F) =, 1 / Flu)™" (5.33)
21 ) _riiee  (cOsy)W 2 J_o (coshu)¥
Observe that by the change of variables w = —x — 7 we have

Flem—iu) = / T s ) = / " (cos(—w — m)dw

—7/2 —7/2

= (—1)ot! /lu (cosw)dw = (—1)*TLF(iu),

—7/2
where we used that (cos(—w — 7))® = (—1)*(cosw)®. By the substitution y = —7 — iu it follows
that
R 0 G S a2 ) e
21 ) ;e (cOsy) 21 J_o (cos(—m —iu))v

B 1 +o0 (F(iu))”_“
—(_ 1+(a+1)(v—rK)+av s uw))
(=1) 27 /_Oo (cosh u)w du

- i +00 (F(iu))”_“
~ 27 J_o (coshu)ov

since ak + v — £ is odd. This proves (5.33) and completes the proof of (5.32)). O
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Remark 5.16. In the case when ak + v — K is even, essentially the same argument shows that

I(R) = 0 and hence
(fo%siny)ady)”‘“] ~o.

z=0 (sinz)*v

5.9. Evaluating the residue: Proof of Proposition We are going to apply Theorem 3]
with @« = n+ 2m — 2 and k£ = 1. Note that for every integer n > 3 exactly one of the parity
assumptions (i) or (ii) of this theorem is satisfied. By Theorem [[3] our task reduces to showing
that for every fixed m € Ny,

Riy(n) := (n+2m — )"z gnm(z)
is a rational function of n with rational coefficients, where

(@) = (fox(sin y)n+2m—2dy)n—1
In,m(T) = (sin x)(n+2m—2)n+2 :

Since sinx ~ x as x — 0, it is easy to check that the first term of the Laurent expansion of gy, ()

is as follows:

(n+2m—1)(n—1)—(n+2m—2)n—2 _ x—2m—1
- )

gn,m($) ~ T x — 0.

Let us stress that the power on the right-hand side does not depend on n, which is crucial for
the following argument and explains why Proposition cannot be extended to the quantities
T ie(m — %) with k& > 2 (for which a similar computation yields a power depending on n).

In the rest of the proof, we shall analyze the Laurent series of g, ,,(z) at = 0. The Taylor
series of siny, raised to the power n + 2m — 2, can be written as

y2 y4 n+2m—2 0
. . - - k
(Slny)n+2m 2 _ yn+2m 2 <1 _ ? + a _ ) — yn+2m 2 ZPk(n)y2 7
k=0
where Py(n) =1, Pi(n) = —%(n + 2m — 2),... are polynomials in n with rational coefficients. For

example, the term y* can appear on the right-hand side either as a product of the term %y‘l and
many 1’s (which occurs n+ 2m — 2 times), or as a product of two terms —%yQ and many 1’s (which

occurs %(n +2m — 2)(n + 2m — 3) times). Similar argument applies to any y?* and shows that the
Py(n)’s are indeed polynomials in n. The dependence on m is suppressed in our notation and the
coefficients of all polynomials and rational functions are rational by default. Integrating, we obtain

/Om(sin y) M2 dy = Z Py(n)

k=0

xn+2m—1+2k $n+2m—l st

Z Sk(n)x%,

n—|—2m—1+2k::n—|—2m—1k

where Si(n) are rational functions of n with So(n) = Py(n) = 1. Raising this Taylor series to the
power n — 1, we can write

v n+2m—24 nh gl & T 2k 5.34
</(; (Slny) y) - (n+2m — 1)TL—1 ];) k)(n)x ) ( . )

where T (n) are rational functions of n with Tp(n) = 1. Similar argumentation shows that

(sin x)(n+2m—2)n+2 _ x(n+2m—2)n+2 Z Uk(n)x%, (535)
k=0
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where Ug(n) are polynomials in n with Uy(n) = 1. Dividing the power series in (5.34]) and (5.35]),
we obtain the following Laurent expansion:

x—2m—1

0 Vem(n)a™,

n,m (z) =
E

n+2m—1)
where Vj, ,,(n) are rational functions of n with Vj ,,,(n) = 1. The residue of f at 0 is determined by
the term with k& = m in the above series. Hence,

Ry(n):=(n+2m— 1)”_1[:13_1]gn7m(:13) = Vim(n)

is a rational function of n. The above argument is in fact an algorithm for computing R,,(n). The
expressions for Ry, R1, Ry were obtained by running this algorithm. O

Remark 5.17. The above proof cannot be adapted to the quantities of the form J, (m) with
m € {—1,0,...}. Indeed, we cannot use Theorem [[.3 with & = n + 2m — 1 and k = 1 since neither
of the parity assumptions (i) or (ii) is satisfied.

6. PROOFS IN THE BETA’ CASE

6.1. Recurrence relations for external quantities. Since the proofs in the beta’ case are very
similar to the proofs in the beta case, we only sketch them. Our aim is to prove Theorem [[.7] and

then to deduce its corollaries. Fix some o > 0 once and for all. Define
X

F(x) = /_ /2(005 y)*tdy, x €R. (6.1)

The same formula defines a univalued analytic function on the complex plane if we agree to make
two cuts at (—oo, —5] and [+3,00). For v,k € C such that Rex > 0 and v — k € Ny we define

5 v~k +7/2 B
b{v,k} = 7)'/ (cos )" L (F(z))""da. (6.2)

(V —R) J—xn/2
By convention, we also put l~){1/, k}=0if v —k € {—1,-2,...}. The recurrence relations satisfied

by b{v, K} are as follows.

