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ON SOME PROPERTIES OF THE FUNCTION OF THE
NUMBER OF RELATIVELY PRIME SUBSETS OF {1,2,..,n}

ADRIAN LYDKA

ABSTRACT. In the paper we solve few problems proposed by Prapanpong
Pongsriiam. Let f(n) denote the number of relatively prime subsets of {1,2,3,...,n}
and g(n) denote the number of subsets A of {1,2,3,...,n} such that gcd(A) >
1 and ged(A, n+1) = 1. We show that f2—f, _jfnix >O0forn>k+1 (k>

g(6n—2) g(6n) 9(6n+2) g(6n+4)
2). We also show G6n=1) ~ (6n=3) > g6n) < g(6nF2)

for large n.

1. INTRODUCTION

A finite set A is said to be relatively prime if ged(A) = 1.

Let fX) denote the number of relatively prime subsets of X.

Let f(n) be the number of relatively prime subsets of {1,2,3,...,n} in other
words f(n) = f([1,n]). Sometimes we write f, instead of f(n).

Moreover, define function g(n) by formula

(1.1) gn)= > L

0£AC[1,n]
ged(A)>1
ged(A,n+1)=1

We will use two inequalities
Lemma 1.1 ([I], Theorem 2).
(1.2) on —oli) —nals) < pm) <on —2lil.

Moreover, we know that (Lemma 4 in [4])

(1.3) sm= > r(|5])

2<d<n
(dyn+1)=1

and

(1.4) fm) =" u(d) (2L —1).

d<n

More information on the function f,, can be found in the sequence A085945 in

5]
In paper [4] Pongsriiam proved that f2 — f,_1f,+1 is positive for every odd
number n > 3 and negative for every even number n.
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Recall that a sequence (ay,)n>0 is said to be log-concave if a? — a,—1a,41 > 0
for every n > 1 and is said to be log-convex if a% — ap—1ap41 < 0 for every
n > 1. Stirling numbers, Bessel numbers are examples of log-concave sequences.
Some sequences are not log-concave, but have similar properties. For example, if
(F.)n>0 is the Fibonacci sequence or F,, = f,, then F? — F,,F,,4q1 = (—=1)"7! |
which is positive for odd n and negative for even n (so called alternating sequence).
In addition, the sequence (fy)n>1 seems to have strong log-property ((Recall that
(an)n>0 is said to be strong log-concave if a?l — Gp—kaptg > 0 for every k > 1 and
n > k)). For example, in the paper [4] Pongsriiam checked that f2 — f,_2fni2 >
0(for2 < n < 50), f2— fu_3fnis > 0(ford3 < n < 50) and f2 — fr_afnra > 0(ford <
n < 50). In our paper we prove that these inequalities are true for all n > 2, 3,4,
respectively.

In this paper we prove that f2 — f,,_j farx > O(for large n > k + 1 and k > 2)

We also propose new term :almost strong log-concave sequence if a2 —a,, _ @, 41 >
0 for every k > ko and n > k) for some constant ko > 2.

In paper [4] Pongsriiam also asked is it true that

g(6n —2) - g(6n) gbn+2)  g(6n+4)
g(6n—4) = g(bn—2) g(6n) g(bn +2)

In Section3l we prove above inequalities for large n.

(1.5)

2. SIGN OF f2 — fn_kfotr >0 FOR n > k IN GENERAL

First, using formula ([4)), we can write the following GP/PARI code :

a(n) = sum(k = 1,n, moebius(k) * (28°°7 (n/k) — 1))

for(n = 6,50, print(a(n)? — a(n — 1) x a(n +1))).

for(l =2..8)

We obtain that inequality f2— fn—k faixr > 0is true for k = 2,3,...,8 and n < 50.
Using estimation (L2)) we get

12> (2n -2l _ngm)z

(2.1)
—92n _ gn+t \_%J-l‘l _ n2n+|_%J+l + 22'L%J + 7’L2|-%J+\_%J+1 i n222.\_%J
and
22 Fnifuin < (2"—’f _ 2L"T*’“J) (2n+k ol mgt J)
| e e e D (R
So
(2.3) F2 = faifagpn > 20T L] —ontla ] ookt [E] _ pont 5 )41

+oxl5] ol ®FE =] 4opals a4t 4 202 5)
2.1. Case k=2.
Faafuiz < (2072 =2l (2042 - L2

(2.4)
_92n _ognt|3]+1 _gnt[5]-1 4 92| %]
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We show that f2 — f,,_ofnio for n > 51.