Proposition 6.1. For k,v € C such that Rex > 0 and v — k € Ny, we have
- - 1 ~ 2 2
b{v,k +2} = (k+ 1)rb{v, Kk} — </£+ E) (k + 1)b{1/+ E,R—F E} (6.3)

Proof. The idea is the same as in the proof of Proposition BTl Let first v — k € {2,3,...}. Writing

d(F(z))" "' = (v -k —1)(F(x))" " 2(cos )* 'dx and integrating by parts, we obtain

5 oV —r—2 +7/2 B 1

v,k +2} = m/ B (cos z)*" Td(F(z))" "
| av—r—1 +m/2 b oty

= (O/—)Tl)'/ B (F(x)) (cos z)¥ T (sin z)dz

Writing d(F(z))* =% = (v — &)(F(z))’ % (cos 2)*'dz and again integrating by parts, we obtain

K qv—r-L pET/2 3
(J(rul)——ﬁ)l/ (cos z)*" (sin2)d(F (x))" "

—7/2

b{v, K + 2} =
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_ (’{ + 1)0/_&_1 /2 [ V—K aK /
= _W/—w/z (F(z))" " ((cosz)* sinz) dx
(k4 1)av—r"1

+m/2
O T /_W/2 (F(2))"™" (ak (cos ) sin® x — (cos 2)** 1) dw

2

Using the identity sin? 2 = 1 — cos? z we can write

T _ (’{ + 1)OZV_R_1 /2 [ V—K ak—1
v,k +2} = BRI /_W/2 (F(z))" "ok (cos x) dz
(’% + 1)041/_[{_1 /2 n V—K ak+1
— W /_71,/2 (F(Z’)) (Oﬁ:‘i + 1)(COS .Z') + dx

Recalling the definition of b{v, x}, we arrive at
~ ~ 1 ~ 2 2
v,k +2} = (k+1)rb{v, Kk} — </€+—> (n+1)b{1/+—,ﬁ+—},
a a a

which completes the proof if v — k € {2,3,...}. The remaining cases v = k and v = k + 1 follow
from the identities

bk, Kk} = /+7r/2(cos x)* " ldr = L(%R) (6.4)

o r)

- +m/2 - +m/2 -

b{r+1,k} = a/ (cosz)* 1 F(z)dx = a/ (cos )L (0)dx (6.5)
—7/2 —7/2

_a VAl (5) VAl (%)

T2 T

(6.6)

which are consequences of (6.2)), (3.14) and the fact that the function (cosz)* 1 (F(x) — F(0)) is
odd. O

6.2. Recurrence relations for internal quantities. The dual quantities (which, as we shall see,
are related to expected internal angles) are defined as follows. For v,k € C such that v — k € Ny
we put

al/—ﬁ-‘rl +ico ~
alvrl = o 2% /_ - (cosz) TN (P ()" de (6.7)
oVt +00 ~
NOEDE % /_ (coshu) =~ (F(iu))”~"du. (6.8)

To ensure that the integral (6.8]) is absolutely convergent we have to impose the following additional
conditions on v and x:

aRer+1>0 if a € (0,1], (6.9)
aRek+(v—r)+1>0 if > 1. (6.10)

To see that the condition in the first line suffices, observe that in the case when 0 < a < 1, the
limit of F'(iu) as u — o0 is finite, while in the case when a = 1, the function F(iu) = § +iu grows
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subexponentially. To see that the condition in the second line suffices, observe that for a > 1 the
L’Hospital rule yields

~ i-sgnu

F(iu) = me(o‘_l)lu‘(l +0(1)), as u — +00. (6.11)

The quantities a[v, x| satisfy a recurrence relation which is “dual” to the relation satisfied by b{v, x}.

Proposition 6.2. For all v,k € C such that v —r € Ny and Conditions (69), (6GI0) hold, we have

iy — 2, k) = (v — ) alv, 1] — (,,_l> (v—1)a [V—%,m—g].

« «

Proof. Analogous to the proof of Proposition The cases ¥ = xk and v = k + 1 have to be
considered separately by using the formulae

00 T cm—l—l) 1
P - —ark—1 o 2 ~
alk, K] = - /_oo (coshu) du = 5 7\/EF (522 = Cans1, (6.12)
a2 +oo _ 042 B +00
alk +1,K] = 2—/ (coshu) ™" L F(ju)du = —F(O)/ (coshu) ™~ 1dy
T J—c0 us —00

. 2 .
- 1 ) P( om-i-20c+2 )

(6.13)

T aT—|—2) F(an+a+1)
.I’ atl

|9

(
(
. ~ JrT(e2) . .
In the proof of the second formula we used that Re F'(iu) = F(0) = WﬁT’ while the imaginary
2

part of the integral cancels. O

Remark 6.3. Sometimes it is more convenient to work with the quantities

b{v, K} N L
OR a[v, k] == aly, k] - T'(v +1). (6.14)

In the special case o = 2 these definitions are consistent with the ones introduced in Section [El
This will be shown in Section With this notation, the recurrence relations of Propositions
and take the form

b{v, K} :=

R+ 3T (k+2).
Blvon) — b{vr 2} = +Fa():+(1)+ 2); {,,+ %,H %} (6.15)
v— ) T'v
afv, k] —aly — 2,k = %EL |:V— %, - %] . (6.16)

6.3. Evaluating the sum. Fix some r € Ny and consider the expression

5 (k) = g(—w—%{m ) <u _ é) i [M S 2 3} . (6.17)

Using (6.9) and (6I0) it is easy to check that §,(x) is well defined provided Rex > 1, for all o > 0.

Proposition 6.4. Let o € N. Then, for every r € Ny and all kK € C such that Rex > é,

5(k) = 5 <H + %) .
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Proof. Analogous to the proof of Proposition [5.4l Indeed, the definition of §,(k) takes the form

K+Tr 1
50) = (1P b + T,u}%& [u _ % _ 2] (6.18)

and the relations satisfied by a[v, x] and b{v, x}, see ([616), [6.15), are the same as the relations
satisfied by i¥""a[v, k| and i*~"b{v, K}, see (B.I1)), (5.I7), provided we replace o by —a throughout.
Since the proof of Proposition 5.4l used only the latter relations, it applies with obvious changes. [

In order to evaluate 5,.(k), we need the following two lemmas on the asymptotic behaviour of
alv, k| and b{v, K}.

Lemma 6.5. Fiz some real k1, ko € C such that k1 — ko € Ng. Then, as T — +o0, we have

2.\ (aF(0))1 7% [x
ET} (/451 — Hg)! T‘

Proof. Almost identical to the proof of Lemma [B.71 O

2
b{/ﬂ + =T, ko +
a

Lemma 6.6. Fix some k1, ko € C such that k1 — ko € Ng. Then, as T — 400, we have

_ 2 2 a (aF(0)sr 1
=y T~ = - .
a [/{1 + o K2 + o } 5 (71 — rg)! —

Proof. Almost identical to the proof of Lemma O

Proposition 6.7. Let o > 0. Then, for all k € C such that Re k > é, we have that
i 1, ifr=0,
5.(k) = ,
0, ifreN.

Proof. Since the asymptotic expressions given in Lemmas and coincide with those given in
Lemmas 5.7 and [5.8], the proof of Proposition applies with minimal changes. O

Remark 6.8. It is also possible to show that the unsigned version of 3, satisfies

5t (k) ::§B{H+T,/L} <u— 1>a[u—%,ﬁ—g] :w.
s

« « 7!

The next result, which is a special case of Proposition and Remark [6.8] records relations
similar to those satisfied by the Stirling numbers; see (3.11).

Proposition 6.9. Let a > 0. For everyn € N and k € {1,...,n} such that ok > 1 we have

n

S (= 1) Fh{n, m} <m _ é) i [m _ 2 ke 3] . (6.19)

mzn:;{n,m} (m—é>d[m—§,k—§] :% (6.20)

where 0, denotes Kronecker’s delta.
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6.4. Formula for expected internal angles. We are now ready to express the expected internal

angles J,, (7) through the quantities a[v, ].

Proposition 6.10. Let « > 0. For alln € N and k € {1,...,n} such that ak > 1 we have
2]

- —1 | T(&H r(ek=1y pery  gln—2 k-
2 kA vrD(5) I(y) T() alk—3.k—2]
Proof. Consider the following infinite system of linear equations in the unknowns én,k, where n € N|
ke{l,...,n}:
zzzk(—l)m_kﬁmm(a)émk =0, forallneN, ke{l,...,n—1}, (6.22)
€nn =1, for all n € N. '

We know from Proposition B4l that the unique solution to this system is énk = jnk(%"_l) To
prove (6.21]) it therefore suffices to check that its right-hand side also defines a solution to ([6.22I).

Recall from (3.2) and (3.3]) that
+7/2

Lym(a) = ") eamis e (cos )™ Y F(z))" "dz
7 m 2 2 J-rn/2

m=k

6am+1 Oém -

= cf"n!é’% . Eim! -b{n,m}. (6.23)

2

We now claim that for every function c¢(k), the following defines a solution to the first line of ([6.22I):
- Caam! 1 2 2

Emi i=c(k) =2 m( ——>d[m——,k‘——}, (6.24)
Ca'n;Jrl [0 [0 « «

where we need the condition ak > 1 to ensure that the right-hand side is well defined. With this

&mi and for all k € {1,...,n — 1} we have
En: (=)™ FL, (@) = a0l - (k) - 2": (=)™ *b{n,m} ( m — 1 a|m— 2 k— 2
’ ' 5 ’ « o’ al’

m=k
which vanishes by Proposition[6.9. It remains to determine the normalization ¢(k) such that ékk =1

for all k£ € N. Taking m = k in (6.24]) we see that fkk = 1 holds true iff

e 1
k) = : .
WG G- Dak-2k—2]