(2.5)
2_ g > o+ 3]0 _pont 841 ol 3+ 3]H1 202 (3]
fn fn 2fn+2 =
S gt 5] -1 _ pont5]41 S gnt[5]-1 _ gnt[5]Hlog ntl o 0,
because |Z| — [2| —logon —2> 251 — 2 —Jogyn —2 = nblogn=15 () for
n > 51. (Consider function h(z) = z — 6logy, x — 15, h(51) = 36 — 6log, 55 > 0,
R(z) =1— L5 >0forz >51>6In2).
2.2. Case k=3.
P2 foisfors > ont[ M 41 _ont 5 ]41 | gn-2w [MFE ] ont[ 5] 41
192 [8] _ o=+ ool s)HlE ]+ 4 202 3]

We show that f2 — f,,_3fnis for n > 51.
First we see that

(2.6)

(2.7) ont[ B3+ _ont 341 4 o2 [3] _ o[+ S g
So, it is enough to prove that
(2.8) gn—2+| "5

for n > 51.

We have L"—HJ — {

Consider functlon h
and b/ (z) =

] _ n2n+L§J+1 >0

w|3

J —10g2n>——%—3—10g2n.
z) =% —2—3—logyz. We have h(51) = 32 —log,51 >0
"(z) >0 for x> 51> & So inequality 28] is true.

=0

E - mln2’
2.3. Case k=4.
F2 = foafnia > 2vTL81H2 _ontls 41 on—2t 5] _ pontl5 )41

(29) alzlelale 20 (2]

F2 = foafuya > 27 L8 ponm2r 5] _pont 5]+
210 4 nolalelaln 4 2o s
Now inequality (2.8]) implies statement.
2.4. Case k=5.
f2 = foosfats > gnt[ 52 ] _gnt[3]41 L oon—s+ [ 252 _ pon[3] 41
o] al=8 1250 4ol 81+ 3]0 1 20 (3]

We prove that for n > 36 above term is positive.
This term is great than

(2.11)

(2.12) gt [ [+ ot [0 — gnt[3]+1 (QL"T“J—L%J _ 2log2n>

LHTHJ_L%J_I()&”Z% 7 —logyn >0, for n > 36.
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2.5. Case k=6.

f72z - fn—an—i—G > 2n+|-nT+GJ — 2n+ \-%J—i_l + 2n_6+\_n36j — n2n+\_%J+1

orla] Zol=8t 41250 ) 4 polgl+l3] 1 4 p202 3]

(2.13)

We prove that for n > 36 above term is positive.
This term is great than

(2.14) ontla]+2 _pont5]41 gt 5] 1 (2L%J*L%J+1 - 210g2") ;
but 2] — |2] +1—logyn > 25t — 2 +1—logyn > 0, for n > 36.
2.6. Case k=T7.
) P2 o fuan > 2] gnt B4 gnoTH[ 2] pont 41
(2.15 o
Loz (3] _ ol 1] Lol 334 4 2023

We prove that for n > 36 above term is positive.
This term is great than

(2.16)  2ntlmE ]2 pontB]41 — gntl 3]0 (2L%J—L%J+1 _ QIogzn) ,
but 28| — |2] +1—logyn > 2 — 2 +1—logyn >0, for n > 36.
2.7. Case k=8.
P2 foosfurs > 2012 _onrlB]41 onse[ 28] pon 3]+
240 oxlel _olmtlHlm2®] ypalal+la]+r 4 202 (5]