Inserting this into (6.24]), we obtain a solution to (6.22]). Since the solution is unique, it must
atm—1) and we arrive at

coincide with jmk)( 2
~ 1 ! Corir (n—Lya[n—2 k-2
B (2L g e 2 ‘f)?[n ) 3]- (6.25)
) 2 k! 2 Can+tl (k—_)a[ __7]{:__]
2 @ @ @
Recall that ¢g is given by (LIII), namely
} L'(3)
Gg= P (6.26)
VEANCES)
O

After some simplifications we arrive at (6.21I]). The proof is complete.
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6.5. Proof of Theorem [I.7l We are going to prove (ILI6]) which is an equivalent way of stating
Theorem [[L7l Let o > 0. We claim that for all n € Nand k € {1,...,n} such that an > 1, we have

- ~1 oo 1 u ok
JInk afnz i)y (" Gan (coshw) ™D (2 4§ [ Gas(coshv)® 'dov du. (6.27)
’ 2 k 00 2 2 0 2

Proof. Let first the stronger condition ak > 1 be satisfied. By (6.8]) and ([B.I4]), the term appearing
in the denominator of the last fraction in ([6.25]) is

o 400 r ak+1
<]<; — l) i [k; — 27 E— g} = ak — 1 / (cosh )"+ 1dy = (72% = Caktl.
e ! ! 21 oo NZah (7) 2

It follows from (6.25]) that

~ Oé"‘n—]. o k._nn! n—k 1 1 - 2 2
J"’k< 2 >—0z WO G )" a’k a

2
_ k—nn' ~n—k \/EF(%) 1 - 2 2
= E-CQ_+1 F(anz—i-l) . n—a a n—a,k’—a
e ST L A
=y G Cep aa[n a,k‘ ok (6.28)

n—k +o00  (L(i0,)\n—k
IO B
« —oo (coshu)an—1

~ a+n-—1 AL n—k ~ oo (F(lu))n_k
“”“”“( 2 >‘ <k> Cot "0 /_oo (coshu)on T

It remains to observe that by (6.),

Hence,

5 0 iu
F(iu) = / (cosy)® Ly +/ (cosy)* tdy =
0

+ i/ (coshz)* dz.
—7/2 0

2éa+1

2

This completes the proof in the case when ak > 1. To treat the more general case an > 1 we
use analytic continuation. Fix some n € N and k € {1,...,n}. On the one hand, the integral on
the right-hand side of (6.27)) is well-defined and represents an analytic function of «, considered as
a complex variable, provided that Rea > % On the other hand, for all & > 0 we can write the
definition of expected internal angles as follows:

~ a+n-—1 n " én_LLn*ldxi
I, <f> = <k>/n1nﬁ([azl,...,xk],[xl,...,a:n])H SR
e S\ (1 )

The right-hand side is well-defined and represents an analytic function of the complex variable « in
the half-plane Re o > 0. This can be shown by essentially the same argument as in ﬂﬂ, lemma 4.3].
Thus, both sides of ([6.27]) can be continued analytically at least to the half-plane Re v > % Since
they coincide for real o > %, the uniqueness of analytic continuation implies that they coincide on
their whole domain of definition, thus completing the proof. O
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6.6. Evaluating the integral: Proof of Theorem [I.8l Our aim is to compute a[v, k] by residue
calculus whenever this is possible.
Proposition 6.11. Let o € N and let v,k € a~'N be such that v — k € Ny and ak is even. Then,

(f;<smy>a-1dy>”"‘] ,

(Sin :E)au-l-l

al/—li-‘rl

2. (I/—I{)! =0

aly, k] =

Remark 6.12. Recalling (6.28]) and using the proposition with v :=n — % and Kk ==k — % we obtain
- -1 ?(siny)o~Ldy)" "
Jn ke <w> = <n> E’f;féw - Res (fo (siny) y)
' 2 k) 5 2 =0

(sinz)on—1
provided ak = ak — 2 is even. This proves Theorem [L.8

Proof of Proposition [6.11] In view of the definition of a[v, k| given in (6.8]), we need to prove that
+00 F ; V—K Tisin ) tdy) "
/ 7( (iw)) du = 7 Res (fo (siny) y) .

6.29
oo (coshu)ov+l =0 (sin z)ov+1 (6.29)

Observe that the integrand is univalued and meromorphic because o € N and av € N. Let R > 0
and consider the closed rectangular contour v(R) passing through the points —m + Ri, —7 — Ri,
—Ri, +Ri. By the Cauchy residue formula, we have

iy L Ewr o [Ew
IR) =55 ﬁ(R) (cos y)a"“dy a y=R—7r/2 (cos y)ort!