We prove that for n > 36 above term is positive.
This term is great than

(2.18) gt 8]+3 _ pont 5]+ = ont[ 3]+ (QL%J—L%JH _ 2log2n) 7
but [2] — 2] +2—logyn > 25 — 2 4+ 2 —log,n > 0, for n > 36.
2.8. Case k£ > 9.
P2 = foorfugr > 2005 g5 41 gnokr [958 ] et [8] 01
Loz (3] _ ol 1] 4 opalB L8]+ o202 (8]

We prove that for n > k + 1 above term is positive.
This term is great than

(2.19)

(2.20) ont [ -1 pont 3]+

It is enough to show that

(2.21) (n + V;kJ - (n+ gJ +1+logyn) >0,

but
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(2.22)
k k—1
n -+ nt —1—n+2—l—l—i—lognzL—l—ﬁ—l—logn
2 2
2 3 2 3
n k-
=3 + ? —logyn
Let i(z) = £ + 55 —logy @, i(k + 1) = 214 —log,(k + 1). Function i(x) is
increasing for > 8 and i(k + 1) > 0 for k£ > 9.
3. PROOF THAT L0n=2) » _g(6n) - g(Ont2) - 9(6ntd) pop 1 ARaE p
g(6n—12) = g(6n-2) 9(6m) 9(6n12) .
3.1. Z ggz:ig > g(ﬁ(S"Q Above inequality is equivalent to inequality
(3.1) [9(6n — 2)* > g(6n)g(6n — 4).

Using ([L3]) we get estimation

- ¥ (]

2J> — fGBn—1)+ f(2n—1)

(3.2) (o1
(S e ) e
where C}(n) = ME%H F(22]) <6(n—1)f(n—1) <6(n—1)2""L
Subsequently o=
- 5 (=) mnes (3]
(3.3) s
+ys(6n —3)f QG”S_ 4J> + Con),
where Cy(n) = Mg \ F(&2]) <6(n—1)f(n—1) <6(n—1)2""L
Similarly (@on=3y=1
so = 5 1 (|5]) = remssen s (|5))
(3.4) (doni 1

n) + Cs3(n),

\_/

+xs(6n+1)f Q?"J
) < 6(n

where C3(n) = > f([%])
7<d<6n
(d,6n+1)=1

Now, [B1) is equivalent to inequality

—1)f(n—1) <6(n—1)2""%
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(3.5)
[f(3n—1)+f(2n—1)+fan;lJ) +X5(6n—1)fq6”5_2J> +cl(n)]2
> (s + g+ 1 (|5 ]) +xstn 07 (| L)) + 10+ cato)

. [f(3n—2) +f Q%”J - 1> +xs(6n —3)f QG”; 4J> +02(n)}

Above inequality after calculation, cancellation summands which are O (2%”),

leads to inequality

(3.6) [fBn—DP+2fBn—-1)f(2n—1) > f(3n)f(3n —2) + f(3n — 2)f(2n),

g(6n=2) _ g(6n)
9(6n—1) ~ §(6n-2)

which is true for large n. So the inequality is true for large n.

3.2. g(qﬁ(srg) > £ (gﬁ(ng ). Above inequality is equivalent to inequality

(3.7) [9(61)]* > g(6n — 2)g(6n + 2).

Above inequality after calculation, cancellation summands which are O (2%"),

leads to inequality

(3.8)  [fBn)*+2fBn)f(2n) > fBn—1)fBn+1)+ f(2n — 1) f(3n + 1),
which is true for large n.

3.3. g(6n+2) < Z(6n+4)

D) Gnr2) Above inequality is equivalent to inequality

(3.9) [g(6n + 2)]? > g(6n)g(6n + 4).

Above inequality after calculation, cancellation summands which are O (2%”),

leads to inequality

(3.10) [f(3n4+1)]2 < f3n)f(2n+ 1) + f(2n)f(3n + 2),

Using inequalities from Lemmall.Tl we can prove that above inequality is true
for large n.

We have proved that exists natural number ng such that inequality from the title
of the section is true for n > ng . Exact value ng needs more careful calculation.
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