(fy (sin2)*~1dz) V_H] '

B E{:eg (sin z)ov+1

On the other hand, since the value of the integral does not depend on R, we can let R — +o00. The
contribution of the horizontal parts of the contour vanishes in the limit because

(F(u+iv))V="

=0
v=too (cos(u + iv))v+l

locally uniformly in w € R. This is shown essentially as in the discussion preceding (6.I1]). For
example, for a > 1 we need to verify that (a—1)(r—~k) < av+1, which is equivalent to ax+v+1 > k.
This inequality holds true since o € N. In the case 0 < o < 1 one uses that av + 1 > 0. Thus, we
are left with the contributions of the vertical lines:

B B 1 +ioco F V—kK 1 —m—ioco F V—K
Feitn = L [ Ew) 1 (Fw) =
271 J_joo (cosy)ovtl 271 ) _iise (cOsy)vtl
To complete the proof of the proposition, we need to argue that
-1 T (F(iu)r "
I=— ————du. 6.30
71/_00 (cosh u)ov+1 “ (6.30)
The substitution y = iu yields
b /*i“’ (Fw) " . _ L /+°° (P
271 J_joo (cosy)ovtl 21 J_o (coshu)ov+l

To prove ([6.30) it remains to show that under the assumption that ax is even,

i/—ﬂ—ioo (F(y))u—n :i +o0 (F(lu))u—n (6 31)
27 J_ppice (cosy)ovtl 21 J_o (coshu)ov+l = '
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Observe that cos(+x + 7) = — cosx. By the change of variables w = —x — m, we have

Flem—iu) = / T cos )y = — / " (cos(—w — 1) 1w

—7r/2 —7/2
= (—1)0‘/ (cosw)* dw = (—1)*F (iu).
—7/2
By the substitution y = —7 — iu it follows that

i/_w_ioo (FEw)— __i/+°° (F(=m — iu))"—*

2mi J_rtioo (cosy)orti™ 2p [ (cos(—m — iu))vHl

o 1 +o0 (F(iu))”_“
— (-1 1+a(v—k)—(av+1) | _/ RSy
(=1) 27 (cosh u)ov+1 du,

du

—00

which proves ([6.31) since ax is even. O

Remark 6.13. In the case when ax is odd, essentially the same argument shows that

Ty . a—1 V—K
g[S ],

(sin x)au—i—l

6.7. Proof of Theorem [2.1] Fix o > 0. We claim that for all d € N and k € {1,...,d} we have
1 [T ]—«:' ) \d—k
Efi_1(convIly,) = a? <d> N —/ %du. (6.32)
2

k 7 J_ oo (coshu)adtl

This is equivalent to the first claim of Theorem Il If o € N and ak is even, (6:29]) immediately
yields the second claim of Theorem 2.t

Efr—1(convIlyy) =« (k‘) <§;&%))) lm{_eg

Proof of ([632]). Let us first assume that ak > 1, which is stronger than « > 0. According to ﬂﬂ,
Theorem 1.21], the expected number of (k¥ — 1)-dimensional faces of conv Il is given by

(Ji (sing)*~'dy) "
(sin z)ad+1

- - +m—1
Efp-i(convIlgn) =2 > Locom(@)ms (%) (6.33)
me{k,....d}
m=d (mod 2)
where

5 Cam—+1 Oém—l F(ma—l—l) F(g) m (ﬁa)m_l
Too,m =1l Hnm = 2. = 2 2 . 6.34
m(@) = i Lum(@) = Zn—=- =0 T(7e) \ T (&) m (6.34)

2

For our purposes, it suffices to define I, () as the right-hand side of ([6:34). We shall not use the

fact that lim,,— oo ]In .m(a) equals the right-hand side; see the proof of Theorem 1.21 and Lemma 4.9
in [27] for the proof. On the other hand, we know from (G.25) that

2 ke E%ﬂ' (k_l)a[k_%jk_%]a

[N
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where we relied on the assumption ak > 1. After some cancellations, we obtain
~ ~ a+m-—1 - (m—LT(m)-a[m—2k— 2]
Too,m () Jm ———— | =l k(@) - a @ ad
(@) ’f( 2 > +(@) (k= 1)T(k)-alk—2k— 2]

Recall from Remark[6.3]that the quantities defined by a[v, k| := av, k|-I'(v+1) satisfy the recurrence

relations
(V—é)F(l/)~[ 2 2]
-— 9% — “alv—— kKk——|.
F(V—%—Fl)

Faon(@s () = Tl S =20

where we also used that a[k — 2,k] = 0 by definition. With this at hand, the right-hand side
of ([6.33) becomes a telescope sum. Evaluating it, we obtain

afv, k] —aly — 2,k =

It follows that

- afm, k] —a[m — 2,k - ald, k
Efr—1(convIlyy) = 2L () - Z [m, k] = [ ] =21 x(a) - [ ]
alk, k] ]
me{k,....d}
m=d (mod 2)
Using (6.34), the relation a[n,k] = nl!a[n,k] and the formula a[k,k] = i éars1 that follows
2
from ([GI2]), we arrive at

|

pd
Efr—1(convIly,) = 20F 1/<;' aﬁ -ald, k].

Recalling the definition of a[d, k] given in (G.8]) completes the proof of ([6.32]) under the assumption
ak > 1. To prove it under the weaker assumption o« > 0, we use analytic continuation. Fix
de Nand k € {1,...,d}. We claim that the function a = Efj_;(convIl;,) can be analytically
continued to the half-plane Rea > 0. Indeed, all terms on the right-hand side of (633]) can be
analytically continued to this half-plane. For the I, ,,-terms this follows from (G:34]), whereas for
the jmvk—terms we established this in the proof of Theorem [[L7l As in this proof, one also shows
that the right-hand side of (6.32]) defines an analytic function of « in the half-plane Rea > —é.
By the uniqueness of analytic continuation, (6.32]) holds for all o > 0. O

6.8. Evaluating the residue: Proof of Proposition [I.TIl The proof is similar to the proof of
Proposition [L5] but is simpler. In view of Theorem [L.8] we have to show that

Poj(n) := o™ Fla"hy, 1 ()
is a polynomial of n with rational coefficients, where

(Jo (sing)*~'dy)"™"

hy, =
() (sinx)on—1

Let us analyze the Laurent series of h,, ;(x) at © = 0. We have the Taylor series

€T
/O(smyo‘ 1dy— Zaj ,
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where ag, ag, ... are rational numbers with ap = 1. Raising this series to the (n — k)-th power and
arguing as in the proof of Proposition [[.5, we obtain

T n—k a(n—k)
e T ,
([Temnsar) = S e (6.35)

7=0
for some polynomials by(n),ba(n), ... with rational coefficients and by(n) = 1. Similarly,
o .
(sinz)on~! = gon—t Z cj(n)x? (6.36)
=0
for some polynomials cg(n), c2(n), ... with rational coefficients and cg(n) = 1. Taking the quotient

of the power series (6.35]) and (6.30), we obtain

() = &= N 7 ()2
j=0

for some polynomials dy(n),daz(n), ... with rational coefficients and dy(n) = 1. For the residue of
I, k(x) we thus obtain

0" K () = ez (),

which is a polynomial in n with rational coefficients. U

6.9. Remarks on consistency of notation. In the special case o = 2 we have two definitions
of the quantities a[v, ] and b{v,x}. These were given in Section @, see {@3) and @), and in
the present Section [0 see (62), ([6.7)), (GCI4). Let us argue that these definitions are equivalent.
For b{v,r}, it is evident that (@) is equivalent to ([6.2) (where we take o = 2 and observe
that F'(z) = 1+ sinz); see also (6.I4). To prove that the definitions of afv, k] given in (A3])
and ([6.7), (6.14]) are equivalent, it suffices to check that with either of the definitions the matrices
((=1)™b{n, m})nmen and ((—1)*(m — $)a[m — 1,k — 1]),, gen are inverses of each other. This has
been established in Propositions [£1] and Note that although Proposition deals with b and
a rather than with b and @, both versions are equivalent when o = 2, as follows from ©14).

In the special case o = 1 the definitions of the quantities @[y, x] and b{v, x} given in ([B.2),
©7), [BI4) are almost equivalent to the definitions of A[n, k] and B{n,k} given in [22]. We have
b6{n,k} = B{n, k}, which follows directly by comparing Equations ([6.2), [614]) of the present paper
with Equations (1.9), (2.14) of [22]. Also, we have dn, k] = $A[n, k). This is most easily seen if
k is even. Indeed, by Equation (1.15) in [22] (which we regard as the definition of A[n, k]) and
Theorem of the present paper, we have

Al k] = BEf (2) = ”!k)![g;'f]( v )"HZ(LR [L_k}

k (n— sin x n—k)! =0 (sin z)n+1

The right-hand side equals 2a[n, k| by Proposition G.ITl Without parity restrictions on 5:, the equal-
ity a[n, k] = 1 A[n, k] can be established by comparing the following two formulae for J,, , (2F2=L):
Equation (6.28)) from the present paper and Equation (3.9) from [22].
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7. EXPECTED FACE NUMBERS OF BETA AND BETA’ POLYTOPES

7.1. Beta polytopes. Let Xq,...,X,, be i.i.d. points in R with probability distribution fg g,
where 8 > —1. Their convex hull Pf, 4= [X1,..., X;] is called the beta polytope. We are interested
in the expected f-vector of this random polytope. The case when 8 — +oo corresponds to the
Gaussian polytope. By a result of Baryshnikov and Vitale M], its expected f-vector coincides with
the expected f-vector of the orthogonal projection of the regular simplex with n vertices onto a
random, uniformly distributed d-dimensional subspace. For the latter model, the expected f-vector
has been determined by Affentranger and Schneider E] in terms of the internal and external angles
of the regular simplex. For finite values of 3, explicit results have been available only in some
special cases B, ,ﬁ, @], see also Section [[JI We are now in position to determine the complete
expected f-vector.

Theorem 7.1. Letd > 3 andn € N be such that n > d+1. Also, let 5 > —1 and define o := 23+d.
Then, for all k € {1,...,d} we have

n—k
2. n! r(2) 1 2 2
Efk—l(Pf’d) = %l <2ﬁfio‘;l)) Z b{n,m} (m—l— E> a |:m+ a,k‘ + a:| 5

m=d (mod 2)

where b{-,-} and a[-,-] are given by (B2) and ([E.9).
Proof. In ﬂﬂ, Theorem 1.2] it was shown that

a—m+1
Efk—l(Pf,d) =2 > ILum(@)Jmk <f> : (7.1)
m=d (mod 2)
For the terms appearing on the right-hand side we have shown in (5.3]) and (5:29) that
Cam—1 am
Ly m () = Oé_nnlc% : @ -b{n,m},
2
— 1 ! 2 2 2
Ik azmtl = of-m - M cam - a m+—k+—|.

’ 2 k! 2w o «@
Plugging these formulae into ([TI) we obtain the required result after straightforward transforma-
tions. g

Taking 5 = 0 in Theorem [T}, we finally obtain a solution to Problem A stated in the intro-
ductory Section [T The involved integrals can be evaluated using computer algebra. The next
theorem describes the arithmetic properties of the expected f-vector.

Theorem 7.2. Let d € N, n € N and k € {1,...,d} be such that n > d+ 1. Also, let § > —1 be
integer or half-integer.
(a) If 26 +d is odd, then Efy_1(P) ;) is a rational number.

n7
(b) If 268 +d is even, then Efk_l(Pfd) can be expressed as a linear combination of the numbers
772" where r =0,1,..., L"T_kj, with rational coefficients.
Proof. If a := 2 + d is odd, then the terms I, (o) and Jp, (O‘_Tmﬂ) involved in (1)) are

rational numbers by @, Proposition 5.4] and Theorem [[L6, respectively. If « is even, the claim
follows from [20, Proposition 5.6] and Theorem O
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7.2. Beta’ polytopes. Let X1,..., X, be iid. points in R* with probability distribution fdﬂ,
where 8 > %l. Their convex hull Pg 4 = [X1,...,X,] is called the beta” polytope. In the next
theorem we compute its expected f-vector.

Theorem 7.3. Letd € N and n € N be such thatn > d+1. Let also 8 > % and put o :== 28—d > 0.
Then, for all k € {1,...,d} such that ak > 1 we have

n—k
. 2-n! NG b L) g . X
Efy_1 (B! ,) = 25 bin,m} (m__>a[m__7k__] 7
d KU\ 2y/mD(252) me%.,d} “ ’ §
m=d (mod 2)

where b{-,-} and al-,-] are given by B2) and [BI).
Proof. In ﬂﬂ, Theorem 1.14] it was shown that

~ ~ ~ a+m-—1
Ea(Bl) =2 Y D@l (S5 ). (7.2
me{k,....d}
m=d (mod 2)

For the terms appearing on the right-hand side we have shown in (6.23]) and (G.28) that

~ 6am+1 Oém ~
I 5 )
fun(@) = 0l - o,
2
~ a+m—1 om! o 2 2
q]]m’k —_— :ak m__ " 'CT+1k‘Ca77L c—a |lm — _7k__ .
2 k'S 2« « o

Plugging these formulae into (7.2)) and performing straightforward simplifications yields the required
formula. 0

The special case of beta’ polytopes with a = 1 (and 8 = dizl) is related to random convex

hulls on the half-sphere, a model first studied in B] The connection to beta’ polytopes has been
exploited in ﬂﬁ] and [22]. Let us also mention that the Poisson polytope I1;, with a = 28 —d can

be seen as the weak limit, as n — 0o, of the beta’-polytope ]55 4 Tescaled by a constant multiple of
n~Y?; see [d, Theorem 3.1] and [26, Theorem 2.1], mj Sections 1.4,1.5]. The next theorem clarifies
the arithmetic structure of the expected f-vector of Pf -

Theorem 7.4. Let d € N, n € N and k € {1,...,d} be such that n > d+ 1. Also, let § > % be
integer or half-integer.

(a) If 28 — d is even, then Efk_l(ﬁf’d) is a rational number.

(b) If 28 —d is odd, then Efk—1(15£d) can be expressed as a linear combination of the numbers

72 where r =0,1,..., L”T_kj, with rational coefficients.

Proof. If o := 28 — d is even, then the terms ﬁmm(a) and jmk (O‘JFT"H) appearing in (7.2]) are
rational numbers by m, Theorem 2.10(a)] and Theorem [[LI0] respectively. If «v is even, the claim
follows from [20, Theorem 2.10(b)] and Theorem O
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8. POINCARE AND DEHN-SOMMERVILLE RELATIONS

8.1. Statement of the relations. Let T be a d-dimensional simplex with n = d + 1 vertices
and recall that o(T) denotes the sum of internal angles of T at all of its k-vertex faces, where
ke {l,...,n}. The quantities o (7T) satisty the following Poincaré relations:

n

> (o) = (-1 on(D), (5.1)
k=m
for all m € {0,...,n}; see @] and ﬂﬁ, p. 304]. In the special case m = 0 (where we put o((7) := 0)
this relation is also called the Fuler-Gram relation.

On the other hand, the f-vector of any d-dimensional simplicial polytope P satisfies the so-
called Dehn-Sommerville relations which we shall write in the form

d k

5001 fiea(P) = (1) ea (), (52)
k=m
for all m € {0,...,d}; see [15, p. 146]. The special case m = 0 (where we put f_1(P) = 1) is the
classical Euler relation.

Due to the obvious similarity between (R and ([82]), it is natural to treat them in a uniform
way. To this end, let us consider some real numbers z, ..., z, satisfying the general relations

Z(—D’“(Z) =~z me{0,....n}. (83)
k=m

Obviously, both (81 and (82]) become special cases of ([B3]) upon putting z; = o (T") and 2, =
fr—1(P), respectively.

8.2. Even-indexed and odd-indexed terms. It is well known that relations (8.3 are highly
linearly dependent. Various ways of constructing an equivalent system of linearly independent
relations are discussed in HE, § 9.2]. With the aim of proving Propositions [[4] [L9 22| we are
interested in expressing the even-indexed quantities zj through the odd-indexed ones, and vice
versa. To state the corresponding formula, let By = 1, By = %, By = —4. ... denote the Bernoulli

30
numbers m, Section 6.5] which appear in the expansions

o (0. 0]
2z z Ban o 2z z (22" —1)Ba,
Zeoths =5 22 Zppns =y S U7 on < 8.4
2 MY ;::0(271)!2 R ) ;::0 A (8.4)

Proposition 8.1. Let zg,...,z, be real numbers satisfying 83). Then, for alln € N and k €
{1,...,n— 1} we have

B, 1 (k+nr)! , .
2 =2 Z W%Jﬁ’ if n —k is even, (8.5)
r=—1,1,3,...
- Br 1 (k + 7‘)' ) .
2k = 2 12235 (2r+t — 1)Wzk+r, if n—k is odd. (8.6)

Proof. Equations (8.6]) are due to Peschl ﬂ_4_1|] and, as he mentions, some ideas go back to Schlafli @]
A simpler derivation was given by Guinand ﬂﬁ] We shall give here an independent proof of both,
([BE) and (B4), since parts of this argument will be needed below. Introduce new variables yo, ..., yn



46 ZAKHAR KABLUCHKO

by z, = Z—!!yn_k forall k € {0,...,n} and put yy := 0 for N > n. With this notation, Equation (83])
takes the form

Z(—l)"_kﬁ = Yum,  mef{0,...,n}.

k=m
With ¢ :=n —m € {0,...,n}, we can rewrite the equation as follows:
Yo Y2 Ye—1 Y1 Y3 Ye—2 e g
= == 42 fe dd .
6' i (£—2)! et (£—1)! + (¢ —3)! Tt T T2 if ¢ is odd, (8.7)
Y2 Yo—2 Y1 Y3 Yo—1 e
7 +(e—2)!+ L TR e R e R A TR if Cis even,  (8.8)

where we cancelled yy in (I@I) Introduce the generating functions

f even . Z Yri 7 f odd Z Yr

== g
With this notation, we can write (8.7) and (8.38]) as

feven(w) - sinhu = foqq(u) - (coshu 4 1) + O(u™1), (8.9)

feven(w) - (coshu — 1) = foqq(u) - sinhu 4+ O(u™1). (8.10)

Dividing both sides of ([89) and (8I0) by sinhu = u + o(u), we obtain
u u
foven(u) = foda(u) - coth (5 ) +0@W"),  foaa(w) = fesen(w) - tanh (5 ) + O™, (8.11)

Recalling the Laurent series of coth(g) and tanh(s) given in (8.4) and comparing the coefficients
of u" % where k € {1,...,n}, we get

Br-l-l . .
Yn—k = 2 Z ———Yn—k—rs if n — k is even,
(r+1)!
r=—1,1,3,...
2 Z (r+t 1) Dret if n — k is odd

Yn—k = r + 1)'yn_k_r, in 18 odd.

r=1,3,. ’

Recalling that y,,_j = n—'!zk yields (8.5) and (8.6]). O

8.3. Proof of Proposition .4l Fix some integer n > 3 and some even o > n — 3. Since the
Poincaré relations are linear, we can apply them to the beta simplex and take the expectation,
which yields

3 0 () () = cpn () ()

k=m

for all m € {0,...,n}. We can therefore apply Proposition BJ] and its proof to the quantities
2 1= Jn (22, where k € {1,...,n}, and z := 0. For all k € {1,...,n} such that r :=n —k

is odd, the quantities y, = ("nr) Zn—r appearing in the proof of Proposmon are given by

Theorem [ (i) as follows:

T
<Ca71 Jo (sin y)ady)
— 2
Yr = MO E{:eg 7! (sin z)on+2
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It follows that the function fyqq(u) is given by

<ucanl Jo (sin y)ady) '

=0 r! (sin z)on+2

Interchanging the sum and the residue and using the Taylor series of the sinh-function, we can
write this as

sinh <uca;1 Jy (sin y)ady)
foda(u) = T can Res 2

n+1
=0 (sin z)on+2 + O™,

It follows from the first equation in (8IT]) that

sinh (uca-1 [ (siny)*dy
feven(u) = 7 can coth (g) ‘Res < z 0 > +O(u").

0 (sin z)on+2

Recall that the residue is the coefficient of 1. Let k € {1,...,n} be such that » = n — k is even.
Comparing the coefficients of ©* %2~ we obtain

a—n+1 n! n! o
Jnk <f> = Hyn—k = Hﬂ'c% - [u” Fa 1]

sinh (uc%l Jy (sin y)ady)

tanh (%) - (sinz)on+2

To complete the proof, we observe that sinhv = sin(iv) and tanhv = tan(iv), hence replacing the
hyperbolic functions by the corresponding trigonometric functions yields an additional factor of
(—1) )2, 0
The proofs of Propositions and are similar except that now one has to use one of the
equalities in (8IT]) depending on whether the codimension d — k or n — k is even or odd.
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